INTEGRAL REPRESENTATIONS OF POSITIVE
DEFINITE FUNCTIONS. II

BY
A. DEVINATZ(Y)

1. Introduction. This paper may be considered as a continuation and ex-
tension of a previous paper of ours [1], which we shall refer to as IRI. Here,
we partially generalize the main theorem of IRI (Theorem 5) to a theorem
about the integral representations of positive definite functions whose do-
mains are certain convex sets in a Euclidean space. We shall be more precise
about these convex sets a little later. Since many of the results and methods
of IRI are used in this paper, it is hoped that the reader will have some
acquaintance with the first paper.

One of the theorems which we prove in this paper contains as a special
case a theorem of M. Krein [1, p. 17, Theorem 1]. Further, we also obtain as
a special case the correct statement of an incorrect theorem stated by M.
Livshitz [1, p. 6, Theorem 3]. We shall say more about this later.

We wish to say a few words about our use of the terminology positive defi-
nite function. Let E,, and E, be the Euclidean spaces of dimension m and »
respectively. Let Q be a convex set in Eni. (=E,XE,) which contains the
origin and such that if (x, ) €Q, for x€E,., yEE,, then (x, —y) €Q. Further
let Q/2 be the set of all (x, ) in Q such that (2x, 2y) €Q and f(x, ¥) a complex-
valued function defined on Q. We say that f is a positive definite function if for

every finite set of points {(xl, Y1), © c ¢y (Xny Yn) } CQ/2 and every finite set
of complex numbers {£, - - -, £.} we have

DD EESf(xi+ 2, yi— y) = 0.

=1 j=1

The terminology positive definite function has been used in the literature
for many different things. In particular this title has been given to continuous
functions defined on the real axis for which Y%, £&;f(y;—y:) 20. These
functions have also been called functions of positive type. Continuous func-
tions defined on the half real axis for which ZZ,=1 £:E,;f(x;+x;) 20 have been
called exponentially convex functions. Actually, any function of positive type
gives rise to a group of unitary operators acting on the reproducing kernel
space corresponding to it, while any exponentially convex function gives rise to
a semi-group of positive semi-definite self-adjoint operators. From this point

Presented to the Society, April 25, 1952 under the title On positive definite functions;
received by the editors July 24, 1953.

(1) Part of this paper was written while the author was at the Illinois Institute of Tech-
nology. The major portion was completed while the author was a National Science Foundation
Fellow at the Institute for Advanced Study.

455



456 A. DEVINATZ [November

of view it might be really natural to call these latter type functions the posi-
tive definite functions. Or better still, in naming them it might be natural to
indicate the character of the operators which arise from these functions. At
any rate we do not wish to settle any questions of terminology here, and shall
leave the ultimate decision to history.

The first part of this paper is concerned with a brief review of some topics
which are needed later on. The second part of this paper is concerned with a
slight generalization of Theorem 5 of IRI which is needed for the later work.
The techniques used in this second part are essentially the same as those used
in IRI and we have given a discussion of only those points which we felt might
cause the reader some trouble. The third part is concerned with positive defi-
nite functions on convex sets. The last part of the paper concerns itself with a
problem of moments.

2. Preliminaries. For the convenience of our readers we shall recall briefly
some of the essential features of the theory which we shall use in this investi-
gation. Let E be a set (not necessarily having any structure) and K(x, y) a
complex-valued function defined on the Cartesian product EXE. The func-
tion K(x, ¥) is called a reproducing kernel(?) (r. k.) if there exists a Hilbert
space 7, of functions defined on E, such that K(x, y) €F when considered as a
function of x for every y in E and for every f(x) E¥ and every yEE, f(y)
=(f(x), K(x, ¥)). 7 is called a reproducing kernel space (r. k. s.). The function
K(x, y) is said to be a positive matrix(?) (p. m.) if for every finite
set of complex numbers {El, RN E,.} and points {y1, ceey, yn} CE,
D p-1 £E:K (), ¥:) 20. The following theorem gives the connection between
ar. k.and a p. m.

THEOREM A(2%). (E. H. MOORE-N. ARONSZAJN). A necessary and sufficient
condition that K(x,y) be a r. k. is that it be a p. m.

For a given p. m. K(x, y), the corresponding space ¥ is the completion of
the set 7’ of functions of the form

g(®) = 3 LK (=, 32,

i=1

with norm given by

llgll2 = X &&:K (s 39).
t,7=1
As in IRI, ¥ will always denote the r. k. s. of the p. m. which we are discussing
at a given time and F will always denote the space of functions given above for
that p. m.
Let now T denote an operator from ¥ to itself, Dy its domain, and M(x, y)

(?) N. Aronszajn [1; 2].
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€Y for every yEE. T is said to correspond to the kernel M(x, ¥), in symbols
T~M(x, y),if forevery fEDr, Tf(y) = (f(x), M(x,v)). T is said to correspond
to M(x, y) in the maximal sense, in symbols T=2 M (x, v), if Dr consists of all
the elements f in ¥ such that (f(x), M(x, ¥)) is again an element of ¥, when con-
sidered as a function of ¥ and for every fEDr, Tf(y) =(f(x), M(x, ¥)).
Following Aronszajn we write M(x, y)<My(x, y) or My(x, ¥)
> Mi(x, y) if My(x, y) — Mi(x, v) is a p. m. We have the following theorem.

THEOREM B(®). Let M(x, y) be a Hermitian symmetric function (i.e. M(x, y)
=M (y, x)) defined over E X E which belongs to F when considered as a function of
x for every yEE.

(@) If T=2M(x, y), then T* and T** exist and T**=T. T* is a symmetric
operator and is the closure of the restriction of T to F'; every self-adjoint operator
which corresponds to M(x, y) is an extension of T*. A necessary and sufficient
condition that T be self-adjoint is that the linear manifold determined by the class
{M (x, ) +iK(x, v) } s dense in §.

(b) A mnecessary and sufficient condition that there exists a self-adjoint
operator H~ M (x, v) which is bounded below (above) by the finite number c is that
M(x, v)>cK(x, y) (M(x, v)<LcK(x, v)). A necessary and sufficient condition
that there exists a self-adjoint H=M (x, y) with lower bound =ZN> — »© and
upper bound <A<+ o is that \K(x, y) KM (x, y) KAK(x, ¥).

Another result which we must make strong use of in this paper concerns
the restriction of a r. k. K(x, y), defined on EXE, to a set E;XE,CEXE.
The restriction K;(x, ¥) is a p. m. and its corresponding r. k. s. ¥ is obtained
from ¥, the r. k. s. of K(x, y), in the following way. Let ¥, be the space of all
gE¥ such that g(x) =0 for x€E, and let F; be its orthogonal complement.
Then the space ¥ consists of the restrictions of the elements of ¥ to E; with
the same norm. The pertinent theorem is as follows.

