BRANCH POINTS OF SOLUTIONS OF EQUATIONS
IN BANACH SPACE. II(})

BY
JANE CRONIN

1. Introduction. In previous papers [2] and [3](?), a multiplicity for the
local solutions of an abstract functional equation was defined and studied.
The theory developed was used to obtain existence theorems for integral
equations and elliptic differential equations. The purpose of this paper is
to extend the multiplicity theory and apply the new results to obtain more
existence theorems for integral and differential equations.

We study the equation in a Banach space %,

(1.1 I+C+ D=y

where x, yEX%, I is the identity transformation, C is linear and completely
continuous, and T is a higher order transformation such that 7°(0)=0.
(Transformation T is not, in general, completely continuous.) The problem
is to investigate the solutions x near 0 of (1.1) for given y sufficiently close to
0. In §2, we recall the definition of multiplicity(®) and show that the multi-
plicity of the solution x=0 of (1.1) with y=0 is defined if and only if x=0
is an isolated solution of (1.1) with y=0 (Theorem 2.1). We also show
(Theorem 2.3) thatif I+ C+T is a 1-1 mapping, the multiplicity is +1 or —1.

We apply Theorem 2.3 in §4 to obtain an existence theorem for a certain
class of integral equations and in §5 to obtain a new proof of a theorem of
Schauder [8, Satz IV] for elliptic differential equations by showing that the
integral and differential equations are special cases of (1.1).

The new proof of Schauder’s theorem uses simpler topological considera-
tions than those used by Schauder. Also this proof fits Schauder’s theorem
into a wider picture of the elliptic differential equation. For by using the
multiplicity theory, we are able to treat the case in which there are branch-
ings of the solutions of the differential equation. The multiplicity is defined
in terms of topological index and hence gives no direct information about
the number of distinct solutions of (1.1) for given y. However if the trans-
formation T has a differential and if the multiplicity m is different from zero,
then in each neighborhood of y =0, there is an infinite set Q such that for each
yEQ, equation (1.1) has at least Iml distinct solutions x near 0 (Theorem
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3.1). Thus if Iml >1, there are actual “branchings” of the solutions of (1.1).
This is proved by using a theorem due to A. Sard [7].

In §§4 and 5, it is shown that certain integral equations and the elliptic
differential equations studied by Schauder in [8] and further studied in [3]
are examples of equation (1.1). Hence Theorem 3.1 shows that for such
equations, there are “branchings” of the solutions.

2. The multiplicity. Let ¥ be a Banach space and 0 its zero. We consider
the equation

2.1) I+C+Dx=y

where x, y&¥%, I is the identity transformation, C is linear and completely
continuous, and T .is a continuous transformation of ¥ into itself which
satisfies the following conditions:

(Py) T(0)=0.

(P;) There exist a neighborhood(%) N of 0 and a positive constant B such
that #, vyE N implies

17 = @) = Blllall + [loll1[|% — o]

Clearly, x=0 is a solution of (2.1) when y=0. We define a multiplicity for
this solution. If (I+C) is nonsingular, i.e., if (/4 C)z=0 implies 2=0, then
the inverse (I+4 C)~! exists according to the Riesz theory of completely con-
tinuous transformations [6, Satz 7]. Because of conditions (P;) and (Py),
the Hildebrandt-Graves implicit function theorem [4, pp. 134-135] can be
used to prove that for each y sufficiently close to 0, equation (2.1) has a unique
local solution x. More precisely, there exist neighborhoods N(y) and N(x)
such that for each yo& N(y), there is a unique x& N(x) satisfying the equa-
tion

I+ CH+ T)x = yo

(See [2] for the proof.) In this case, we say that the multiplicity of the solu-
tion x=0 of (2.1) with y=0 is one.

