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The Poisson transform is defined by the equation

(1) /(*)=- /"° / MO-T J _M   1  +   (X —  t)2

It is assumed that a is of bounded variation in each finite interval, and the

integral is interpreted as

J _„o        B-»«o>S->»   J-S-

If a is absolutely continuous, (1) takes the form

1   r"        <p(t)
(2) f(x)=-\ / dt,

T  J -oo    1  +  (X  —  t)2

where <p is Lebesgue integrable in each finite interval. It will be proved that

the convergence of (1) or (2) for a single value of x implies its convergence to

a function f(x) analytic on the whole real axis.

The main problem with which we shall be concerned is the inversion of

(1) and (2) by suitable differential operators. The theory of convolution trans-

forms developed recently by Widder and his students(2) cannot be expected

to apply since the bilateral Laplace transform of the kernel has only a line,

and not a strip, of convergence. Consequently a new procedure is demanded.

Our inversion formulas for the Poisson transform are motivated by the

following argument. Let us consider (2) in the case that <£ is in

U(-   oo,  oo).

Fourier transformation shows that (2) is inverted by(8) e]Bf(x) =<p(x),

where H=(l/i)D, D=d/dx. The problem is now to find an interpretation of

e\s\ which is applicable in the general case. Since
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sinh x  .    .
e\*\ = cosh x -|-1*1) —  oo  < a; <  oo ,

x

this suggests the choice

sin D  .     ,
cl*l = cos D -|-\H\.

The natural interpretation in L2 of \H\f is/', where g denotes the Hilbert

transform of g. Hence we are led to conjecture for (2) an inversion formula

of the form

(3) 4>(x) = (cos D)f(x) + ^L-/'(*).

Unfortunately, for a general function of the form (2) the Hilbert trans-

form/' in its usual form(4) need not exist, and a reinterpretation of formula

(3) necessary. It will be shown that the formula can be made rigorous as fol-

lows. Define the operators -~-, cos ID, (sin tD)/D and Tt by

1   r °°
(4) g(x) =-I u~2[g(x + u) - 2g(x) + g(x - u)]du,

7T   J (,

(5) (cos tD)g(x) = Y (-D* 7777 S^W,
i_o (2 k) I

sin tD " t2k+1
(6) -TTS(x) = E (-1)* 77T777,S(2t,(x),

V k-o (2k + 1)1

sin tD „
(7) T«g(x) = (cos tf))g(«) + -^- g(x).

Then (1) is inverted for all x by

(8) [«(*+) + a(x-)]/2 - [«(0+) + o(0-)]/2 =   lim    f *(Ttf(u))du,
*->i- •/ o

and (2) for almost all x by

(°) *(x) =  lim  Ttf(x).
«->i-

The proofs of (8) and (9) constitute the main part of this paper, but we

must begin with an exposition of the elementary properties of the Poisson

transform.

1. Properties of the transform. The basic facts about the Poisson trans-

form are stated in the following theorem.

(4) Titchmarsh, Theory of Fourier integrals, p. 120.
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Theorem 1.1. If the transform

1   r"        da(t)
(1-D /(»)=-(      7777-77 z = x+iy,

TT  J -„    1   +   (Z   —   t)2

converges for a single value of z in the strip \y\ <lit converges uniformly in any

compact subset of this strip and defines a function analytic there. Therefore

differentiation of arbitrary order is permissible under the integral.

To prove this suppose that the integral in (1.1) converges at z = z0. For

each z such that |y| <1 define

1"   rR         Mt)               CR l + (zo-t)2
(1.2) /(*, S)=-\ W        = |     -—)-j- dF(t),

■K  J_S   1 +  (z — 0 J s 1  +  (Z  —  0

where

1   r ' da(u)
F(t) = — -—-

it J -x 1 + (z0 - u)2

Integration by parts of the right-hand member of (1.2) yields

1 + (zo - R)2 1 + (zo + S)2
I(R, S) = —-^--F(R)-^ F(-S)

'      l + (z-R)2 1 + (z + S)2

rR        I - (t - z)(t - zo)
- 2(z - zo) I    F(t) \       >\ dt.

J-3 (1 + (Z - /)2)2

Since F(i) is bounded it follows that I(R, S) converges as R—»oo, S—+oo with

the uniformity asserted in the theorem. We have incidentally established

the fact that for |y| <1

/I - (t - z)(l - zo)
F®     f< \   r       ,«■     dL

(1 + (z — t)2)2

Theorem 1.2. 7/(1.1) converges at a point z0 in the strip \y\ <1 then

a(l) = o(t2), \t\   ^«.

By the preceding theorem we may assume z0 = 0. Since

a(t) - a(0) =   I    da(u)
J o

we may write

a(t) - «(0) =  -   f   (1 + U2)dFi(u),
J o

where
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1   C da(u)
Fx(t)=~        —^j-

T  J t     1   +  «

Then, integrating by parts, we get

a(t) - a(0) = - (1 + /2)Ai(0 +Fx(0) + 2 f  uFx(u)du.
J o

Divide by 22 and let t—»+oo. Since 7\(oo)=0 we find that a(t)/t2—>0 as

/—>+ oo. A similar proof applies for t—>— oo.

