A THEORY OF ANALYTIC FUNCTIONS IN
BANACH ALGEBRAS

BY
E. K. BLUM

Introduction. The present paper is concerned with the general problem of
extending the classical theory of analytic functions of a complex variable.
This question received the attention of Hilbert and F. Riesz, and probably
goes back to Volterra. More recently N. Dunford, L. Fantappié, I. Gelfand,
E. R. Lorch, A. D. Michal, and A. E. Taylor have contributed to the subject
(see bibliography).

Our approach differs from most of the others in two main respects, namely,
in the type of domain and range of the functions and in the definition of
analyticity. We consider functions which have for their domains and ranges
subsets of an abstract commutative Banach algebra with unit and we use a
definition of analyticity introduced by E. R. Lorch [1]. It is known [4]
that a function analytic by this definition is differentiable in the Fréchet
sense but not every Fréchet-differentiable function on a commutative
Banach algebra is analytic in the Lorch sense. Accordingly, the Lorch theory
‘is the richer.

For the most part, the development of the primary aspects of the Lorch
theory parallels that of the classical theory. Interesting departures occur in
the more advanced stages. As one would expect, the Cauchy integral theorem
and formula occupy a central position and yield the Taylor expansion in the
usual way. With Lorch’s work as a foundation, we have extended the theory
to include a study of Laurent expansions and analytic continuation. There
are also some results on the zeros of polynomials over the algebra, on rational
functions and their integrals, and on the singularities of analytic functions.
Although the objective of this investigation was essentially analytical, we
have also obtained results of an algelraic-topological character (e.g. dis-
tribution of singular elements). This was a natural outcome of the algebraic
character of the techniques used:

1. Basic concepts. A set, B, of elements (denoted by Latin letters -
a, b, ¢ x, 9, 3 ) is a “Banach algebra” if (1) B is an algebra over the
complex numbers (denqted by greek letters), (2) B is a complex Banach space,
and (3) the norm satisfies the inequality ||ab|| <||a||||?]|. In addition, we as-
sume that multiplication is commutative and that B contains a unit element,
e, with ||¢| =1.

We recall without proof some of the salient facts about Banach algebras.
Multiplication is continuous in both factors together in the metric topology
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defined by the norm. If a—! exists (ea~!=a"'a=e), then a is a “regular” ele-
ment. The set of regular elements will be denoted by G. Since z~! is a con-
tinuous functien of z, G is a topological group relative to multiplication.

G is an open set and is therefore the union of disjoint maximal open con-
nected sets, the components of G. The component G, is the maximal connected
subgroup of G [4]. If G has a component other than Gy, then G has infinitely
many components [1]. We note that G, contains the complex plane with the
origin removed, i.e. the set of elements of the form \e, A #0.

An element which is not regular is “singular.” The set of singular elements
is closed and contains at least the zero element, 0. If it contains only 0, then
B is isomorphic to the field of complex numbers [8].

If ICB is a closed proper ideal (I #B), then the quotient algebra B/I is
also a commutative Banach algebra with unit [3]. If M is a maximal ideal,
then B/M is isomorphic to the field of complex numbers. The natural homo-
morphism B—B/M induces a homomorphism of the algebra onto the com-
plex numbers. If x€B, we let x(M) denote the complex number onto which
x is mapped [3]. If x is fixed and M varies over the set of maximal ideals,
M, then x(M) may be regarded as a complex-valued function on . Gelfand
shows that this function has the following properties: (1) If x =x;+4x,, then
(M) =x1(M) +x:(M). (2) If x =x1-x,, then x(M) =x:(M) - x5(M). If X is com-
plex, then \-x(M) = (\x)(M). (3) e(M) =1. (4) |x(M)| ||x||. (5) If Ms=M",
there is an x in B such that x(M) =x(M’). (6) If x(M) is not zero for any M
in M, then there is a y in B such that y(M) =1/x(M).

An element b is “nilpotent” if b»=0 for some positive integer n. It is
“quasi-nilpotent” if for all complex X, lim,.., \b)*=0 [1]. The set of quasi-
nilpotents is called the “radical” of B. An element b 'is quasi-nilpotent if and
only if lim,.., (|[6”]]) ¥/ =0. For every x in B, lim, ... (||x"||)¥»=max {|x(3)] },
M in M. Thus the radical is the intersection of all the maximal ideals of B.
9% may be topologised by defining a neighborhood of M, in M as the set of
all M in M such that Ix.-(]l[) f—x;(Mo)l <€ where the x;,2=1,2, - - -, n, are
any finite number of arbitrary elements in B and €>0 is any real number.
With this topology, M is a compact Hausdorff space and the functions x(M)
are continuous on M.

The algebra B is “reducible” if it is the direct sum of proper ideals which
are also B-algebras with units, that is, B=B;+B,, where B;s# {0} Re-
ducibility is equivalent to the existence of an idempotent element e; (¢] =e;)
such that e;>e, e;20. A notion closely related to reducibility is that of the
spectrum of an element. The “spectrum” of b is the set of complex numbers
X such that (b—X\e) is singular. The number X is in the spectrum of b if and
only if there is an M in M such that b(M) =\. The algebra B is irreducible if
and only if the spectrum of every element is a connected set in the complex
plane. An element b is regular if and only if 5(M) #0 for every M in M.

2. Analytic functions. All functions in §§2-4 are assumed to be single-
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valued. The concepts “curve,” “rectifiable,” “length,” “integration on a
curve” are defined in the natural way [1]. The classical theorems on Riemann
integration are valid since the proofs require only those properties of the com-
plex numbers which are also possessed by the algebra B, the norm in B play-
ing the role of the modulus.

We now state the definition of analyticity, given by Lorch [1], which
shall be used herein.

DEFINITION 2.1. Let 2, be a point in B and let N(z0) be a neighborhood of
2. Let f(2) be a function defined on N(z,) with range in B. f(z) is “differenti-
able” at z if there is an element, f'(2), in B with the property that for any
real €>0 there is a >0 such that for all z in B with ||z—3|| <&

/@) = f'(z0) — (3 — 20)/(20)|| < ||z — 2d]].

The element f’(z,) is the “derivative” of f(z) at z,. The function f(3) is
“analytic at 2,” if it has a derivative at all points in some neighborhood of z,.

3. The Cauchy theorem and formula. The following theorem was stated
by Lorch [1]:

THEOREM 3.1. Let E be a convex region of B. If f(2) is analytic in E and K
is an arbitrary rectifiable closed curve in E, then [xf(z)dz=0.

The convexity of E permits the construction of a proof along classical
lines in which the theorem is established first for a triangle, then a polygon,
and finally for the curve K. The proof for the triangle is based on its com-
pactness.

We now prove the Cauchy integral theorem for a Banach algebra.

THEOREM 3.2. Let f(2) be analytic in a region E. Let K be an arbitrary rec-
tifiable closed curve which is homotopic to a point in E. Then [kf(z)dz=0.

(REMARK. When dealing with homotopy in an open set, there is no loss of
generality in assuming that all the curves are rectifiable. For example, in

the proof which follows we can assume that the curves K;, =1, - - -, m, are
rectifiable since each K, can be replaced by the homotopic polygonal curve
consisting of the line segments joining the points 2o, 2i1, 2i2, * * *, Z14_1, s OD
K;)

Proof. Let K be parametrized by z=¢(¢), where ¢(0) =¢(1) =2,. Since K
is homotopic to 2o, there is a function of two real variables, F(s, t), continuous
on the unit square 0<s=<1,0=<¢{=<1, in both variables together and such that
F(0, t)=¢(t), F(1, t)=z,, F(s, 0)=F(s, 1) =2, and F(s, ¢) is in E for every
(s, t) in the unit square.

Since the mapping F is continuous on the compact unit square, its image,
{F(s, t) } , is a compact set in E. Hence, there is a minimum distance, p >0,
from this image set to the boundary of E.

Now, F is uniformly continuous. Hence, there is a § >0 such that ”F ', t)
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— F(s, t)|| <p/2 for all pairs (s, £), (s', #') with |s'—s| <& and |¢'—t| <5. We
choose s, such that |s;| <8 and 0=t,<t;< - - - <t,=1 such that |t;—#]
<38. Let S(20) be the sphere ||z— zo|| <p. Let 20, = F(0, t,), 4>0, and 21, = F(sy, t.)
and let K; be the curve defined by F(sy, t), 0=t=<1. Now, ”zu—-zo” <p/2,
l|212—2ul| <p/2, ||202—201]| <0/2, and ||z01—20|| <p/2. Therefore, for |t—t| <8
we have || F(s, t)-—zo“ = IF(sl, t)—zu|+”zu—-zo|| <p, ”F(O, t)—zo” §]|F(0, t)
— 201|| +{|201—20]| <p. Thus, these points are in S(zo), which is a convex set
contained in E. Hence, the path consisting of the arc of K joining 2o to 2y,
the arc of K, joining 2o to 211, and the line segment joining 2¢; to 211 (denoted
by L,) is contained in S(2). By Theorem 3.1 we have

2. 21]

201 1 1
f f(x)dx + f(x)dx = f(x)d=x.
20,K 201, L1 20,Ky
Next we let S(z01) be the sphere ” z—201|| <p. As above, the arc of K from
201 to 202, the line segment L, joining zo; to 21, the arc of K; from 2, to 2zn,
and the line segment L, are all in S(20;). By Theorem 3.1 again,

21 z02 212 it
~ 7 et [T gt [ gwas= [ jaan
201, Ly 201, K 202, L2 211Ky
Proceeding in this way at each of the points 2z4;, 2=0,1, - -+, n—1, we

obtain a set of # equations of the above type. Adding these equations, we see
that all integrals over the line segments cancel, leaving

ff(x)dx = f(x)dx.
K K,

Now consider the curve K,: F(sq, t) where | Sz'—'Sll < 4. Applying the above
procedure, we obtain [g,f(x)dx = [g,f(x)dx. After a finite number of steps, we
obtain [x,f(x)dx = [xf(x)dx, where K,, is the “null” curve, F(1, ) =z, Thus
Jxnf(x)dx=0 and the theorem is proven.

DEeFINITION 3.1. The set of points of the form z+4MAe where z is a fixed
element in B and N\ varies over the complex numbers is the “z-plane(?).”

DEFINITION 3.2. Let K: {z+\(f)e} be a simple closed curve in the z-plane
(i.e. A(¢) is continuous and complex, 0 <¢{=<1). A point z+\e in the z-plane
is “interior to K” if the complex number A is interior to the simple closed
curve, { =\(¢), in the complex plane.

