ASYMPTOTIC EXPANSIONS FOR THE WHITTAKER
FUNCTIONS OF LARGE COMPLEX ORDER m

BY
NICHOLAS D. KAZARINOFF(})

1. Introduction. The Whittaker functions, customarily denoted My, n(x)
and Wi .(x), are solutions of the well-known differential equation

(1.1) d2W+{ 1+k+1/4—m2W_0
) dx? 4 x x? } S

As this equation is important to the discussion of numerous physical prob-
lems, there is reason to find forms which represent the Whittaker functions
asymptotically as to the variable x or one of the parameters & and m. In
this paper we find expressions which represent these functions asymptotically
as to m. It is supposed that x, k, and m are complex and that the parameter k&
is bounded. The arguments of x and m are restricted to lie in the ranges

—r<arg(x) =7
and
— 3n/2 < arg (m) < 3n/2,

respectively. The leading terms of the asymptotic developments are explicitly
obtained. These involve only simple rational and exponential functions of x.
The algorithm in [6] can be used to find more terms, if desired.

To the author’s knowledge but one other investigation of the structures
of the Whittaker functions for numerically large values of m and bounded
values of k has been made, namely an analysis by Fisher [4]. He has studied
their structures for numerically large m by means of difference equations
under the assumption that |x/2m| be bounded from one. This restriction
has not been invoked here. The asymptotic forms found in this paper agree
with those he has obtained in the case that |x/2m| <1. For |x/2m| >1, how-
ever, his expressions are of a different nature as they are also asymptotic in k.

Erdélyi has investigated the case of x, k, and m all real and large in abso-
lute value by the saddle point method under the limitation that the ratios
of x to £ and x to m be fixed [3]. Recently Chang, Chu, and O'Brien have
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found an asymptotic expansion for the function W; .(x) when x, k, and m
are all numerically large, x is a positive real, and the ratios of x to k and x to
m are nearly fixed [1;2]. There have been numerous researches on the struc-
tures of the Whittaker functions for numerically large k and for numerically
large k and x. A partial summary of these is given by Chang, Chu, and
O’Brien at the end of [1]. A most complete discussion not listed there is due
to Ziebur [9].

To obtain our results, we use the theory of asymptotic solutions of ordi-
nary linear differential equations developed by Langer [5; 6]. Our discussion
consists of two parts. Part I, which constitutes the principal portion, deals
with the Whittaker functions. The Whittaker equation (1.1) is transformed
there into the form

2

U
(1.2) = {mqo(z) + mgi(2) }u = 0.

In order that Langer’s theory may be applied to yield the asymptotic expan-
sions of the solutions of this equation for complex values of z in an unbounded
region, it must be somewhat extended. This is done in Part II, which could
be said to be in the nature of an appendix wherein assertions made in Part I
as to the asymptotic forms of the solutions of equation (1.2) are proved.

ParT I. ASYMPTOTIC FORMS FOR THE WHITTAKER FUNCTIONS

2. Preliminaries. Two pairs of linearly independent solutions of the
Whittaker equation (1.1) have been intensively studied in mathematical
literature. The solutions of one pair are commonly denoted My, .(x) and
My, _n(x). When 2m is not an integer, they are expressible in terms of hyper-
geometric series [8, p. 337]. The solutions of the other pair are usually desig-
nated Wi m(x) and W_;..(—x) and are defined for all values of m[8, p. 339].

In the analysis which follows we find forms representing the solutions
Wi m(x) and W_; n(e*'x) asymptotically as to m for the values of x and m
specified by the relations

(a) 0 = arg (%)

(2.1) =m
(b) — 7/2 < arg (m) = /2,

respectively, k being a bounded complex parameter(?). Since k is not other-
wise restricted, from these forms representations for the function Wi, .(e7*%)
can be obtained. Once this is accomplished, it is clear that the asymptotic
expansion of the function Wi .(x) for arguments of x in the range

—r<arg(x) =
will be at hand. Moreover, since

(2) When x/2 —arg (m) <, we consider values of x in the region for which = +e>arg (x) >¢;
when »/2+arg (m) <e, we consider values of x in the region for which r —e>arg (x) > —e. The
analysis in these cases differs little from that given in Part I; consequently, it is omitted.
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Wi et vtn(x) = Wi m(2) [7, p. 116],

asymptotic forms for the function Wi,n(x) for arguments of m satisfying the
condition

— 37/2 < arg (m) = 3n/2

can be found from those obtained under the restriction (2.1b).
Henceforward, then, it is assumed that x and m satisfy the conditions (2.1).
There are known relations of linear dependence, see for example [7, p. 117],
which permit the derivation of the asymptotic expansions of the solutions
M m(x) and My, _m(x) from those for the solutions Wi m(x) and W_y m(—x).
3. Transformation of the Whittaker equation. If we choose

(a) z = log (x/2im),

3-1) (b) % = e*1*W/2i

as new independent and dependent variables in the Whittaker equation, the
differential equation

d*u
3.2) =t {m(e?* — 1) + m(2ike) }u = 0
2

is obtained. The relation (3.1a) maps the region (2.1a) of the x-plane con-
formally onto the horizontal strip of the z-plane for which

3.3) —w/2 — arg (m) < I(z) < n/2 — arg (m).

Since the variable of immediate interest is x and since it is a single-valued
function of 2, we may confine our attention to the values of z specified by the
relation

—r<arg(z) S

In doing this we cut the x-plane from the point x =24im to the origin.