Now suppose that (I+C) is singular, i.e., that (4 C)z=0 for some z5#0.
In order to define the multiplicity, we make use of some facts from the Riesz
theory [6]. There is an integer m (the Riesz index of (I4C)) and a direct sum
decomposition '

=X 0%X"

such that %, is the finite-dimensional null space of (I4C)™ and (I+4C)/%X™ is
a 1-1 transformation of the complete subspace ¥™=(I4C)™X onto itself.
Define the transformation R as follows: select a basis for %, and let A be
the corresponding matrix representation of (I+4C)/%s; R/¥%s is the matrix

(4) Unless otherwise noted, all neighborhoods are spherical with center 0.
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which transforms 4 into its Hermite canonical form [5, pp. 35-37] and
R/%m=[(I+C)/¥™]-'. Transformation R has an inverse and hence is a
homeomorphism. It is easy to show that for x&¥,

R(I + C)x = x — Ey(=),

where E, is a projection of ¥ onto ¥;, the null space of (I+C). Multiplying
(2.1) by R, we obtain:

(2.2) 2! + RT (% + 2') = R(y),

where x;=FE;(x) and x'=x—x;. Now multiply (2.2) by E, and E'=I1—E,
respectively:

(2.3) ElRT(xl + x‘) - ElR(y) = 0,
(2.4) x!' + E'RT(x1 + x') — E'R(y) = 0.

Since R has an inverse, then for given y, the study of the solutions x of (2.1)
is equivalent to the study of the simultaneous solutions x; and x! of (2.3)
and (2.4).

Because of conditions (P;) and (P;) on T, the Hildebrandt-Graves theorem
may be used to solve (2.4) uniquely for x! in terms of x; and y if x!, x;, and y
are sufficiently small. That is, there exist neighborhoods U(y), U(x:), and
U(x!) in the spaces ¥, %;, and ¥!= E1(%¥) and a continuous function F(x1, ¥)
such that if (%, )€ [U(x1) | X [U(y) ], then

(2.5) x' = F(xy, 9)
is the unique solution in U(x?) of (2.4). Substituting in (2.3), we obtain:
(2.6) E\RT % + F(x1, ¥)] — E:R(y) = 0.

Thus solving (2.1) for x when given y& U(y) is equivalent to solving (2.6)
for x;.

If y=0, equation (2.6) has the solution x;=0. The topological index
[1, p. 470] at 0 of the map ERT [x;+ F(x1, 0)] is a measure of the multi-
plicity of this solution. This leads to the following definition.

DEFINITION 2.1. If (I+C) is nonsingular, the multiplicity of the solution
2=0 of (2.1) with y=0 is one. If (I+4C) is singular, the multiplicity is the
topological index at 0 of the map

(2.7) G(x1) = EyRT[x1 + F(1, 0)].
(Hereafter the term multiplicity will mean the multiplicity of the solution
x=0 of (2.1) with y=0.)

THEOREM 2.1. The multiplicity is defined if and only if x=0 is an isolated
solution of (2.1) with y=0, i.e., if and only if there exists a neighborhood N, in
X such that if x€E Ny, then (I+C+T)x=0 tmplies x=0.
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Proof. The derivation of (2.6) shows that x=0 is an isolated solution of
(2.1) with y=0 if and only if x,=0 is an isolated solution of (2.6) with y=0,
i.e., an isolated solution of the equation: G(x;) =0. But this is the necessary
and sufficient condition that the topological index at 0 of G(x;) be defined.

THEOREM 2.2. If the multiplicity is different from zero, there exist neighbor-
hoods V(x), V(y) such that for each y& V(y), equation (2.1) has at least one
solution x in V(x).

Proof. Follows from the fundamental properties of the topological index
[1, Deformationssatz, p. 424 and Satz 1, p. 467 ].

REMARK. If the topological index at 0 of G(x;) is not defined, i.e., if there
are points x; arbitrarily close to 0 for which G(x;) =0, equation (2.6) may or
may not have solutions for given y. If for some y, the topological degree at 0 of
the map

E\RT [xl + F(ax, y)] — E\R(y)

relative to a neighborhood S(°) is not defined, (2.6) has at least one solution
x, on the boundary of S. If the topological degree is defined and different from
zero, (2.6) has a solution in S. If the degree is zero, (2.6) may or may not have
a solution in S.

THEOREM 2.3. If I+C+HT is 1-1 in some neighborhood Ny, the multiplicity
is +1 or —1.