THEOREM C(%). If K is the reproducing kernel of the space ¥ of functions de-
fined on the set E with norm ” ||, then K restricted to the subset EyXE,CEXE
is the reproducing kernel of the class ¥, of all restrictions of functions of ¥ to
the subset Ei. For any such restriction, fy €%, the norm ||fil|x is the minimum
of ” f” for all fEF whose restrictions to E, is fi.

More detailed information on the topics discussed above will be found in
N. Aronszajn [1; 2] and A. Devinatz [1].

3. Positive definite functions on columns. Before we prove the results of
this section we shall say a few words about the notation which will be used
here and in the future. In general the notation will be the same as in IRI.

Vectors in an #n-dimensional Euclidean space(®), E,, will usually be de-

(® A. Devinatz [1], N. Aronszajn [2].
(9) N. Aronszajn [2].
(5) For convenience we shall also include vectors which have components at + «.
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noted by lower case latin letters and their components by the same letters
with superscripts (e. g. x=(x, - - -, x™)). In case we use these letters as
scalars it will be clear from the context that we are doing so or else we shall
explicitly state this fact. The letters u; shall designate the “unit” vectors,
i.e. those vectors for which u{ =3, where 85 is the Kronecker symbol. We
shall write x <y if each component of x is less than or equal to each com-
ponent of y.

We shall also have occasion to use a certain linear subspace of the (m+n)-
dimensional unitary space. Let x be any vector in E,.. whose last » com-
ponents are zero and y any vector in E,., whose first m components are zero.
The vectors z=x-+1y, 1=(—1)Y2 form a linear subspace of the (m-+mn)-
dimensional unitary space. We shall designate this subspace by Z,4.. Using
the terminology of the complex number field, if 2&Z,,,, we shall write
2=x—7’y’ R(Z) =X, 5(2) =Y.

If t€E,, when we write [2f(f)da(t) we shall mean that da(t) is a non-
negative measure on E, and that the integral is a Lebesgue-Radon-Stieltjes
integral over the closed interval a =t <b.

In the following lemmas we shall be working in the 1-dimensional case.
These lemmas are proved in much the same manner as the corresponding
lemmas in IRI. However, there do exist points here which require some discus-
sion.

Lemma 1(8). Let f(n) be defined for n=0, 1, - - - | 2m+1. Necessary and
sufficient conditions that there exists a bounded non-negative measure do(t) such
that

2m  ifdet | f(G+ B)|inmo = O,

f(n) = fo irda(t), for 0=m= {Zm + 1if det | /G + ) [Fam0 # O,

are:
S G+ k>0, i k=01,-+,m.
) fG+E+1)>0, j k=01,---,m.

Proof. The necessity of these conditions follows immediately. For the suffi-
ciency we have two cases to consider. First of all suppose that the determinant

| 7G + B) [fkm0 = 0.

The r. k. s. ¥ associated with f(j+&) is then generated by the elements
{f(G+k) }rod. Let fi(j+k) be the restriction of f(j+k) to j, k=0, 1, - - -,
m—1, and ¥, its corresponding r. k. s. The space ¥ may be written as ¥
=% @®F;, where ¥, is the class of all elements in ¥ which are zero for j

(8) This lemma slightly sharpens a theorem of S. Verblunsky [1].
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=0, 1, ---,m—1, and ¥ is its orthogonal complement. The space ¥y is
generated by the set of elements {f(j+k)}7=; but since these elements gen-
erate the whole space, ¥, can contain only the zero element.

Let M(j, k) =f(j+k-+1) be defined for j, k=0, 1, - - - , m—1. Then, for
fixed k, M(j, k) €F1. Since ¥ is finite-dimensional, by Theorem B the operator

T>~M3Gk

must be bounded and therefore self-adjoint. Further by condition (2) it must
be positive. For any g,(j) €% we have

Teu(j) = ¢G+ 1)

where g(j) €¥ and g, is its restriction. Let {Et} be the canonical resolution of
the identity associated with 7. Then if fo(§) =fi(j+0) and r+s=mn, we have

1) = (G + 7 G + ) = (Tfo, T = [ " d(E for fo.

0

Suppose now that

| £G4 B) [76m0 5 0.
Then it is clearly possible to define a number f(2m+-2) such that

m+1

| f(G + B) [7.0=0 = O.
We can then proceed as before.

LEMMA 2. Let f(x) be a continuous function defined on the interval 0 =x =Za.
Further, let f(x+y)>>0 for 0=<x, y<a/2. Then there exists an analytic function
F(2), defined in the strip 0<R(z) <a such that F(z+@)>>0 for 0 <R(2), R(w)
<a/2 and F(x) =f(x) for 0<x<a.

With the help of Lemma 1, this lemma may be proved by the same method
as Lemma 2 of IRI.

LeEmMA 3. Let f(x) be as tn Lemma 2 and ¥ the corresponding r. k. s. Let
0<s<a/8 and let I, be the set of all x in [0, a/2] such that x+4s&[0, a/2].
Further, let fi(x-+y) be the restriction of f(x+y) to I, X I, and F the correspond-
ing r. k. s. If M, (x, v) is defined on I,XI, such that for 0 =x,=<s, M. (x, )
=f(x+y-+=xo), then the operators T, =M, (x, ¥) are self-adjoint.

Proof. The space ¥ may be written as the direct sum ¥=%,®%;, where
¥, is the space of elements in ¥ which are zero on I, and 7§ is its orthogonal
complement. If ¥, is the r. k. s. associated with the F(z+ @) of Lemma 2, then,
for every g€, there exists a go&F, whose restriction to the open interval
(0, a/2) coincides with g(x) on this open interval. Therefore, since g, is zero
on an interval of the x-axis and is analytic, it is identically zero. Since g(x)
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is continuous on [0, ¢/2] it must be identically zero on the closed interval.
Therefore ¥, consists only of the zero element and 7 consists of the restric-
tions of the elements of ¥ to I, with the same norm. Consequently, Dr,, is
the set of all g;&% such that if g&¥ restricted to I, is g1, then glx+x0) EF
for x in I,.

