FURTHER RESULTS ON ORDER TYPES AND
DECOMPOSITIONS OF SETS

BY
SEYMOUR GINSBURG

In this paper the study of problems P and Q [3; 4] is continued. The
reader is referred to the aforementioned two references for all unfamiliar
terms and symbols.

The first three sections deal with the decomposition of a linear set into a
family of pairwise disjoint sets, the order types of the sets being required to
satisfy some specified conditions. §1 is concerned with the decomposition of
an arbitrary linear set, of power 280, into a family of pairwise disjoint sets,
the order types of the sets being pairwise incomparable. §2 is concerned with
the decomposition of certain linear sets into families of pairwise disjoint,
similar sets. §3 is concerned with the decomposition of an arbitrary linear
set into families, of power N, and 2%, of pairwise disjoint sets, each set
having property A.

Let {a;}, £<0, be a sequence of order types, of power 28 each, such that
a; <N\ for each £ In §4 it is shown that

(1) problem P, as applied to ¢ =a; and u =N\, admits of a solution 7; such
that the 7; are pairwise incomparable order types (Theorem 4.1); and

(2) problem P, as applied to each ¢ =0 and p=a;, admits of a solution 7
such that the 7; are pairwise incomparable order types (Theorem 4.3).

1. Decompositions into incomparable order types. In this section the de-
composition of a linear set into a finite number and into a denumerably in-
finite number of pairwise disjoint sets 4;, where the order types of the 4;
are pairwise incomparable, is studied. The decomposition of a linear set into
2% pairwise disjoint sets 4;, where the order types of the 4; are pairwise
incomparable, is treated in §3 (Theorem 3.4).

DEFINITION. A linear set E, of power 28¢, will be said to have property C
if each element of E is a ¢-condensation point of E.

For any linear set E, by K(E) is meant the set of similarity transforma-
tions of E into R. By K*(E) is meant the set K(E)— {I}, where I is the
identity transformation of E.

For any similarity transformation f of 4 into B, by f* is meant the in-
verse of f.

LEMMA 1.1. Let E be a linear set which has property C. For each ordinal
number o, where 2<a=w, E is the union of a family {A:|i<a} of pairwise
disjoint, exact sets, each of which has property C and is a dense subset of E. Fur-
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thermore, if f is any element of K(A;) for which the power of the set EMf(A;) is
280 then there are 280 elements x in A; such that f(x) is also in A;.

Proof. Since E has property C, it follows that for each element f in K*(E),
the power of the set, {xl f(x) #x, xEE}, is 2%, Well order the elements of
E and K*(E) into the two sequences, {xe} , £<0, and { fg}, £<0, where each
element in K*(E) appears 280 times in the latter sequence. If a=w, let
B=ca. If a is an integer let 3=a—1. Suppose that for each ordinal number
£, where £ <u <0, the elements pi™, where i=1, 2, - - -, 10, and m <, have
been defined. Let

X, = {x|fu2) 5, s EE} and V.= {p: |E<um<B 1=is10}.
Denote by {pi™|m<B} and by {p2™|m <pB} the first 2 elements in the set
E—Y,. Let '

A4, =Y,V {p"i<2,m<p} and B,=X,— [4,U£4)].

Let p>° be the first element in B, and p3°=f,($3°). Since the power of X, is
2% and the power of 4, is <2®, the two distinct elements p3° and p}° cer-
tainly exist. In general, for m <3 let p>™ be the first element in the set
B,— [GPUS*(G) ], where

m

Go = {p i <m} U {p']i<m).
Let g™ =fu(pi™). Let

C=V,U{p"|lis4m<p} and D, = X, — [C,U fXC0)].

Let p2° be the first element in D, and p}°=£.(p2°). Let p3* and p3*, 1 <i <8,
represent no elements. Denote by Z, the set Z,= {xIxEE, fu.(x)EE}. Sup-
pose that the power of Z, is 2%, Let

E, =Y,V {p"|i<6m<p} and F,=Z — [EVULE]

Let p.° be the first element in F, and p3°=f£.(p.°). In general, for m <f let
po™ be the first element in the set F,— [HPUf¥(Hp) ], where

m

= {p'li<m}U{p’]i<ml
and pp™ =f.(p.™). Let
M= {p"]i<B}U {5 |i<8}.

Denote by p3° the first element in the set F,— [M,\Jf¥(M,)], and by p}°,
the element f,(p3%). For 154<pB let p%* and p)** represent no elements. If
the power of Z, is <2¥, let pi™, where 7<¢=<10 and m <p, represent no
elements. For each 1<, let



124 SEYMOUR GINSBURG [July

2n+1,1

Ai=EN {p, |n<4,n<6} and

2n4-2,1

A, =EN{p, |i<B n=4u<6}.

The sets A, are evidently pairwise disjoint. Let J be any open interval which
contains a point of E. There exists an elements f, of K*(E) which is the
identity on E—J and for which f.(x)#x when x is in JNE. Consequently
the elements p.™ and p2™ are in the set JNE. This shows that for each v, 4,
is a dense subset of E. As each element in K*(E) occurs 280 times in the se-
quence {f}, £<0, each point of 4, is a ¢c-condensation point of 4,. From the
selection of the elements $,™ and 2™, it follows that the set union of the
sets A, is E. Since A4, is a dense subset of E and E has property C, each
element f of K*(4,) can be extended to be an element of K*(E). From this
and the manner in which the elements ™, 3<4<6, were chosen, it follows
that f(4,) is not a subset of 4,. Therefore 4, is exact. The manner of selec-
tion of the elements p.™ ©2>7, guarantees that for each element fin K(4.,)
such that the power of the set ENf(4,) is 2%, there are 2% elements x in 4,
such that f(x) is also in 4,. Q.E.D.

Suppose that f is a similarity transformation of one of the sets 4;into one
of the sets A;, where 15%j. Since f(A4;) is a subset of 4;, the power of the set
f(A)NE is 280, Therefore there are 280 elements x in A4; such that f(x) is
also in A4;, thus not in 4. Consequently f does not map 4; into 4, i.e.,

THEOREM 1.1. Let E and o be the same as in Lemma 1.1. Then E is the
union of a famsily {A;[ ) <a} of pairwise disjoint, exact sets, of power 280 each,
such that the A; are pairwise incomparable order types.

COROLLARY. For each ordinal number o, where 2<a <w, R is the union of a
famaly {A¢| 7 <oz} of pairwise disjoint sets, which have the following properties:

(a) For each i, A; is an exact, dense subset of R. '

(b) Each set A; has property C.

(c) The A, are pairwise incomparable order types.

If, in Theorem 1.1, the assumption that E has property C is removed,
then some of the conclusions are no longer valid. In particular, it is no longer
true that each set 4; can be made exact. To see this consider a set E which is
defined as an ordered sum E =B+ C+D(?), where C is denumerably infinite.
Now let E be the union of z+1 disjoint sets E;, where # is some non-negative
integer. For at least one of the sets, say E;, the set E;\C=G is denumerably

(M) Let {E,,IaEA} be a family of (not necessarily nonempty) pairwise disjoint simply
ordered sets, where A is a nonempty simply ordered set. By the ordered sum Zae 4 Eois
meant the set union of the E,, M =Uag 4 Ea, the elements being ordered as follows: If « < in
E,, where u and v are two elements in E,, then <y in M. If u is in E, and v is in Es, where
a<b, then ¥ <v in M.
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infinite. Let E; be the ordered sum F4+G+H. In [2, pp. 322-323] it was
shown that no denumerably infinite set is exact. From the remark following
Corollary 1 of Theorem 2 in [3], the set E; is not exact. Thus we have demon-
strated the following result:

THEOREM 1.2. A necessary condition that E be the union of a finite number
of disjoint exact sets is that E not be the ordered sum B+ C+D, where C is
denumerably infinite.

As a modification of Theorem 1.1 we have

THEOREM 1.3. Let A be any linear set of power 280, For each ordinal num-
ber o, where 2 Sa=w, A is the union of a family {E,I 1 <a} of pairwise disjoint
sets, of power 2% each, such that the E; are pairwise incomparable order types.

Proof. Let E be the set of ¢-condensation points of 4 which belong to A4.
As is well known, the power of the set A —E is <280, The set E satisfies the
assumptions of Lemma 1.1. Let {4;|i<a} be the family of sets obtained
from the conclusion of the lemma. Let E¢y=4,J(4 —E), and for 121, let
E;=A4,; Suppose that f(E;) is a subset of E;, where 757, for some element f
in K(E;). Then the power of the set ENf(4,) is 280, Since there are 2¥o
elements x in A4; for which f(x) is also in 4;, and since the E; are pairwise
disjoint, it follows that f(4;), thus f(E;), is not a subset of E;. Thus the func-
tion f cannot exist. Therefore the order types of the E; are pairwise in-
comparable.

COROLLARY. In Lemma 1.1 let property C be replaced by the following
property: Except for a finite number of points, each element of E is a c-condensa-
tion point of E. Then for each ordinal number o, where 2 <o =w, E is the union
of a family {Ai|i<a} of pairwise disjoint, exact sets, of power 280 each, such
that if f is any element of K(A;) for which the power of the set EMf(A;) is 280,
then there are 280 elements x in A; such that f(x) is also in A..

REMARK. There is no difficulty in extending Lemma 1.1 and Theorems 1.1
and 1.3 to hold in the case where 2 <a <.