The coefficients of m and m? in equation (3.2) are seen to be single-valued
analytic functions of z in the cut strip (3.3). For the values of z under con-
sideration the coefficient (e2*—1) has a simple zero at the origin and is else-
where bounded from zero [see note to the condition (2.1a)]. The origin is
therefore a first order turning point for equation (3.2). The point x =2im is
carried into the origin by the transformation (3.1a). Thus it is seen that
x=2im is a significant point for the study of the Whittaker equation.

4. Solutions in a region containing the point x =2/m. We first consider
equation (3.2) in the sub-region of the strip (3.3) for which

4.1 Re (2) < B,

where § is an arbitrary positive real number. (As seen on the x-plane this is
the region for which ]x/2m| <ef.) In this sub-region equation (3.2) has a
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turning point of the first order and is of the form (1.2) with go(z) =e?**—1 and
Q(2) =2ike.

The theory of asymptotic solutions of equations of the type (1.2) is
given in Part II. It involves several functions of ¢o(2) and ¢:(z). Among these
we have evaluated the following in terms of the coefficients of equation (3.2):

(a) @) = (e2* — N2 = I et — 1|”2 exp {(i/Z) arg (e?* — 1)},
(b)) = o(z) + (i/2) log [’ — "’(z)],

i+ ¢(z)

(©) £z m) = ma(2),

(d)  mo(z) = cos {ik log [e* + #(2)]},

(e) m(z) = [¢(z)]*sin {ik log [er + #(2)]}.

The function ® defines a mapping of the region (3.3) onto a portion of a
Riemann surface which will be denoted Ry. It can be shown by calculation
that the function ® is bounded from zero in the strip (3.3) except at the origin
[5, p. 467]. Thus the origin and the point at infinity are the branch points
of the mapping from z to ®. This mapping, which has been discussed by
Langer [5, p. 466], is described in the adjoining figures. The regions on the
z-strip (3.3) and on Ry which are bounded by the curves 04 and CD, OB and
CB, OA and FG, and OE and FE correspond. The complete surface Ry is
formed by joining the two parts of Fig. 2 along the line OA4.

A surface R; is obtained from Ry by a rotation counterclockwise about
the origin through the angle arg(m) and by an expansion outward from the
origin by the factor |m|.

We also note that when the real part of z is negative and its absolute value
large,

4.2)

(a) ¢ = * i+ 0(e),
(b) ® = + i[z + log e/2] + O(e*),
(o ¥/¥=0("),
(d) uo = cos [kr/2 + o(2)],
(4.3) sin [FEr/2 + o(z)]
(e) p = ; ’
+ i 4+ 0(e*)
®  wi =0, i=1,2%n=123" -,

(8) Doz, m) = O(1),
(h) K(z, m) = O(z7%),
where the functions ¥(z), Do(z, m), and K(z, m) are defined in §12 of Part II.

In these formulas the upper sign is to be used when I(z) 20; the lower sign
is to be used when I(2) <0.
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From these and the previous facts obtained concerning the coefficients
of equation (3.2) it is seen that the hypotheses in §§11, 12, and 14 of Part
II() are fulfilled by this equation in the region (4.1). It follows that in the
region (4.1) thedifferential equation (3.2) admits of pairs of solutions % 1(2, m)
and wu 2(2, m) which have the asymptotic forms

(4.4)

(a) uni(z, m) = m=18¢~1 2% (g + ipy §) {1 +

(B) na(ey m) = mV1og 12ty — i ) {1 +

E(z, m) + _E_(Q} ’
m

£

£

E(z, m) N E(E)} ’
m

(®) The hypotheses of §§12 and 14 are italicized for convenience in reference.
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when (h—1)r4e<arg ()= (h+1)m—e¢, h=0, 1, +2. The letter E is used
as a generic symbol to denote a bounded function of the argument or argu-
ments indicated.

5. Solutions when |x/2m| is large. In order to identify the Whittaker
functions in terms of the solutions u;,1(z, m) and u,2(z, m) of §4 and also to
find their structures when |x/2m| is large, we next consider the differential
equation (3.2) in the portion of the region (3.3) for which

(5.1) Re (2) 2 o,

where a is any positive real number less than 8. (As seen on the x-plane
this is the region for which Ix/2m| =e*.) Equation (3.2) has no turning point
in the domain (5.1); therefore, it is an equation of the type considered in §16
of Part II. The theory presented there involves functions ¥(z, m), 0(z, m),
and {(z, m), which for equation (3.2) are found to be

2z

(a) ¥(z, m) = o(2) +

)

()
‘l/" 3‘1/2 k2e2z
(5:2) () om) ==

im i1— ¢ .
(©) $(z, m) = m¢p + — log [—] + ik log [e* + ¢].
2 i+ ¢
We now discuss some of their properties. A simple calculation shows that

the function ¥(z, m) is bounded from zero in the region (5.1) for Iml suffi-
ciently large. When the real part of z is positive and large,

Y(z, m) = e + 0(1),

so that for such values of z, 6(z, m) =0(1). The relation between z and ¢
determines a mapping of the domain (5.1) onto a region which we designate
T;. From the formulas (4.2b), (4.2c), and (5.2c) it is seen that

(5.3a) ¢ = £+ iklog [er + (e — 1)12];
consequently, when the real part of z is positive and large,
(5.3b) ¢ = me* — mrw/2 + ik(z + log 2) + o(2).

Employing these facts, the nature of the region T% is easily determined.
T is illustrated in the adjoining Fig. 3. It is apparent that the points of T}
can all be connected to the image on T of the “point” x= — « (approached
along the ray arg (x) =7) by curves upon which the imaginary part of { is
monotonically increasing. The image on T; of the “point” x=-+4 o (ap-
proached along the ray arg (x) =0) has a similar property.