Proof. It suffices to prove that G(x;) is a homeomorphism in some neigh-
borhood. The theorem then follows from [1, Satz VII, p. 475]. Choose the
U(x1), U(x), and U(y) used in the derivation of (2.6) so that

[U(z)] @ [UGY] C Ny

(The Hildebrandt-Graves theorem permits choice of arbitrarily small neigh-
borhoods.) Let V be a neighborhood in ¥; such that R-![V]C U(y). Since G
is continuous, there is a neighborhood W in ¥; such that G(W)C V. Now
G(x1) is 1-1 on W. For suppose there exist x5, X12E W, x11 %12, and

(2.8) G(xn) =G(x12) =21 E V.
Since VCR[U(y)], there exists yo& U(y) such that E;R(yo) =2 and ER(y,)
=0. Hence (2.8) may be written
E\RT[%1 + F(x11, E'R(y0))] — EiR(y0) = 0
and
E\RT %15 + F(%12, E'R(y0))] — E1R(y0) = 0.

(¥) When we speak of the topological degree of a mapping f relative to a set M, we mean
the topological degree of the mapping f/ M.
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Then writing x} = F(xn, E'R(y,)) and x3= F(x13, E'R(¥,)), we have

(I4+CH+ T)(xu+ xi) = Yo

and

(I +C + T)(x12 + 22) = ¥o.

This contradicts the hypothesis. So G is 1-1, continuous and hence a homeo-
morphism on W [1, Satz III, p. 95].

COROLLARY 2.1. (INVARIANCE OF DoMAIN). Let M be a 1-1 map of an open
set UWCX into X. Suppose that for each xo &, there is a neighborhood N(x,) of xo
and transformations Co, T so that for x & N(x,),

M(x) = M(x0) + I(x — x0) + Co(x — %) + To(x — o)

where I is the identity transformation, Co is linear and completely continuous,
and Ty ts a map of the open set

Ny = [y|y = x — xo where x © N(2o)]

into X with the properties:
(1) To(0)=0.
(2) There is a positive constant By such that u, v& Ny implies

17(w) — TG = Bolllull + [|o[| [}« — o] ].
Then M) is an open set in X.

REMARK. The statement of Corollary 2.1 (and Theorems 4.2 and 5.2 which
are applications in §§4 and 5 of Theorem 2.3) does not involve the notion
of multiplicity at all.

3. Branchings of the solutions. We consider the question: if the multi-
plicity is known, what can be said about the number of distinct solutions of
equation (2.1)? If the multiplicity is zero, little can be said beyond the state-
ment that there is no neighborhood U(y) for each point of which (2.1) has a
unique solution. (For if such a U(y) existed, the multiplicity would be +1
by Theorem 2.3.) For a given y, equation (2.1) may have no solutions, a
unique solution, or more than one solution.

But if the multiplicity m is different from zero, (2.1) has at least one solu-
tion for each sufficiently small ¥ by Theorem 2.2. In some cases, (2.1) hasat
least lml distinct solutions. To prove this, we put the following additional
hypothesis on T.

(P7)(®) At each point x in some neighborhood of 0, transformation T has
a differential L.(Ax) which satisfies a Lipschitz condition in x. That is, there

(%) Conditions (Ps), (Ps), (Ps), and (Ps), which will not be discussed here, are conditions used
in computing the multiplicity. See [3, pp. 110-111].
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is a neighborhood Ng such that for each x& N, there is a bounded linear
transformation L, and a transformation Q, both taking % into ¥ and satisfy-
ing the following conditions:

(di) For each AxE€%, T(x+Ax)— T'(x) = L.(Ax) +Q-(Ax).

(d;) There is a positive constant K such that %, v& N, implies

1Zu = Lol = Kl|u = 4.

(ds) limas.o Q.(Ax)/||Ax|| =0.

To simplify the statement of the theorem, we make the following defini-
tion.

DEeFINITION 3.1, Let N=N; ®N! where Ni, N! are neighborhoods in %,, ¥!
respectively. Suppose that corresponding to each point x,EN?, there is a set
E,CN,; of n-dimensional measure zero. (The # is the dimension of ¥, regarded
as a real Euclidean space.) A set A CN is said to contain a good many of the

points of N if
ADU [n @& N — EB)].