THEOREM 1.4, If 280=N,, then each linear set A, of power 2R, is the union
of a family {E,.| n<w} of pairwise disjoint, exact sets, of power 2% each, such
that the order types of the E, are pairwise incomparable.

Proof. Let E be the set of c-condensation points of A which belong to 4.
Since 280=N, and the power of the set A —E is <28, 4 —E is denumerable.
Let A—E={x;|i<u=<w}. Let {A;|i<w} be the family of sets obtained
from the conclusion of Lemma 1.1. For <y let E;=4,\U{x;}, and for i =4
let E;=A. Since 4; is exact, the set 4;\U{x;} is exact. The pairwise incom-
parability of the order types of the E; follows from an argument similar to
that given in Theorem 1.3.
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REeMARK. The conclusion of Theorem 1.4 will be strengthened later to re-
quire that each set E, have property A (Theorem 3.2).
We conclude this section with denumerable sets.

LEMMA 1.2. Let S be a set such that S=v. If S is the union of a finite family
{A |z<n} of pairwise disjoint sets, then for at least one integer i, A;=n.

Proof. For each denumerable ordinal number £, £ Swt [5, p. 107]. Now wt
is denumerable. For assume thatw” is denumerable for each v <£. If £ =v+}1,
then wf=w'w. If £is a limit number, then, by definition, wf=Ilim,«w®. Being
either the product of two, or the limit of a denumerable number of denumer-
able ordinal numbers, w! is denumerable. Let B; be a subset of S of order
type wt. Since S is the union of the finite number of sets 4;, one of the sets,
say Ay, contains a subset of B; of order type wf. Therefore one of the sets,
say A4;, has the property that for each denumerable ordinal number £, 4
contains a subset of order type v =£. This implies that for each denumerable
ordinal number £, 4; contains a subset of order type £. It is known that this
is sufficient for 4;=7 to hold [6].

A consequence of the lemma is

THEOREM 1.5. If S=1, then S is not the union of a finite family {A¢|i<n}
of pairwise disjoint sets such that the 4; are pairwise incomparable order types.

2. Decompositions into similar sets. Due to the existence of sets which
have property A, it is impossible to obtain results on decompositions into sets
whose order types are equal as general as the results on decompositions into
sets whose order types are pairwise incomparable.

Several decompositions of R into families of 8, and 28 pairwise disjoint,
similar sets, of power 2% each, are already in the literature, e.g. [7; 12; 15].
Whether or not the sets obtained there are exact is an open problem. By
Corollary 3.2 of [4], R cannot be the union of two disjoint, similar, exact sets.
Whether or not R is the union of # disjoint, similar, exact sets, # being an
integer >2, is unknown. In this section we shall show that R is the union of
families of 8, and 2®¢ pairwise disjoint, similar, exact sets, of power 2No
each (Theorem 2.1 and Corollary 2 of Theorem 2.2).

LEMMA 2.1. If E=Dy(w*+w), where Dy is the union of two disjoint, exact
sets (of power 28 each), B and C, then E is the union of a family of N o pairwise
disjoint, similar, exact sets (of power 28 each).

Proof. Since E=Dy(w*+w), E is the ordered sum of the sets
E=---+D;++--++Dy+D++---+D;+--

each set D;, 2=0, +1, +2, - - -, being similar to D,. Let fy be the identity
transformation of D, and f; a similarity transformation of D, onto D;. It
follows from Theorem 2 of [3] that the family of sets
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{4i = (B fia(O) | i = £ n, 1 < w}

satisfy the conclusion of the lemma.
Since R= {(4, i+1]]i= +n, n<w}, we obtain from Lemma 2.1 and the
corollary to Theorem 1.3

THEOREM 2.1. R is the union of a family { E.|n<w} of pairwise disjoint,
similar, exact sets, of power 280 each.

OPEN QUESTIONS. (1) Can the family of sets in Theorem 2.1 be chosen so
that each set has property A?

(2) Let E be any linear set of power 28, Is R the union of a family
{ E”|n<w} of pairwise disjoint sets, each set being similar to E?

REMARK. It is not true that every linear set E, such that E=)\, is the
union of a family {A4.|n<w} of pairwise disjoint, similar, exact sets. Con-
sider the following example. Let B be a dense subset of (0, 1), which has
properties A and C. The existence of such a set is guaranteed by Lemma 1
of [3] and Theorem 5 of [3]. The set E is defined to be

E=BU{2—-1/n|1=n<w}U(@3 4.

Evidently E=\. Suppose that E is the union of a family {A,,| n<w} of pair-
wise disjoint, similar sets. Since B has property A, no two of the sets, 4; and
A;, each contain 2% elements of B. Let G;=BNA; Then 2%
= Y n<u top (Gy), top (G,) designating the power of G,. By Konig’s Theorem
[5, p. 45], the power of one of the sets, say Gy, is 280, Since B has property A,
at most one of the sets G; is of power 2%, Thus top (G;) <2¥¢for >0. Thus the
power of the set U;s¢G;is <2®. Now the set B has the property that if a
and b are any two elements in B, then the power of the set {x|a<x <b, xEB}
is 280, As Go=B —U;>G;, it follows that G, has the same property, i.e., if
a and b are any two elements in G,, then the power of the set {x] a<x<b,
xEGo} is 2%, Now A,=4;. Thus, for each 1>0, if G; had at least two ele-
ments, it would have to have 280 elements, a contradiction. Hence, for each
1>0, G; has at most one element, say a;. But G, has no first element. There-
fore G; must be empty, i.e., Go=B. Since 4, has no first element, 4; has no
first element. Therefore G, contains the set {2—1/2|1<n<w}. By Theorem
1.2, the set 4, cannot be exact.
We now prove a general theorem on decompositions of R.

THEOREM 2.2. Let {a;} , £<0, be a sequence of linear order types, where
0 #0. Then R is the union of a family {E;I ¢ <0} of pairwise disjoint sets, such
that Eg =aq.

Proof. Let C be the Cantor set, i.e., all numbers of the form x = Y ¢, a./3¢,
where a;=0 or 2. For each sequence of 0’s and 2’s, say fifsts + - -, the set

Cltitsts - - - ) = {x| *E C, a; = ¢; for all odd i}



128 SEYMOUR GINSBURG [July

is a perfect set. The family of all such sets is then a family of 2% pairwise
disjoint perfect sets. Under a mapping of the form ax-b, a %0, a perfect set is
mapped into a perfect set. Thus each interval of R contains a family of 2% pair-
wise disjoint perfect sets. For each integer %, which is positive, negative, or 0,
let {P?|£<0} and {QF|£<0} be two families of pairwise disjoint, perfect sets
such that Qf and P} are subsets of the open intervals (n, »41/2) and
(n+1/2, n+1) respectively. Furthermore, for each »n
(*) let the power of the two sets,

(mymn+1/2) —UQ; and (n+1/2,n+1) — U P;
<o <o

be 280 each.
Denote by Z= { Y,

v<0} the family of sets

Z={(PT U0 ) |i=%nn<wt<o}.

For each v <8 define 4, and B, to be the P-set and Q-set respectively of Y,.
For each v <@ there exist two order types o, and 7, (possibly 0) such that
ay,=0,+147,. Let C, be a subset of 4, having order type ¢,, and D, a subset
of B, having order type 7,. The sets C, and D, exist since, P} being a perfect
set, Pz=\. Let H be the set R—U,«[C,\UD,]. By (*) the power of H is 2%,
Well order the elements of H into the sequence {x;}, £ <6. Assume that the
set E,=C,\JD,U{y,} has been defined for each ordinal number v, where
v <u<f. Denote by y, the first element in the set H— {y,|v<u} such that
u <y,<v for each element % in 4, and v in B,. From (*) and the fact that
an interval (n, n+1) lies between A4, and B, the element y, exists. Denote
by E, the set C,\UD,U{y,}. Obviously the E, are pairwise disjoint sets
such that E, =a,. There is no difficulty in seeing that each element x; is one
of the v,. In fact, consider the element x; of H. Suppose that x; is in the closed
interval [n, n+41]. Let Y, be the {th set in Z whose P-set and Q-set are sepa-
rated by [#, n+1]. From the selection of the points ., x; must be in the set
{y,,luéif}. Consequently the union of the E, is R. Q.E.D.

CoRrROLLARY 1. For each linear order type a, a0, R is the union of a family
{Eglg <0} of pairwise disjoint sets, each of order type c.

COROLLARY 2. R is the union of a family, { E¢|£<8}, of pairwise disjoint,
similar, exact sets, each having property A.

The same method of proof may be used to show

THEOREM 2.3. Let {@5} , £<0, be a sequence of linear order types such that
for 280 ordinal numbers £, G; has both a first and a last element. Then each set
E for which E=N\ is the union of a family {Egl£<0} of paitrwise disjoint sets
such that Gy= E; for each £ <6.
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The problem of whether or not, for 2% ordinal numbers £, G¢ must have
both a first and a last element in order that the conclusion of Theorem 2.3
hold for every set E for which E=\ remains unanswered. In the special case
that G;=G, for §%v the answer is obviously in the affirmative (consider
when E is the closed interval [a, 8)), i.e.,

- THEOREM 2.4. Let B be a linear set. A necessary and sufficient condition that
each set E, where E=X\, be the union of a family {Egl ¢ <0} of pairwise disjoint
sets, each of order type B, i; that B have both a first and a last element.

We now consider a general result on the decomposition of a linear set into
a family of 280 pairwise disjoint, similar, exact sets, each set having property
A.