It is now clear that when the differential equation (3.2) is considered in
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the region (5.1), it fulfills the hypotheses set forth in §16 of Part II. If the
lower limits of integration which appear in the relations (16.6a) and (16.6b)
are chosen as the images on the region. (5.1) of the “points” x=— « and
x =+ o, respectively, a particular pair of solutions, Ui(z, m) and U.(z, m),
of equation (3.2) is determined. For values of z in the region (5.1) these solu-
tions have the asymptotic forms

. E(z, m)
(a) Uiz, m) = ety—1121 + } )
m
(5.4)
. E(z, m)
(b) Us(z, m) = e~%y~1/241 + } ‘
m
D
4
ol
b=t mage of Re () =e
#,v>0 — approx. |m |eRe(®—pu Re (z) —mnx/2
gt
5
o/ =
«

Fic. 3. T

6. Identification of Wi .(x) and W_; .(e—*ix) when |x/2m| =e®. Among
any three solutions of equation (3.2) there exists a relation of linear depend-
ence. Thus identities subsist which relate the solutions (e~*/2/2:) Wi m(x) and
(e7*/%/26) W_r .m(e~"'x) to the pair of solutions Ui(z, m) and U,(z, m). These
may be written as

e—z/2
(a) 2 Wim(%) = C1,1Ui(z, m) + C1,2Us(z, m),
(6.1) 2
(b) W_k,m(e‘"'x) = Cz,lUl(z, m) -+ Cz,zUz(z, m).

23

The coefficients G, ; are constant as to z but may depend upon the param-
eters k and m.

We first consider the identity (6.1a). The function Wi n(x) is known to
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have the property:
(6.2) lim e*2x Wi m(x) = 1, | arg (x) ! < = [8, p. 343].

|z| =
The approximation
(6.3) e = x—kes!2ik—mmk{1 4+ o(z)}

follows from the relation (5.3b) by the transformation (3.1a). Let x be chosen
satisfying the condition (2.1a) with Re(x) >0 and such that the correspond-
ing z is in the region (5.1). For such an x, employing the approximation (6.3),
the identity (6.1a) with Ui(z, m) and U.(z, m) replaced by their asymptotic
expansions (5.4) takes the form

E(z,m)

Wim(x) = 2iCy, €%/ 2 x5k mm* {1 +

}{1+o<z>}

E(z, m)

+ 2iC, 067 2xki— Ftmy—k {1 +

}{1+0<z>}.

Upon multiplication of both sides of this expression by the quantity e*/?x~*
it becomes

E(z,m)

€12 kWi (%) = 21C,, 650~ 2k ik~ mpm {1 +

}{1+o<z>}

+ 24C, 4kt {1 4 Ee ',")‘} {14 o)}
m

After taking limits as Re (x) becomes positively infinite, it is found with
the aid of the limit (6.2) that

Cia = 0; and hence, Cy.= (1/2)i*mIm*{1 + E(m)/m}.
The conclusion that for values of z in the region (5.1)
. E(m)
(6.4) Wiem(%) = tF~mmkezI2U (2, m) {1 + ———-}
m

is thus obtained.
If x and % are replaced by e"ix and — &, respectively, the limit (6.2) be-
comes
lim e =2x*W_j m(e"ix) = eF*i) ] arg (e "ix) | <m.
|z| >
Now let x be chosen satisfying the condition (2.1a) with Re (x) <0 and such
that the corresponding z is in (5.1). Then the identity (6.1b), when multiplied
by the quantity e~*/2x*¥, may be cast into the form
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E(z,m)

22 W _y m(e~"ix) = 2iCy,ymFik—m {l +

}{1 + o(z) }

E(z, m)

+ Zicg,zm“"i"’"‘e“’x“ {1 +

}{1 + o(2)}.

Taking limits as Re (x) becomes negatively infinite we find, using the limit
(6.5), that
E(m)

Caa = (1/2)i%+mim* {1 + ————} , and Cye=0.
m

Substitution of these values for the coefficients in the relation (6.1b) estab-
lishes the result that for z in the domain (5.1)

. E(m)
(6.6) W_k.m(e~"ix) = imtem—kez120 (2, m) {1 + —} .
m

7. Identification of Wi .(x) and W_i .(e"'x) when ]x/2m| <eéf. As the
functions described by the representations (4.4) and (5.4) solve the same
differential equation, namely equation (3.2), there exist dependence relations
between them. It is through these relations that we shall identify the func-
“tions Wi, m(x) and W_; (e~ *'x) in terms of the solutions u; ;(z, m) of §4. Since
the constants « and B associated with the regions (4.1) and (5.1) were chosen
so that a <, these regions overlap. For values of z in their intersection

—r+e<arg()) <7 —e
We are thus led to consider the identities
(7.1) Ui(z, m) = Bjuo,1(z, m) + Bj auo,2(z, m), j=12
The coefficients, which are independent of z, are given by the formulas()

w y U, w W1y U;
(1.2) Bii= (%0,2, U5) , g (%0.1 :).
W(uo,z, uo.l) W (0,1, “0.2)

From the identifications (4.2) it can be shown that
po £ tug = (e + ¢) F*.
From this and the relation (5.3a) the equalities
etit(py + imep) = et¥

are obtained. Thus the representations (4.4) with £ =0 can be written in the
form

(*) The symbol W(xu, v) denotes the Wronskian of the two functions % and v.
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(7.3)  wo,i(z, m) = —1/o¢—1/zem{1 + E(z, m) 4 E(%) } ’

m £

Further, it is seen from the relations (4.2a) and (5.2a) that when z is in the
region (5.1)

W, m) = d(a) 4+ 22

We now calculate the coefficients (7.2). From the formulas (5.4) and (7.3)
it is found that

W (0,1, %0,2) = —2im*3{1 + E(m)/m},

W(tho,1, Ur) = — im®%2t{ E(m)/m + E(§)/¢},
W (40,1, Us) = — 2im8/8{1 + E(m)/m},

W (so,5, Us) = 2im5/8{1 + E(m)/m},

W (w0, Us) = — im®%2{ E(m)/m + E(§)/£}.