If T, is not self-adjoint, then since T, C T, and T5*=T,, T7, is not self-
adjoint and there exists a nonzero g &% such that T, gi=1g, i.e. g(x+xo)
=1g(x) for xE1,, where gEF and g, is the restriction to I, of g. Now, there
exists a g,EY, such that g(x) and g.(x) coincide on (0, a/2). Since g:(z) is
analytic, g(x+x,) =4g(x) for all x for which x and x+x, are in (0, a/2). By
continuity this must also be true for all x+x, which lie in the closed interval
[0, a/2]. Consequently, if xE1,, x+2x,&[0, a/2] and g(x+2x0) =ig(x+x0)
=12g(x). Repeating this argument twice more we get g(x4-4x,) =g(x) for
x in I,. Since gy(2) is analytic, for R(z) +4x,E(0, a/2) we have g.(z+4x0)
=g,(2) and therefore g.(z) may be extended analytically over the whole
complex plane. Now,

| g22) | = | (ga(w), F(w + 2))2| < ||gal| o(f(22))172,

where x =R(2) and ( , ). is the inner product of ¥,. Therefore g,(z) is bounded
in every strip x; < R(2) =x, and consequently by Liouville’s theorem it must
be a constant, which of course must be zero. This contradicts the hypothesis
that g0, which means that T, is self-adjoint.

LLEMMA 4. Let f(x) be as in the previous lemmas. Then there exists a spectral
measure dE, defined on T, such that

fx) = f " d(Eofo, fu(7),

where fo(x) =fi(x+0) and (, )1 is the inner product of F1. The measure da(t)
=d(E.fo, fo)1 ts uniquely determined. The operators T,, for 0 Sx,=s are given by

T“’o = f tzodE te
0

Proof. There exists a spectral measure dE; such that the measure of the
interval [— o, 0) is zero and
0
T.g = f t’dEg.
0

Since every positive self-adjoint operator has a unique positive self-adjoint
square root we have, by Lemma 3,

nm=j'wwm, n=1012
0

(") Cf. S. Bernstein [1] and D. V. Widder [2, 3].
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Suppose now that m is an integer and ms/2"<a/2. Then from the fact
that the space ¥, of Lemma 3 consists of the zero element only, we have

Thwfo(x) = f(x + ms/2")

and

(P + 9s/2") = (f(x + ps/27), f(x + ¢5/2")) = (Thefo(%), Tomfo(@)r.

Therefore,

@+ 05/2) = [ rorrmd(E o, fo.
0

If we now pass to the limit we get our result. The uniqueness of da(t) may be

proved by the same method as used in Lemma 1 of IRI.

The integral representation of the operators T, may be obtained by the
same method as used in Lemma 4 of IRI. However, since we shall have oc-
casion to use this representation later we shall reproduce the proof here. Con-
sider the operators given by

H, = f t=dE,.
0

The operators H, ;" certainly coincide with T'.", provided 0 <ms/2"<s.
Since f,(x) =fi(x+y) EDr,,,s" fy EDn,, for every xo such that 0 Sx¢ <s. There-
fore

L]

fx+y + ms/2%) = (Tmss2fa, fi)1 = f tme I d(E f 2 fu)r.

0

If we choose a sequence of the ms/2" which approaches any 0 <x,<s we get

fs b3+ ) = [ a0 S = Hafo S
Therefore, H,,f,(x) =f(x+vy-+4x0), which means H,,~ M. (x, ¥) =f(x+y-+xo).
Consequently, H,, & T, and since both of these operators are self-adjoint we
must have H,,=T,,.

With the help of these lemmas it is now possible to prove a modification
of Theorem 5 of IRI. Let P be a set of points 2z in Z,;, such that R(z) runs
over an interval (finite or infinite) in E,, which contains the origin and — «
<3(z)< ». Let P/2 be the set z in P such that 2zEP, 0<s® <1/8 sup

|z~uk| , where the sup is taken over zEP, s=(sV, - - -, stm 0, - - . 0), and
P, the set of points in P/2 such that z+4s€P/2. Further let a=(a®, - - -,
am, — i) L pmtm)  p= (B, . .. pim  mD .. cmm)  and

sp=(0, - -+, 0,s=D ... smin) The numbers a® may take on the value
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— o, b® and ¢® the value + ©, a® <p® and ¢® =0.

THEOREM 1. Let f(2) be a continuous complex-valued function defined on P.
Necessary and sufficient conditions that there exists a bounded non-negative meas-
ure do(t), such that

b
16 = [ eaats,

are:
(1) f(z4+w@)>0 for 3, win P/2.
(2) There exists a vector s>0 such that for k=1, - - -, m, and 3, w in P,,

exp (sPa®)f(z + ®) K f(z + B + sPuy) K exp (sVb®)f(z + ) (5).

(3) There exists a sequence s,—0 such that s® =0 if ¢® =0, s®£0, ¢®
< o, and such that for k=m+1, - - -, m+n and r=0,1, - - -,

fla+ @ — iss ug) + f5 + B + sy ur) > 2 cos (st d ) f(z + B) ().

Proof. The necessity of these conditions follows immediately by a direct
computation. For the sufficiency let fi(z2+®) be the restriction of f(z+w)
to P, X P, and ¥, and ¥ their corresponding r. k. s. As in Lemma 3 we may
easily check that the elements of ¥; are the restrictions to P, of the elements
of ¥ with the same norm. Using this fact, if M(z, w) and N(z, w) are defined
on P, X P, such that M(z, w) =f(z+w+x®u;) and N(z, w) =f(z+ @ —1yPu),
if we set up the operators

T w0y > M(z, w)
and
Uy®u = N(z, w),

we can proceed exactly as in the proof of Theorem 5 of IRI, using the previ-
ous lemmas.

4. Positive definite functions on convex sets. Let Q be an open convex
set in the complex plane(!®) which contains the origin and which is sym-
metric with respect to the real axis. Let Q/2 be the set of all z in Q for which
22&(Q. Further, let d® =sup Iz-ukl, where the sup is taken over z&Q,
0<s®<d® /8, s=5sD445® and Q, theset of all zin Q/2 such thatz +4s&Q/2
and z+45&Q/2. It is obvious that Q/2 and Q, are convex sets in the com-
plex plane which are open, contain the origin, and are symmetric with re-

(® In case a® = — =, the corresponding left “inequality” is clearly redundant. In case
b® = 4 w0, let us agree that the right “inequality” is also redundant.

(?) Define 0+ « =0.

(19) In case Q reduces to a segment of the real or imaginary axis we shall mean that Q is
open with respect to the topology of these straight lines.
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spect to the real axis. Let f(z) be a continuous complex-valued function de-
fined on Q such that f(z+®)>0 for z and w in Q/2. Let fi(z+ @) be the re-
striction of f(z+ @) to Q, X Q.. Suppose further that ¥ is the r. k. s. associated
with f(z+ @) and ¥ the r. k. s. associated with fi(z+ @) with inner product
(, )1- If Fo is the set of elements in ¥ which are zero on Q, and ¥ the or-
thogonal complement of 7,, then we know by Theorem C that % is the re-
striction of the elements of ¥ to Q, with the same norm. We know further
that all elements of the form f(z+ @) for w&Q, belong to F;.