If % is a homeomorphism of ¥ onto itself, £(4) is said to contain a good many
of the points of the open set h(N).

THEOREM 3.1. If the multiplicity m is different from zero, there exist neigh-
borkoods N(x) and N(y) such that for a good many of the points y&EN(y), the
equation

I+C+Dax=1y
has at least |m| distinct solutions in N(x).

Proof. In order to prove this theorem, we make use of a theorem due to
A. Sard [7, Theorem 4.1]. First two definitions.
DEeFINITION 3.2. Let

TJi(@ey ooy @) = (1, -+, 1)

be a map of a region R of a real Euclidean n-space R* into R*. If J can be
described by equations

fi(gy, o, ®) = & (Gi=1-+,n)

such that at each point of R the derivatives df;/dx; (4, j=1, - - -, n) exist
and are continuous, then J is said to be a differentiable map in R.
DEeFINITION 3.3. Let J be a differentiable map of region RCR" into R*.
A critical value of J is the image under J of a point at which the Jacobian of J
is zero, i.e., a critical value is the image of a critical point.
The special case of Sard’s theorem that we use is this:
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LEMMA 3.1. Let J be a differentiable map of a region RC R into R*. Then
the set of critical values of J has n-dimensional measure zero.

We use Lemma 3.1 to prove the following lemma.

LeEMMA 3.2. Let J be a continuous map defined on the closure Cl (R) of
region RCR" and differentiable in R. Suppose the topological degree of J at
point po s d%£0. Then there is a neighborhood U of po and a set E of n-dimen-
stonal measure zero, EC U, such that pE U — E implies that J~(p) is a finite
set consisting of at least |d| points.

Proof. By the Deformationssatz [1, p. 424], there is a neighborhood U of
po such that the topological degree of J is d at each point p& U. By Lemma
3.1, the set E of points in U which are critical values of J has n#-dimensional
measure zero. We show that each point p& U—E is the image under J of at
least |d| distinct points in R.

First p&J(R) because the topological degree at p is d#0. The set J~1(p)
must be a set of isolated points, hence a finite set. For if there is a point ¢
which is a limit point of J~-1(p), then go& J~1(p) and so the Jacobian of J at
go must be different from zero. But then J would be a 1-1 mapping in some
neighborhood of ¢ which contradicts the fact that go is a limit point of
J~1(p). Since the Jacobian of J is nonzero on J~1(p), the topological index
of J at each ¢g&J1is +1 or —1. But the topological degree of J at p is the
sum of the indices of J at the points of J-1(p) [1, Satz II, p. 472]; so there
must be at least Id[ distinct counterimages of p.

Now we are ready to prove Theorem 3.1. We choose the U(x;), U(x'), and
U(y) used in the derivation of (2.6) so that U(y) and [U(x) ]® [U(x?)] are
contained in NN Ns\N, where N and N, are the neighborhoods described
in (Py) and (P7) and N, is the isolation neighborhood described in Theorem
2.1. By the same argument as for the proof of Theorem 2.2, there is a neigh-
borhood ¥(x;) in ¥; and a neighborhood ®/(y) in ¥ such that for each
yER)(y), the topological degree at 0 and relative to R (x;) of the map

3.1) E\RT[%1 + F(x1, 3)] — E1R(y)

is m.

First we prove the theorem using the assumption that for each y&E%(y),
the map (3.1) is a differentiable map in ®(x;). Then we complete the actual
proof of the theorem by proving this assumption.

We return to (2.5), the Hildebrandt-Graves solution x! of equation (2.4).
Clearly, x! is a function of x; and E1R(y), i.e.,

x' = H(x1, E'R(y)) = F(#1, ).
Let U' and U, be neighborhoods in ¥! and ¥; respectively such that
RV @ Uil C¥(9).
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Then the topological degree at zero and relative to ¥2(x;) of the map
E\RT (%, + H(x, 4Y)] — u,

is m for all #1424, EUV'@® U,. From this, it follows that the degree at arbitrary
wEU of E:RT [x, + H(x1, u)] is m for all u! €UV Take a fixed ug& V. By
Lemma 3.2, there is a set EC U, E of n-dimensional measure zero, such that
pEUi— E implies that the equation

ERT [y + H(xy, w)] = p

has at least |m| distinct solutions in ®”(x)). Since R is a homeomorphism,
then R-1[U'@ 1), ] is the desired open set N().