An analogue of the Cauchy formula was stated for a neighborhood by
Lorch. The following theorem is a somewhat sharper formulation but is not
quite the complete analogue (see §4).

THEOREM 3.3. Let f(2) be analytic in a region ECB. Let 2, be a point in E

() More generally we may consider the set {z+Ag} where g is a regular element. We shall
call this set the (z+\g)-plane. ‘
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and S(z0) the sphere of maximum radius, p, with center z, which is contained in
E. If K is the curve {20+ (u expﬁ)g| 0=<0=<2m, g€caq, u“g” =p/2}, and S(z, 8)
is the sphere with center 2o and radius 6=p/ (4|| g"1”), then for all z in S(z,, 6)

(1) fz) = —-f (% — 2)"Yf(x)dx.

Proof. For all points x on K we have ||x—z0|| = | u|||g]|. If z is in S(2o, 9),
then z=2z,+b where |3]| <p/(4”g 1)<y gl}/4 Thus, | (x—2)(M)|
=| =20 ()| 2| (v—2) (M) | ~[5(20) | 2| | | 82| /4= >0, for
every maximal ideal M. This implies that (x —z)~! exists for all x in K. Since
K CS(20), the integrand is defined.

Now let K’ be the curve {z+(u exp #)g} and let K’ be the set
{z4+Ng| |[\| =u}. Clearly ' CS(2). Thus f(2) is analytic in K’ and since the
Cauchy formula holds in the (z+M\g) plane,

16 = o [ (= 9

If x is in K, the sphere S(x, /.z/2|| g‘lll) is contained in S(z;). Let y be in
S(x, u/2”g—1||) Then y=x-+4¢ where ”c” <y/2||g“” Hence, for every maximal
ideal M,

|6 =] 2 | —2900| - || 2z 3u/4le = w2le >0

so that (y—2)~Yf(y) is defined and analytic in ¥ in the sphere S(x, u/ 2” g“”).

Now choose 0=60;<8,< - - - <0,=2r such that for the corresponding
points %1, %3, + + +, ¥,=x; on K the arc length from x; to x;.; is less than
p/4“g‘1”,j=1, -+« +,n—1. Forx;=204 (uexp0;)g, choose x; =z (u exp i0;)g
on K’. Let L; denote the line segment joining x; to x/. Clearly, L;CS(x;,
p/2[|g“|l) so that L;CS(z) and (x—z)~! exists for all x on L;.

Finally, let C; be the closed curve consisting of the arc of K from x; to
%41, followed by the line segment L;y,, then by the arc of K’ from x},, to x}
and lastly the line segment L;. The preceding remarks show that C;CS (x,,
u/2|lg7Y]). Since the function g(x)=(1/2mi)(x—2)~'f(x) is analytic for % in
S(x;, u/ 2”g“||) the Cauchy integral theorem yields the result

zj1 z'j+ =z’
[ starax - [ 7 gwas+ g(x)dz + g(x)dx
C,‘ z.

50K zj+1.Li41 zj’ 41.K!

z,'
+ g(x)dx = 0.

z:',L:

Adding these equations for j=1, - - -, n—1, we obtain

——f (# — 2)"Yf(x)dx = — (x — 2)7f(x)dx.
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But the right-hand member equals f(2). This establishes the theorem.

The formula for the derivative is obtained in similar fashion and for the
higher derivatives by induction as in the classical theory.

4. Taylor expansions.

DEFINITION 4.1. A series P(z[zo) = > 2 oba(z2—20)* where the b, are ele-
ments of B is a “Taylor series” or “power series” around z,. It is “super-
absolutely” convergent (s.-a. convergent) if the series ¢ Hb,,“”z—-zo“" con-
verges. It is “absolutely” convergent if Y o “b,.(z—-zo)" converges.

DEFINITION 4.2. The “radius of convergence” of the series P(zlzo) is
defined as 1/lim supn..(||57]|)*/".

The classical theorems on power series are easily established. However,
Taylor’s theorem must be proven in two steps. First, it is shown that the
Taylor series of f(z) equals f(2) in a neighborhood of the center of expansion,
2o. Then the identity theorem is proven. (Here, it is important to note that
we require two analytic functions to be equal throughout a neighborhood of
2o in order to prove them identical. The classical condition that they be equal
at a sequence of points approaching 2, is known to be insufficient.) Combining
these two results, we obtain equality of f(z) and its power series in the largest
sphere contained in the region of analyticity.

This, in turn, yields the complete analogue of the Cauchy formula. With
reference to Theorem 3.3, we state it as follows.

THEOREM 4.1. Let K be the curve {zo+(p, exp 130)e[0§0.§27r, u<p}. Then
formula (1) of Theorem 3.3 holds for all z such that ||z—zo|| <p.

5. Analytic continuation. The concepts of analytic continuation, func-
tional element, and complete analytic function are taken over directly from
the classical theory. We shall be especially concerned with the singularities
of an analytic function. For the precise definitions, the reader is referred to
Courant’s Funktionentheorie, p. 376 fI. The following example will illustrate
how the definitions are used here.

Consider the function defined by the formula z~%. In each component of
G, z~! is a distinct single-valued analytic function. Consider the principal
component, Gi. G; is the domain of a complete analytic function defined by
z~1, for suppose d is a boundary point of G;. Let K be a path joining e to d
such that K is in G; except for the end point d. Suppose further that it is
possible to continue a functional element P1(z| e), at e, along K so as to obtain
a functional element P,.(z[ d) at d. We assume, as we may, that the functional
elements Pl(z[ e), P2(2| %), " * +, Paa(2, 2.m1), Pa(2, d) are power series,
the center of each being in the sphere of s.-a. convergence of the preceding.
Now, there is a sequence of regular elements {g;} on K such that lim; g;=d
and g; is in the sphere of s.-a. convergence of P,._l(zlz,._l). Then we have
Poi(gi|2.1) =g " and e =lim;[g;- Pn_1(gj| 24-1) | =d- Pn_1(d| 2as). This im-
plies d is in G, which is a contradiction. Thus d is a “K-singularity” of z=* and
2! cannot be continued outside of G.
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6. The Laurent expansion. A Laurent expansion about a point 2, is a
series of the form Ef,bn(z—zo)", b, in B, defined for those z such that
(z—20)~! exists and the two series D ¢ bn(2—20)* and D= b.(2—30)" are con-
vergent. A Laurent expansion may be defined in several disjoint regions in
each of which it may define a different analytic function; e.g. z~1. With this
possibility in mind, we prove the main theorem.

THEOREM 6.1. Let g be an arbitrary element in G, and let E denote the set
{20+ Ng| 0= <|\| <72}. Setting pn=min {ro—|\|, |N| =71}, we write SQ\)
for the sphere ”z-—(zo+)\g)“ <m/”g‘l|] and U=U,.cpni<sSN). If D is a region
such that ECDCU and f(2) is a function which is single-valued and analytic
in D, then for each z in U there are two curves K;(z): {20+ (p; exp it)g,
0§t§27r} yJ=1, 2, with ri <p1<ps <7y such that:

1 1
(1) () =— (x = 7f(2)dz — —— (2 — 2)7Yf(x)dx

271J gy wiJ ky(2)

1s a well-defined single-valued analytic function of 2;
(2) forall zin U, ¢(2) = 2% wan(z—20)" where

an = if (x — 20)"" Y (x)dx

B 271

and K is any curve of the form {z0+(r exp it)glrl <r<rs, 0§t§21r} ;
(3) for all zin D, ¢(2) =f(2).

Proof. Let z be in U. z=20+\g+h where ||h]| =un—¢/||g7Y]|, €>0. For all
M in W, |gM)] =1/|g*(M)| 21/||g7|. Hence, |n(M)] <Al <pr/llg
<[g@n| min {r,—[X|, |X|=ni}, or [R@AD)|=[g(M)](r:~e—|N|) and
| (M| < |g(M)| (|N| =7.—€). Then we have | (z—20) (M) | = | Ng(M) +h(M)|
<[\ -Je@n|+|r0| N - |2 4| 2(M)| (ra—e= [N]) = (ra— &) | 2 (M) .
Also |(E—2) (M| 2| [eD |~ [rOD[ 2 M [e(D]| =[N ]|e(0)]
+ 1+ g(M)| =(n+e|eg()].

Now let py=r+98, p;=7.—86 where 0<8<e¢, and consider the curves
K;(2) = {zo+(p,~ exp it)g},j=1, 2. For all x on K,(z) we have ](x—z)(M')
|| g(M)| ps— | (2a—2) (M) | 2 |g(M)] (r2=8) — (r2—€) | g(M) | = (e—5) | (M)
>0. Likewise for x on Ki(2), |(x—2)(M)| = |g(M)| (r1+e€) — | g(M)| (r:+3)
= [g(]ll)l (e—08)>0. Thus the integrand in both of the integrals of (1) is
defined. Furthermore, although the choice of the curves K;(z) is not uniquely
determined by 2, any pair of curves which satisfy the specified conditions
will yield the same value for each of the integrals in (1). This is an immediate
consequence of the Cauchy theorem. Hence, the value of ¢(2) is uniquely
determined by z.

Now, for x on K,(z) we have (x—320)~'=(1/ps)g~! exp (—1it). Hence,
(x —20)"H(z — 20) = (1/p2)g~*(Ng+ k) exp (—it) =(1/ps)(A+hg~") exp (—it)
and [[(x —20) 2z — 2)|| < (1/p2) [|M| +[|7lll|&~| 1= /o) [IN] + (2= [N = ¢)
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. (1/||g“[|)”g“n |=(rs—€)/ps=(ra—€)/(ro—8) <1. The last fraction is less
than 1. Therefore, we may write (x—2)~'=(x—20)"{e+ D o i[(z—20)
(x—20)~']"} since the series converges. The convergence is absolute and
uniform in x for x on K,(2).