Let us consider the elements f(z+wo+x), for x real, wo,EQ,, and wo+x
€Q/2. We may then write

1 + @0+ ) = Ko (s, wo + %) + Kolz, wo + %),

where Kg (2, wo+x)EFy+ and Ko(z, wo+x)EFo. Let us now consider the
complex numbers w(x), where 3(w(x)) =3(w,) and R(w(x)) varies so that
w(x) €Q/2. Since Q, is open these complex numbers actually trace out some
line segment in Q, which we shall designate by L, and an extension in Q/2
which we shall designate by L. Let L’ be the projection of L on the real axis.
If we consider the restriction of f(z+ @) to L XL, then this is exactly the same
p. m. which we get if we consider the restriction of f(z+®) to L' X L’. There-
fore this restriction is an analytic function of x (see Lemma 2) and all func-
tions which belong to the r. k. s. of this restriction are analytic. Now, for
any 2&Q/2 and w(x) EL,, K(z, w(x)) =0. Therefore, since for any fixed
2EQ/2, Ko(w(x), z) when considered as a function of x belongs to the r. k. s.
corresponding to the restriction of f(z+ @) to L XL, and since it is zero on L,,
it must be zero for all of L. Consequently, for w,&Q; and 3&Q/2,

(4.1) 1z + w0 + %) = Koz, wo + ),

which means that f(z+ @, +x) EF; .

On the space ¥ set up the operators T,=M.(z, w)=f(z+w+x)
for | x| <s®. The domain of T, consists of those elements g €% such that
g(z+x) €1, where g&F; and g is the restriction of g to Q,. These operators
are self-adjoint (see Lemma 3 and IRI Lemma 6). Further, since f(z+1w@,+x)
EFs for woEQ, and any x such that wy+xEQ/2, then for any integer n
such that w,+nxEQ/2,

Tofs(z + o) = f(z + o + na).
This means that if g€ Dz, then Togi(wo) =g(wo+nx), where gEFL and g,
is the restriction of g. This follows from the fact that
ngl(WO) = (T:gl(z)a fi(z + @)1 = (g1(2), T:fl(z + w0))1
= (g(2), f(z + wo + n%)).
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Let us also consider the operators
Vy= Ny(z, w) = flz + @ — iy)
for |y| <s®. If h(x) = Xiu, &fi(s+ ) with @+iyEQ,, then clearly
[Vutlly = [| 4]
In general, for any gE%,

[Vuells = gl

Consequently, V), is a bounded operator and V,g:1(2) =g(z+1y), where gEF»
and g, is the restriction of g to Q,. From this remark it is easy to see that if
each of the points w44y, and @4y, belong to Q, then

(4.2) ViV fi(z + @) = Vipwfi(z + @) = Vi Vi, fi(z + ).

Further, it is clear that V,g is a strongly continuous function of y for every
gEH, Vo=1I, and since V,»N,(w, z) =f(z+w—1iy) =f(z+w+1iy) (Aronszajn
[2, p. 372]), we have V}=V_,.

We shall now show that each of the operators V, permutes with each of the
operators T,. We have first of all T.fi(z+ @) =f(z+®+x). Since, for 2&£Q/2,
fe+w+x) EFy, we have V,Tofi(z+ %) =f(z+w+x+4y). On the other hand,
Vufi(z+ %) =f(z+@+12y). Now the element f(z+@+1iy) for 2EQ, is the re-
striction to Q, of the function K (z, w—4y) which was defined above. There-
fore, T,V,fi(z+w)=Kg(z+x, w—iy). However, by (4.1) we see that
K3 (z+x, w—1y) =f(z+w+x+4y) for 2, w in Q,. This means that T, and V,
permute on the set 7{. Now Theorem B tells us that T is the closure of its
restriction to 7{. Therefore V, permutes with T.

Let us now discuss the question of the extension of a complex-valued posi-
tive linear functional on a space of complex-valued functions whose field of
scalars is the complex number field. The result which we state below is, we be-
lieve, well known and has been used implicitly in the literature. However, we
have never seen a formal statement of this result so we think it is well, for the
sake of completeness, to give it here.

LEMMA 5(1Y). Let X be a complex linear space of complex-valued functions
x(t), which are defined over some domain D. Let S be a subspace of X and I(x) a
linear functional on S with range in the complex number field. Further, let us
suppose that I(x) is real whenever x(t) is real on some fixed subdomain D, D,
I(x) =0 whenever x(t) 20 on D,, and for every xo & X which is real on D, sup I(x)
< 0 and inf I(x) > — o, where the sup ts taken over all x ©S which are real on D,
and x(t) xo(t) on D; and the inf is taken over all x &S which are real on D,
and such that x(t) Zxo(t) on D,. Then there exists a linear functional defined on
all of X which is an extension of I(x) and which retains all of the properties of 1.

(1) I am indebted to Professor Harry Pollard for an enlightening discussion of this lemma.
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Proof. Let X’ be the set of all real elements in X and S’ =SNX’. Then X’
is a real linear space and S’ is a linear subspace of X’. By hypothesis the re-
striction I/, of I to .S, is a real positive linear functional. Then, by the exten-
sion theorem for real positive linear functionals (see Achieser and Krein
[1]), ¥ may be extended to a positive functional L’ over X’. Now, it is neces-
sary to extend L’ to the complex linear manifold determined by S and X’
so that L’ coincides with / on S. But this is easily done. We may write every
element in this manifold in the form y =x-+4ax’, where x €S, ¥’ €X', and ¢ is a
complex number. If y; and y, are any such elements let us consider ¢;y;+c2y2
= e+ Cox2 Fc1a1x] +c2a9xs , where the coefficients are complex numbers. Let
us then write

L(61y1 + 62y2) = cll(xl) + Czl(xz) + CldlLl(ﬁh’) + 6202[/(3\?2').

This is a linear functional which coincides with / on S and L’ on X’. Now, ex-
tend L to all of X in any way so as to be linear and the lemma is proved.

It should be pointed out that the condition that I be real for real elements
of S is independent of the condition of positivity and is needed. For, there
exist spaces in which the failure of this condition is enough to insure that
there can be no positive extension. Consider, for example, S as the complex
linear space which consists of polynomial functions P(t), — « <¢< », with
complex coefficients and such that P(1) =0. Define /(P) =P(0)+2P’(1), where
1=(—1)Y2 and the prime stands for the derivative. If P(¢) =0, then P’(1) =0
and [(P) 20. However, [ is not necessarily real for real P(f). Suppose now
that P(¢) is a real polynomial such that I(P) is not real, i.e. P’(1)#0. Write
P(t) =P, (t) — P_(t), where P,(t) =max [P(t), 0] and P_(¢) = —min [P(¢), 0].
Let X be the complex linear space generated by the space S and the functions
P, and P_. Suppose it would be possible to extend ! to L defined on X such
that L is a positive linear functional. Then L(P)=I(P)=L(P+)—L(P-). But
since P, and P_ are both positive, I(P) is real which gives a contradiction.