Now we show that for each fixed yER/(y), the map (3.1) is a differentiable
map in ¥(x;). The constant term E;R(y) can be disregarded. It is sufficient
to consider the case when ¥%; is one-dimensional. (The proof in the general
case is almost the same except that the notation is more complicated.) We
write the elements of ¥, as a { where { is a fixed nonzero vector in ¥; such that
llc]l<1. Then the problem is to prove that the real-valued function
E;RT [at+ F(af, ¥)] has a continuous derivative with respect to a.

LEMMA 3.3. Suppose there is a neighborhood W of a =0 such that for a €W

3.2) i Fl(a + Aa)t, y] — Flag, 5] _ D(a, 5)
Aa—0 Aa

exists and is continuous in a. Then the derivative
d
— {ERT (a5 + F(at, )1}

exists and is continuous at each point a EW.
Proof. By condition (P;), we have:
EiRT[(a + Aa)§ + F((a + Aa), 3)] — ExRT [ag + F(ag, 9))
Aa
_ EiRLararw [808 + F((a + Aa)g, 9) — Flat, 9)]
Aa
n E1RQugir (ot [Aat + F((e + Ba)g, y) — F(at, 9)]
Aa
F((a + Aa)t, y) — F(as, y)]
Aa

n E1RQatir oty [Aat + F((a + Aa)t, y) — F(af, 3) | .
Aa

= E1RLgt+F (ot [i’ +
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From (ds) of (P7) and the hypothesis of the lemma, it follows that the limit,
as Aa approaches zero, of the second term is zero. Hence

d
= { E\RT [a¢ + F(at, 9)]} = EiRLaririar.n € + Dla, 9)].

To complete the proof of Theorem 3.1, it is sufficient to show that the
the limit (3.2) exists and is continuous in @. This result is a special case of a
much more general theorem due to Hildebrandt and Graves [4, Theorem 4].
We describe briefly a proof of the statement needed here partly because for
this special case the proof can be made quite short but mainly so that we
may indicate precisely the limitations which must be put on the neigh-
borhoods U(x;), U(x'), and U(y) (used in the derivation of (2.6)).

The function F(a{, y) is the solution for x! of the equation

(2.) ¥ + E'RT(a¢ + x') — E'R(y) = 0.
It may be obtained by successive approximations as follows: put

xo =0, 2= ER(y),

Tmy = Zmy(af, y) = 2 — E'RT(af + 2m—1)) (m=1,2,---).
Then according to the Hildebrandt-Graves implicit function theorem, {xm,}
is a Cauchy sequence in X! which converges to the solution of (2.4). Let
be a fixed real number such that 1/4<a<1. We choose U(x;), U(x!), and
U(y) small enough so that if U;(x;) is a fixed neighborhood in ¥; such that
Cl (Us(x1)) CU(x1), the following restrictions are satisfied(7):

(Ry) max, ||E'RLy($)|| <e. (Condition (P;) implies that Ly=0.)
(Ry) For each fixed y& U(y) and for all m,

(3.3)

1
max [K”EIR””df + xm(as, y)”] < 'Z )

(R;) For each fixed y& U(y) and for all m,
max (||2msn(as, y) — 2 (as, 9)|)12

1
< mex (lzm(at, ) — zm-n(at, 9|2

The maxima are taken over a such that af ECI (U,(x;)). Equation (3.3) and
condition (P;) show that for restrictions (R;) and (R;) to be satisfied, it is
sufficient that for all m, af ECI (Uy(xy)), and yE U(y),

|z (as, M| < ¢

(") From a formal viewpoint, it would be better to introduce these restrictions on U(x:),
U(x"), and U(y) at the beginning of the proof of Theorem 3.1. For clarity, we state them here.



216 JANE CRONIN [March

where ¢ is a positive constant of appropriate size. The proof of the Hilde-
brandt-Graves theorem shows that this inequality can be satisfied by proper
choice of U(x;), U(x1), and U(y). Also computation using equation (3.3) and
condition (P;) shows directly that the inequality can be satisfied. From now
on, we work entirely with the newly chosen U(x,), U(x!), and U(y). The
neighborhood ¥(x;) is contained in Ui(x;) and ®/(y) is the neighborhood
that corresponds to this ¥(x;).