- THEOREM 2.5. Let E be a linear set which contains a family E= { E¢|£ <6}
of pairwise disjoint, similar subsets, of power 2% each. Then E is the union of
a family T = {Ag|£ <0} of pairwise disjoint, similar, exact sets, each of which
has property A. Furthermore, A;<E;.

In order to prove the theorem we first prove two lemmas.

"~ 'LEMMA 2.2. Let F= {E§l£<0} be a family of pairwise disjoint, similar,
linear sets, of power 280 each. Then there exists a family G= {B;|£<0} of
similar subsets, of power 2R each, and a closed interval [p, q] of R, with the
following properties:

" (a) Each element of G is a subset of [p, q].

(b) Each element of G is a subset of an element of F, and each element of

F contains, at most, one element of G (thus the B are pairwise disjoint).

(c) For each £<0, if u and v, where u<v, are any two elements of By, then

the power of the set {x|u<x<v, xEB;} is 280,

() There are 2% elements x in the set UzcyEy such that x <p, and there are

280 elements x in the set UgcoEy such that x>q.

.. Proof. For each £<#0 let f: be a similarity transformation of E, onto E;.
Denote by C the set of c-condensation points of E, which are in E,. Let I,
be an interval of C which has a first element a and a last element b, ab.
Let p be a c-condensation point of the set H= { f;(a)|£<0} which is in H,
and let K= {v| f,,(a)gp}. Let ¢ be a c-condensation point of the set J
= {f.(b)|»€K} which is in J, and let L= {2|f,(b) =g, vEK}. The power of
L is 2%, Denote by G={B;|£<0} the family of sets {f.(I)]v&€L}. The
family G satisfies the conclusion of the lemma. '

LEmMMA 2.3. If G= {BEI £<8} is a family of sets which satisfy the conclusion
of Lemma 2.2, then there exists a family M = {D;I ¢ <0} of similar sets, of power
280 each, with the following properties:

(1) Eack element of M is a subset of an element of G (thus the Dy are pair-
wise disjoint).
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(2) M is the union of two disjoint families, {Pgl £<0} and Z
{Q.,I v <0} such that x <y for all elements x in P; and ¥y in Q,.

Proof. For each £<0 let g; be a similarity transformation of By onto B.
For each element x in B, let W, = { g;(x)|E<0} and V. be the set of ¢-con-
densation points of W, which are in W,. V, being a bounded set, there exists
a least upper bound to the elements of V., say #(x). For x <7y, v(x) Sv(y).
Since V, has property C, ¥ <v(x) for each element y in V,. Let 9(s), where s
is in By, be an element of the set S= { v(x)leBo} which has the following
property: :

(*) For each real number u# <wv(s), there are 2% elements x, x <s, in B,
such that »(x) is in the half open interval of R, (u, v(s) ].

Let y and ¢, where ¢<s, be elements of V, and B, respectively, such that
y<v(t) <v(s). By (*) the element ¢ exists. Since v(¢) is the least upper bound
of the elements of V,, there exists an element z in V, such that y<z<wv(?).
Let

= {v]g.(s) S 9} and V= {o] &) 2 2}

Since t<s and y <3, it follows that U and V are disjoint sets. Since ¥ and 2
are c-condensation points of V, and V, respectively, the power of U and V is
2% each. Let N= {x|t<x<s,xEB,}, Y= {g.(V)|v€ U}, Z={g.(V)|vEV},
and M =Y UZ. Condition (1) is satisfied. From (c) of Lemma 2.2, the power
of IV is 28, Thus the power of each set D;is 28, If £isin U and x is in N,
then p<gi(x)<y. If visin V and x is in N, then y <z=g,(x) =¢. Therefore
condition (2) is satisfied.

Turning to the proof of Theorem 2.5 let V= {P;I £ <0} and Z= {Q,,Iv <6}
be two families of sets which satisfy the conclusion of Lemma 2.3. Note that
Py < By. Let k¢ and k; be similarity transformations of P, onto P; and Q; re-
spectively. Let Fy be an exact subset of P,, having property A, such that
14-F,+1 <P,. The set F, exists by Theorems 4 and 5 in [3]. Let M= h:(Fo)
and N;=Fk;(F,). By means of transfinite induction we can define four disjoint
sets, J;= {p§|£<0}, i<4, whose set union is the set E— [Uico (M JUNp)],
such that

(a) Pe precedes, and pg follows, each element of M;; and

(b) p} precedes, and p} follows, each element of N;.

In view of (d) of Lemma 2.2 and (2) of Lemma 2.3, the sets J;, 1<4, exist.
Define T to be the family of sets

T = {M;\U {pg, 22} | £ <0} U {N:U {p5 pe} [ £ <6}

The family T satisfies the conclusion of the theorem. Q.E.D. . .
Using the methods of this section the following two results can be shown

THEOREM 2.6. Let D be a denumerable set. A necessary and sufficient condi-
tion that each set E, for which E=n, be the union of a family {E,.I n <w} of pair-
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wise disjoint sets, where E,=D for each n, is that D have both a first and a last
element.

THEOREM 2.7. For each sequence of denumerable order types {a,.},.«,,
where o, %0, the set of rational numbers is the union of a family {E,,]n<w}
of pairwise disjoint sets such that E,=a,.

3. Decompositions into sets having property A.

LEMMA 3.1. A linear set E, of power 2%, which is the union of a family
{A;I ién} of pairwise disjoint, similar sets, where n is a non-negative integer,
cannot be the union of less than n+1 pairwise disjoint sets, each of which has
property A.

Proof. Assume the contrary, i.e., assume that E is the union of & disjoint
sets B;, where £ =<z and each set B; has property A. Let f; be a similarity
transformation of A4; onto Ay for 1 <n. As the power of the set E is 2%,
the power of each set 4; must be 2%¢, Therefore the power of the intersection
of at least one of the sets B; with 4, is 280, For simplicity of notation we shall
assume that By is one such set. Denote by C, the set 4o and by C; the set
fo(AeMBy). Suppose that for each integer 7, where 1 <i<j, the set C; of
power 280 has been defined so that C;=f; 1(C;.1/"\B._;). Now the power of
the intersection of at least one of the sets B; with C; is 280, Suppose that for
some integer ¢ <j the power of the set C;/\B; is 2%, Then

CiM\ B; and fifiy1- - fe1(Ce N\ By

are two disjoint, similar subsets of B;, of power 28¢ each. This, however,
contradicts the assumption that the set B; has property A. Therefore, if the
power of the set C;/\B; is 28¢, then ¢=j. For simplicity we assume that the
power of the set C;N\B; is 280, Denote by C;y, the set f;(C;/\B;). By mathe-
matical induction, the sets C; become defined for 1<k—1. Since k<n, the
set Cr =f1_1(Cr_1MNBi_1) is well defined and of power 280, Therefore the power
of the intersection of at least one of the sets B; with Cy is 280, If B;is such a
set, where of necessity ¢z <k, then

CiN B: and fifi -+ fi1(Ce N B))

are two disjoint, similar subsets of B;, of power 280 each. This contradicts
the assumption that B; has property A. We conclude that E cannot be the
union of less than #+1 disjoint sets, each of which has property 4.

COROLLARY 1. A linear set E, of power 280, whose order type is a(n+1),
where n is a non-negative integer, cannot be the union of less than n+1 pairwise
disjoint sets, each of which has property A.

COROLLARY 2. R is not the union of a finite number of disjoint sets, each of
which has property A.
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THEOREM 3.1. 4 linear set E, which contains a set D, of power 280, such that
D is the union of a family of n+1 pairwise disjoint, similar sets, where n is a
non-negative integer, cannot be the union of less than n-+1 disjoint sets, each of
which has property A.

Proof. Suppose that E is the union of a family {B.-]i<k} of pairwise
disjoint sets B, each of which has property A, where k <n-+1. Let A;=B;N\D.
As D is of power 2%, at least one of the sets A; is of power 280, Let Cy,
Ci, + - -+, Cn, where m <k, be those sets 4; which are of power 280, As sub-
sets, of power 280 each, of sets which have property A, Cy and C; each has
property A. Denote by C, the set union of Cy and those sets 4; which are of
power <280, By Lemma 3.1 of [4], C, has property A. This implies that D
is the union of less than #+1 disjoint sets, each of which has property A. But
this contradicts Lemma 3.1. Hence our result.

COROLLARY. A4 linear set which contains a set D such that D is the union of a
family {B;|i<w} of pairwise disjoint, similar sets, of power 28° each, cannot
be the union of less than N, disjoint sets, each of which has property A.

OPEN QUESTION. Let E be a linear set of power 280, If % is the largest in-
teger for which E contains a subset D, of power 280, such that D is the union
of & pairwise disjoint, similar sets, then is E the union of k disjoint sets, each
of which has property A?

LemMA 3.2. Let {A,-] i<n} be a finite family of pairwise disjoint, similar,
linear sets, of power 280 each. Then there exists a family {B.-Ii<n} of similar,
exact sets, with the following properties:

(1) Each set has a first and a last element.

(2) For each i<n, B;is a subset of A;.

(3) For each pair of distinct sets A; and A;, either x <y for each element x in
B; and y in B;, or y <x for each element x in B; and y in B;.

(4) B; has property A.

