POTENTIAL THEORY IN THE GEOMETRY OF MATRICES

BY
JOSEPHINE MITCHELL(})

1. Introduction. Let z=(27*) (1<j, k<#n) be a square matrix of complex
numbers z7%*, z* the conjugate transpose of 2, 1 the identity matrix, and 0 the
zero matrix. We study the set D defined by the relation 1—zz*>0, that is,
the set of matrices z such that the quadratic form 1 —z2z* is positive definite(2).
By defining a neighborhood of a point z, for example, as the set of points y
such that ny"—zf"[ < e for arbitrary positive € (1 <j, k<n), it can be shown
that the set D forms a convex bounded domain embedded in 2%#? dimensional
Euclidean space. If z is a symmetric matrix (that is, z=3', where g’ is the
transpose of z), the corresponding domain D lies in n(n+1) dimensional
Euclidean space and if z is skew-symmetric (z= —z*) in #(z—1) dimensional
Euclidean space. We consider the first case although many of our results
apply with only minor changes to the other cases as well. A proper part of
the boundary of D is the set of unitary matrices, that is, the set B= [22*=1]
[9, §3](3). These three domains form part of a set of six irreducible domains
possessing the property that all other bounded simple symmetric analytic
spaces can be derived from them by analytic mappings and topological prod-
ucts [7; 13]. Of the other three irreducible domains two occur only for special
values of # and the sixth is the set of complex spheres.

The set of transformations which takes the domain D into itself is

(1.1) w = (az — at)(d — dt*z)71,

where ¢ is a fixed point of D and a*a=(1—1#*)"!, d*d=(1—t*)"1, and
a*at=td*d [13]; the invariant metric with respect to this set of transforma-
tions is given by

(1.2) ds? = o((1 — 33*)"1dz(1 — z*3)~1d3z*),

where ¢ is the trace of the matrix [7]. The domain D with its metric is a
Riemannian space.

In this paper we set up a potential theory for the domain D with respect
to the boundary B. In §2 we derive the first and second (Laplacian) order
differential parameters corresponding to the invariant metric (1.2). The La-
place equation is
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(1.3) Av =450 — 2"'F )6 — 35 99 v/07 95" = 0

(2 is the conjugate of z), where a repeated index means summation with
respect to that index. Any real function with continuous second order partial
derivatives (that is, any regular function) which satisfies this equation is
said to be harmonic. Some of our results concern a proper subset (for n>1)
of this class of functions, namely, those functions, called B-harmonic functions
[2], which are the real or imaginary parts of complex analytic functions of
several variables. A necessary and sufficient condition that a regular function
v be B-harmonic is that it satisfy the differential system

(1.4) 8%/931%3z71 = 0 (1=j,kpgsn

[3]. The Laplacian (1.3) is invariant with respect to the set of transforma-
tions (1.1). In §3 we derive Poisson’s integral and function for B-harmonic
functions from Cauchy’s formula which has already been obtained by S.
Bochner [4]. The Poisson’s function is harmonic but not B-harmonic. Using
Poisson’s integral, a Dirichlet problem is solved in §4. In §5 we obtain that
solution of (1.3) and (1.4) which is a function of det zz* (the solution turns
out to be the same for both differential systems). That the solution is a
function of det zz* is in analogy with the classical Laplace equation and the
fact that the Bergman and Szegé kernel functions in our case are known to
be functions of det (1—2zt*), where ¢ is a fixed point of D [9, 4]. Having ob-
tained this function it is not difficult to define a unique Green’s function of
the differential system (1.4) with the required properties. In §6 the normal
plane to the boundary B is set up in order that a Neumann’s function of the
differential system (1.4) can be defined for the domain D and boundary B.
These three domain functions are found to have many of the properties
possessed by the same functions of the classical Laplace equation 0%/920z =0
for the unit circle 22<1.

It seems to me that similar results could be obtained for more general
Riemannian spaces if the space possessed a suitable boundary of dimension
n2. In this connection see [2]. We note that the set B= [2z*=1] is not a dis-
tinguished boundary surface of the kind usually considered Bergman [2]. The
sets 271z¥! — §, =0, of which B is the intersection, do not satisfy Levi's condi-
tion and hence are not analytic hypersurfaces [3]. A more general potential
theory for Riemannian and Ki#hler manifolds with respect to the complete
boundary is given in [6; 16].