Using the same type of computation that was used in the proof of
Lemma 3.3, it can be shown by induction that for each m and for all @ such
that af€Cl (Ui(x1)),

zem((e + Aa)S, ¥) — xwm(as, y)}

d
— 2my(at, = lim
da (a8, 3) Aa-—»o{ Aa

exist. This is done by proving that for all m,

d d
(3.4) — %m) = — E'RLat4zmn [i‘ +— x(,,._l):l.
da da

Part (dg) of (P;) implies that for each m, dxm/da is continuous in a. Let
I=|a |a§‘ € Cl (Uy(#1))] and 9 be the Banach space of continuous functions
f mﬁ.p”ping Iinto ¥'and having as norm maxa.er ” f(a)”. We denote this norm
by |{fiir.

LEMMA 3.4. The sequence {dxwm)(at, ¥) /da} is a Cauchy sequence in 9.
Proof. Applying part (ds) of (P7) and restriction (R,) to (3.4), we obtain

1 d d
<—-—(1+ )<a<1+ )
I I

— %(m — X(m
;4 da~ ™ da~ ™
By restriction (Ry), ||dx(1)/da”z <a. Hence by induction, we have for all m,

b
— Xm
da (m+1)

(3.5)

g=m )
<>t D at=M.
I

gq=1 g=1

X (my\as,
d (m) y

Direct computation using part (ds) of (Py), restriction (R»), and (3.5) shows
that

d d
"Iz X(mt+1) — E X (m) .
11 d d
< z”d— Emy — = x(m—l)’ + [IER|K][L + M][||xem — Fm—n|lr].
a da I

Since {x(,,.)} is a Cauchy sequence in ), then for all m greater than some m,,
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1
s[|ER[1IKI + M]

(”x(,,.) - i"’(m—l)“t)”2 <
Hence
d

H :
= X(m+1) — T X(m)
da da

I

1
+z (|%m = T |12

<1“d d
— = %m) — — T(m—
4 135 Fm T g5 & 1)I

From this inequality and restriction (Rj;), it follows that

kel d d |
Z —— Xm) — 7T ¥(@m-1)
m=2

da da

+ (”x(m) - x(m—l)lll)lm] < o,
I

This completes the proof of Lemma 3.4.

Now let w(a) =limm.e d%m/da. Then by standard methods, in particular
by using the notion of the Riemann integral of the functions f(a) €Y, it is
easy to show that for all a €1,

i F[(a + Aa)¢, y] ""F[a'{v y]
m =

Aa—0 Aa

w(a).

This completes the proof of Theorem 3.1.
4. Application to integral equations. We use Theorems 2.2, 2.3, and 3.1
to obtain existence theorems for the integral equation

b
4.1) 2(s) + f K(s, OF [2()]dt = (s)

where y(s) is a given real-valued continuous function on the closed interval
(a, b), K(s, t) is a given real-valued continuous function on the closed square
(a, b) X (a, b), and F(x) is a real-valued function having, for some positive e,
a continuous second derivative in the interval —e<x=<e and such that F(0)
=0. (This last assumption does not restrict the generality.) We show that
(4.1) is an example of the abstract equation (2.1) if ¥ is the Banach space
€ of continuous functions on the closed interval (@, 5) with norm
MaX,g,<h Ix(s)l.
Using a Taylor’s expansion, we may write (4.1) in the form

b
x(s) + f K(s, OF ,(0)x(t)dt

b 1
+ [ K6 00 f (Fualra®]} {1 = r}drdt = 5().

The transformation
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' f ' K(s, H)F (0)x(t)dt

acting on x(¢) is linear and completely continuous, and it is a straightforward
computation to show that

b
T(x) = f K(s, ){F[x(t)] — x(t)F.(0)}ds

satisfies conditions (P,), (Pg), and (Py); for we have

T(x + Ax) — T(x)

= f bK(s, O)[F(x + Ax) — F(x) — AxF .(0)]dt

b 1
= f K(s, ¥ {Ax[F,(x) — F,(0)] + (Ax)? f [Foo(x + rax)][1 — ‘r]df} dt.

a 0

So
b
L.(Ax) = f K(s, )Ax[F.(x) — F,(0)]dt
and
b 1
0.(A%) = f K(s, 1) {(Ax)2 f Fus(s + rA2)(1 — T)df} L.