With all of these preliminaries out of the way we may now state and prove
the theorem we want.

THEOREM 2. Let f(2) be a continuous complex-valued function defined on Q.
Necessary and sufficient conditions that there exists a bounded non-negative
measure da(ty, t;) which is zero on the complement of the interval a <t =0,
—c=Zt,=Zc (a may take the value — «, b and c the value + ) and such that

c b
1@ = [ enrivndatu, 1)
are:

.(1) fz+@)>0 for 2, weEQ/2.

(2) There exists a positive sequence r,—0 such that forn=1,2, - - - |

emef(z + w) L fz + @ + r.) L emf(z + B),
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for all z and w in Q/2 for which the functions are defined(1?).
(3) There exists a sequence s,—0 such that for n=1, 2, - - -, s,=0 4f
c=, 5,70 if c< o, and

f@+ @ — is.) + f(z + @ + isa) 3> 2 cos (sq0)f(z + @) (%),
for all z and w in Q/2 for which the functions are defined.

Before we proceed with the proof of this theorem let us notice certain
things. If the set Q reduces to one half of the real axis and if a=— o,
b=0, this is equivalent to the Hausdorff [1]—S. Bernstein [1]—Widder [1]
theorem on completely monotone functions. For a= — ©, b=+ «, this is
the S. Bernstein [1]—Widder [2; 3] theorem on exponentially convex func-
tions. If the set Q reduces to an interval on the imaginary axis and if ¢= «,
this is a theorem of M. Krein [1] and if Q is the whole imaginary axis this is
the well known theorem of S. Bochner. Finally, fora= — ©, b=c= + «, this
is the correct version of an incorrect theorem stated by M. Livshitz [1,
Theorem 3].

According to Livshitz, condition (1) of our Theorem 2 is necessary and
sufficient that there exist a bounded non-negative measure da(t), defined on
the real line such that

f(2) =fwe“da(t).

That condition (1) of Theorem 2 is not sufficient for such a representation can
easily be seen by the following simple counter example. Let da;(f) be a
bounded non-negative measure such that the integral

i@ = [ “erdenty

exists for x=0. Suppose further that the measure is normed so that f(0) =1.
Let dax(t) be a non-negative measure different from doy(f) and such that
J? wdas(t) =1. Form the function

gy) = f eviday(l),

for — o <y <. Then if dai(t1)as(t:) represents the product measure, the
function

F(z) = f(x)g(y) = f f estutiutadan () as(ty)

(12) For some types of domains, for example an interval, the existence of only one number,
r, for which the “inequalities” hold is sufficient. We have been unable to determine whether
this is true for all convex sets. As before, if b = + «, consider the corresponding “inequality” as
redundant.
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satisfies all of the conditions of the theorem of Livshitz. Therefore if his
theorem were true, there exists a bounded non-negative measure da;(t) such
that

F(z) = f " rtdast).

Now, if we take 3(z) =0, we get

F(x) = f(%) =f°°e“da3(t),

from which it follows that day =das;. On the other hand if R(z) =0,

Flis) = 8) = [ evtdaat),

from which it follows that day, =das. This gives a contradiction. The theorem
of Livshitz will become true if we allow f(z) to be analytic instead of merely
continuous.

Proof of Theorem 2. The necessity follows immediately by a direct com-
putation. For the sufficiency let us consider a set Q, and the set of operators
{ T,} which we have constructed previously. By the same method as used in
Lemma 4 we may show the existence of a spectral measure dG, such that for

Oéxés(l)’
©
Tz =f l’dG;
0

However, in this case, for any x such that ]x| <s®, T_, is the inverse of T,
and therefore the origin has a zero measure with respect to dG;. Therefore,
there exists a spectral measure dE; such that for |x| <s®,

Tz = f e“dE;.

From the remarks made at the beginning of this section, for any x such that
z2+xEQ, and for any g&Dy,, where T is defined by the above integral if
|x| >sM, we have T,g(z) =g(z+x). This follows from the fact that for any x,
and integer # such that |x1| <sW and nx,=x, T5=T,.

There exists a countable set of mutually orthogonal subspaces, {7 };>1,
whose direct sum is 7, which reduces every T, and the restriction of T, to
My is a bounded self-adjoint operator which we shall denote by T, There-
fore, we may write

123
k) zt (k)
S
ok
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where a; and b, are finite and dE® is a spectral measure which is zero outside
of the interval [ax, bi]. If fi(z, w) is the r. k. of Ny, then if w+xEQ,,
T fule, ) = (T fulw, w), fult, D)1 = (falah, ), T fulte, D)
= T‘,k’f,,(w, ) = fu(w + %, 5) = fulz, w + %).
Let

bk .
Ay = f WdE®.
ag

It is clear that if

(k)
T, —1
A;k) = ————-—6 1)
8

then for any g&ENM, we have

A;k)g—>- Arg,

where the bold arrow indicates convergence in the strong topology of .
However, if é is sufficiently small,

A;k)g(z) _ gz + 51 —8()

Therefore, if xER(z), since 7, is a r. k. s. we get

9g(z)
ox

In 9, let Dpy be the set of all g(z) ENM; such that for y=173(2), dg(z)/dy
exists and belongs to ;. We shall then define

(=)
dy

A18(z) =

Big(z) =

The first thing that we wish to show is that Dp, is dense in 9. To this end
let us consider the operators

Ve—1

Ws =
’ 3

’ | 8] < s® (V, defined at beginning of §4).
If Py is the projection operator whose range is 9f;, then since W; permutes
with every T it also permutes with P,. Consequently, if W is the strong limit
of W; as §—0, then W also permutes with P, and therefore 9, reduces W.
Now, clearly if g&Dw, then
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- 5}
g ay

Therefore, if we can show that Dw is dense in ¥, we shall have shown that Dg,’
is dense in ;.
Let us consider an element of the form

¢@) = gskﬁ(z + ).

Since Q, is open there exists a real r such that w,—2irEQ, for k=1, « + + , n.
If we set up the element

1 r
o) = — fo V()i

then g, €% and g>g as r—0. Therefore, this class of elements of the form
g- is dense in ¥,. Further, if |8| =< |r| , using (4.2) we get

1 r+b s
Wgr = '6—'[ Vigdt — f Vggdt] > W,g
r r 0

as 6—0(®). Consequently Dy is dense in 7.
Let us now show that for g&EDwr,

og
WHg = — — .
§ d
To this end let us consider the elements
Y e
f(2) = -;—f Vifi(z + w)de,
0

where w is fixed and r is taken so small that w+4irE(Q,. Then since Wf,.(2)
= W.fi(z+ %) we have

fiz + @+ ir) — f1(z + 'u')))
1

r

(82), Wi(e)s = (a(e), Wia(s + )1 = (g<z>,
= (W*g(2), fr(2).
Therefore, since f,(2)>-f1(z+ @), we get

glw —ir) — g(w) _ 9g(w)
r dy

W*g(w) = lim (W*g, f,)1 = lim
70 r—0

This shows that if W;* is the restriction of W* to N, then W*C — Bj.
() We have followed here a technique of N. Dunford and I. E. Segal [1].
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If we consider the operator

Bk = - iB;n
then we have shown that
- ’iWk g By and (— 'iWk)* g Bg.