Proof. We shall first prove the lemma for #=2. Denote by M the set of
c-condensation points of A, which are in 4,. The set M has property C. Let
f be a similarity transformation of 4, onto 4;. Since 4, and 4, are disjoint,
for any element p in M, f(p)%p, say f(p) >p. As p is a c-condensation point
of M, the power of the set P= {x]p<x<f(p), xEM} is 280, The function f
being a similarity transformation of 4, onto A4, f(x) > f(p) for each element x
in P. Now P contains an exact subset By, having property A, with a first
and a last element. Let B;=f(B,). The two sets, By and By, satisfy the con-
clusion of the lemma. An analogous argument occurs if f(p) <p.

We continue by induction. Assume that the lemma is true for n <k We
now show that it is true for n =k+1. By our induction hypothesis there exists
a family {C;|i<k} of similar, exact sets, having property A, which satisfies
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the lemma. Without loss of generality we may assume that if x is in C; and
y is in Cj, where 1 <j <k, then x <y. For each 7<%, let a; and b; denote the
first and the last elements respectively of C;. Let G be a subset of A, which is
similar to C,. Consider the open intervals of R,

(*) (_ «©, aO)v (aOy bO)r (bOr al)’ R (ak—l» bk—l), (bk—ly +°°)

Since the power of G is 289, one of the intervals in (*) contains 2% elements of
G.

(a) Suppose that the set H=GM(a;, b;) is of power 280, Since the lemma
is true for two sets, C; and H contain exact subsets B; and B; respectively,
each of power 2¥¢ which satisfy the conclusion of the lemma. For each
j <k, j=i, let B; be a subset of C; which is similar to Bi.

(b) Suppose that the set H=GMNJ, where J is an interval in (*) not of
the form (a;, b;) for some ¢ <k, is of power 28¢. Let By be an exact subset of
H, of power 28, which has a first and a last element. For each i<k, let B;
be a subset of C; which is similar to B.

In each case the family of sets { B;|i<k+1} satisfy the conclusion of the
lemma. Q.E.D.

In view of the previous lemma the open question stated prior to it may be
phrased as follows: Let E be a linear set of power 28¢, If & is the largest
integer for which E contains a subset D, of power 2%, such that D=0k for
some order type o, does it follow that E is the union of % disjoint sets, each
of which has property A? If E=D, then the answer trivially is yes.

We have seen that certain sets cannot be the union of a finite number of
disjoint sets, each of which has property A. The problem arises of determin-
ing whether or not each linear set, of power 280, is the union of N, disjoint
sets, each of which has property A. The answer to this, in the affirmative
provided that one assumes the continuum hypothesis, i.e., 2% =8,; (Theo-
rem 3.2). The problem of the decomposition of an arbitrary linear set of
power 280 into a family of 280 disjoint sets, each having property A, was
settled in the affirmative in Theorem 3.1 of [4].

For each linear set E, of power 2%, denote by V(E) the family of those
Borel subsets of E, with respect to E, which are of power 28,

- THEOREM 3.2. If 280=N,, then each linear set E, of power 2R, is the union
of a family {Enl n <w} of patrwise disjoint, exact sets, each of which has prop-
erty A. In addition, the order types of the E, are pairwise incomparable. If,
Sfurthermore, E has property C, then each set E, is a dense subset of E, which
has property C.

Proof. The demonstration is based, to a certain extent, on a modification
of a lemma due to Banach [1].

Denote by M the set of c-condensation points of E which belong to E.
Let G be the set of couples s=(f, B), where f is in K*(B) and B is an element
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of V(M) having property C. Well order the elements of G into the sequence
{se}, £<0, where each element in G occurs 2% times in the sequence, and
s¢=(ft, By). We further require the sequence {s:}, £<0, to have the prop-
erty that for £ =v+46¢, where v is either 0 or a limit number and ¢ is a non-
negative integer,

S¢ = SEr1 T S = Sg3 T Sgrd T S
Such a sequence is certainly possible. Denote by J; the set
Je={2] fe(x) # , = € B;}.

Since each element of B; is a ¢-condensation point of B, the power of J; is
280, Well order the elements of R into the sequence {x¢}, £<6.

Let Ny = {$?°|i<w} be the set of the first w elements in R. Let p3" be the
first element in the set Jo— [NOUSF(NS) ], and p3% =fo(p3"). In general, for
each positive integer 7z, let pY' be the first element in the set J

— [V2UR (VD) ], where
Na = NoU {p?'ll i<n}U {pf'2I i<mn}, and b = folpn).

Denote by f° the identity function and, for #>0, by f» the function f[f»!],
and by f~* the function f*[f-"+1].
Suppose that for each ordinal number £, where £ <a <6, the set
P'={p]i<3,m<a)
has been defined. For any finite number of ordinal numbers, e, - + -, ax, each

smaller than e, for any integers (positive, negative, or 0), #n;, - - -, nx, and
for any element x in the set U;<.P%, consider the element

Jafay -+ Jap @).
Denote by W, the set of all such elements. Since 28¢=0N,, the power of the
set Wa is No. Let Ng={pi®|i<w} be the set of the first w elements in
R—W.. Let p&' be the first element in the set J.— [N*Uf¥*(N%)], where
Ni=N;UW.,, and p7®=f.(p7"). In general, for each positive integer #,
let p5! be the first element in the set J,— [N2\Uf¥(N2)], where

Neo=W.UNU {pi|j=1,2;i<n},

and pp® =fa(p3").
Now denote by H, the set W;, and by H, the set W,1— W,. Following
the proof of Banach, where F={ f5|£<0}, we note that

P'CH, and {p!'|i<w! S HNE.
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Since the power of W, is Ny, the power of H,, and also of H,NE, is N,.
Furthermore, the family of sets {H,|v<8} satisfy the conclusion of the
lemma in [1].

Denote by {y}] j7<q(@) Sw} the elements of the denumerable set

(ENH)— {7 |i=12;7 <o}

We shall now define three families of disjoint subsets of R, {S¥|i<w},
{ T,*I i<w}, and { U,?"li<w }, by the following procedure: Let v be 0 or a limit
number, and let ¢ be a non-negative integer.

(1) If =946, then pi' is in S¥, pi? is in T¥, and »{ is in U¥.

(2) If £=v+6t+1, then p¥' isin S¥, pi? is in U}, and ¢ is in T¥.

(3) If £=v+6t+2, then p¥' is in TF, pi* is in S¥, and 5§ is in U¥.

(4) If £=v+6t+3, then pi' is in T¥, pi* is in U¥, and %{ is in S¥.

(5) If £=v+6t+4, then pi' isin U¥, pi? is in S¥, and »f is in TF.

(6) If £=v+6t+5, then pi' isin U, pi? is in T¥#, and 5 is in S¥.

For each ¢ let S;=MNS¥ T;=T* M, and U;,=U}*"\M.

Since the family of sets

{Sili<w}U{Ti|i<o}U{U:]i<o)

is denumerable, its elements may be relabeled as {Q.|# <w}. From the fact
that M has property C, it follows that

(o) each set Q, has property C, and

(B) each set Q, is a dense subset of M.
For each 7 consider the set Q,. Let Y and Z be any two disjoint subsets of Q,
of power 2% each. Now let f be any element of K*(Y). The function f can be
extended to be an element g of K*(B), where B is an element of V(M). From
Theorem 2 of [1], the power of the set g(Y)N\Z=f(Y)NZis <2%0, Therefore
Y is similar to no subset of Z. This shows that Q, has property A. Combining
this with (a) we conclude, in virtue of Theorem 2.3 of [4], that Q, is exact.
Since 28¢=N,, the set E— M is denumerable, say {z:|i<3§<w}. For i<
let E;=Q.\J{3:}, and for i 23, let E;=Q..

From Corollary 2 of Theorem 2 of [3] and Lemma 3.1 of [4], {E,.I n <w}
is a family of pairwise disjoint, exact sets, each of which has property A.
Therefore we only have to show that the order type of the E, are pairwise
incomparable. Suppose the contrary, i.e., for two integers ¢ and j, 77,
there exists a similarity transformation f of E;into E;. We shall show that this
entails a contradiction. First suppose that either E.~=S,,,U{z,«} or E;=S,.
Thus f is a similarity transformation of S,, into E;. From (8), the fact that
ENE;=, and Lemma 1.1 of [4], it follows that f, acting on S, can be
extended to be an element g in K*(B), where (g, B) is in G and B contains
Sm. From (1), (2), and the properties of the sequence {s;} , £<0, there are 280
elements x in S,, such that g(x) is in Tj;, and 28¢ elements x in S,, such that
g(x) is in U,;. This implies that f(E;) cannot be a subset of E;. If S, is re-
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placed by T, or Up,, an analogous argument is possible. Under no circum-
stances, therefore, can f be a similarity transformation of E; into E;.

The last sentence in the statement of the theorem is obvious since then
E=M. QE.D.
While proving Theorem 3.2 we have also demonstrated the following
result: :

THEOREM 3.3. Let E be a linear set of power 28, and F a family of one-to-one
transformations, of power 2%, which contains K(E). If 2R%=N,, then there
exists a family T = { H, gl £<0} of pairwise disjoint sets which satisfy the following
conditions:

(1) R=UgcsHy;

(2) for each ordinal number &, £ <0, the power of each of the two sets, H;
and H:NE, is Ro; and

(3) f being any transformation belonging to F and D being the domain of f,
there exists an ordinal number a <8 such that f(DH;) is a subset of Hy for
E>a.