For x on Ki(2), (x—20) = (o1 exp t)g. Since (z—20)"'=Ag+h)"1=(1/N)g™?
(e+hg~ /M), we have

(2 — 20)(z — 20)™t = (ps exp (it)/N)[e — hg /N + (hg7}/N)2 — - - - ],

the series being super-absolutely convergent because ”hg““ /IN] <[4
Alg=l/IN] =1/ [N =/l DIl el = —e)/ x‘ <t In fact, [|(x—20)
(z—20)71]| < (os/ | N [1 — i~ /| N It =i/ ([N =pr+6) Spi/(n+e < 1.
Thus we may write (x—2)~1=—(3—20)""{e+ D mi[(z—20)" (x—20) I}
Again the series converges uniformly in x for x on K;(z). Term-by-term inte-
gration yields the result (2) of the theorem if we observe that a,=(1/2m%)
- [&iw(x—20)"""f(x)dx where j=2 for 20 and j=1 for <0, and by the
Cauchy theorem [ (x —20)~""Yf(x)dx = [k (x — 20)~""'f(x)dx where K is any
curve of the form {zo+(r exp it)g|r1<r<r2, O§t§21r}.
For n=0,

o= [ U exp i1z

g n—1

2%
= [f(x)/(r exp it)~+ ]g-r exp (it)dt
21!' 0
so that |la.|=(1/2m) (g7 el| -m/r) 2w =] g m/rm,  where m
=max {||f(x)||, x on K}. Thus the series of positive powers of the Laurent
series in (2) must be s.-a. convergent for ”z—zo” <r/| g—1| <rs/ g"ll , or since
r may be taken arbitrarily close to s, for ||z—2d|| <7o/|g~1{| <74l g]-

For n<0, ||la.|| < (1/27)mr—||g||-" 27, where m=max {[|f(x)||x on K}.
Thus the series of negative powers converges super-absolutely for (z—zo)—‘”
<1/(r|g|]). For z in U, ||(z—20)~"| £||g|| /71 (by fourth paragraph of this
proof). Since ||g=||/r=1/(n ’g”), the series of negative powers may not be
s.-a. convergent for all z in U, although it converges for these z. If g=¢, then
lle=| =|lgll =1 and this difficulty does not arise. Likewise, if 71=0, the series
of negative powers is absolutely convergent and s.-a. convergent.

Now suppose z is in D. As above, z=20+\g-+k where ||h]| = (um—¢)/| g7
Choose K;(z), j=1, 2, as described in the proof of (1) and choose K) as the
curve {z0+Ng+(r exp it)g, 0§t§27r} where r =px— 8, 0 <8 <e. Consider the
set F={zo+{g|r<|¢] <ra |¢ =N >m—e€}, FCE and KA CF and K;(z) CF.
We have for all M in M and x in F I (x—z)(]l[)| = I (2o+Cg—2) (M) =] (€ —N)
gD —n(D | 2 ¢ =X |en | — |l = ¢ =X| /] g2 ()| = [[#]| ~ since
1=|gg()| =|gr(n)| - |g(n].  Since —[k]|=(=m+e /[,
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| (=20 2 [(|¢ =M lgl/] e ) — m + el/llg|
2 [t =2 —m+ e/l >o.

Hence, (x—32)~Yf(x) is defined and analytic for all x in F and

= (x = 2)7f(x)dx = zi (x — 2)7f(2)dx
A

271 K Tl J Ky(z)

1
— —le(z) (x — 2)"Yf(x)dx

2w

by the Cauchy theorem. The integral on the left is equal to f(z) by the
Cauchy formula and the right side equals ¢(z). This proves (3), that is, ¢(2)
is an analytic continuation of f(z) from the set D to the set U. We shall show
that it is possible to continue beyond U.

If M isin I, let E(M) be the open annular ring in the complex plane
bounded by the circles Ki(M): {z0(M)~+r, exp it, 0§t§21r} and K,(M):
{z0(M)+7, exp it, 0st=<2r}. Let Qu={z|s(M)EEM)} and let
Q=NuecmQu. Then we prove

LeEMMA 6.1. If 2z is in Q, there is a 6>0 such that for all x on the curves
Ky: {20+ (r1 exp it)e} and Ks: {20+ (r2 exp it)e} and for all M in M,

| (v — (M) | > o.

Proof. First we prove that the function |x(3)| is continuous in the pair
(x, M) for all x in B and all M in IN. Let xo be in B, M, in M, €¢>0. Let
Mo = { M| | xo(M) —x0(Mo)| <e/2} and RNo= {x|||x—x|| <e/2}. The product
Mo X Mo is a neighborhood of (xo, M) in BXIMM. If (x, M) is in No X Py, then
| (M) | = [xo(Mo)| <[ x(M) —xo(Mo)| < | (M) — xo(M) | + | o (30) — o M) |
<|lx—xol|+e/2<e/2+€/2=¢. Similarly, |xo(Mo)| —|x(M)| <e, which es-
tablishes the continuity at (xo, Ms).

Now, since K; and K; are compact sets, their union K;\UK, is also com-
pact. I is a compact space ((3)). Therefore, the product (K;\UK3) XM is
compact. Since the function ](x—z)(]l[)] is continuous in the pair (x, M),
it assumes a minimum value 6§20 on (K;\UK,) XI. If § =0, there is a pair
(x', M") such that | (x'—2)(M’')| =0. Thus |2(M")| = |x'(M")]|, contradicting
the assumption that z is in Q.

The above lemma shows that Q is an open set, for if z is in Q, consider
the sphere ||z’ —2|| <3/2. Then |2/(M)—3(M)| <||2’ —3|| <8/2 so that z’'(M)
is in E(M) for all M;i.e. 2’ is in Q.

Obviously, UCQ since z in U implies that r,<|2(M)—z20(M)| <r, for
all M. To give some idea of the structure of Q, we point out that the sphere
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||z— 20| <71 does not intersect Q since |z(M)—z(M)| <r, for all such z. On
the other hand, the set of z such that ||z— 2| =7, may intersect Q, although
Q contains no element of the form zo+\e, where |\| >7, since |zo(M)+\
—zo(M)| >7,. In fact, if =20+ e+h where || >7; and ||[4]| <|\| =7z, then
zis not in U, for | (z—20)(M)| =|N+h(M)| Z|\| —||#|| >7.. Examples may
be adduced to show that Q may contain U properly.

Consider the Banach space (m) of bounded sequences z= {{,}, {» a com-
plex number, ||z]| =sup,{|¢.|}. If multiplication of sequences is defined by
{£.}-{¢a} ={£.5a) it is easy to see that (m) becomes a B-algebra. Let
Zo= {0, 0, --- } In this case, the set E is a subset of the cartesian product
of Ny annular rings of the complex plane, each of inner radius 7, outer radius
ry, and center at the origin. Let b be the element of (m) defined by the se-
quence {(—1)**1(r,+7,)/2}. We shall prove that b is in Q but not in U.

Note first that if z= {{,} and 2(M) =X for some maximal ideal, then there
is a sub-sequence of {g‘,.} which converges to N. (The sub-sequence may of
course consist of only one distinct number N.) Otherwise (z—2Ae)™!
= {1/(§‘,,—)\)} and \ is not in the spectrum of z. This sub-sequence deter-
mines a sequence of maximal ideals {Mk} in (m) such that limgz(M;) =\,
Note also that the set M, of all elements z= {{,} such that {, =0 is a maximal
ideal. If a={a.} and ¢= {v.} are in M,, and if x={£.}, y={n.} are arbi-
trary elements of (m), then xa+yc= {S,.a,,+17,"y,.} is in M, since a,=7,=0.
This makes M, an ideal. Clearly, M, (m). Suppose M,CI where I is a
proper ideal of (m), and let x be in I but not in M,. Then x= {£,} where
£,70 and | £.| <||«|| for all . C0n51der the element y = {nn} where 7, =0 and
ma=]|%|| 41 for n5£p. Since y is in M,, x+y={£,+7.} is in 1. But |£x+ 7]
2 na] — &l 2| +1 -l =1 for mp and |&,4n,| = |&| 0. Thus
(x+7y)~! exists and I = (m). This contradiction proves M, is a maximal ideal.
For any element x = {E,.}, x(M,) =&, since x—§,e= {E,.——Ep} is in M.

These remarks show that (M) = + (r1+r2)/2 for any maximal ideal M in
(m). Therefore, b is in Q. Now suppose & is in U. Since z,= {O 0,
b=Xe+% where 71 <|\| <7, and ||A|| <wr. This implies that |(b— xe)(M)l
<||A|| < for all M, or max.{| [(—1)"+'(r1+72)/2] —\| } <pr. For odd = this
means that \ lies within the circle of radius (r,—71)/2 and center at (r1+72)/2,
whereas for even n, A must lie within the circle of radius (r;—7;)/2 and center
at — (r1+7r2)/2. This is manifestly impossible so that & is not in U.

Returning to the abstract algebra B, we observe that Q, as an open set,
is the union of maximal open connected sets, its components. Let Q; be the
component containing U. We shall prove that it is possible to continue analyt-
ically from U to Qi.

THEOREM 6.2. Let f(z) be the function of Theorem 6.1. If z is in Qu, then there
are curves Ki(z): {zo—l—(m exp it)e} and Ki(z): {zo +pz exp it)e} such that
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(1) ¥(2) = (1/279) (x — 2)7f(x)dx — (1/273) (x — )7 f(2)dx

Ry(2) Ky(2)
1s a well-defined single-valued analytic function in Q,
(2) ¥(2) is an analytic continuation of ¢(z) from U to Q1.

Proof. Lemma 6.1 shows that z(M) is contained in the open annulus
bounded by the curves {zo(M)+(r,—8) exp it} and {zo(ll/.f)+(r1+6) exp 'it}
for all M. Thus if p, and p; are chosen so that r; <p;1 <r;+8 and r,— 8§ <p; <r,,
then the curves K;(2) and K:(z) are such that (x—3z)(M)#0 for all x in
Ki1(2)\UK,(2) and all M;i.e. (x—z2)~! exists and the integrands in (1) are de-
fined. For any other curves chosen in the prescribed way, the integrals have
the same value by the Cauchy theorem. Thus ¥(2) is uniquely determined
by z.

¥(2) obviously coincides with ¢(z) for z in U. To show that it is analytic
in Q, we let “z’—z” <8/2. Then |(z'—x)(M)| =] (z’—z)(M)+(z—x)(M)|
2| (z—x)(M)| —| (g —2)(M)| >8—5/2>0 for all x in Ki(3)\UK,(z) and all
M in M. If we choose p/ and pg such that r1<p/ <r1+8/2, r.—8/2<pd <rs,
then the curves K;(z'): {zo+(p,-' exp it)e} ,j=1, 2, will not only serve to de-
fine ¥(2’) but Y(z) as well. Thus we may write

1
V(@) — ¥(z) = P [(x = &) f(2) — (5 — 2)7f(x) ]dz

Tl J Ky(2)

1
- @) [(x =2 = (x — 5)dx

2wt d g2y

1
= @G = 2)(x — )z — 2)7]dx

2r1J gy

- —1— f@)[@ = 2)(x — 2)(x — 2)7]da.
2w Ky (2')
A classical argument then shows that ¢/(z) =(1/2m%) [k, (x —2)~2f(x)dx
—(1/2m3) [, (x —2)~%(x)dx. Thus Y¥(z) is an analytic continuation of ¢(z)
to Q1. The question of whether Q; is the maximal region to which ¢(z) may
be continued analytically will be answered negatively by means of an example
to be cited in §7.