Therefore
By C (— iWy)" C B
Further, since it is clear that By is a closed operator we have that Dg,*is dense
in MM, and therefore Bi¥ is a closed symmetric operator with Bf* = B,.
We wish to show now that the deficiency index of B; is (m, m) and there-
fore it can be extended to a self-adjoint operator. Let us first show that if

h(z) EF, then k(z) €%, and
(k(2), g(2))1 = (h(2), g(&))1.
Consider first any kEF/, i.e.

hE) = 3 bufuls + 50).
Then
) = 3 Efile + we) € T,
k=1

It is clear that if g is also in 7/, then

(};(2), g(g))l = (h(z)v g(z))l-

Suppose now that k(z) is any element of 7. Then there exists a sequence
{hu} a1 S such that h->h. Therefore ||hn(3) —hn(2)||s =] %n(E) — hn(2)||:—0
as n, m— . This means there exists a k(z) €F; such that k.(2)->%(z). But
since strong convergence in ¥, implies pointwise convergence in ¥, we must
have k(2) =k(z). Clearly if 3(Z) €%, then the inner product of (z) and 3(z)
has the desired relation.

Let J be the conjugation operator defined by the formula

Jg = g(2).
It is clear that J permutes with each of the operators T, for |x| <s®, There-
fore MM, reduces J. If J; is the restriction of J to My, it is also clear that J;
permutes with B and therefore with B¥. This means that B;* is real with

respect to the conjugation J; and therefore its deficiency index is of the form
(m, m).
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If Sy is the Cayley transform of B, then the deficiency spaces of B are
given by 3¢ =N,0Ds, and 3y = N:ORs,, where Ds, and Rs, are respec-
tively the domain and range of Si. The spaces 3¢§ and 3C; are given respec-
tively by the elements in N, which satisfy the equations

Big = ig and Bik = — ih.
The solutions of these partial differential equations yield
g2(2) = evg(x) and k(z) = e¥h(x).

Furthermore, any functions of this form which belong to Ny, for x +iy&Q,,
are in 3¢ and J¢; respectively.

We wish to show now that if g(z) €3¢} then g(z) €3¢ and ||glli=|lg]|:-
It will follow by a similar argument that if k(z) €3¢;, then k(z) E3¢;. Let
K(z, w) be the r. k. of 3¢} and {¢.(z)} a complete orthonormal system in 3¢;.
If w=v+1v, then since ¢,(2) =e~¥d,(x), K(z, w) has the expansion

K(z, w) = D e (2)e P, () = e WK (x, u).

Now, % reduces the operator 4, and therefore each of the operators T®. In
order to see this we notice first that since 4; and B; are differential operators,
Dy, =N, and every element of NM; is continuous in R(z) and 3I(z), it follows
that A, permutes with By. Further, since Ay is self-adjoint this means that 4,
permutes with B* and therefore 4;S:C Sid. This means that 4, takes Dg,
into itself. On the other hand since every element of 3¢; is the form e—¥g(x)
and every element of this form which belongs to N, is in 3¢, it follows that
Ay takes 3¢ into itself. Therefore Ax may be written as the direct sum of two
operators defined respectively on Dg, and 3¢; . This means that if P; is the
projection operator whose domain is 9y and range is 3¢, then A4, and there-
fore T® permutes with Py .
The kernel K(z, w) is given by the formula

K(z, w) = Pifa(z, w),
where, as we have noted before, fi(z, w) is the r. k. of Nf,. Therefore,
K@, w) = PAT (e + iy, i) = TS Prfi(x + iy, i)
= TP P fu(iy, i) = To . Prfi(iy, iv).
Therefore, K(x, ) is a function of x+# which means that
K(z, w) = K'(z + w) = e K'(x + u).

This means that K(z, w) is real from which our assertion follows (see N.
Aronszajn [2, p. 354]).
Define a linear operator S, with Dg,’ =3¢} and Rs,’ =3¢, by the formula
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Sievg(%) = e%evg(%),

where 0 is any real number. The function e¥g(x) E3¢; since Je~¥g(x) =evg(x)
&3¢ . Further, since

lese@lx = [Ieg(@)]lx = llesg(@lls,

it follows that S; is an isometric operator. Consequently, U,=S:®S¢ is a
unitary operator and this gives rise to a self-adjoint extension of Bz whose
Cayley transform is Uj. Clearly if C is any self-adjoint extension of B,
then C.C By. If the deficiency index of Bj* is not (0, 0) there exists an infinite
number of self-adjoint extensions of B of the type which we have described.

Suppose that Ci is a self-adjoint extension of Bg* of the type we have
described. In order that 4 permutes with C, it is sufficient that 4, permutes
with Ui. However, we have already shown that 4S5, Si4; and since clearly
ApS! CSY Ay, we have A U= Uzdy. Therefore every T permutes with Ci
and consequently if C is the direct sum of the operators {Ck}f,,, then each
operator T, permutes with the self-adjoint operator C.

If condition (3) of Theorem 2 is fulfilled with ¢ < «, we shall show that C
has the bound ¢. Since s,—0, we can find an N such that for >N and for
all w&€Q,, w+is,£Q/2. By Theorem B, condition (3) means that

1
Py v., + Vf,,] = cos (sq0)1.

If s, is chosen sufficiently small, then the right-hand side is positive. Con-
sequently we get

1 *
ry [Ve, + Vo, ]2 = cos? (sa0)1.

Therefore,

1 " )
I - 7 [V, + V., ]2 < sin? (sa0) .

Now, from the fact that || V,|| <1 it follows that V, V¥ <I and V¥V, <I
and from this it follows immediately that

12 1
T W= VIS 1= — Ve + Vo]t < sint (0,
Since i/2[V,,— V¥] is self-adjoint it follows that
— sin (s.0)I < —5- [V.,, - V.“] < sin (sq.0)1.