If, furthermore, E has property C, then the family T can be chosen to satisfy
the following additional condition:

(4) for each £<0, if Pt is an element of H\E, then the set D = { pg[£<0}
s @ dense subset of E having property C.

Turning to decompositions into a family of 28¢ sets we have

THEOREM 3.4. Each linear set E, of power 2%, is the union of a family
H= {Eg]£<0} of patrwise disjoint, exact sets, with the following properiy: If
P is any subfamily of H, of power <2¥, and if S(P) =Ug,cpEs, then S(P) has
property A. Furthermore, if E has property C, then each set S(P) is exact.

Proof. Let B be a subset of E which has properties A and C. Let
{x¢|£<u=0} be the set E—B. Let B be the union of a family {C¢|£<0} of
pairwise disjoint, nonempty sets, each of which has property C. Such a de-
composition is possible. For example, let F be the family of those open
intervals of R which contain at least one point (thus 28¢ points) of B. Let
G be the set of those pairs (I, £), where I is in F and £ is an ordinal number
<60. Well order the elements of G into a sequence {(I,,, f,,)}, where each
pair in G occurs 280 times in the sequence. Let B = { y5|£<0}. Let 2o be the
first element in I¢N\B. Continuing by transfinite induction, suppose that 2,
is defined for each u<+v. Let 2, be the first element in (I,MNB)— éz,.ly<‘y .
For each v<40, let C,= {z,.IE,.=v}. It is easily seen that (1) B= z,l'y<0 ,
(2) B is the union of the disjoint sets C,, and (3) each C, has property C. By
Theorem 2.3 of [4], each set C; is exact. For each §<u let E;=Ci\J{x:},
and for £=pu let E;=C;. Each set E; is exact. By Lemma 3.1 of [4], if P is
any subfamily of H, of power <2¥o, then S(P) has property A.

On assuming that E has property C, B and each set E may be chosen to
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be a dense subset of E. Therefore each point of S(P) is a c-condensation
point of S(P). Since S(P) also has property A, by Theorem 2.3 of [4], S(P)
is exact.

REMARK. Let P and Q be any two disjoint subfamilies of H, of power <2®o
each. Then S(PUQ) has property A. Consequently S(P) and S(Q) have in-
comparable order types. Letting P={E;} and Q= {E,}, i.e.,, P and Q each
consist of just one set, we see that the order types of the E; are pairwise in-
comparable.

In view of the preceding remark we have

CoROLLARY. Each linear set E, of power 280, is the union of a family H
= {Egl£<0} of pairwise disjoint, exact sets, with the following two properties:

(1) For each E¢, no two disjoint subsets, of power 2% each, of E; are similar.

(2) For £7v, no subset of Ey, of power 28, is similar to a subset of E,.

The question arises as to whether or not the above corollary holds for a
decomposition into a denumerable family. The answer to this will be shown
to be in the negative.

THEOREM 3.5. Let E be a linear set of power 280, For each ordinal number c,
where 2=a =0, E is the union of a family {E.,[ 0% <a} of pairwise disjoint sets,
of power 280 each, with the following property: For each v <o, each subset N
of power 2% of E., and each similarity transformation f of N into R, the power
of [ENf(N)]—E, is <2%o,

Proof. Denote by G the set of triples s=(f, B, v), where B is in V(E), fis
an element of K*(B) such that the power of the set {xlf(x) #“x, xS B} is 2%,
and v is an ordinal number <a. Well order the elements of G into a sequence
{s;}, £<0, where s;=(f;, B, v:). Repeat the procedure of Theorem 3.2, ob-
taining the sets W, and H,. Thus E is the union of the disjoint sets H,NE,
and for each v, f,(H¢\B,) is a subset of H; for £>v. Notice that since we are
not assuming that 28%¢=N,, we can only deduce that the powers of W,, H,,
H,NE, and U,«u<eH, are infinite and <2%, For each y<a let T(y)
= {£ !"Y=7)5}. The T'(vy) are pairwise disjoint sets, which contain 280 ordinal
numbers. For each vy <a let E,=Uicr(HNE). Then E is the union of
the family {E.,I'y<a} of pairwise disjoint sets, of power 2% each.

To see that the E, satisfy the theorem let oy be any ordinal number <a,
N a subset of power 2% of E.,, and f a similarity transformation of NV into R.
Suppose that the power of [ENf(N)]—E, is 280, By Lemma 1.1 of [4], the
function f can be extended to become an element f of K*(B), for some B in
V(E,), which contains N. Since

[f(N) NE] — E, C {f(x) | f(x) = x, x € B}

it follows from the power assumption on f that the power of [f(N)NE]—E,
is 280, Therefore there exists a 6 =48, such that f=f; and B =B;. Then
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) = 7o) = fa[ U @n N)] - U A\,

tEET () €T ()

Now fs(H:N\N) is a subset of H; for £>6, and H:N\H,= for £>#v. Hence
for each & in T'(y) which is >,

FH NN O (E = B) = fo(H:AN) O [ U @n E)]

oFTm

= U [(ENANNMHNE]=4J.

sET(

Let S(y) be the set of those £ in T'(y) which are <é. Then

JIN)N(E = Ey) = fo(N) N (E — E,) = fa[sel;l( ) (H N N)] N (E — Ey)

=[ U fa(Hgf\N)f\(E—Ey):l

€T
= U [fs(HNDN)N(E - E)]
tEET M
= U [f(B:NN)N(E— E)]
€T

Since the power of U;<;Hy is <280, the power of f(N)N(E—E,) = [ENf(N)]
—E, is <2®, From this contradiction we conclude that no such function f
can exist. Q.E.D.

From Theorem 3.5 there immediately follows

COROLLARY 1. Let E be a linear set of power 280, For each ordinal number c,
where 2= =0, E is the union of a family {Egl £<al} of pairwise disjoint sets,
each of power 28, with the following property: For £v, there is no subset of Ey,
of power 280, which is similar to a subset of E,.

In Theorem 3.5 let R=E and consider the sets E, obtained. For each v let
P,=R—E,. On assuming that the order type of one of the two sets E, or
P, is =\, we see that there exists a similarity transformation f which maps
the other set into it. If E, =N\, then f(E,)CE,, where v v, a contradiction of
f(E,) — E, being of power <2%. If P,=\, then f(E,)SP,, a contradiction of
f(E,) — E, being of power <28, It follows that both E, and P, are each <A\.
Therefore, both E, and P,, which is the complement of E,, contain no per-
fect set. Another way of expressing this is to say that both E, and its comple-
ment meet every perfect set. Since each measurable set of positive measure
contains a perfect set, it follows that both P, and E, are nonmeasurable.
Summarizing we have

COROLLARY 2. For each ordinal number o, where 2=a =0, R is the union of
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a family {Egl £<al} of pairwise disjoint sets with the following property:
For each set E, and each similarity transformation f of E, into R, the power
of the set f(E,) —E, is <2¥o,

In any such family of sets, each set is necessarily nonmeasurable.

Since each translation of a linear set is also a similarity transformation of
that set we have generalized the following two results due to Sierpifiski [9,
pp. 24-25; 13]:

(a) There exists a linear, nonmeasurable set, of power 280, which is
transformed by each translation into itself, with the exception of a set of
power <20,

(b) There exists a decomposition of the line into 280 disjoint sets, each of
power 280, such that each translation of the line maps each of the sets into
itself, with the exception for each set, of a set of power <2Ro,

In Corollary 2 let a=w and consider the sets E; which are obtained.
Let { f,.}, n <w, be a sequence of similarity transformations of R onto R. For
a given integer ¢ consider the two sets, S=U,[R—f.(E:)] and T =U,f.(E.).
Suppose that T=\. Then there exists a similarity transformation f of P; into
T, where P;=R—E;. Since f(P;)CT,

APYNT = 1) N [U fn(E,-)] — U [f(P) M fu(BD)]

is of power 28, By Konig's theorem, for some integer, say j, the power of
F(P)NS;(E;) is 280, In view of f; being a similarity transformation, the sub-
set N=f*[f(P)Nfi(E:)] of E; is of power 28, Furthermore, N is similar to
the subset of f*f;(IV) of P;. This contradicts the fact, obtained from Corollary
2, that the power of f*f;(N)—E; is <2®, Therefore T <\. Suppose that
S=\. There exists a similarity transformation g of E; into S. Since g(E;)C.S,
for some integer, say k, g(E)N\[R—fi(E:)] is of power 28, By Corollary 2,
since fi*g is a similarity transformation of E;, f¥*g(E)N[R—E;] is of power
<2%, Since fi* is a similarity transformation of R onto R and g(E))
N[R—fi(E:)] is of power 28, the power of f*{g(E)N[R—f:(E)]} is of
power 280, Now
FH{E(E) N [R — fu(E)]} = f¥e(Es) N f¥[R — fu(E)]

= f¥e(E) N [f¥(R) — f#fu(E)]

= f#g(E) N [R — Ei].
Thus the power of fi*g(E;)N\[R—E;] is 2%, a contradiction. We conclude
that S <\. Since S and T are each <\, for every =, f,(E;) and R—f,(E;) are
each <. For a linear set B, if B<\, then B contains no perfect set, B
therefore being of interior measure zero. Hence S, T, f.(E:), and R—f.(E;)

are each of interior measure zero. As in the proof of Corollary 2 we see that
fa(E;) and R—f.(E;) are nonmeasurable. Therefore the exterior measures of
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fo(E;) and R—f,(E;) are each positive. Consequently the exterior measures
of S and T are each positive. From this it follows that S and T are each
nonmeasurable. We have thus shown

COROLLARY 3. For each ordinal number o, where 2=<a Zw, R is the union of
a family {E.I i<a} of nonmeasurable, pairwise disjoint sets, of power 280 each,
satisfying the following:

For each sequence {f,}, n <w, of similarity transformations of R onto R, each
of the two sets U,fo(E;) and U, [R—f.(E:)] is nonmeasurable and of interior
measure zero. Furthermore, the order types of each of the two sets are <.