Since W(uo,2, U,) is constant as to z, in computing its value we may choose
any point 2 which is in both the regions (4.1) and (5.1). In particular we
choose 2z, as such a point for which Re (¢¢) is maximum. Then,

W(so,2, Us) ~ e *HEm)m™8, {1 = (a1, m);
and hence,
By~ e BOE(m)m=b15,  Byy~ mlls,
Therefore the identity (7.1) with j=2 becomes
(7.4) Us(z, m) ~ e 21 E(m)m5%uq,1(z, m) + m'/%uo o(z, m).
We may rewrite this relation in the form

et(t—2f)

Uiz, m) ~ - — ¢~U2 4 gibp12,

Because we have chosen z; so that Re (5{) is a maximum at {3, we see that the
second term on the right-hand side of the last representation is the dominant
one even though the quantity e® may be large.

In evaluating W(uo,1, U;) we may also choose 2z to be any point which is
in both the regions (4.1) and (5.1). In this instance we choose z to be 2, a
point for which Re (¢{) is a minimum. Then

W (uo,1, Ur) ~ — ie¥2E(m)m~1!8,

C2 = $(29, m);
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and hence
Bl.l ~ ml/o’
By,2 ~ e*2E(m)m5/,
Consequently, with j=1 the identity (7.1) becomes
(7.5) Uiz, m) ~ mbi® uy 1(z, m) + e22E(m)m—5/%u,,o(z, m).

We note that because we have picked z; so that Re (s) is a minimum at ¢s,
the first term on the right-hand side of the above representation is the
dominant one even though e~% may be large.

The formulas (6.4), (6.6), (7.4), and (7.5) lead to these results:

(a) Wim(x) ~ i"‘"‘m"e'”{e"‘flm"‘/‘E(m)uo,l(z, m) + ml%uqy o(3, m) } ,
(7.6)

(b) W_i,m(e*ix) ~ i"*"‘m"‘e‘“{m”"uo,l(z, m) + e252E(m)m—5/%uy o(z, m)}.

8. The asymptotic forms. With the identification of the functions Wi m(x)
and W_i m(e~*'x) in terms of the solutions u,, (2, m) completed, we may use
the relations (14.6) and (15.7) of Part II to compute the asymptotic expan-
sions of these functions throughout the image on R; of the region (4.1). By
way of summary the results of these calculations are included in the second
of the succeeding tables. In these calculations only the dominant terms of the
coefficients of ¢ and e—% have been kept.

Having obtained the representations for the Whittaker functions Wi, n(x)
and W_; »(e~"ix), the identity

T(2m + 1)

M m - —kn'W_ m i
km(%) Tm+1/2 — k)e k.m(€77x)

T(2m + 1)
T(m+ 1/2 4 k)

can be employed to find similar expressions for the functions My .(x) and
My _m(x). The formula

(8.2) T(A + a) ~ W+e-1222)12,  |arg AN+ a)|, |arg ) l Sw—96
[8, p. 279]

(8.1)
e(m—kUD T, () [7, p. 117

allows reduction of the gamma functions present in the coefficients of the
identity (8.1) to more suitable form. The asymptotic forms of the functions
My m(x) and My, _n.(x) are given in the third and fourth tables. Two sets of
forms are shown for the function M _,.(x) because of the limitation 1mposed
on arg (m) by the relation (8.2).

In these tables the abbreviations
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(8.3)

have

N. D. KAZARINOFF

(a) w = eCmtByTilzgk
(b) wy = elm+rIwilzy—k
(c) ws =
(d) we =
(€) ws =
been used.

[March

e("'"H'l)"1222"""”2"1,"""1/25—"',
e(2—5 m—8k) l’l/22-2 m+1/2m— m+1 ,28'",

e(l—m-l-k) ril22—2m+ll2m—-m+ll2em

The geometric determination of the images of the regions E@ upon the
region (4.1) and upon the x-plane can be found in Langer’s work [5, p. 372].
This information can, therefore, be omitted here.

TasLE 1. Forms when |x/2m| Z¢*

Wi (%) oy V2eel it
W _t.m(e™x) w1 2geiztit
Mim(%) w2 gi6—FID) L o=} geln

My, ovin(x) (— #/2 < arg (m) < 0)

w22 | g1 2esI2HE

Mk.c_".m(x) (0 < arg (m) = 7/2)

WV 2es T2 | o AMT iy~ 38l 2T T2

z = log (x/2im),
¢ = m(e® — 1D)V2 + (i/2)m log [:

¥ = (e — DV + ik o (¢ — 1)7102,
—_ (8"' —_ 1)1/2
+ (e —

D /2] + ik log [er + (e — 1)1/2]

TABLE 2. Forms for Wi.m(x) and W_s.m(e~"x) when £ is in Z&

j Wiem(%) W om(e7™x)
2 | w2 { e [gg gk el w12 { e [ertgp [ E e 1D [grt-p ]k} er/2
1 | w2 {e®m etk tetletoller | wei2{eteto] e
0 | w2 {e ¥ [etg]H}e2 w3 { et [+ ]+ o2
—1 | w2ttt eer? | et [esF o] E e EHTID g5 ]k} ol
=2 | w2 E T [t gl e[t p]k) e | wngmV2{emi G [t ]k ] o2

b=t pmmotlog [ 2]
ED: (j—1)r+esarg (§)SG+1)r—e
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TaBLE 3. Forms for Mi.m(x) when £ is in E®

317

2 M—l/:{e—if[e + ¢]k}e:/2

1| wo2{et[er + ¢]t)er/?