From this we get
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sin (s.c)] 1 [V.,, -1 V., - I] sin (snc)l
< + < .
sﬂ n

Sn 2 -3 Sn

From this inequality it immediately follows that
—cd = — W =l

which means that —:W is self-adjoint and coincides with C.
Let {F.} be the canonical resolution of the identity associated with the
operator C. Consider the group of unitary operators

Uy = f Ci”‘ng.

d
Uyg = f e'v'dF g,

d

Let g&%; for which

where d>0 is a finite number. The set of such elements is dense in J; and it
may easily be verified that

0 (iy)n
Uwg = Z l Crg,

n=0

where the convergence is taken in the strong sense.
Let us now consider the set of points xo+4y&EQ, for which x, is fixed.
Consider the function

d
Gz (0) = f e=*dF g(x0 + iv),
—d

where {=x+4y. The function G,({) coincides with g(xe+4y) for x=0.
Further,

ano a
® =f te=*dF g(x0 + 1)

ox d

and

d
Gaul®) _ . f e*tdCF ig(%0 + iy)
dy —a

=i f % te24dF (20 + 19).
—d

This last formula for the partial derivative with respect to y follows immedi-
ately if we first integrate by parts, then take the partial derivative, and then
integrate by parts again. This shows that G,,(¢) is an analytic function of {.
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Therefore if z+1y&EQ, we have

2, 97g(z) yn .
V) = L~ 2 = g + iy).
n=0 O0y* n!

This means that since U, is bounded and %1 is ar. k. s., for any 2 EF,, U, k(z)
=h(z+1y), provided 2ty & Q.. Therefore if 7y EQ, and f.(w) =fi(w+2), then

Uufo(2) = (Unfo(w), f(w)r = U_4fo(0) = J—iy) = fils + iy).

Let us consider now the set 2Q,, i.e. the set of all 2&EQ such that z/2&Q,.
Suppose that 2E2Q, and x =R(2), y =3(2). Let x;=x/2, y1=7y/2. There exists
an x; and an integer # such that |x2| =s® and nxy=x,. If T,,=Tj,, then by
condition (2) of Theorem 2, Theorem C and our previous remarks, we have

b c
J6) = (Toludo, ToUnsiiis = [ [ cottvea(BF oo, 1

where, as we have noted before, {E;l} is the resolution of the identity asso-
ciated with the set { T} and { F;,} is the canonical resolution of the identity
of the operator C. Since E,, permutes with F,,, { E; F,} is a resolution of the
identity which of course gives rise to a spectral measure dE, F,,.

Let us now consider the linear space S of functions of the form

(4.3) gty 1) = 2 fremsiitinen,

k=1
where x,=2,+1y:EQ and a =4, =b, —c=<t:<c. On S set up the linear func-
tional

lg) = kZI Exf(z).
By the integral representation of f(z) given above it is clear that if g(t, t2)
is a function of the form (4.3) with 2,&2Q,, then g(¢, £;) =0 implies I(g) =0.
However, if we allow s =s®4-45(»—0, then the set 2Q, approaches the set Q
and therefore /(g) is a positive linear functional on all of S.

Let us extend S to the linear space X, which consists of functions of the
form (4.3) where now the y; vary between — «© and « and x; is in Q. The
positive linear functional satisfies all of the conditions of Lemma 5 and
therefore may be extended to a positive linear functional L, defined on all of
X. If we set

F(z) = L(ew+ivn),

it is clear that F(z) coincides with f(2) on Q. Further, F(z+@)>0 for R(z),
R(w) in Q/2.
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It remains to prove that F(z) is a continuous function of z. First of all we
know that for z in Q, F(2)(=f(2)) is continuous. Let 7. be the r. k. s. associ-
ated with F(z+®). Then if x€Q and §; and §; are sufficiently small,
| F(x + iy + 81+ ids) — F(x + iy) |

=| (F(w+ x/2), F(w + x/2 — iy + 8, — i8s) — F(w + x/2 — iy))s]
< ||F(w + 2/2)||3||F(w + 2/2 — iy + 81 — i85) — F(w + x/2 — iy)||2
= (J)M(f(x + 202) + f(2) = 2RU(x + b1 + b))

As 8;+18,—0, the right-hand side goes to zero which proves our result.
Now, by the definition of the linear functional L, if g(t;, t2) 20 fora <#=<b
and —c¢ =t =c, then L(g) =0. Consequently, since for an r suitably small

n

> tE[F(ae + 2+ 1) — e Flai + 25)]

7 k=1

n
Z fkez" yt+iykte

k=1

2
)
if ty=a, the right side and therefore the left side is positive. Similarly, one
shows that

~2en o

Fiz4+ o+ r) <eF(z + )
and that there exists a sequence s,—0 such that
F(z+ w — is,) + F(z + @ + isa) > 2 cos (s.0)F(z + w).

Therefore, by Theorem 1 there exists a spectral measure dE,,, such that

a

c b
F(2) =f f e*iitiviad(Ey,, ,Fo, Fo).

This concludes the proof of our theorem.

Using the notation of §2, suppose that Q' is an open convex set in Zuyn
which contains the origin and with the further conditions that R(z) fills
out an interval in E,, as 2 runs over Q' and 2&(Q’ implies z— 2¢y®u, &Q’ for
k=m+1, - - -, m+n. The set @’ is then symmetric in each component of
3(z). Q'/2 shall be the set of all z in Q' such that 2zEQ’. If we let
a=(a(l)’ <., a(m)’ —C(""H), cee, _C(m+n)), b=(b(l)’ ce e, bm, C(”““), .
cmtm) p= (0, o oo glmm) g = (B L. s§m+n)) where a® Zbp®, ¢® may
take on the value — », b%® the value 4 «, and ¢® =0 and is finite, then we
have the following theorem.

THEOREM 3. Let f(2) be a continuous complex-valued function defined on Q’.
Necessary and sufficient conditions that there exists a bounded nomn-negative
measure da(t) such that
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() =fbe"‘da(t)

are:
(1) f(z+®)>0 for z, w€Q'/2.

There exists a sequence s, —0 such that:

(2) For k=1, -, mand r=1,2,---,5s0>0 and

exp (s,(k)a(k))f(z + 2 <L fz+ @+ s,(k)uk) < exp (s,(k)b(k))f(z + w)

for all z and w in Q’/2 for which the functions are defined.
3) Fork=m+1, - - - , m4nandr=1,2, - - -, s¥0 and
fe+ w— is:k)uk) + e+ w+ isfk)uk) > 2 cos (s:k)c(k))f(z + @)
for all z and win Q'/2 for which the functions are defined.

The necessity of these conditions is immediate. The proof of sufficiency
will proceed exactly along the same lines as the proof of Theorem 2. However,
since here ¢® < «, condition (3) tells us that all of the differential operators

. 9g(2)
Cukg(z) = —1 ay(k)

, k=m+1,--- ,m+mn,

are bounded and therefore permute with one another. In the case where these
operators are unbounded we have been unable as yet to prove the permutabil-
ity. However, we think it is very likely that Theorem 3 is true even when some
of the ¢® are unbounded.