From Corollary 3 we obtain the following result due to Ruziewicz [8] and
Sierpinski [10; 11]:

“There exists a linear, nonmeasurable set C, such that for any sequence
of linear sets {C.}, n<w, each of which is similar to C by a translation,
each of the two sets U,C, and U,(R—C,) is of interior measure zero.”

Note that the cited proposition is no longer true if the words “by a trans-
lation” are removed. For if C is any linear set, then C is similar to a subset
Co of (0, 1). Then R— C, is not of interior measure zero, so that U,(R—C,)
is not of interior measure zero.

REMARKS. (1) If E has property C, then the sets E; in Theorem 3.5 can be
chosen so as to have property C. If, in addition, E is a dense subset of R,
then each E, can be chosen to be a dense subset of R.

(2) Theorem 3.5 cannot be extended to require that at least one of the
sets E, have property A. For example, let R=FE be the union of a family
{E,,lv<a} of pairwise disjoint sets satisfying Theorem 3.5. Let f(x) =x-1.
Since the power of f(E,) —E, is <2%9, the power of M, = {x|xEE,, f(x) EE, }
is of power 280, Let z, be a c-condensation point of M, and let N,=M,
MN(z,—1/4, z,+1/4). Then N, and f(N,) are two disjoint, similar subsets, of
power 280 each, of E,.

For aa=#0, Corollary 1 can be extended to require each of the sets E, to
have property A (Corollary of Theorem 3.4). For a =w, Corollary 1 cannot
be extended to require at least one of the sets E, to have property A. For
example, let R=E. In view of Corollary 2 of Lemma 3.1, only the case where
o =w needs to be examined. Suppose that R is the union of a family {E,l i<w}
of pairwise disjoint sets which satisfy the conclusion of Corollary 1. For any
integer ¢ let p be an element of E; which is a ¢-condensation point of E;. Let
(a, b) be an open interval of R which contains the element p, and let G=E;
M(a, b). Since p is a c-condensation point of E;, the power of the set G is
280, Let ¢ be an element of R which is greater than b, and f a similarity
transformation of G into the open interval (b, ¢) of R. Since the power of the
set f(G) is 2%, by Konig’s Theorem, for some j the power of the set E;Nf(G)
is 280, However, since the sets E; satisfy the conclusion of Theorem 3.5, j
must be 4. This implies that E; contains two similar, disjoint sets, f(G)MNE;
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and f*(E:Nf(G)), of power 2% each. Consequently no set E; can have prop-
erty A.

(3) Let E be a linear set, of power 28, such that for each element f in
K(E), the power of the set f(E)—E is <2%, Now each linear set of positive
inner measure contains a perfect set, so that its order type is =\. Conse-
quently the complement of the set E cannot have positive inner measure.
Thus E cannot have finite measure. In [9, pp. 22-24] the following result was
proved:

“If 2% =N, then there exists a linear, nondenumerable set E, of measure
0, which is transformed by each translation, into itself, with the exception of
at most a denumerable number of points.”

From our discussion it is clear that the word “translation” cannot be re-
placed by the words “element of K(E).”

(4) The problem of whether or not in Theorem 3.5 and Corollary 1 the
sets E; can be chosen so that at least one of them contains a fixed point
remains open.

4. Problem P and incomparable order types.

THEOREM 4.1. Let {L¢}, £<0, be a sequence of linear sets such that Ly <\.
Then there exists a sequence | B } , £<0, of sets with the following properties:

(1) By is an exact, dense subset of R, which has property C.

(2) Lgis a subset of B; such that L;<B;<\.

(3) If f is any similarity transformation of B; into R, then for v#£§, the
power of the set f(Be) — B, is 280 (thus the order types of the B are pairwise in-
comparable). If f is not the identity, then the power of the set f(Bg) — By is 28e,

Proof. It follows from Theorem 2.4 of [4] that for each £<6, an exact,
dense subset 4; of R, having property C and containing L, can be found.
Furthermore, L; < 4; <.

For simplicity the proof is divided into two parts. We shall first show that
there exists a linear set M, whose order type is incomparable with each 4;.
Furthermore, the set Bo=4,JM, satisfies (1) and (2) above, and also (4)
below.

(4) For any similarity transformation f of By into R and each £=1, the
power of the set f(Bo) — A is 280,

To see this let

T=1{(Cfv|v<6CEVHAY <06, fEK(C)]},
U= {(R f,v)|v<6,fE KR},

and S=T\UU. The power of S is 2%, Well order the elements of R and S
into the two sequences, {x:}, £<0, and {s:}, £<6, where s¢=(Cy, f, v;). For
each v <@ such that C, =R, denote by J, the set

Jo = {xlf,,(x) = %, x € R}.
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Since f, is in K*(R), the set J, contains an interval of R, so that J,=\.

Suppose that p;, g:, ¢, and t; have been defined for £ <y <6. Define P, to
be the set {p¢, gz, 7t tg'f <v}. Suppose that s, is in 7. Denote by p, the first
element in the set E,= [R—f,(C,)]—P,. Since C, <N\, f,(C,) <\. Therefore
the power of the set R—f,(C,) is 280, by Lemma 3 of [14]. Hence the power
of the set E, is 28, so that the element p, exists. Let ¢, and 7, represent no
elements. Denote by ¢, the first element in the set

D, = f'v(Cv) - [P‘YU {1’1}]

The element ¢, certainly exists since the power of f,(C,) is 2%, Suppose that
sy isin U. Let p, and ¢, represent no elements. Let 7, be the first element in
the set [J,—f¥(Qy)]—P,, where Q,=A(JP,, and let g ,=f,(ry). Since
Ao<\, 0y <\ and f¥(Q,) <\. Thus the power of the set [J,—f+(Q,)] is 2%,
so that 7, and ¢, exist. Note that g, is not an element of Q,\J {r,}.

For each v <8 let Mg= {pg, 7’3|35= (C, f, v)} and M, the set union of the
M;. We shall now show that M} is incomparable with each 4;. Let f be a
similarity transformation of A4; into R. Since A; is an element of V(4y),
there exists an ordinal number 3 such that sg= (4, f, v). It follows from the
definitions of the element f; and the set M{ that £; is an element of the set
f(4¢) — M. Therefore f(A;) is not a subset of Mg, i.e., f is not a similarity
transformation of 4; into Mj. Now suppose that f is a similarity transforma-
tion which maps M into A;. The function f* is a similarity transformation
of f(M?) into Mg. By Lemma 1.1 of [4], f* can be extended to be an element %
of K(C), for some element C, in V(A4;), which contains the set f(M;). Thus
k[f(x)]=x for each element x in the set Mj. There exists an ordinal number 3
for which sg=(C, k, v). The element p;g is in the two sets Mg and R—k(C). But

R — KC) S R — h[f(M0)] = R — M,.

Therefore the element pg is in the two disjoint sets, My and R— My. From
this contradiction it follows that f does not map the set Mg into 4;. Conse-
quently M3 and 4; are incomparable order types. A similar procedure shows
that M, and 4; are incomparable order types. For each v<6, £=1, and f in
K(Bo), f(MJ) — A is nonempty. Thus the power of the set f(M,) — A is 2%,
Therefore the power of the set f(Bo) —A¢ is 280, To see that By is exact it is
sufficient to show that for any element %2 of K*(B,) the power of the set
h(Bo) — By is 280, Since B, contains Ao and Ay is a dense subset of R, By is a
dense subset of R. Thus % can be extended to be an element f of KX*(R). For
each ordinal number v there exists an ordinal 8, such that sg,=(R, f, v).
Since 7g, is an element of By, g, is an element of the set f(B,). Since gg, is an
element of R—A, which is not in M, gs, is not in By. Therefore the power of
the set f(Bo) — By is 280, Incidentally, the sets M, and Mg, being dense subsets
of R, can be shown to be exact as above (this is not needed for our proof).

We shall now assume that for each £ <u, where u <8, the linear set M;
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has been defined such that M; is incomparable with each order type 4,,
where ¥ =2u. Furthermore, if By=4;JM;, then

(5) for any element f in K*(B;) the power of the set f(B;) —B;is 2% (thus
B;isexact);

(6) for any element f of K(B;), where £ <u, and each v =y, the power of
the set f(B;) — A, is 28¢; and

(7) if E<w and v <p, £5pu, then for each element f in K(B;), the power of
f(Bg) — B, is 2%,

For u=1, M; has already been defined. We now define M,. To do this we
modify the argument given above. Let

T={CfoDgl|lv<6;,CEVMUY i=unfEKC);
D= B,a<ugE€KD)},

U={({R f,0)|v<6;fEKXR)},

V={Cfv)|v<6CEV(B), a<unf€KOC},

and S=T\UUUV(?). The power of S is 28, Well order the elements of S into
the sequence {s;}, £<0, where s; has one of the forms (C, fi, v, D:, g,
(Rr ffr WE)’ or (C$7 va 7}5).