2. The function/(x). The first step in establishing the inversion formulas

is the proof of the following theorem.

Theorem 2.1. If f(x) is defined by the formula (1.1), then the integral

f(x) =-I    «~2[/(x + u) - 2f(x) + f(x - u)]du
T  J o

converges for all real values of x and

1    p «     i _ rx _ A2

(2.1) /(*)=- ——--&«), -oo<x<oo.
5T  J_„   (1  +  (X -  02)2

By (1.1)

«-2[/(x + «) -2/(x)+/(x- «)]

(2.2) /•-      .
=   I     «-2[^(x + « - 0 - 2)fe(x - 0 + k(x - u - l)]da(t),

J _„

where ^(x) = (l/7r)(l/(l+x2)). By the same argument used to establish Theo-

rem 1.1 it can be established that for each real x the right-hand side of (2.2)

converges uniformly in any interval —R^u^R. Consequently we may

integrate with respect to u under the integral sign from 0 to R. After a change

of variable x — t = v we find that

-f   «-2[f(x + u) - 2/(x) + f(x - u)]du
If   J o

1    f°°       1  — V2
=-I      - [arctan (R — v) + arctan (R + v)]dva(x — v)

(2.3) ir2J _,   (1  + V2)2

If"        v l + (R + v)2
-^-I      -log-dva(x — v)

tt2 J_M (1 + v2)2       1 + (R - v)2

i=7i + 72, say.

(The separate convergence of 7i and 72 follows from subsequent arguments.)

Next we must let R—> oo in each of the integrals 7i, 7S.
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First we dispose of I\. Let x be fixed and define

G(v) = — I      -dia(x - £).
tJ-„(1 + i;2)2

Then

1   r"
Ii=-I     [arctan (R - v) + arctan (R + v)]dG(v)

t J -x

=  f   G(v)[-k(R -v) + k(R + v)]dv
J _oo

/OO /* °°G(u + R)k(u)du +1    G(u - R)k(u)du.
-00 J  -00

Then by the principle of dominated convergence

lim/! = -G(oo) +G(-oo),

since

/k(u)du = 1.
-oo

But G(- oo)=0. Hence

1   f °°    1 - (x - /)2
lim/! = -G(oo) =— -da(t).
*— tt J_M (l + (x + /)2)2

Since this is the right-hand side of (2.1), it remains only to show that

limfi<w 72 = 0.

Let x be fixed and define

1   r " d{a(x — £)

t J «,       1 + 5X

Then

/•M       » l + (ic + i»)2
t/2 = - I      -log- dH(v)

J_M  l + v2    * l + (R-v)2

/"              v           R + v                  rK             v           R — v
H(v)-dv + 2       H(v)-dv

-„          1 + v2 1 + (R + v)2            '_„         1 + v2 1 + (R - v)2

r* 1 - v2        l + (R + v)2
+ I    H(v) -log- dv

J_. (1 + v2)2    &l + (R-v)2

= Ji + J2 + Ji, say.
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Since H(v) is bounded in v we have

7i   ^, I     -rn-j-rdv.
J_M 1+ |v|   1+ | R + v\

An explicit evaluation of the integral shows that Ji—*0 as R—>«>. Similarly

for J2.

As for J3 we have

■     | f00       1 l + (i> + A)2
73    =i A2 I      - log- dv.

1      ' J_„  1 + v2        1 + (» - A)2

Since the integrand is even and A>0,

.      . /•-     1 l + (i> + A)2
/,    g 242 I    -log--dv

1     ' Jo  1 + v2        1 + (v - R)2

/"°rw              ~ir    v + r             v - r    i
-arctan v-dv.

o   L 2                    J Ll + (v + R)2      l + (v- A)2J

This last integral approaches zero as A—> oo, by the same argument that was

used for 7i and 72-

This establishes the formula (2.1). Now interpreting x as a complex vari-

able we can apply to (2.1) the same technique used to establish the properties

of (1.1). We find that/(z) is analytic in the strip \y\ <1 and that differentiation

of arbitrary order under the integral in (2.1) is permissible.

3. The differential operators. Let the operators cos tD, sin tD/D be

defined respectively by (5) and (6) of the introduction. We shall prove that

if f(x) is defined by (1.1), and hence/(x) by (2.1), we have

1   r°° ( 1 - t 1 +1 1
(3.1) (cos tD)f(x) = - \--——- + --\ da(y)

2t J-x 1(1 - t)2 + (x - y)2      (1 + t)2 + (x - y)2)

and

sin tD „ 1   rK ( 1 - ' 1 + ' 1
(3.2) -f(x) = — I     <->  da(y)

D   JK '      2* J_A(1 ~ t)2 + (x - y)2     (1 + t)2 + (x - y)2/

provided 0 ̂  t < 1.

We give the details only for (3.2). For (3.1) they are similar and slightly

easier.