7. Singularities of analytic functions. Let f(z) be a complete analytic
function and let Py(z|2) be a power series functional element of f(z) at the
point 2, =2,4Ag, where g is in G. Let K be a path in the (20-+\g)-plane joining
2 to 2o and such that Pl(z| 2;) may be continued analytically along K up to
but not including 2o. Thus, 2, is a K-singularity of f(z).

DEFINITION 7.1. Let 2y be as above. 2, is a “g-plane singularity” of f(z) if
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there is an ro>0 and a connected arc K’ of K beginning at 2z, and contained
in the set E={z+\g, 0<|\| <7y} with the following property: If x is in
K’ and P(z| x) is the power series functional element at x, then P(zl x) may
be continued along every path in E which does not contain z,. If g=e, we
say that zo is a “plane singularity” of f(z). In the continuation process within
E, it may occur that for each point, z0+Mg, of E all functional elements whose
regions of analyticity contain zo+M\g assume the same value at this point. In
this case, we say that z is of “locally single-valued type.”

If 20 is of locally single-valued type, then f(z) has a functional element
whose region of analyticity contains E. By Theorem 6.1 this functional ele-
ment has a Laurent expansion at 2, which represents the functional element
at least in E.

DEFINITION 7.2. The series of negative powers of the Laurent expansion is
its “principal part.” If the Laurent expansion at a g-plane singularity 2z, has
only a finite number of negative powers, then z, is called a “pole.” If there
are an infinite number of negative powers, 2o is an “essential singularity.”

For the remainder of this paper, we assume that all complete analytic
functions are single-valued unless the contrary is specifically stated. Thus all
g-plane and plane singularities are of single-valued type and there are Laurent
expansions at all such points.

If 2, is a plane singularity of f(z), then it is also a g-plane singularity for
all g in G; and conversely. In proof, the series of negative powers of the
Laurent expansion, f(2) = 2. .ba(2—20)", converges for ”(z—zo)*lll < o (see
Theorem 6.1), and the series of positive powers for ||z—z|| <7, if 2o is a plane
singularity. Hence the series converges for all z=z,+\g where 0 <|\| <r,/||g||
and g is in Gi. Thus 2 is also a g-plane singularity. The converse is proven
similarly. (If g is in G but not in G,, the Laurent expansion is defined at
204+Xg, 0 <|\| <75/||g]| but may represent a different complete analytic func-
tion if the region of definition of the Laurent series consists of disjoint com-
ponents.)

A plane singularity need not be isolated.

TueoreM 7.1. Let B be a Banach algebra such that (i) the set of regular ele-
ments G is dense in B and (ii) the radical of B is {0}. If 20 is a plane singularity
of the single-valued complete analytic function f(z2), then every sphere l Iz—zo” <p
contains a point 2’ which is not contained in the domain of f(z).

Proof. Let ».°.b,(z—2)" be the Laurent expansion of f(z) at z,. By
Theorem 6.1, the Laurent expansion is defined for all z such that (z—g,)~!
exists and ”z—on <r,. Since f(z) is single-valued, f(z) = D% .b.(z—20)" for
all such z. Since z, is a plane singularity, for some negative integer —m,
b_n0. Since the radical of B is {0}, there is an M* in M such that b_,(M*)

#0.
Let z be an element of M* such that ||z,|| <p. There are such elements
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since M* contains Az whenever it contains 2. Letting 2’ =2y+2;, we have
2/ (M*) =zo(M*) and ”z’—on <p. Suppose 2’ is in the domain of f(z). Then
there is a Taylor expansion Y ca.(z—z')» which converges in a sphere
|lz—2'|| <8, and equals f(z) therein.

Since G is dense in B, there is an element g in G such that “g—zlll <k,
where 0<e<9§, but e is otherwise arbitrary. Let h=32,4g. Since Hh—z’”
=||g—z|| <e<8,wehavef(h) = D 5a.(h—2)" Thus [f(h) |(M*) = Y 5a.(M*)
[A(M*) —2(M*)]". Now, (h—20)~! exists. Furthermore, ||h—z <|k—2||
+||z’—-zo||<e+p. Since p and ¢ may be chosen arbitrarily small, we may
write ||h—z|| <75. Therefore, the Laurent expansion is defined for & and
f(B) = 2. ba(h—20)*. It follows that [f(h)](M*)= D = b.(M*)[h(M*)
—2o(M*) P = D5 an(M*) [R(M*) — 20(M*) ]* where b_.(M*) 0. The equality
of the two series holds for a set of complex numbers approaching A(M*) as a
limit. To show this, we set h,=zo+1g, t real. Then ||k, —2'|| =||tg— (2’ —20)]|
<l|ltg—gl| +]lg— (& —20)|| <|t—1] -||gl]| +e<? for ¢ sufficiently close to 1. It
follows that f(h:) = D gan(h.—2')". Further, h, (M) —z,(M) =tg(M) %0 for all
M and “hg—zo%éﬂh;—z’“+||z’-—zo”<|t—1]”g“+e+p<rz for ¢ close to 1.
Thus, f(h)= D =uba(hi—20)*. Finally, [f(h)](M*)= D da.(M*)[h(M*)
—2o(M*) 7= D2 ba(M*) [ho(M*) —20(M*) ] for |t—1| <e, say. As t ap-
proaches 1, k,(M*) approaches 2(M*). Applying the classical identity theo-
rem for complex analytic functions, we conclude that a,(M*)=>b,(M*) for
all n, — o <n< o (uniqueness of Laurent expansion). This implies that
b_n(M*)=0 which is a contradiction. Therefore, 2z’ is not in the domain of
f(2).

The method of proof of the preceding theorem shows that a weaker
hypothesis than G being dense in B would suffice. It is sufficient that B be
such that every maximal ideal M contains an element b on the boundary of
G. Then we may set 2; =Ab if N is chosen in the right way, and the existence
of a regular element in any neighborhood of 2 is assured.

We shall give examples of algebras in which G is a dense set and examples
of algebras in which G is nondense. In fact, there is an algebra having a
maximal ideal consisting entirely of elements which are in the interior of the
set of singular elements.

The algebra of bounded sequences (m) is a B-algebra in which G is a
dense set. The set of singular elements consists of all sequences {a,.} such that
inf,.{ |¢r,.| } =0. If a *-operation is introduced into (m) by defining {o',,}*
={5.}, where &, is the complex conjugate of ¢., then (m) becomes a B*-
algebra with real bounded *-operation [10] since {7,}*={c.} if and only if
o, is real for all #, i.e. the spectrum of {¢,} is real, and SUP.c (m | I|x*”/”x” }
=1 where [|x*|| =sup.{|&.|}. It follows from a theorem of Rickart [11]
that (m) is a proper algebra; i.e. every singular element is a generalized zero-
divisor. (2 is a generalized zero-divisor if there is a sequence of elements z,
with ”z,,“ =1 and such thatlim,zz,=0.) Furthermore, the set of singular ele-
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ments is contained in the closure of G, for if {c,} is singular and €>0, there
is a subsequence {o,,} such that |o,,| <e/2 and for nn;, |o.| Z€/2. Let
Yn=0n, for n#n; and otherwise let vy,;=¢/4. The element defined by the
sequence {y.} is regular since |y.|=e/4 for all n. Also ||{va}—{oa}]]
=supa{|vs—0.| } <e. Thus every neighborhood of {s,} intersects G. Hence,
every singular element is in the closure of G so that (m) is in the closure of G.
Thus G is dense in (m).

In the same way it is shown that the sub-algebra of convergent sequences
is also such that the regular elements in it form a dense set.

The algebra C[0, 1] of continuous functions (complex-valued) on the
unit interval [0, 1] with the norm defined by ||f(¢)|| =maxo<i<i{ |f(t)]} is
another example of an algebra in which the regular elements form a dense
set. In proof, let f(f) be a singular element. Then min,{|f(t)|} =0. Let
T={t||f(t)| <e/3} where e<max.{|f(t)|}. We define the function g(¢) as
follows: for ¢ not in T, g(t) =f(t). If t&T and ]f(t)| =¢/3 then g(t) =f(2). If
tisin T and If(t)l < /3, then there is an open interval containing ¢ and such
that | f(t)| <e/3 for all points in this interval. Let (4, ;) be the largest such
interval. By continuity, |f(t)] =]|f(t:)| =¢/3. Let f(t) =(e/3) exp 46, and
f(tz) =(¢/3) exp .. We define g(t)=(e/3) exp [iuby+i(1—u)6;] where
u=(t—t)/(t:—t) for all ¢t in (4, £,). This describes g(t) completely. Clearly,
it is a continuous function. It is a regular element of C[0, 1] since inf,{|g(t)| }
=¢/3>0. Since max,{ |g(t) —f(t)| } <e, g(t) is in an e-neighborhood of f(£).
Thus every singular element is in the closure of the set of regular elements
which therefore form a dense set.

We now consider another example. Let E denote the sub-algebra of
C[o, 1] generated by the element b=exp 2mit and the complex numbers. E
consists of all polynomials in & (with complex coefficients) and their limits
(uniform convergence). The spectrum of b consists of all the complex num-
bers A with |\| =1. In proof, we note that for A <1, we have

1
N + exp (2miz) B

: [1—2 2wit A2 dmit)t — - ]
<eXP (21”'1)) — Nexp (2it) + N?/(exp Zit)

and thiselementisnotin E for if we consider the function g(t) = [1/ (A +exp 2mit)
— D"\, exp 2wint] we find that [|g(t)|| = 1. We have 1= f3(exp 2mit)g(t)dt|
<max,| Ig(t)l } =“g(t)”. Finally, for )\l =1, there exists ¢y such that

exp 27r1:t0 = A

so that (exp 2mwit—\)~! does not exist even in C[0, 1]. Since 0 is in the
spectrum of b, b is a singular element.