Hence we can apply the results of §2 to (4.1).
If

b
+(s) + f K(s, )F .(0)x(t)dt

is a nonsingular operator, then, by the Hildebrandt-Graves theorem, (4.1) has
a unique local solution x(s) for each sufficiently small y(s). From Theorems
2.2, 2.3, and 3.1, we obtain:

THEOREM 4.1. If the multiplicity is different from zero, there exist €, €e>0
Isluch Itlhat for each y(s), ”y(s)” <e, equation (4.1) has at least one solution x(s),
x(s)|| <ea.

THEOREM 4.2. Suppose there is an €, >0 such that the operator

x(s) + f bK(s, )F [x(2)]dt
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s 1-1 on the set of functions x(s), “x(s)” <e€. Then there exist €, >0 such that
for each y(s), Hy(s)” <€, equation (4.1) has a solution x(s), Hx(s)” <é.

THEOREM 4.3. If the multiplicity m is different from zero, there exist €, >0
such that for a good many of the functions, y(s), ” y(s)” <e, equation (4.1) has
at least |m| distinct solutions x(s), ||%(s)|| <ez.

5. Application to elliptic differential equations(®). We investigate the solu-
tions z(x, ¥) “neighboring” a given initial solution 2(x, y) of the differential
equation

(5.1) F(x, 3,2 p, ¢ 15, ) = Yo(x, y)

where p, q, 7, s, t denote 2., 2, 2z, 224, 3yy respectively, F has a-Hélder con-
tinuous third derivatives in all its variables, and F is elliptic relative to z,,
i.e.,

[F.]: - 4[F]IF.] < 0

when 2, and its derivatives are substituted in F,, F,, F. The solution 2z, is
defined on the closure K of an open disc K in the xy-plane and is in E,,s.
Let ¢y be the boundary value of 2, i.e.,

¢0=20/K—K.

A solution “neighboring” 2z, is a function z,(x, ¥) whose boundary value ¢, is
close to ¢ (in the topology of e, ;) and which satisfies the equation

F(xy yy z, Pr lI, 7, S, t) = 'l’l(x) y)

where ¥ is close to ¥, (in the topology of E,,1).
In [3], this problem was reduced to that of investigating the solutions
(p, @) of an equation in E,,; X €43

[3.12] I(p, ) + C(p, ) + T(p, ¢) = (¥, ¢),

where I is the identity and (¢, ¢) is given. It was proved that C is linear
and completely continuous and that T satisfies conditions (P;) and (P,).
Here using a much simpler method, we shall prove that T satisfies (P;), (Py),
and (P;)(%). That done, we can apply the theorems of §§2 and 3 to [3.12].
We obtain then the following results for equation (5.1).

(%) We use the notation and terminology of [3]. Equations from [3] will be indicated by
their numbers as given in [3] with the numbers in brackets instead of parentheses.

(®) I am indebted to the referee for pointing out this method which is much clearer and
simpler than that used in [3]. This method shows that only a-Hélder continuous third deriva-
tives of F are needed to show that (P;) is satisfied. The referee also pointed out that no deriva-
tives higher than the second are needed in §4.
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If (I4+C) is nonsingular (i.e., if the Jacobi equation associated with (5.1)
has only the zero solution [3, Lemma 3.2]), equation (5.1) has a unique local
solution. If (I+4C) is singular, i.e. if the Jacobi equation has a nonzero solu-
tion, we apply Theorems 2.2, 2.3, and 3.1 to obtain:

THEOREM 5.1. If the multiplicity is different from zero, there exist €, €, €>0
such that if

”'Px — Yoller < @
and
”¢1 - ¢o”a,s < €,
the equation
F(x, 3, 2, 0, ¢, 1, 5, 1) = Ya(x, 3)

has at least one solution 2,(x, y) with boundary value ¢, and satisfying the in-
equality:

”Zl - Zo”a,s < €3.