5. A problem of moments. By making use of methods similar to some of
the methods initiated in the last section we can prove the following theorem.

THEOREM 4. Let | u,,.,,.} be a sequence of numbers defined for m
=0,1,2,:--and n=0, £1, +2, - . - . A necessary and sufficient condition
that there exists a non-negative bounded measure da(ty, t;) which is zero outside
the strip — o << o, —w <ty <w and such that

T ® m inty
Hm,n = f f thie da(tl, tz)

Il'm1+m3 Mm1—ng >> 0-

s

In order that the measure da(ty, t;) be uniquely determined it is sufficient
that the moment problem corresponding to the sequence {umo} be determined
(4.e. there exists a unique non-negative measure dB(t) such that pm,o= [ tmdB(t)).

Proof. Let ¥ be the r. k. s. corresponding to the r. k. pmtmgni—n,. The
operators
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U, g”’"‘ﬁ'"‘zml—ﬂz—sr s=0, £ 1, --- s

clearly form a group of unitary operators with U= U_,. Let us also consider
the operator

T g I”m1+mz+l.n|—n2-

By Theorem B of §2 we know that T* and T** exist and T**=T. Therefore
T* is a closed symmetric operator. Further by the same methods as used in
§4 we see that the operator given by

]g(mr ”) = g(mr _n)

is a conjugation operator and that J permutes with 7. Therefore J permutes
with T* which means that T* has deficiency index of the form (m, m).

Let V be the Cayley transform of T*. The deficiency spaces of T* are
given by Jt=F0Dy and 3~ =FORy. ¢+ and 3 consist respectively of
elements which satisfy the respective equations

Tg=14g and Th = — ih,
that is to say elements of the form
gm, n) = img(0, n) and h(m, n) = (—2)™h(0, n).

Conversely, it is clear that any elements of this form which belong to ¥ belong
respectively to 3¢t and 3¢—.

Let us now show that if ¢mg(0, ) €3¢+, then i"g(0, —n) €E3Ct and both of
these elements have the same norm. It will then follow by a similar argument
that if (—%)™k(0, n) €3¢, then (—1)™k(0, —n)E3C~. First of all let us show
that 3¢t reduces any operator U,. It is clear that T* and U, permute on ¥.
Since T* is the closure of its restriction to ¥ it follows immediately that
U, T*CT*U,. From this it follows that U,VC VU,. This means that U, takes
Dy into itself. Further, since it is clear that U, takes 3¢* into itself, U, may
be written as the direct sum of two operators whose domains are respectively
Dy and 3ct, Therefore if P is the projection operator whose range is 3¢+, we
have U,P=PU.,.

Let K((m, n), (r, s)) be the r. k. of 3¢+ and {¢k} a complete orthonormal
system in 3¢*. Then

K((m’ ”)1 (f, S)) = ; d’k(m’ n)&k(r’ S) = {mr Ek: ¢k(0’ ”)“ﬁk(of S).

On the other hand
' K((m’ n), (r) S)) = Pumirp—s = PU_spimir,n
= U-—aP,um-i-r,n = UnU—:PI‘m-i-r.o
= Un—cPﬂ'm+r,0-
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This means
K((mv n)v (1’, S)) = im—-rK’(n - S),

where K'(n—s) =K((0, n), (0, s)). Therefore K is the product of two positive
matrices. If 3¢] is the r. k. s. corresponding to ¢™"and 3¢5 the r. k. s. cor-
responding to K’, then 3¢+ is the direct product of 3¢f and 3¢ (see N.
Aronszajn [2]). The elements of 3¢5 are the restriction of the elements of ¢+
to the set consisting of points of the form (0, #). Therefore, if "g(0, n) E3C*,
then g(0, n) E3¢; and g(0, —n) €3¢ with [|g(0, n)|ls=]||2(0, —n)||s. Conse-
quently,

llimg(0, ml = llimlllg@, wll> = [li~ll:llg(0, —=mlz = [|i"2(0, —m)].

Define the linear operator V'’ with domain 3¢t and range 3¢~ by the
formula

V'img(0, n) = €*(—1)mg(0, n),
where 0 is any real number. It is clear that V’ is linear. Further, since
[|img(0, ml| = [|[7img(0, =) = [[(=)"g(0, —m)|| = ||(=3)g(0, )|,

it is clear that V' is an isometric operator and therefore U= V@® V” is a unitary
operator. The operator U gives rise to a self-adjoint extension of T* whose
Cayley transform is U. Therefore, if the deficiency index is not (0, 0) there
exist an infinite number of self-adjoint extensions of T* of the type we have
described. Clearly, if H is a self-adjoint extension of T*, then HCT.

Suppose that H is a self-adjoint extension of T* of the type we have de-
scribed. Every operator U, permutes with H. In order to show this it is
sufficient to show that U, permutes with U. However, we have already
shown that U, permutes with V and since clearly U, permutes with V’, the
result follows.

If {E,,} is the canonical resolution of the identity associated with H and
{F.,} the canonical resolution of the identity associated with Ui, then by
the permutability of U, and H, it follows that E, ., = E.F,, is a projection
and the family {E,,,} is a resolution of the identity. Therefore if fo
= lm+0,n—0, W€ have

pmm = (H™Unfo, fo) = f_:f_:t;ne‘md(Eh,czfo, fo)-

This completes the proof of representation.

To prove the statement about the uniqueness of the measure da(ty, t) let
us suppose that the moment problem associated with the sequence { m.o} 1S
determined. Let % be ther. k. s. associated with the r. k. m4r,0. The operator

Tl =4 Mm+r41,0
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must be self-adjoint, for otherwise the moment problem associated with { ,u,,,,o}
cannot have a unique solution. Therefore, the function <™ cannot belong to 7.
This means the space 3C* consists only of the zero element. For suppose to the
contrary that there exists an element g(m, #) in 3¢t which is not identically
zero. Then there exists an #ny such that g(0, #,) #0. Now the restrictions of
the elements of ¥ to the points (m, n,) belong to F. Therefore g(m, n,)
=1mg(0, no) €F1 which means that »E7,. This gives a contradiction. There-
fore the operator T must be self-adjoint. By the same method as used in IRI
Lemma 1, the self-adjointness of T" implies the uniqueness of da(t, f).

We take this opportunity to note the following errata in IRI in addition
to that published in this journal vol. 74 (1953) p. 536:

p. 64, line 8. Omit “s®d® <77

p. 65, line —9. For “L,” read “L3.”

p. 70, line —4. Omit “y,d<=.”

p- 72, line 4. For “x-u;” read “x®y,.”

pp. 72, 73. For “T;.4;,” “Ty.0,” and “Uy..,” read resp. “T,0,,,” “T.®,,”
and “U,»,,” wherever they appear.
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