Now we show that the principal ideals of the form (b—X\), where l)\| <1,
are maximal. If I)\I <1, the element b—N\ is singular and the principal ideal
(5—N\) is contained in a maximal ideal, M. Then b(M) =\. Now suppose z is
in M and let P,(b) = X_mqound®, n=1, 2, - - -, be a sequence of polynomials
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such that lim,P,.(b) =2. Let ¢. be an integer such that “P%(b)—z” <1/m.
Writing An= > ¥mou, M\, we have p,.(\)—An.=0 so that pg,(*)—An
=(x—N)gq, (%), where g, .(x) is a polynomial in «x. |>\,,,| =| D rmon N
=| P (0) (M) —2z(M)| S|| P, () —2|| <1/m. Thus limm.. [Py, (5) —An]
=limp .o Py, (0) —lim\, =lim, P, (b) =3. Butlim, [P, () —\,] =lim,(b—X\)
Zen(®) =(0—N\) limag,,(b) and we have z=(b—N\)c, where ¢=lim,g,, (b) is
in E. Thus, M is contained in the principal ideal (5 —X\), which means that

M=(b—N).
Now let us consider the maximal ideal (b) = (exp 2wit) in E. If 2, is in (b),
then 2o =5 lim,p,(b) where p,(b) is a polynomial in b for =1, 2, - - - . The

element 2, is obviously singular in E. If 2070, we shall show that there is a
spherical neighborhood of 2, contained in the set of singular elements.

Since 2, is singular and not zero, there is an ¢, 0 <e<1, such that the sphere
|lz—20|| <€ contains no scalars. We shall show that all z in this sphere are
singular, i.e. all the nonzero elements in (&) are interior points of the set of
singular elements. Thus, the regular elements are certainly not dense in this
algebra.

Choose & such that 0 <e+6<1. Since 2 is not a scalar, there is a poly-
nomial D i\ib* with \,0, =1, such that ||z— D _s\ib*|| <8. Further, since
20=>b lim,p,(b), given v, 0<e+d++v <1, we can find % such that ”zo—bp,.(b)”
<v. Writing pa(b) = D_soub*, we have

DNbE— P apttl| <et+ sty <u<l
0 0

Hence, for any M,
[ %o + (M = a0)b(M) + (g — a)B?(M) + - | < p.

Since 0 is in the spectrum of b, there is a maximal ideal such that b(M) =0
(i.e. M=(b)). Hence, |\o| <u. This implies that > _s\:ib* is singular, for the
complex polynomial ) _{\ix* has a complex root | ¢ 1| <1. But {; is in the spec-
trum of b and there is a maximal ideal M; such that b(M;) ={; and we have
( ond®) (M) = > \¥=0. Since § may be chosen arbitrarily small, it is
seen that every neighborhood of z contains singular elements. Hence z cannot
be regular and the sphere ||z—2|| <e<1 is contained in the set of singular
elements.

Incidentally, this also affords an example of a commutative B-algebra in
which the set of generalized zero-divisors is not contained in the intersection
of the closure of G with the set of singular elements [11]. The element
b—e=(exp 2mit—1) is in this intersection since all elements of the form
(exp 2mit—1—¢), €>0, in a neighborhood of (b—e) are regular. Rickart [11]
shows that every singular element on the boundary of G is a generalized zero-
divisor. Hence, the element (exp 2wit—1) is a generalized zero-divisor. There-
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fore the element (exp 2wit)(exp 2wit—1) is also a generalized zero-divisor.
However, this element is also in the maximal ideal (exp 2wit) which means
that it is an interior point of the set of singular elements. Hence it is not in the
closure of G.

In connection with Theorem 7.1, we remark that the point 2’ may be a
planar singularity or not, that is, both situations do arise. As a simple illus-
tration of the first situation, we consider the cartesian product of the complex
plane with itself, i.e. the set of pairs (A1, X\y) with \; and A\, complex. With the
usual definitions of addition and multiplication and now with norm given by
max {|Ni|, ||}, this set becomes a B-algebra. If we let a;=(1, 0) and
ao=(0, 1), then the function f(z) =a:27'+a,, where z= ({1, {:), may be writ-
ten in the form f(2) =(1/¢1, 0/¢2) (0, 1) =(1/¢1, 1). The formula aiz7'+a,
defines f(z) for all z in G and only such z. Thus the set Q of Lemma 6.1 is
equal to G, which consists of all pairs (A, A2) such that A\;70, N2 0. f(z) may
obviously be continued analytically outside of Q by means of the formula
(1/¢1, 1) which is defined for all z= ({1, {») with {170 and coincides with f(z)
in G. This also is the maximum analytic extension of f(z) and illustrates the
possibility of continuing beyond the set Q. The point (0, 0) is clearly a pole
of f(z). It is not isolated since all points 2z’ = (0, {;) with {340 in a neighbor-
hood of (0, 0) are points which cannot be in the domain of the complete ana-
lytic function determined by f(z). In fact, these points are also poles.

An example of the second situation is afforded by the algebra (m). Let
f(2) =27 and 2’={1/n}. The point 0 is obviously a pole and 2 is not in the
domain of the complete analytic function z!. Further, every annulus of the
form {z’+Xe, 0<|\| <7} must contain elements which are singular and
therefore not in the domain of z7!. Thus 2’ is not a plane singularity. On the
other hand, 2”={0, 1, 1,---, 1, .- } is a pole, so that both kinds of
points exist in a neighborhood of the pole 0.

The behavior of analytic functions in a neighborhood of a singularity is
further illuminated by the following analogue of the classical theorem on
poles.

THEOREM 7.2. Let B be a Banach algebra such that (i) the set of regular
elements is dense in B and (ii) the radical of B is { } If the point b in B is a
pole of the single-valued complete analytic function f(z), then lim, | f(z)” = o
regardless of the manner in which z approaches b.

Proof. Let Y o _,.a.(z—b)" be the Laurent expansion of f(z) at b, assuming
that b is a pole of order m. By Theorem 6.1, the Laurent expansion is de-
fined for all z such that (z—b)~! exists and ”z—-b” <r,. Since f(2) is single-
valued, f(z) = D_ 2 ,.an(z—b)" for all such 2, and (z—b)"f(2) = [@—m+a_mi1(z—)

4 - - - ]. We denote the quantity in brackets by g(z). For a constant p there
is a 6>0 such that [lg(2)||=p >0, whenever ||z— b“<6 This follows from
lle@| 2 ||a—n|| - a_,,.+1”|z—b”—|[a_m+2| |z—0||2— - - where  a_n>0.
fence |ls— 0|l 2| -0yl = le@l 2o and [I7@]|=p/= bl
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Thus if z approaches b in the region for which the Laurent expansion is valid,
then ||f(2)||— .

Now suppose {z:} is a sequence of elements in the domain of f(z) for
which the Laurent series is not defined and such that lim; z; =b5. There is an
integer N such that ||z, —b|| <73/3 for all k> N. For each k there is an element
gr in G such that ||gc— (2. —b)|| <ex, where the {e.} is a sequence of decreasing
positive numbers approaching 0. If we let ¢, =b-+ gy, then ¢, —b is regular and
fler) = Do _man(ci—b)" for k> N. Since |[lcx—b|| =||gsl| <2 —b|| + e, we see
that limy...||gi|| =0. From | go(M)| <||g4| it follows that limy | (cx —b)(M)| =0.
Since the radical of B is {0}, there is a maximal ideal M for which a_n(M")
#0. Thus [f(c:) |(M") = 2 2 naa(M")[(ci—b)(M")]* approaches infinity as k
approaches infinity. Therefore, H f(ck)” becomes infinite also. If the ¢ are
chosen such that || f(cx) — f(zk)” <1, which is possible by the continuity of f(z)
at the points 2z, it follows that ” f(zk)” approaches infinity also.

The following remark shows that the behavior of functions in a neighbor-
hood of a singularity is not always analogous to the classical behavior. For
example, the Weierstrass theorem for essential singularities does not always
hold. Again we assume that G is dense in the algebra. If the point 0 is an
essential singularity of the single-valued complete analytic function f(z),
and Y. *.a.z"is its Laurent expansion around 0, where a, 0 for an infinite
number of negative #n, then it may occur that a,(M) =0 for all # <0 and some
maximal ideal M. Then [f(z) (M) = D ¢ a.(M)][z(M)]" for all z for which the
Laurent series is defined. By an argument like the one in the preceding theo-
rem, it can be shown that [f(z) |(M) approaches ao(M) as z approaches 0.
Hence, f(2) cannot approach any element of the form \e, where A #ao(M),
in every neighborhood of 0, as the Weierstrass theorem requires.

To obtain more information on the behavior of functions in a neighbor-
hood of a singularity, we turn to a consideration of rational functions. In
preparation, we shall discuss some of the properties of polynomials over a
B-algebra.

8. Polynomials over a B-algebra. Let p(x) =ao+ax+ - - - +a.x, be a
polynomial with coefficients a; in B, and leading coefficient a,0. Let D(p)
denote the set of elements z in B such that $(2) is in G. We note that D(p)
may be empty. For example, if there is a maximal ideal M such that a;(M) =0
for j=0, 1, - - -, n, then [p(2) (M) = D" oa;(M)[z(M)]i=0 for all z in B.
Hence, p(2) is singular for all z in B. Whether this is a necessary condition
for D(p) to be empty is not known. In the algebra (m) it is the case, but the
proof employed for (m) does not generalize. However, if D(p) is empty,
we may state the following.

LeMMA 8.1. If p(x) is a polynomial such that D(p) is empty, then the set of
complex numbers \ such that \ is a zero of one of the polynomials [p(x) (M)
= Z}‘_oaj(]l[)xf, where M is a maximal ideal, must contain the entire complex
plane.
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Proof. Suppose there is a complex number X such that X\ is not a zero of
any polynomial [p(x) ](M) for any M in M. Then [p(\e)](M) = D * oa;(M)Ni
#0 for all M, which means that Ne is in D(p), contrary to hypothesis.