0 w2 {8 ETD[er - ¢]F 4 emik[er + 4,]»} e2l2

—1 w1 2{ g ETID g2 4 ¢]—k} e3l2

-2 w2 { g ETID [ 4 p]k] el

TABLE 4a. Forms for Mi,exim(x) when —=/2 <arg (m) <0 and £ is in =@

J

2 w12 { gt [e + ]k + e~ ETID[er 4 gk} erl2

1 gk [er + 9]} o2 + e[ + 9] H e

0 g2 [er + gt} el + w12 et [er 4 9] k] err2
-1 w2 { et [er + @] F 4 e ETD s - gk} esl2
-2 w12 { S ETID gz 4 g]*] e=l2 4 w12 { e EHTID[gr - k] /2

TaBLE 4b. Forms for My, e—rin(x) when 0 <arg (m) <x/2 and ¢ is in E®

j

2 g 3o - g+ o1t - ety 3{ o K[or + g} e

1 w2 ek [es 4+ @] F + e ETID [ | p]HE] eel2

0 wsp 12 { e~ EHTID g - p]¥E} - eamTico U2 g TN [ - g ]} el
-1 w12 { T EHTID[gr - g JHh] 2/3 | gAmTigyg1i2{ gikTID [gr o g ]k} gol2
-2 wip V2| —ei[er + p]k + e ETTID[gs - ]k} el
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9. Representations in terms of x. Since
é(x) = {| x/2m |2 exp {2i[arg (x) — arg (m) — x/2]} — 1},

arg (¢) is greater or less than zero according as arg (x) is greater or less than
m/2+arg (m). In light of the convention (4.2a) that the quantity [(x/2im)?
—1]¥2 be interpreted as

| (x/2m)? — 1|12 exp {(i/2) arg [(x/2im)? — 1]},
it is convenient in succeeding formulas to write
o(x) = i{(x%2/dm?) + 1}1/2 when arg (¢) > 0,
o(x) = — if(x2/4m?) + 1}1/2 when arg (¢) < 0.

Reduction of the forms appearing in Tables 3 and 4 yields these results
for values of x such that |x/2m| <1:

My s (% 2mx) ~ 282mH 12 ( L)t mt12 exp { + m[(a2e27 + 1)12 — 1]}

(9.1a) oo . . L ZFmt12
. —271 12 m 2,—271 1/2 __ S
[(x € +1) 1]:t [(x € + 1 x] (%227 + 1)114 ’

when arg (x) >w/2+arg (m); and
My pm( £ 2mx) ~282mH12( £ )t mili2gFmtli2 exp { + m[(22 +1)1/2 — 1]}
@+ DY — 1JEm[(at o+ 1102 = g4t + 1),

when arg (x) <w/2+4arg (m). These representations include only dominant
terms. Similar formulas can be obtained for the functions Wi ,(x) and
W_k,m(e"ix).
In the case that |x| >2|m| the reduction of the forms in the tables leads
to less simple descriptions of the functions My, 1m(x) than those above. If m
is restricted to positive real values, however, M, .(x) is described by the forms
(9.1) when |x/2m| >1; but it is found that
sin(1/2+m — k)

Mym(— 2mz) ~ 2-2m1[2( — )= me1 /2 me1 /2
B sin (2mm)

cexp {m[(x? 2 + 1)1z + 1]} [(a2e 27 + V2 — 1]
. [(x2e—2ri + 1)1/2 + x]k(x2e—2n' + 1)—1/4,

(9.1b)

(9.2a)

when arg (x) >7/2; and
sin (1/2 +m + &)

My —m(— 2mx) ~ =MLY )= mH1/2 w12
’ sin (2mr)
- exp {m[(x2 4+ N2 4 1]} [(xz + Nz — 1]"‘

(x4 DV 4 x]k(x? 4 1)1,

(9.2b)
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when arg (x) <w/2. The representations (9.1) are in agreement with those
derived by Fisher [4, p. 533] subject to the condition that Ix/2m| be less
than one, provided that the correct determination of the argument of the
quantity (x?/4m24-1)V2 which appears in his formulas is made.

A reduction of the forms in Table 1 yields the results

(a) Wim(2imx) ~ mk[x2 — 1]-1aglizem[g 4 (22 — 1)1/2]+*
16 + (= i)
cexp {i[kr/2 — m(x? — 1)172]},

(b) W_i,m(2e ™" mx) ~ m~%[x? — 1]-14gli2-m[g 4 (g2 — 1)1/2]~*
i+ (22 = Dz
-exp {i[kr/2 + m(2? — 1)112]},

for |x/ 2m[ >1. It should be noted that the algorithm Langer has developed
in [6] can be employed to refine our approximations to include terms of
order m—", n a positive integer.

10. Formulas for Wi m(x) and W_; m(e~"x) when || is small. If the
modulus of £ is not large, the asymptotic expansions given in the tables of
§8 do not apply. In this instance approximation by means of the relation
(15.9) of Part II is appropriate. The results which follow are obtained from
this relation and the formulas (7.6).