Suppose that p, g;, 7, t;, and u; have been defined for £ <y <. Define P,
to be the set {py, e, 7¢, e, us| E<v}. If sy is in T, define p,, gy, 75, and #y as in
the first case. Let #, be the first element in the set

[gv(D‘r) - Au] - [P‘y Y {P-n Qv T tv} ]

By (6) the element #, exists. If s, is in U, define p,, ¢4, 74, and ¢, asin the first
case. Let u, represent no element. If s, is in V, define p,, ¢4, 74, and ¢, as if s,
were in T. Let u, represent no element.

For each v<8 let M= {ps, r¢|s:=(C, f, v, D, )}, and M, the set union
of the M;. The argument given in the first case can be applied to show that
M, is incomparable with each order type 4,, where v>u. Furthermore, if
B,=A,JM,, then

(8) for any element f in K*(B,), the power of the set f(B,)— B, is 2Nv;

(9) for any element f of K(B,) and each y>u, the power of the set
f(B.)—A4, is 28¢; and

(10) for any element g of K(B,) and each £<u, the power of the set
g(B.) — By is 2%e,

For each element g of K(B,), where a <u, consider the power of the set
g(Ba) —B,. To each v<0 there corresponds an ordinal number «, such that
Say=(Ay, I, v, Ba, g), where I is the identity transformation of 4,. Each ele-

(?) To be logically correct a superscript u should be affixed on all the letters appearing in
the uth case to distinguish them from the letters used in the ath case, & <u. Since no misunder-
standing will occur if the superscript is omitted, this is done. The omission of the superscript
will also be done in the proof of Theorem 4.3.
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ment #%g, is in g(B,) —A,. Furthermore, u,, is not in M,. Thus each element
Ua, is in g(Ba) —B,. Therefore the power of g(Ba) —B, is 2%

By transfinite induction we obtain a sequence of sets {Bg} , £<0. This se-
quence of sets clearly satisfies the conclusion of the theorem. Q.E.D.

The reasoning in Theorem 4.1 has also demonstrated

THEOREM 4.2. Let {Lg} , £<0, be a sequence of linear sets, of power 2% each,
such that Ly <\. Then there exists an exact, linear set B, of power 2%, whose
order type is incomparable with each L;.

A companion result to Theorem 4.1 is

THEOREM 4.3. Let {Lg} , £<0, be a sequence of linear sets, of power 28° each.
Then there exists a sequence of sets { By}, £ <0, whose members have the following
properties:

() B;is a subset of Lg such that By <L;

(B) Bg is an exact set which has properties A and C (thus, if f is an element
of K*(B;), the power of the set f(Bg) — Bg is 280); and

(v) if f is any similarity transformation of B into R, then for v£§, the power
of the set f(Bt) — B, is 280 (thus the By are pairwise incomparable order types).

Proof. For each £ let A; be a subset of L;, having properties A and C, such
that 4;<L;. For each £ let A; be the union of 2% disjoint sets A7, v <6, and
each A} the union of 2% disjoint sets A}’, <0, the power of each set A}’
being 2R, Let

Q= {4 e <0} U {4i|g v<o} U {4} | £ v, v<0}.
Well order the elements of Q into a sequence
(1) TOrle"'sTfi"' (£<0)

which has the following three properties:

(a) Each set 4}, follows 4, in (1).

(b) Each set A" follows A} in (1).

(c) The sequence {A;}, £<4, is a subsequence of {T;}, E£<0.

Such a well ordering is certainly possible. Note that To=A4.,.

We shall first show that there exists an exact subset B, of 4, having
property C, such that for £=1 and f any similarity transformation of T} into
R, the power of the set f(T) — By is 2No,

To see this let G°= {T5|£>0}. Let S° be the set of ordered pairs, (C, f),
where C is in G° and f is a similarity transformation of C into R. The power
of S?is 28, Well order the elements of R and .S? into the two sequences

(2) X0y X1y * 0, Xgy t (£<0)1
(3) S0y S1y 0y SE 0 (£<0),
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where s;=(C;, f:) and each element of S° appears 2% times in (3). Suppose
that p; and ¢; have been defined for £ <u<#6. Let

Ry = {pe q:| £ < p}, X = fu(C)) — 4o, and ¥, = fu(C,) — X

Notice that Y, is a subset of 4,. If the power of Y, is 2%, let p, be the first
element in the set ¥,—R,. If the power of ¥, is <2Ro, then the power of X,
is 280, In this case let p, represent no element. Suppose that C, is the set 4o
and that f, is not the identity transformation on A4,. Since 4 has property C,
the power of the set V,= {x] fu(x) #x, xEAo} is 2%, Let g, be the first ele-
ment in the set V,— P,, where P,=R,U {p,‘}. If C, is not the set 4,, or if C,
is the set 4o and f, is the identity transformation on A4y, let g, represent no
element.

Denote by M0 the set M°= {p;|£<8}, by N° the set N0= {g$|£<0}, and
by By the set Bo=A4,— M° Note that N is a dense subset of 4, which has
property C. Since N is a subset of By, it follows that By is a dense subset of
A, which has property C. Being the subset of a set which has property A, the
set By has property A. By Theorem 2.3 of [4], By is exact. Suppose that the
power of the set f,(C,) —A4, is <2®0, There exists an increasing sequence of
ordinal numbers {a;}, <, such that f.(C,) = faz(Cay). From the definition
of P, it follows that the element pq, is in the set faz(Cop) —Bo. Therefore
the power of the set f.(C,) —Bo is 2%

Now suppose that for each £ <u <@, the set B; has been defined, and has
the following properties:

(d) Bgis an exact subset of 4; which has properties A and C.

(e) If fis any similarity transformation of T, into R, where T, follows 4;
in (1), then the power of the set f(T,) —Bg is 2%,

(f) If fis any similarity transformation of Bginto R, and if £ <u and ¥ <y,
where £, then the power of the set f(B) — B, is 2%,

For u=1, B; has already been defined. We now define B,. Suppose that
the set A}’ —g(E) is empty, where E is some subset of Bg, £ <u, and g is some
similarity transformation of E into R. Then the set g*(4)’) —E is empty.
Thus the set g*(42°) —B; is empty. Now A}’ follows 4} and A} follows 4,,
in (1). Since {Ag}, £<0, is a subsequence of (1), 4, follows A4, in (1). This
implies that A}’ follows 4;. From the induction hypothesis, g*(4}’) —B; is
nonempty. We conclude that the set 4}’ —g(E) is nonempty. Consequently
the power of the set 47 —g(E) is 2%,

Denote by F¥ the family Fs= { W| WEV(By), £<p}. Let

H = {T¢|T; follows 4, in (1)}, and G* = F*\U H*,

The power of G* is 2R, Let S* be the set of triples (4}, C, f), where y<#, C
is in G#, and f is in K(C). The power of S* is 280, Well order the elements of
S# into the sequence
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(4) S0y S1y * 5 Sy 00 (£<0)y

where sg= (D, Ci, fi), and each element of S* appears 280 times in (4). As-
sume that p¢, ¢;, and r; have been defined for £ <y <#. If C, is an element of
F#, let r, be the first element in the set, [D,—f,(C,)]—R,, where R,
= {pe ¢, r5|£<7 } The element 7, certainly exists since D, is one of the sets
4}, and the power of the set 4} —f,(C,) is 2%, If C, is not in F*, let 7, repre-
sent no element. Let X, =f,(C,) —A4, and Y, =f,(C,) —X,. Notice that Y, is
a subset of 4,. If the power of ¥, is 28, let p, be the first element in the set
Y,—[R,\J{r,}]. If the power of ¥, is <2%o, then the power of the set X,
is 28, In this case let p, represent no element. Suppose that C, is the set
A, and f, is not the identity transformation on A4,. Since 4, has property C,
the power of the set V, = {x]f.,(x) #“x, xEA,} is 280, Let g, be the first ele-
ment in the set Vy,—P,, where P,=R,\U{p,, ry}. If Cy is not the set 4,,
or if C, is the set 4, let ¢, represent no element.

For each ordinal number u<@ let M+t= {Pglf<0}, N#= {qglf<0}, B,
=A,— M*, and B} =A,MNB,. Note that N*is a dense subset of 4, which has
property C. Since NV* is a subset of B,, B, is a dense subset of 4, which has
property C. Condition (d) is satisfied for £ Su. It is easily seen that

(5) the power of each of the two sets, B} and f,(C,) —B,, where C, is in
G*, is 2%, Let C, be an element of F*. Consider the set Bj—f,(C,). There
exists an ordinal number § such that sg= (4}, C,, fy). Since 7z is an element of
the two sets, Dg—f3(Cp) and B,, it follows that the set B}, —f,(C,) is nonempty.

Consider the two sets By and B,, where £<pu. If f is a similarity trans-
formation of B; into R, then, from (5), the power of the set f(B;) — B, is 28,
Now let f be any similarity transformation of B, into R. Let % be the func-
tion defined by k(x) =f(x) for x in BJ. Suppose that A(B}) is a subset of B;.
Then h* can be extended to be a similarity transformation g of C into R,
for some element C, in V(By), which contains the set £(B}). Consider the set
B —g(C). There exists an ordinal number 8 such that sg= (4}, C, g). The
element 7 is in B —g(C). But

B, — ¢(C) S By — glf(B)] = B, — B, = &.