The converse of the lemma is not true, as an example shows. Again we
consider the algebra E generated by b=exp 2wt and the complex numbers.
We have shown that the spectrum of b in E consists of all X such that |\| 1.
Hence there is a maximal ideal M), such that b(M,)=\ for each N with
I)\| =<1. Let p(x) be the polynomial bx2+4(b2—1)x—b. Thus p(x)=(x+b)
-(bx—1). If { is any complex number, there is a maximal ideal M; such that
[p(x)](M) is a polynomial having { as one of its zeros. In proof, if || <1,
then there is a maximal ideal M; such that d(M;) = —¢ so that (x+b)(M;)
=(x—{) has { as a zero. If [i‘l >1, then 1/|§‘| <1 and there is a maximal ideal
M’ such that b(M')=1/¢ so that [b(M")x—1] has ¢ as a zero. Therefore,
the set of zeros of all the polynomials [p(x) |(M), M in M, contains every
complex number; i.e. D(p) contains no complex number. Yet, D(p) is not
empty, for if we let 2=1—5/2, then (bz—1)=(—1/2)(b2—2b+2)=(—1/2)
-(b—1413)(b—1—1), so that (bz—1)(M)=0 for all M. Likewise, z+4b
=(1/2)(b+2) so that (z4+b)(M) 0 for all M. Hence, (1—5/2) is in D(p).
Since D(p) is evidently an open set, it contains infinitely many elements
whenever it contains one.

We now state a sufficient condition for D(p) to be nonempty.

LeEMMA 8.2. If either a, or ao is a regular element, then D(p) is not empty.

Proof. If a is regular, then since p(0) =a,, it follows that p(z) is regular for
gz near 0.

If a, is regular, then for any complex X\ we have p(\e) = [aoa; */A"+ -
+an,_1a;'/A+1]Aa,. For I)\| sufficiently large, p(\e) is close to the regular
element A\"a, and is therefore regular. Thus Ne is in D(p).

The preceding example with p(x) =bx2+ (b2—1)x—b shows that the above
sufficient condition for D(p) to be nonempty is not a necessary condition,
since b is not a regular element of the algebra E.

Let S(p) be the complement of D(p), that is, the set of all z such that p(2)
is singular.

LeMMA 8.3. If ao is singular or if one of the a; is not in the radical for 170,
then S(p) is not empty.

Proof. There is a maximal ideal M such that a.(M)#0. For this M, the
polynomial [p(x)](M)=a.(M)x"+ - - - +ao(M) has at least one complex
zero, {. Then [p(te) |(M) =0 and {e is in S(p).

Combining the two preceding lemmas, we may state

THEOREM 8.1. If p(x) is a polynomial with leading coefficient an in G, then
p(x) separates the algebra B into an open nonempty set D(p) and a nonemply
closed set S(p) such that D(p) is the set of all 5 in B for which p(z) is in G, S(p)
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is its complement, and if at least one a; is not in the radical for i <n, both D(p)
and S(p) intersect G.

Concerning the second lemma, we remark that if @, is in the radical of
B and a,#0, then S(p) may or may not be empty according as ao is or is
not regular. For example, if p(x) =a.x"+ao0 and a, is in the radical while a,
is in G, then [p(z) ](M) 0 for all zin B and all M in . Thus S(p) is empty.
On the other hand, if ao is not in G, then D(p) is empty.

Theorem 8.1 may be regarded as an attempt to obtain something like a
fundamental theorem of algebra. However, it affords meager information
about the zeros of p(x). Yet, in a sense to be explained, it is a best possible
result for abstract algebras.

Let Z(p) denote the set of zeros of p(x). Obviously, Z(p) CS(p) and there-
fore may be empty. However, for Z(p) to be empty it is not necessary that
a, be in the radical. In fact, as the following example shows, a, may be
regular. '

Let C’ be the sub-algebra of C[0, 1] consisting of those functions f() for
which f(0) =f(1). Let p(x) be the polynomial ao+a,x? where ao=—e and
as=exp 2mwit. Suppose p(z) =0. Then ax32= —ao or (exp 2mwit)z?=1. Thus
z?=exp (—2mit) and 2= +exp (—mit). Since exp (—mit) is not in C’, p(x) has
no zeros in C’. Yet, a;=exp 2wit is regular in C’.

Therefore, for an arbitrary algebra, there can be no fundamental theorem
of algebra. At the same time, for some polynomials the set Z(p) may be
infinite. In the algebra (m), if p(x) =a.x"+ao where a, is the sequence
{am}, k=1,2, - - - andinf, { | @] } >0and ao= {ao} whereinf, { | ao| } >0,
then p(x) has infinitely many zeros. In (m), if a, is regular, then p(x) has at
least one zero.

The foregoing indicates to some extent how the algebraic properties of
polynomials over a B-algebra differ from those of complex polynomials. We
now show that the metric properties differ also.

We recall that for complex polynomials the modulus Ip(x)l > N for all x
such that | x| >r, N>0 being an arbitrary real number. A very simple exam-
ple shows that this is not so for arbitrary B-algebras. In the algebra of pairs
(A1, A2), let p(x) =aix+ao where a;=(1, 0) and ao=(1, 1). For every >0
there is a z in B with ”z” >r and ”p(z)“ =1;eg.2=(0,r+1).

If the polynomial is restricted by the requirement that a, be in G, one
might expect the classical result to apply. For the algebras (m) and CJ[0, 1],

or any algebra in which the norm has the property ||z?|| =||2||?, this is true.
If ||| =|2||2, then ||3|| =1im sup, (lz"y¥» =max {|2(M)|, M in M}. Hence,
le@ll =] (2@ 10| 2| 220 | [u~lanill/ | 2AD] = - - - ~[ladll/|2(2)| ]

where p=min {|a.(M)|, M in M} >0. If ||| >7, then maxs {|2(M)|}>r

so that we need only choose 7 large enough to obtain ||p(z)|| > N.
Of course, if max {|2(M)|} <||2l|, then the proof is invalid, as it is in an
algebra with radical, or in the algebra (1) of convergent (absolutely) power



362 E. K. BLUM [March

series with complex coefficients. (1) is an algebra with multiplication and
addition defined as ordinary multiplication and addition of series and the
norm of a power series defined by the usual formula || > gaax"| = > ¢ | anl.
In (1), the element p(x)=x?—x—2 has norm 1+4+142=4 whereas
max {|p(x)|, |x| 1} =max {|[p(x)](M)|, M in M} <4 as an elementary
calculation shows. The behavior of the norm in algebras like (1) is not clear.
We point out that for N >0 there is an r such that for all Ae with l)\l >r,
||p()\e)|| >N if a, is in G. If F is the set of elements z such that “p(z)” >N,
then F contains all z such that maxy {|2(M)|}>r. Fis a subset of the set
of z such that ||z|| >7. If the radical of B is not {0}, F is a proper subset.

We turn now to a study of rational functions.

9. Rational functions. Let g(x) =ax-+b, where a is in G. If ¢(z) =0, then
az= —b, and z=a"1b. Thus ¢g(x) has precisely one zero. The rational function
g(x) = [q(x) | "'=a"'(x+a~1b)~'=a~'(x—c)~' is defined for all elements of the
form c+g where —c=a"'b and g is in G. We denote this set by D(g). It is
easily seen that D(q) is homeomorphic to G with components mapping onto
components under the translation g—c-+g. Unlike G, however, D(g) need not
be a group under multiplication.

Let D(q)’ be the subset of D(g) consisting of elements ¢4g such that g is
in the principal component G;. The fundamental group of D(gq)’ is isomorphic
to m1(G), the fundamental group of Gy. It has been shown [12] that the curves
of the form {c+exp ty|exp y=e, 0<t<1} form a set of generators with base
point c+e. Any closed curve in D(g)’ with initial point ¢+ is homotopic to
one of these generators. Let the curve K in D(g)’ be parametrized by z(t)
where 2(0) =2(1) =c+e. Let K(c) be the curve in G parametrized by x(t)
=2(t) — ¢ so that x(0) =x(1) =e. Then [k(z—c)~'dz=[xx'dx=2miy, where
exp 2wty =e. Thus the residues of (x —c¢)~! are the same as those of x~1.

The formula (x—c)~! defines a single-valued complete analytic function
in each of the components of D(g). The point ¢ is obviously a pole of order
one of each of these functions. However, there may be other simple poles.
Suppose z in B is such that the complement of the spectrum of z—c¢ contains
the interior of a circle of radius 7, centered at 0, with the exception of the
point 0 itself. Then (Ae+2z—¢)~! is defined for all |)\[ <r except A=0, so that
z is a pole. This is also a necessary condition for an element z to be a pole.
There may be an infinitude of poles, possibly nondenumerable. For example,
if B is a reducible algebra and e; is an idempotent, then z;=c+e¢; has the
above property since the spectrum of z;—c¢ consists of the points 0 and 1.
There may be a nondenumerable number of idempotents in the algebra. If
the radical of B is {0 }, and B is irreducible, then since the spectrum of every
element is connected, we may conclude that the only plane singularity of
(x—c)~!is the pole c.

We observe that all the residues of x~! may be obtained by integrating
along special curves which contain the various singularities of x~! as “center”
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in a sense. For example, if ¢; is an idempotent, then e; is a pole of x~1. Let
K (e;) be the curve {e;+(r; exp 2wit)e, 0<r;<1}. Then x~'is defined on K(e;)
and for all points of the ¢;-plane interior to K(e;), and we have

1
f v ldx = f [(exp 2wit)/(e; + r; exp 2wit) |2wir;dt = 3’, say.
K 0

If M is a maximal ideal, then 2'(M) = [3(2mir; exp 2mit) / (e;(M) +r; exp 2mit)dt.
If e;(M)=1, then z'(M)=0. If ¢;(M)=0, then z'(M)=2mi. Thus 2'(M)
=2mi(e—e;)(M) for all M. If the radical of B is {0}, then 2’ =2mi(e—e¢;).

Now let us consider the polynomial p(x) =asx?*+a;x+ao where a; is in G.
We may assume a; =e. If p(x) has a zero z;, then we may write p(x) =(x—2z)
- (x—2;). The substitution y =x — 2, yields p(x) =y [y — (22— 21) ] =y2— ¢y where
c¢=2—2. Thus we may confine our attention to polynomials of the form
x?—cx when studying polynomials which are of degree 2 and have a zero. We
assume p(x) =x2—cx and point out some facts about its zeros.

If B is reducible and e; is an idempotent, then clearly ce; is also a zero.
Thus p(x) may have infinitely many zeros. Reducibility is not a necessary
condition for p(x) to have more than two zeros. In the algebra C[0, 1], if
¢=sin 2mt, then the polynomial x2— cx has the following zeros besides 0 and ¢:

the function 7,(¢) defined by: sin 27t for 0=<¢t=<1/2, and 0 for 1/2=¢t=<1;
the function 7.(¢) defined by: sin 27t for 1/2=<t<1 and 0 for 0=5¢t<1/2.

Thus the polynomial has four zeros in C[0, 1] although this algebra is ir-
reducible. Further, if we let ¢=¢ sin (1/t), then x2—cx has infinitely many
zeros in C[0, 1].