@  Wien(a) = i mmUS[1 4+ O(m=) |(x/2im)1/2

Tvsays + voays + O(m=219)],
(b) W_im(erx) = im+hm=b+1Is[1 4 O(m1) ] (x/2im)1I2

[rinys + vaam + 0n217) .
It is assumed that the modulus of m is sufficiently large. The coefficients
v) are evaluated by Langer in [5, p. 460]. The functions v;(z, m) and
yi(2z, m), which are defined by the formulas (15.1) and (15.2), involve Bessel
functions of orders +1/3 and their derivatives; and since the modulus of £
is small, the ordinary series for the Bessel functions can be used in the rela-
tions (10.1). For use in these formulas the approximations

(9.3)

(10.1)

/‘O(Z) ~ lv ”l(z) ~ ik, Do(z, m) ~ 11
£~ m[(x/2im)? — 1]312/3
are also permissible.

PArT II. THE ASYMPTOTIC SOLUTIONS OF A CERTAIN TYPE OF LINEAR
DIFFERENTIAL EQUATION

11. Introduction. The following discussion concerns differential equations
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of the type

d*u(z, N\)
(11.1) o + {A\%o(2) + Aqi(2) Julz, N) = 0,

where the symbol A denotes a complex parameter large in absolute value.
Analytic forms are found which represent solutions of this equation asymp-
totically as to N in a closed simply-connected region, S, of the complex z-plane
(with the point at infinity deleted). The coefficients go(2) and ¢:(2) are con-
sidered to be single-valued analytic functions in S,.

Investigations of equations of this type have been made previously but,
to the author’s knowledge, never in an unbounded region in which ¢o(2) has
a single simple zero or in an unbounded region in which ¢¢(2) has no zeros.
The analysis presented here relies heavily on two of these investigations by
Langer. The first is a discussion for real values of the independent variable
on a bounded interval of an equation of which equation (11.1) is a special case
[6]. The second treats equation (11.1) in the case that ¢,(z) is identically zero
[5]. In these two papers asymptotic expansions for the solutions of the
differential equation under consideration are found in terms of known ones
for the Bessel functions. Such is the case here; in fact, both the formal
structure and the proofs of this analysis closely parallel work in [5] and [6].
The ensuing discussion is, therefore, succinct.

Equation (11.1), henceforward to be referred to as the “given equation,”
is first considered in the circumstance that ¢o(2) has a single simple zero in
S.. It is then discussed for [go(2) ]! bounded there.

12. Preliminaries. It is assumed in §§12-15 that g¢(2) has one simple zero
in S,. Its reciprocal is therefore bounded except in the neighborhood of the
zero of go(z). Without loss of generality, this zero may be supposed to occur
at the origin; and by the transfer of a constant to A2 the argument of z7!go(2)
may be adjusted to zero there. It is also assumed that [2gi/*(t)dt is bounded
from zero except at the origin.

Let us now recall from [6] the definitions of the following functions

@ () =g () = | qu() | exp {(i/2) arg [go(2)]},
B () = f (),

(12.1) ()  ¥() = ()%, ¥(0) = [3¢f (0)/2]"/",
(d) &G D) = 2(a),

o men {1 308)
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__ o
@ wmE =0 S‘“{ o 26() }

2
poui — pop ¥
(8) Do(z,\) =1 +——T——— ~ 7

12.1) (b N = ud’ + ¥ (‘I’ -
(12.1) (h) gz, N) = ue +Tp—ﬂo+{ _‘i’—l-ll + —\;—)m} ,

M1 i
N

) g2(z) = wi’ +

)

-1 uo w7\
() K = D—[glozo F /N + g (qo/.u M )J

A AW
+9ﬁ—f{pq{
2D, 4 L D,
The hypotheses upon the coefficient go(z) make it clear that ¥(z) has neither
zeros nor poles in S,.

The region S. is to be considered as being covered by a two-sheeted Rie-
mann surface appropriate to a single-valued representation of the function
£(x, N\). This surface will also be designated S, and henceforward the nomen-
clature S, will refer to this surface. The relations (12.1b) and (12.1d) define
a mapping of S, onto a region S; which is a portion of a three-sheeted Rie-
mann surface with branch points at zero and infinity. It is convenient to the
discussion of the given equation to subdivide S; into quadrants of the form
(only a finite number of these will be distinct)

(12.2) Ep i (k—1/w Sarg(§) < kr,  Era: kr S arg () < (k4 1/2),
E=0, +1, 42, - .

Langer has found it possible to choose pairs of linearly independent solutions
of the differential equation

d%
(12.3) = + {A\2qo(z) — ¥"/¥}v =0
Z

with particularly simple asymptotic espansions with respect to £ in these
quadrants Fi,;. These solutions are designated here v;,1(z, A) and v 2(z, \).
They and their first derivatives possess the asymptotic expansions

(@) ve.i(z, ) ~ W(2)E V0%t E[1 + E(§)/¢],

(12.4) IN2IBEL/6gt it

(b) vi.i(z, N) ~ Vg1 + E())/8] + [1 + E®)/¢]
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for ¢ in either E; ; or Ex ... The notation is adopted that the upper sign is to be
used when j=1, the lower sign when j=2.
13. The “related equation” when g¢o(z) has a zero. The functions
Ho(2) wi(z) vk, N)

—— u,i(z, N) +
DYz, \) wi@ M D%z, \) A

i=1,2k=0 %1, -,

(13.1) i, i(z, ) =

are solutions of the differential equation
dty
(13.2) T {\2qo(2) + Aqu(2) + K(z, N}y =0 [6, p. 468].