From this contradiction we see that % does not map the set B} into By, i.e.,
f(BY)— B; is nonempty. Consequently the power of the set f(B,)—B; is 28e,
By transfinite induction we define a sequence of sets, {B;}, £<6. The
members of this sequence satisfy the conclusion of Theorem 4.3.
Theorem 4.2 may be sharpened as follows.

THEOREM 4.4, Let {Lg} , £<0, be a sequence of linear sets, of power 2% each,
such that Ly<\. Then there exists an exact set B, having property A, whose
order type is incomparable with each L;.

Proof. Let .S denote the set of all 5-tuples (Z, C, f, D, g), where I is any
half-open interval of R, C is in V(R), f is in K(C), D is in V(L,), where
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v<0, and g is in K(D). Well order the elements of R and S into the two se-
quences {x;:}, £<0, and {se}, £<0, where sy = (I:, C¢, fe, Ds, ge). Suppose that
bt ¢&, and r; have been defined for each § <a <. Let P,= {Pe, le.§<a} and
Q,=P,U{r;|£<a}. Denote by p. the first element in R—S,, where

Sa = Qua\J U fe(Pa) U U f¥(Pa).

t<a (<a

Denote by g, the first element in the set [o— [go(Da)\JIT.], where
Toa=Sa\U {pa} U {fe(pa) | £ < a} U {f#(pa) | £ < @}.

Since D. <\, g.(D.) <\. By Lemma 3 of [14], the power of I,—ga.(D.) is
280 Consequently g, exists. Denote by 7, the first element of g.(D.)
—[TaU{ga}]. Let B={p;, g¢|£<6}.

To show that B has property A we modify the argument given in Theorem
5 of [3]. Suppose that F and G are two disjoint, similar subsets, of power 2%
each, of B. Let f be a similarity transformation of F onto G. By Lemma 1.1
of [4], f may be extended to be an element f; of K(C;), for some ordinal
number £, where C; is an element of V(R) which contains the set F. For each
element p, which is in F, where a>£, consider fi(p.). As fz maps F onto G,
fe(pa) Zpa. From the definition of ga, fi(pa) #ga. For each ordinal number
7>0, Patr and gayr are not elements of fi(Payr). Since pq is in Poyr, fi(Pa)
#parr and fe(pa) #gatr. Suppose that fi(pa) =p, or that fi(pa) =g., where
p<a. Then fi(pa) is an element of P,, so that p, is an element of fF¥(P.).
This, however, contradicts the manner in which p, was selected. Conse-
quently fi(pa) #pu and fe(pa) #qu, for u<a. It follows that for a>¢ and p.
in F, fe(pa) is not in B. An analogous argument shows that for a>£ and q.
in F, fi(qa) is not in B. This implies that the power of the set fi(F)M\B is
<2R0, But

f{FYNB =GN B =G,

which is of power 2%, From this contradiction we conclude that the two sets
F and G do not exist, i.e., B has property A.

To show that B and I; are incomparable order types, for each £<#, re-
peat the argument given in Theorem 4.1, using ¢z and 7 for ps and fs respec-
tively.

To show that B is exact we shall show that each point of B is fixed. Let
y be any element of B and let I be any half-open interval of R, (x, y] or
[y, 2).. For each v <8, I appears in one of the 5-tuples (I, R, f, L,, g). Hence
for suitable ordinal numbers a, £ <8, I =I,,. Then { Paelf <0} is a subset of
BN\I. Therefore y is a c-condensation point of B. From Theorem 2.3 of [4],
y is a fixed point of B. Q.E.D.

We conclude with a generalization of Theorem 1.1 of [4].

THEOREM 4.5. Let B be a subset, of power 28, of the linear set E, such that
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B<E. Let B have the property that if X < B, then the power of the set E— X is
280, Then there exists an exact subset M of E such that

(1) M has properties A and C;

(2) M and B are incomparable order types; and

(3) BKBUMKE.

If, furthermore, E has property C, then M is a dense subset of E. If E=R,
then M can be defined so that the set B\J M is exact.

Proof. For each element D in V(E) let L(D) be the set of those similarity
transformations f of D into R for which the power of the set {x| f(x) #x,
xED} is 280, Denote by P the set of couples,

P={(D f)|DEV(E),fELD))]}.

Denote by Q the set of all triples (D, f, g), where D is in V(B), f is in K(D),
and g is in K(E). The power of theset.S=P\UQis 28, Well order the elements
of R and S into the two series, {x;} , £<6, and {s;} , £<0, where each element
in .S appears 280 times in the latter sequence, and s; is either of the form
(Ds, fi, ge) or (D, fr). Let E* be the set of c-condensation points of E which
are in E, B¥*=BNE*, and D =D;N\E*. If s;= (D¢, f:), define J; to be the
set Jy= {xlfe(x) #=x, x€D¢}. Since the power of the set Di—Df is <28,
the power of J; is 2%,

If s, is an element of Q, then as shown in Theorem 1.1 of [4], the power
of the set g,(E) —f,(D,) is 28, From this it follows that the power of g,(E*)
—fr(Dy) is 2%e.

Suppose that sg is an element of P. Let po be the first element in J,, Zo
=fo(po), and let go and 7, represent no elements. Suppose that s is an ele-
ment of Q. Let po and go be the first two elements in the set go(E*) —fo(Do),
and 7, the first element in the set fo(D¢*) — { po, go}. Let to represent no ele-
ment. Now suppose that for each ordinal number £ <u, where u <8, p;, g, r:,
and #; have been defined. If s, is an element of P let p, denote the first element
in the set J,— [C,\Uf*(C,)], where P,= {p;|£<u} and

Co={gorete| £ <u}UPIUSf(P) U U f¥P).
t<u E<p

Let t,=f.(p.) and g, and 7, represent no elements. If s, is an element of Q
let p, and g, denote the first two elements in the set

gn(E*) - [fu(Dn) (Y {Pér qg T tE' £E< I"} v u fé(Pn) (% U ff*(Pu)]

<p
Denote by 7, the first element in the set
fuDF) — [{Pe, a9 T4 ti' £< /"}, Y {?m 914}]-

Let ¢, represent no element.
Denote by M the set { p;]$<0} ME*. Suppose that F and G are two dis-
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joint, similar subsets of M of power 2% each. Let f be a similarity transforma-
tion of F onto G. By Lemma 1.1 of [4], f can be extended to be an element g
of L(D), for some element D, in V(E), which contains F. For some ordinal
number £, (B, g) = (B, f:). The argument given in Theorem 5 of [3] can be
carried over to show that the set M has property A. The argument given in
Theorem 1.1 of [4] can be carried over to show that # and B are incom-
parable order types, and that B< M\UB<E. In fact, the arguments can be
carried over to show that M and B* are incomparable order types and that
B*<M\UB*<E*.

Now M is adense subset of E*. This is so by the following reasoning. For
each element p in E* and each open interval I of R, containing p, there exists
a similarity transformation of E into R such that f(x) =x for x in E—I and
f(x)#x for x in INE. Since p is a c-condensation point of E, the function f
isin L(E). Hence there are 2% elements in ENI. It follows that M is a dense
subset of E which has property C. By Theorem 2.3 of [4], the set M is exact.

If E=R, then the above construction of M is modified slightly. The only
variation from the above occurs if J, contains an open interval I, of R. In
this case denote by p, the first element in the set

N, = I, — [C. U fXC) I f¥B)].

Since T,=N\ and f,*(B) <\, the power of the set N, is 2%. Consequently the
element p, certainly exists. Suppose that g is a similarity transformation of
N=M\UB into N, which is not the identity transformation. As M is a
dense subset of R, N is a dense subset of R. Thus the function g can be ex-
tended to become a similarity transformation # of R into R. Since A is not
the identity transformation, & is in L(R). Thus, for some ordinal number 9,
D;=R and h=f;. Now g(ps) =fs(ps) =t;. The element #; is not in B and not
in M, i.e., not in N. Therefore the function g does not map N into N, so that
the set IV is exact.

COROLLARY. If the power of the order type o is 280, and o<\, then there
exists an order type 3 with the following properties:

(1) B has property A;

(2) « and B are incomparable order types; and

3) a<a+B<A.

REMARKs. (1) if X £D*, then the power of the set E*—X is 280, This
follows from the power of the set E—E* being <28,

(2) If E has property A and B is a subset of E for which the power of
E—B is 2% then E and B satisfy the first group of hypotheses in Theorem
4.5. To see this suppose the contrary. Let X be a set such that X < B and the
power of E—X is <2®, As X < B, there exists a similarity transformation
fof X into B. Define F to be the set ENX. Since the power of E is 2% and
the power of E—F is <28, the power of F is 28, Combining this with the
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fact that the power of E—F is <280 we see that the power of the set
G=(E—B)N\F is 2%, Then G and f(G) are two disjoint, similar subsets of
E, of power 2%, This contradicts E having property A.

(3) If E is a proper subset of R, then it may not be possible for the set M
to be chosen so that BUM is exact. An example will illustrate this point.
Let C and D be dense subsets of the open intervals (0, 1/2) and (1, 2) respec-
tively, such that C\UD has properties A and C. Let f, be the identity trans-
formation on C. For each positive integer %, let f, be a similarity transforma-
tion, of the form ax+-b, of C into the open interval (n/(n+1), (n+1)/(n+2)).
Let B=U,<uf«(C), and E=B\UD. The two sets, E and B, satisfy the first
two groups of hypotheses of Theorem 4.5. Nevertheless, for no subset M of
E is BUM exact.
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