If B is an irreducible algebra with radical {0} and ¢ is a regular element
in B, then 0 and ¢ are the only zeros of x2—cx. For if z is such that z2(z—¢) =0,
then for every maximal ideal M we have z(M)[z(M)—c(M)]=0. Thus
2(M) =0 or Z(M)=c(M). If 2(M)#0 for any M, then z=c¢. If 2(M')=0 for
some M’ in M, then z=0, for if not, by virtue of the connectedness of the spec-
trum of 2z there is a maximal ideal M" such that 0<z(M")<u, where
M=min {Ic(M)|M in M} >0. Then we have z(M”)[s(M")—c(M")]50,
which contradicts the assumption that z is a zero of p(x).

Having observed the various modes of behavior of p(x), we proceed to
study the rational function [p(x)]-1. As above, let D(g) be the set of elements
of the form ¢+g where g varies over G. [p(x) ]! is defined for all x in GN\D(g).
We denote this set by D(p). As the intersection of two open sets, D(p) is
also open. We shall show that it is not empty. (Remark: It is clear that D(p)
is independent of its representation as the intersection of the domains of the
factors of p(x); i.e. if p(x) =(x—3z)(x—c+32) is any other factorization, then
D(p)={z+g|gin G}N{(c—2)+¢g|g in G}.)

We recall that G, is a subgroup of G and that gG; denotes the coset of
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G/G, which contains g and that this is also the component of G which con-
tains g. Let (c+gGi) denote the set {c+gg1|g1€G}. We call this set the
“c-translate” of the component gG,. Observe that Ag is in gG; for all complex
. If x is such that ||x—Xg|| <|\[/||g=Y| for a given g, then x is in gG1. Thus,
if we choose A so that [|c|| <|)|/|[g7!|, then c+)g is in gGiM\(c+gGy); i.e. for
all gin G and all ¢ in B the set gGiM\(c+¢G1) is not empty, or each component
of G intersects its c-translate.

A component of G may also intersect the c¢-translate of another com-
ponent. For example, if g is in G but not in G,, and g, is in G;, then (¢+G))
MgG, contains the element g if we let c=g—g;. Thus we have GN(¢c+G)
= U,,,}.eG [gGlf\ (C+hG1) ]

Now, GN\(c+G) is a union of maximal open connected sets, its com-
ponents. For arbitrary elements ¢ in an arbitrary algebra B, not much is
known about the structure of these components. We have seen that each gG;
intersects its c-translate. It is not known whether this intersection is con-
nected. If it is connected, then clearly it is a component of D(p). In each
component of D(p), the formula [p(x)]-! defines a single-valued complete
analytic function. We shall investigate its singularities. We write f(x)
= [p(x) ]

If z is a plane singularity of f(x), then z is in ~G\U~(c+G), where “~”
denotes the complement of a set. If z is in ~G, then its spectrum contains 0
as an isolated point, and all complex numbers in a neighborhood of 0 are
not in the spectrum of z—¢, with the possible exception of 0. This condition
is sufficient for z to be a plane singularity of f(x). If z is not in G and the alge-
bra is irreducible and has radical {0}, then z=0 since the only element
which has a spectrum containing 0 as an isolated point is the zero element.
In this case, 0 is not in the spectrum of z—c= —c¢ unless ¢=0. If ¢5#0, then
¢ is in G. Similarly, if z is not in (¢+G), then z2—¢=0. If ¢ is not 0, then the
spectrum of 2z cannot contain 0 since it is connected. Thus z=c¢ is in G again.
This shows that 0 and ¢ are the only possible plane singularities of f(x) when
the algebra is irreducible and has radical 0. They are plane singularities only
if ¢ is in G. This last condition is also sufficient as the next lemma shows.

LEMMA 9.1. If c s in G, then c and 0 are simple poles of f(x).

Proof. f(x) is clearly defined for all elements ¢+4Ae and Ne such that
0<|\| <7, for some real r. The Laurent expansions are

J@) = [s(z = ] = (& = )7 [(x — ¢) + ]
(x—o) e+ (x— )]t = (x — o) e Me— (g — et + - - - ],
fx) =cHx—c)t—c?+c3¥(x—c) —c4(x— )+

]

where the series converges super-absolutely at least for |lx—¢|| <1/]| c“||;
similarly, f(x) =x"Y(—cV)(e—xc)'= —cx e+ xc+x% 2+ -
where this series converges super-absolutely at least for 0 <||x|| <1/|| c“”
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For reducible algebras we have the following

LeMMA 9.2. If B is a reducible algebra with radical {0} , any plane singular-
ity is a pole of order at most 2.

Proof. Let z be a plane singularity of f(x). The coefficients of the Laurent
expansion around z are given by a, = (1/2m) [x(x —2)~"f(x)dx where K is the
curve {z+(r exp 2mit)e} and r>0 is such that both z and z—c¢ have their
spectra outside the circle C= {r exp 2mit} except for the point 0. Then we
have

ay = (I/Zwi)f (z4+ ¢te)" Wz — ¢+ ce)"'(fe)~™'d¢ where ¢{isonC,
c

an(M) = (1/2m5) fc(2(M) +§) [ +2(M) —c(M) |-2¢—1d¢ for all # and all M
in M. In particular, for n=—3, a_y(M)=(1/2m5) c(z(M)+{)[z(M)
—c(M)+¢]¢2d¢. There are four cases:

(i) ¢(M)=0and z(M) 0. In this case, a_s(M) = (1/2m5) [ct2({ +2(M))~%d¢
and since 2(M) is exterior to C, a_3(M) =0 for all M.

(i) ¢(M)50 and 2(M)=0. Then a_s(M)=(1/2ms)fct—1(¢ —c(M))-1¢%d¢
= (1/2m3) fe(£2/c(M)) [1/ (¢ —c(M)) —1/¢ ]dt =0 since ¢(M) is outside C.

(iii) ¢(M)=0 and z(M)=0. Then a_s(M) = (1/2ms) [¢d{ =0.

(iv) ¢(M)#0 and z(M) 0. Then

T

2rid ¢ — (M) L + 2(M) _g' + 2(M) — (M)
1 1 ¢
s ¢ o) [r+z(M)] %
) $s
+ (1/2wic(M))

¢ ¢+ a(M) — o(M)

since 2(M) and (z—c)(M) lie outside C.

Similar treatment may be accorded the coefficients a, for n < — 3. Since
the radical is {0}, a.=0 for n < —3 so that z is a pole of order at most 2.

In reducible algebras, if ¢ is a pole and e; is an idempotent, then ejc is
also a pole since (e;c) (M) =e;(M)c(M) and e;(M) =0 or 1; i.e. (esc)(M)=0 or
¢(M), and (ejc—c)(M)=0 or —c(M). If ¢ is a pole, then ¢(M)=0 or Ic(M)|
>e>0. Hence e;c has the requisite spectral properties.

Of course, ¢ may not be a singularity(?) at all; i.e. if ¢ is not in G. In re-
ducible algebras, this does not preclude the existence of other singularities
as it does in the irreducible case. For example, in the algebra (m), let ¢ be a
sequence {l/n}, which is not in G. Then 2=(1,0,1,1,---,1, ---)isa
pole of f(x), for the spectrum of z consists of 0 and 1, while the spectrum of
z—c=1{0, —=1/2,1—1/3, - - -, 1—1/m, - - - } consists of all the numbers in

(®) Hereinafter singularity will mean plane-singularity.



366 E. K. BLUM [March

that sequence and the number 1. Hence 0 is an isolated point. This is sufficient
to make z a plane singularity. The lemma shows that it is a pole.

The above example reveals that a zero of p(x) need not be a singularity
of f(x). Conversely, the pole z need not be a zero as the example shows. Thus
any attempt to locate zeros by contour integration appears doomed to failure.

We have shown that the residues of x~! can be obtained by integrating on
curves of the form { 20+¢(t)-e} where 2, is a pole of x~!. This is a type
of residue theorem. We should like to prove a similar result for f(x)
=x"Yx—c)"L

Let ¢; be an idempotent and let Moj={M|e;(M)=0} and My;
= {M| e;(M)=1}. Then MM =Mo;\UM; and both sets PMo; and M,; are closed
in M, and therefore compact. We have the following

LEMMA 9.3. A necessary and sufficient condition for xc=e; to have solutions
1s that c(M) 0 for all M in ;.

Proof. Necessity. If cjc=e;, then c;(M)c(M)=e;(M)=1 for all M in My;.
Hence ¢(M) 0 for all such M. If ¢;=0, then I,; is empty and the lemma is
trivial. If e;=e, then ¢cj=c"1.

Sufficiency. We shall prove ¢;= [e;c+(e—e;) |"'e; is a solution of xc=e;.
First, [ejc+ (e—e;) (M) =e;(M) -c(M)41—e;(M). For M in My;, this equals
c(M)#0. For M in Mo;, it equals 1. Thus [e;c+(e—e;) ]! exists.

Let d=cjc. Then d[ejc+ (e —e;) ] =ejc. But ej[ejc+ (e —e;) | =e;c. Therefore,
(@—e;) [ejc+(e—e;) ] =0. Since [e;c+ (e —e;) ]! exists, d =e;, which proves the
lemma.

We observe that there may be more than one solution of the above
equation. In the algebra (m), for example, if ¢=(2, 0, 0,---) and
e;=(1,0,0,--:), then c=(1/2, 8, 83, - - - ) where 8, may be chosen arbi-
trarily for n 22, except that the {|3,| } must be bounded.

We now prove the main theorem on the residues of f(x) =x~1(x —¢c)~.

THEOREM 9.1. If the radical of B is {0 } , and d is a residue of f(x), then d is
of the form 21ri‘E}’_ln,~c,~e,- where e =e;, ejen=0 for j=k, and cic=e; with
|e(M)]| >0 for M in U2 Dy;.

Conversely, if Ic(M )I >0 for all M in UL, D, then there is a curve K in
GN\(c+G) such that [xf(x)dx =d where cd =2mi Y 5. nse;.