Because of its resemblance to the given equation it will be called the “related
equation.” That

lvk,j(z, )\)I < M and [ vk, (3 )\)| < M| )\|2/3, when | EI <N,
is known(5). These relations establish the inequality
(13.3) | iz, N | < M f
Differentiation of the formula (13.1) yields the equality

, po '\ Mo v Vk,j
Vi, i(z, N) = {)‘(D},’z) + D (’— N¢? + 7 )} N

m w1 \) r.i
+{)\(D3’2)+<D},’2>} r

The images upon S, of points in S; are determined by the inverse of the rela-
tion £=\/ip(t)dt. If the modulus of X is taken to be large, the points of S,
corresponding to those points of S; for which |E| < N will lie in a neighbor-
hood of the origin. In fact, at these points

[ A2320(1)| £ N so that z = O(A"%/3).

This implies N%p?=0\*%); and thus |y;,(z, \)| <M|\| %2 when |§| SN. We
also note that

=]

r ¢ <N

W(yk,1, Y,2) = W(vk,1, vk,2) = — 20N%3,

14. Solutions of the given equation for { in Ex,;. It is now shown that the
asymptotic forms for the solutions yx, ;(z, A\) also asymptotically represent
solutions of the given equation(?). This equation may be written in the form

(5) Here and henceforward the letters M and N are used as generic symbols for positive
constants.

(%) This analysis can obviously be extended to include the algorithm for the solution of the
given equation which Langer presents in [6].
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% + {Mgo(2) + Mai(2) + K(z, N) }u = K(z, Nu.

This is to be considered to be a nonhomogeneous differential equation having
therelated equation asits homogeneous associate. Since W(yx 1, yx,2) = — 24\2/3,
there exist solutions of this equation such that

[ frate Myatt,

- yk,l(t, )x)ym(z, )\) } K(t, )\)uk,,‘(t, )\)dt.

The choice of the lower limit of integration is determined below. If the
definitions

(14.1)  wa,i(z,N) = yi,i(z,\) + YT

eFit
(a) Y,‘(Z, )‘) = yk.j(Z, )\) —\I/—(;)—’
e:FiE
(14.2) (b) Ui(z, N) = ux,i(z,\) e’

t

© £ =\ f o(r)dr,

K(t, \)¥%(¢)

.

(d) K,'(Z, t, )‘) = * [Yi(zr )‘)Ys—i(tv >‘)

— Yi{(t, NYs_i(z \) exp { F2i(t — &)} ]

are made as in [5], then the equation (14.1) may be written in the form
(14.3) Uia,\) = Vi(z, \) + A28 f Kz 4, NU (1, N,
*

We now explain some notation. The symbol T is to designate a set of
ordinary curves in S, upon whose images, I'*, on S; the imaginary part of £
is monotone (nonincreasing or nondecreasing). The symbol Q is to designate
a region of S, whose image, @*, on S; has the property that each of its points
can be joined to the origin and to a point £, at which |I (E)I is maximum or
infinite by I'*-curves. We call I'f that one of the two I'*-curves from the point
£ to £, and from £ to the origin upon which I(£) is algebraically a minimum
at the point £, and Ty that one upon which I(§) is algebraically a maximum
at the point £.

It is assumed that every point of S, can be included in some Q region for
])\| sufficiently large. It is also hypothesized that within S, the functions

1/2 1/2

(vi/Do ), (u;/Do ),  V'/¥, and ¢

are bounded in absolute value and that
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K@t N l |t
o)

is uniformly bounded as to z with the integration being taken over arcs T'; on
which |z| = N. From the formulas (12.4), (13.1), and (13.3) together with
the just mentioned hypothesis as to ¢, ¥, u;, and Dy it is found that

|¥;| <M, when || =N

I‘,

and
[E”“Y;| < M, when |£| > N, for any z in S..

Let us fix our attention upon a specific quadrant =,;. With @ any appro-
priate region whose image, Q*, on 5;,; fulfills our requirements, the integra-
tion in equation (14.3) is to be taken over a curve I'; in . This determines
the lower limit of integration * to be either the origin or the image on @ of
the point £,. Now Langer’s reasoning [5, pp. 454-458] may be adapted in
its entirety and carried forward to establish the conclusion that(?)

£18U i(z, \) = £V (2, \) + E(z, N\)/\

for z in the region Q. In view of the definitions (14.2) this last result may
be rewritten in the form

L E(z,N)
(14.4) we, (2, N) = yi.i(z, \) + \I,E—./oe;t.eT .

A similar discussion leads to the conclusion that
(14.5) e,i(2, N) = yr,i(z, N) 4 WE/%EtE(z, \)

for z in Q. The asymptotic expansions for the solutions u ;(z, N), when £ is
in the region Q* on E; ;, can be obtained from the relations (14.4), (13.1), and
(12.4). When only the dominant terms are included, these reduce to the form

E(z, N) E(E)} .
, £in Ep.

(14.6) i, i(z, \) ~ N0~ 122K (ug £ i) {1 + +—

£

15. The forms of u:, ;(z, \) when £ is not in =;,;. The relations (14.4) de-
scribe a pair of solutions of the given equation for values of z confined to any
specific region 2 on S,. The forms of these solutions are now deduced for all
admitted values of z and A\. To do this a new pair of solutions, #;(z, A\) and
us(2, N), of the given equation is introduced; and the coefficients in the de-
pendence relations which subsist between these solutions and the uy, ;(z, N)
are determined.