THEOREM 5.2 (ScHAUDER’S THEOREM). If F(x, v, 2, p, q, 7, 5, t) is a 1-1
mapping in some neighborhood of zo(x, y), there exist €, €, e>0 such that if

ll¥2 = ¥ollax < e
and
”¢1 - ¢’0”a.8 < €,
the equation
F(x, 9,2 $,¢ 71 5 8 =¥i(x, )
has a solution 2z,(x, y) with boundary value ¢, and satisfying the inequality

”21 - 20“¢,s < €.

THEOREM 5.3. If the multiplicity m is different from zero, there exist €, €,
€>0 such that for a good many of the pairs (Y1, ¢1),

ll¥1 — lﬁo”a.l <ea
and
||¢1 - ¢o“a,a < e,

the equation
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F(xr ¥, %, P, q, 7S, t) = ‘I’l(x’ y)

has at least |m| distinct solutions z, with boundary value ¢, and satisfying the
inequality

“Zl - Zo“a,s < €.

It remains to show that T satisfies conditions (P;), (P;), and (P;). The
transformation T'(p, ¢) was defined in [3, pp. 114-118] as

T(p, $) = (Rs (s, $), 0) + (R” (o, ¢), 0)

where

R‘zm(p, ¢) + R(z)(p, ¢)

=F(x, y, 20 + W, po + Wz, go + Wy, 70 + Waz, S0 + Way, o + wy,)
0 0 0
— wF, — waFp, — wFy— p
where
0 0 0
p = p(® ¥) = WioFy + WiF, + wy,,F,
and the superscript zero means that the arguments of the functions are
X, ¥, 20, POv oy 7oy So, tOc

Since wand its derivatives are linear functions of (p,¢) and F(x, v, 2o, o o, 70,
so, bo) =0, it is clear that 7°(0) =0, i.e., condition (P;) is satisfied.
Now let (p, ¢) and (p’, ¢’) be two points in E, ;X e, We indicate argu-
ments by superscripts in this way:
w = w(P! ¢)’
w' = w(p’, ¢'),
F =F(x, 9,3 + w, po + wa, go + wy, 70 + W2z, So + Way, o + wy,),
F’ = F(x, y, 20 + w’, PO + w’zy QO + wt’/y 7o + w;z, So + w;yy to + wl’lﬂ),
Fr=Flz, 9,50+ w+ (v — ), po + w. + 7(w’ — w),,
go + wy + (W' — W)y, 0 + Wez + (W — W),
So + way + T(w' - w) ayy b0+ wyy + (W' — 'w)w]~

Then
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R, ¢) + Rm(p’, %) — Rél)(p, ¢) — R, ¢)

= (F' —F) — [(@ — w)F. + (v — w).Fy + (' — w),F,]
— [(@ — )Py + (W — W) Fe + (W — w),,F1]

= (w — wF,+ (v — w),F, 4+ (v — w),F, + (v — w).F,
+ (W — w)aFs + (2" — w)y,F.

+f [(w — )'Fl. + 2 — w)(w' — w).Fip + -+ )(1 = 7)dr
(5.2) ’ 0o 0 B
— [(@ — wF, + (@ — w).Fy + (w' — w),F,]
— [(@ = w)eaFr + (W — @) Fs + (0 — ), F)]
= (@ — w)(F., — F) + (0 — w).(F, — Fy)
+ (W — w)y(Fy — FY) + (0 — w)aa(Fs — F))
+ (' = W) ay (Fy — Fa) + (0 — w)yy (Fe — FY)

1
"'f [(w — w)Fo, + 2(w — w)(w' — w),Fop+ - - - (1 — 7)dr.
1]

Applying [3, Lemma 3.1] to this last expression shows that T satisfies condi-
tion (P7). The integral is the Q.(Ax) and the sum of the remaining terms is the
L.(Ax). Applying the mean value theorem to F,— F? and other differences of
this form in (5.2) and again using [3, Lemma 3.1] shows that T satisfies
condition (P;). It is necessary to assume that F has a-Holder continuous
third derivatives because norms in an E,, are considered.
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