Lemma 3.1. Let n be a fixed integer, and define

L(n, k,^)= I    M2*+V"fe-|u|sgn udu.
J —a,

Then
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^      2(2k+ n)l

'        '     =   (1   -j_ |2)fc+l/2+n/2

For

/' °° sin uiu2k+n e-udu   f

0 cos u%

according to the parity of n. Hence

u2k+neiute-"du .

0

An explicit computation of the last integral completes the proof.

Our starting point in proving (3.2) is formula (2.1) which can be written

1 p  00 **  OO

(3.3) /(*)=—(    da(y) \    ««»<»-»>««r-l»l sgn udu.
2X J _oo J _oo

By the final remarks of §2 it is permissible to differentiate indefinitely under

the outer integral of (3.3). This differentiation can be carried under the inside

integral to yield

1   r00 r"
(-l)*/<2i)(x) = — I     da(y) \    e*«(x-»)M2*+ie-i«i sga udu

(3.4) 2*J^ J-

= - ^L(l, k, x - y)da(y).

According to Theorem 1.2 and the preceding lemma we may integrate by

parts to obtain for this last integral the value

If" d
— I     «(y) — L(l, k, x - y)dy.
2w J _„ dy

According to the definition of L(n, k, £),

— L(n, k, Q = iL(n + 1, *, Q.
dk

Hence

(_!)*/<»)(*) = - ± f°a(y)L(2, k, x - y)dy.

Formally

sin tD i   °° ^2*+i        y» oo

—?M - - sS w+~i)ihhM2-"'"-y)dy-
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By use of Lemma 2.1 for ra = 2 and k^l it is easily verified that the last ex-

pression converges when the integrand is replaced by its absolute value,

provided 0 ^ t < 1. Consequently

sin tD „ 1   r °°        < >
(3.5) -^-/(*)-"iy^ ■ ■ • Uv,

D ir J-x

where the expression in brackets is

j     oo /2*+l

— Z -L(2, k,x-y)
2 to  (2k+1)1 y'

i  r°°
= — I     «(sinh ut)eiu<-x-y)e-^ sgn udu

2    J —oo

d  rx
= — I     (sinh ul)e~u cos u(x — y)du

dyJo

1 d   f T Tx 1
=-:-    , T -   1  - /, Tl =   1 + /.

2 <7y|_T2+(x-y)2      r\ + (x - y)2J

Substitute this for the bracket in (3.5) and integrate by parts once again.

Since a(y) =o(y2) the result is formula (3.2).

4. The inversion formulas. According to formulas (3.1), (3.2) and the

definition (7) of Tt we have

1   r°° rda(y)
(4-1) 7V(x)=- r=l-/,

x •/_„ r2+ (x — y)2

for any function of the form (1.1).

Lemma 4.1.7/(1) converges and R, p are positive numbers such that R>p>0,

we have

(4'2) (/>Or* + i-,y^' °m- '-° +■

uniformly in — p g x g p.

Let

R t2 + (x — y)2

Then

J""0    t(1 + y2)
,1,        \2dFM>

r t2 + (x - y)2
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where

F(y)  =   j     -— •
Jr i + *2

Therefore

/ = tF(oo) - 2r F(y) -——-—-iy.
J r (r2 + (x — y)2)2

Since F is bounded in y and x satisfies | x| ^p, the integrand is dominated for

t2<1 by

y + (y + p)(py + l)
constant-•

(y - py

Hence I = 0(t), t—>0. A similar argument applies to the integral /r* and this

proves (4.2).

Combining (4.1) and (4.2) we have proved the following lemma.

Lemma 4.2. If f(x) is defined by (1), then

(4.3) Ttf(x) = - f     ——-r-da(y) + o(l), r^O +,
t J-r t2 + (x — y)2

uniformly in —p^x^p, provided R>p>0.

According to this lemma we may integrate both sides of (4.3) to obtain

/>*                     l   pR /           x — y y\
Ttf(u)du = — I     I arctan-(- arctan —) da(y) + o(l),      t -> 0 +,

o                          r J -R \                  r t /

provided R> \ x\. If we integrate by parts in the right-hand side we find that

the integrated part is o(l) as t—>0 + . Consequently

J \tf(u)du
(4.4) °

- 7/-/W {, + (.- y)>- -j*?}* + °(1)'        '-°+-

Since i?>|x|, standard arguments(6) show that as t—*0+ the integral on

the right-hand side of (4.4) approaches

[a(x+) + «(x-)]/2 - [«(0+) + «(0-)]/2.

This completes the proof that the Poisson transform (1) is inverted by the

formula (8).

(*) Titchmarsh, Theory of Fourier integrals, pp. 28-31.
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Theorem 4.1. (1) is inverted for all real x by (8).

The treatment of (2) is similar. Now (4.3) takes the form

Ttf(x)=-f     ——---d>(y)dy + o(l), T-+0+,
t J _R t2 + (x — y)2

provided A>|x|. The uniformity is not needed. It is known(6) that the

integral on the right approaches <f>(x) for almost all x.

Theorem 4.2. (2) is inverted for almost all real x by (9).

Cornell University,

Ithaca, N. Y.