Proof. Suppose [xf(x)dx=d. For all M, we have d(M)=[xund{/¢[¢
—c(M)]. Thus d(M) = (1/c(M))2mwin where n=0, +1, £2, - - - if ¢(M) 0.
If ¢(M) =0, then d(M)=0. Hence, (cd)(M) =2min where n is a rational in-
teger or zero. This implies [exp (¢d) (M) =1 for all M. Since the radical is
{O}, exp (cd) =e. Therefore, cd =2mi Z}’_ R

Now, the I, are disjoint in pairs, for suppose M is in My;N\ My, j=k.
Then 0=(e;ex)(M)=e;j(M)er(M)=1, which is a contradiction. If b=2w1
. Z}’_ln,-e,-, we see that (M) =2min,#0 for M in Ul ,My;, 1=k =p. Hence
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(cd) (M) =b(M)#0 for M in U, My; and therefore d(M)#0, c(M)#=0 for
these M.

By the preceding lemma, ¢; exists for j=1, - - -, p. Let d’ =2mi > 2 m;c;e;.
If M is not in U7, Iy, then d’'(M) =0, and (cd) (M) =b(M) =0. If ¢(M) =0,
then d(M)=0. If ¢(M)=0, then d(M)=0 by the third line of this proof.
Thus d(M) =0 for all MEU,.,My;. If M is in Py; for some j, then d'(M)
=2min;c;(M) =2win;/c(M). Since (cd)(M)=2win; for this M, we have
d(M)=2win;/c(M). Thus d(M)=d'(M) for all M. Since the radical is
{0}, d=d’ as was to be shown.

Now suppose b =2mi ) ?_ ne; where & =e;, ejer =0 for j %k and lc(ﬂl)l >0
for M in UL, M. Let K be the curve parametrized as follows: z(f)
=7 exp (2mith)+R(e— D 7 .e;) where 0 <r <min {Ic(M) , M in U}’.léml,'}
and R>r+“c”. (Since U7, My; is compact, minyeymy { c(M)I } >0.) We
shall prove that z(¢) is in GN(c+G) for 0=t =1,

Let M be in UL, My;, say M in My. Then b(M) =2min: and [3(£)](M)
=7 exp (2minit)+R(1—1)=r exp (2mimit) 0. If M’ is in N}.,Mo;, then
e;(M')=0 for j=1, - - -, p. Hence [2(t) |(M’) =r+R>0. Thus [z(t) ](M) =0
for all M in M; i.e. 2(¢) isin G for 0=t < 1.

Similarly, for M in U2y, |[2() —c](]l/.f)l = Ir exp (21rim,t)—c(]ll)|
= |c(M)| —rzp—r>0 where p=min {|c(M)|, M in UDy;}. For M not in
Uy, | [et) —cl()| =|7+R —c(M)| ZR—r— |c(M)| 2R—r—||¢]| >0.
Thus [2(t) —c] is in G for 0=t <1.

The integrand f(x) is therefore defined for all x on K. The integration
proceeds as follows:

fxf(x)dx

27ibr exp (2with)dt

[r exp (2with) + R(e — 5: e; ] [r exp (2xith) + R(e - ’Z e;) - c]
1

1

1 27ib 2with)dt L
wibr exp (2with) = S [ = — 9tas

P
=Zei

=1 0 z(t) [3() — ¢] - x
= i e (x — o) ldx = i cil(xz — o) — x1]dx
=1v K i=1J K

since cjc =e; and ¢; exists by the Lemma 9.3.

Now let Io= [xx—'dx = [ [2mibr exp (2mith) |- [2(t) ]-'dt. For M in UL, My;,
Io(M) = [32mimir exp (2mwinmit)/(r exp 2minit)dt=2win,. For M not in UDky;,
?(fll) = [00/(r+R)dt=0. Thus I,(M)=b(M) for all M. Since the radical is

0 , Io=b.
Let I, = [r(x —c)~'dx = [{2mibr exp (2mitd) [3(¢) — ¢ ]~'dt. For Min UZ_, My;,
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L) f‘ 2mingr exp (2wingt)
¢ o rexp (2wingt) — c(M)

Letting {(¢) =7 exp (2mwint), we have d¢ =2mwim{dt so that

w0 = [ (=)

where K’ is the closed curve r exp (2winit), 0<t=<1, in the complex plane.
Since |c(M)| Zp>r, (M) lies outside of K’ for all M in U29%;. Hence,
I(M)=0. Likewise, for M not in UMy, I.(M) = [30/(R+7r—c(M))dt which
equals 0. Thus I, =0.

Therefore, [xf(x)dx=— > ?_, c;b. Since b=2mi Z}’_, n;e;, and cje, =0 for
i<k (i.e. [cjer (M) =c;j(M)er(M) =0 since ¢c;(M) =0 for M in My and e, (M) =0
for M not in M), we have

P
f f(x)dx = — 21ri2 n;cie;.
K j=l
Reversing the parametrization of K then yields the desired result.

We now demonstrate that all residues of f(x) may be expressed asa sum
of residues obtained by integrating on curves of the form {z,+y(t)e} where
2 is a pole of f(x) and Y(¢) is a continuous complex function, 0 <¢t=<1. This
is an analogue of the residues theorem for f(x).

Let d be a residue of f(x). Thus d=2mi 2 %, njce;. Again, let u
=min {|c(M)|, M in UMy;} and p>r>0, R>r+nc”.

THEOREM 9.2. The elements zj=R(e—e;), j=1, - - -, p, are poles of f(x)
and the integral of f(x) on the curve K;: {Zj‘l"f exp 2minit), 0=t=1 } is equal to
—2minjc;. Thus 25~y [x;f(x)dx=—d.

To prove that z; is a pole we must show that f(z;+Ne) is defined for
0< |\ <r+e, where r+¢|c|| <R, €>0, r+e<p.

If M is in My, then |(z;+Ne)(M)| =|0+\| 0. If M is not in My,
| (zi4+Ne)(M)| =| R+N| ZR—|\]| >0. Thus (z;4Ne) is in G for all X such
that O<|>\| <r+e. Likewise, l(zj+)\e—c)(]l[)] =|)\—c(ﬂl)| = lc(M)l —I)\I
Zpu—(r+€>0 for M in My; and |(z;+he—c)(M)| =|R+N—c(M)| ZR
- —|lel| =7 — €>0 for M not in My;. Thus (z;4+Ne) is in (c+G) and z; is a pole.

Let d;=[kf(x)dx=[32minyr exp (2minit)[z;+r exp 2mint]~'[z;+7
-exp 2mwin; t—c|~'dt. Then

4,00 = f 1 2winyr exp (2win;t)dt _ f at
! B o 7 exp (2mingt) [r exp 2winit) — o¢(M)] B K;(M) ¢le — e(an)]

for M in ;. Here K;(M)={r exp (2min;t) }. Since |c(.M)| >r for M in
Mj, ;(M) = —2mwin;/c(M). For M in IMo;, we have
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1 2mingr exp (2mint)dt
o [R~+ rexp2rxinit][R+ rexp 2rint) — c¢(M)]

[
- 2
ran £l — ()]

since { =R+r exp (2mwin;t) and |§‘| ;R—r>||c[| = |c(1l[)| ;1.e. ¢(M) is exterior
to K;(M)={R+r exp (2min;t)}. Thus d;(M)c(M) = —2mwin,e;(M) for all M.
Since the radical is {0}, djc= —2min;e;, or d;= —2minc;. Clearly, >2 ., d;
=—dor ) 5, [rx}(x—c)"'dx=—d as was to be shown.

We conclude the discussion of the function x~!(x —¢)~! with some further
remarks on the topological structure of its domain GN(c+G).

If ¢ is in G, then the component ¢G; of G intersects every component of
(¢+G). In proof, let (c+gG:1) be any component of (¢c+G). Let g, be an
element of G, such that ||gl||lg]] <1/]l¢7!||. Then we have ||(c+gg)—d||
=|lggill =llellllgdl <1/lle72|| and (c+gg) is in ¢Gi. Correspondingly, the com-
ponent (c+cG,) intersects every component of G, for if g in G is of sufficiently
small norm, then g—c¢ is in ¢G; and ¢+ (g—c) =g is in (c+cGy).

This by no means determines the set-theoretic structure of GN\(¢c+G) for
it is not known whether a component gGi, other than ¢G,, intersects any
component of (c+G) except its translate (¢+gGi) and (¢+¢G,), or whether
these intersections are connected.

The discussion for f(x) =x~!(x —c)~! may be extended to the case [p.(x) ]!
where p.(x) is a polynomial which is of degree # and splits into # linear fac-
tors. If p.(x) does not split into linear factors, the situation is more difficult.
If D(p,) denotes the set of z in B such that [p.(z) ]! exists and O(p.) is its
complement, then we can state the following

THEOREM 9.3. If p.(x)=aotax+ - - - +a.x" is such that O(p,) and
D(p,) are not empty, then fu(x) = [pa(x) ]! is a meromorphic function; i.e. it
has no plane singularities other than poles. In fact, the poles are of order not
greater than n, assuming that the radical is {0}.

di(M) =

Proof. The domain of analyticity of f.(x) consists of the various com-
ponents of D(p.). Suppose 2, is a plane singularity. Then 2, is in O(p,) and
z0-+\e is in D(p,) for all X such that 0 <|\| <r1. Let fa(x) = 2.2 bn(x—20)™
be the Laurent expansion around z,, where b, = (1/2m%) [xfa(x) (x — 20) ™ dx,
m=0, +1, £2,---,and K is the curve {zo+(r exp 21rit)e}, 0<r<r.
For M in I, we have

bn(M) ! Y h (M) #0
m = — where
2mid (@) + a(E + - + an () w

and 0 < N=# and { =2,(M) 4\, \,=r exp (2mit). Factoring the complex poly-
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nomial, we obtain ao(M)+ai(M)¢+ -« - - +an(M)¥ = [a"(M)]E—=N) - - -
(¢ —Ax). Thus

—m—1

ba(M) = i A d\
U wid kan an(M)Ne = On = 2(M)] - - N — O — 20(M))]

If Ae—20(M)0, then l)\k—zo(M)l =r for k=1, ..., N, for otherwise
20+ A\r—20(M))e is in D(p,). This is impossible because

[pa(za+ O — 2(MDO (M) = aw(30) [20(M) + N = 2o(M) = Ni]
N [zo(M') 4+ N — Zo(M) - )\N]

which equals zero. Thus for m < —n, the integrand in the expression for
bn(M) is analytic interior to the curve A\,=r exp (2wit) and also on the
curve. Hence, for such m, b,(M)=0. This holds for all M. Since the radical
is {0}, bm=0.

As a concluding remark, we observe that the theory of the general ra-
tional function p,(x)[pa(x)]-!, where p.(x) and pn.(x) are polynomials, is
not immediately obtainable from the theory of [p.(x)]~! because the domain
of analyticity may possibly extend beyond D(p,).
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