The formulas

(") When ]EI <N, s=0; when IEI >N, s=1.
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(15.1) vi(z, N) = ¥(2)§/T5y(8), =12

define a pair of solutions of the differential equation (12.3). There correspond
to these the functions
po(2) p(z) /(3 N
15.2 i(z,\) = ——— v;(3, \) + =1, 2,
( ) i(z, N) D(z, V) iz N) DI(z, N) N ) J
which are solutions of the related equation. That the Bessel functions have
the property

lim xJ_,(x) = 2°/T(1 — »)
z—0

is well known. From this it follows that
y1(0, ) = O(1), ¥/ (0, A) = 0(1),
»2(0, X) = O(\~173), 7 (0, A) = O(A?/3),

The solutions v;(z, N\) of equation (12.3) are linearly independent, as are
also the solutions u,;(z, A) so that there exist relations of the form

(15.3)

h
(a) 7),’(2, x) = G:'?l)vh.l(zv >‘) + c;';vh&(z’ A):
h h .
(B) 4.4z, N) = i@ N) + vaalz V), i=t2

The values of the coefficients v;,; and ¢;x are known [5, p. 460]. Replacing
the v;(z, N) in the relation (15.2) by the right-hand side of the identity (15.4a),
the identity

(15.4)

h
(15.5a) 9i@ N) = cinyna(a N) + cayna(z, A)

is obtained. The corresponding relation

h k)
(15.5b) i N) = v N) + 72,90z V)
is similarly found.

Formulas for the solutions #;,;(z, X\) of the given equation when £ is not
restricted to the quadrant =,,; can now be deduced. A pair of solutions,
u1(2, N\) and wu,(2, N\), of the given equation associated with the solutions
¥3i(3, A) of the related equation is determined by the conditions
#3(0, \) = (0, N),

%7 (0, ) = 37 (0, N), i=12

Between these solutions and the u; ;(z, \) there exist identities in the forms

(15.6)

h h
(@) #a,i(5, \) = ar gz, N) + asi(z, N),

(15.7) .
(b) iz, N) = ajauna(z, N) + ajauna(z N, i=12
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in which the coefficients are as yet undetermined. The Wronskians which
determine them are constants and are easily evaluated at the origin through
use of the formulas (14.4), (14.5), (15.5), the conditions (15.6), and the evalu-
ations (15.3). Thus it is found that

(h) (h) —2/3

is 8) (a) ki = Yk.i + O()‘ ),
. (b) ajr = cym + 00", g k=12

Now that these coefficients are known, the asymptotic forms of the solu-
tions %;(z, \) and us ;(z, \) for £ in any quadrant E,., are obtainable through
the representations (14.6). The relation (15.7) also reveals that

A A
(15.9) uy,i(z, \) = 'y:,,?yl(z, N+ 'y;,,?yz(z, A) when | EI < N.

When, for a fixed k, £ passes from =, ; or 5,2 into an adjacent quadrant, each
of the formulas deducible through the relations (15.7) changes to the extent
of a replacement of one of its coefficients. The one which changes, however,
always belongs to that term which is asymptotically sub-dominant. The af-
fected term does not become large until arg (£§) changes by an amount w/2.
Thus, the asymptotic expansions for the solutions u;(z, N\) and w,, (2, N),
which can be found from the identities (15.8) for £ in any quadrant F,,,,
represent these solutions for all sufficiently large values of |?;| in the larger
region E™ defined by

E(m):(m__ 1)7"+€_5_3-1'g(5) = (m+ 1)7"_5) m=0v ily izi...’
e > 0 and sufficiently small.
16. Solutions when go(z) has no zeros in S,. We now turn our attention

to the case of [go(z)]~! bounded in S,. With [go(2)]? as the root
| g5%| exp {(i/2) arg (go)} of go(2), the relation

12 q1(2)
(16.1) ¥z N =g () +—7 g

defines a function ¥ (z, \) whose reciprocal is bounded in S, for |)\| sufficiently
large if we assume ¢1(2)/[go(2) ]/? to be bounded there.
Let the function {(z, ) be chosen as any function satisfying the condition

d
(16.2) —{ = N(z, N).
dz

This function defines a mapping of S, onto a region T which is assumed to
have the properties:

(a) In T} there is a point ¢,y at which I(}) is a maximum and a point
{m_ at which I({) is a minimum. (These points may be at infinity.)
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(b) The points of T; may all be connected to {m+ by curves upon which
I(¢) is monotonically increasing and to {m— by curves upon which I({) is
monotonically decreasing. The images of (s and {n_ on S, are denoted
Zm+ and z,,_ respectively.

The differential equation

ary
(16.3) - + {A20(z) + Aqi(3) + 8(z, \)} ¥ = 0,
in which
(16.4) 05, ) = ai/4g0 + ¥"/20 — 3" /4",
has a pair of linearly independent solutions
(16.5) Vi(z, \) = ex¥y~112%(z, \), j=12

Equation (16.3) takes the part of the related equation in this discussion. It
is easily shown that

WYy, Y) = — 2iA

The given equation can be rewritten in the form

2,

d*u .
) + {A%qo(2) + Mq1(2) + 8(z, N) }u = 8(z, M.

Considering this to be a nonhomogeneous differential equation which has
equation (16.3) as its homogeneous associate, it is seen to have a pair of solu-
tions Ui(z, N\) and U,(z, N\) which satisfy the relations

z

1
(@) Uiz, \) = Va2, \) + PPy {V1(2, N V32(t, N) — Va(z, V(8 N) }

- Ua(t, M)O(¢t, N)at,
(16.6)

(b) Us(z, N\) = Ya(z, \) + i f ’ {V1(z, NVt \) — Va2, N Ya(t, N) }
20 J ., _

- Us(t, N)O(¢, N)dt.

If f:ole(t, N/, )\)I |dt| (20 may be any fixed point of S,) is assumed to be
uniformly bounded as to z in S,, then an analysis similar to that of §14 shows
that the solutions Ui(z, A\) and U,(z, \) have the forms(8)

E(Z): k)} ’

(16.7) Ui ) = Vil V) {1 + i=12,

for zin S,.

(3) The remark given as footnote six also applies here.
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