2. The first order differential parameter and the Laplacian of the in-
variant metric.

2.1. The Laplacian for a Hermitian metric. Let

(2.1) ds* = Bdz*dz (1=pv=2n)

be the square of a Hermitian metric, that is, (2.1) is a positive definite quad-
ratic differential form with
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Bit = Bisn.ken = 0,
Biktn = Brin.i = Bisnk = Br.jsn (1= k=n)

[15]. Let det 8 be the determinant of the matrix 8 =(8,,) and (8’*) the inverse
matrix, so that

(2.3) 8B = by

(2.2)

THEOREM 2.1. For the Hermitian metric (2.1) the Laplacian of a real function
Vs

i) 1%
(2.4) AV = 2det V28 Re {a—— [det”2 BRItk ——:I} (1=4,k=n).

Zitn dz*

“Re f” is the real part of the function f and “Im f” the imaginary part.
Proof. Let the real form of the Hermitian metric (2.1) be given by

(2.5) ds? = a,dx*dx’, Ay = Uy
where

dzi = dai + idxitn, daitn = dai — idaitn,
(2.6) + #

dxi = (1/2)(dz7 + dzi*n),  daitn = (1/24)(dsi — dzi+m).

Corresponding to the square of the metric (2.5) the Laplacian of a real func-
tion Vis

a v
(2.7) AV = det™ 12 q¢ — (del:”2 aak” >
i} ax

o ¥l
[14], where (a#) =a—L.
Introducing the operators

a 1 ( a 10 ) a 1 < i) n 19

g 2 \oxi oxitn)’ dzitr 2 \9xs axi+")’
' 3 3 3 3 3 ]

dx? 93! dzitn dxitn dz? dzitn

we find that «,, and o transform according to the usual formulas
dz7 928 dx+ Jx*

2.9) Ay = s L vo
( T e ox B “ dzv 9z8
Thus by formulas (2.2) and (2.9) we find that
(2.10) Ak = Qjin k+n = 2 Re ﬁ,,k+n, Qjktn = — Qjyn,k = 2 Imﬁj,k-{»w

Also

det 8% = + d t(o A’)
e = + de ,
Bi 0
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where 4; equals (8;,4s) With the jth row omitted and By equals (8;1n.x) With
the kth column omitted. By the Laplace expansion using the last #» columns
we get zero since 4 ; has only n —1 rows. Similarly for 7+ Thus

(2.11) Bik = Bitn.kin =,
Also, Bi#+n»=gitn* Thus by formulas (2.9)

ajk = qitn.ktn = (1/2) Re ﬁi.k-i-n'

(2.12) . , ‘
alktn = — gitnk = — (1/2) Im Bi-*+n,
Also by (2.10)
2R j n 2 i k+n
(2.13) deta=det<( ¢Biwen)  (2ImB "“))-
(= 2ImBjk4n) (2 Re B k4n)

To evaluate this determinant multiply the last # columns by 7 and add to the
first # columns; then multiply the first # rows by 7 and subtract from the last
n rows. This gives

2B k4 2Im B ktn
det & = det (( Bkt ) ( _BJ k+ ))
0 (2B;,1+n)
Laplace’s expansion used on the first # columns gives
(2.14) det a = det 28; 1yn det 28 k4n = (—1)"2%" det B,

since by (2.2)
0 ikt 0 i ktn
detB = det( Bi.xr )> = det( _ Bk )>
(Bi4n.x) 0 (Bj.k4n) 0
= (—1)»det Bj,kn det Bikins

(2.15)

which is real.
By means of (2.8) we transform (2.7) into complex form. There are four
different types of terms to consider, viz.

AV = det™12 aX {(—9—+ i )[A (—9— + i )V:|
dz7 Jzitr dzk dzktn
]
+ <6z' 6z7+"> [ (62 0z"+"> V:I
d
+ 1(-6_z-; B 6z’+")[ (Gz" 62"”) V]
B <6z’ az“‘")[ ( 8z"+"> V]} ’

where by (2.7), (2.12), and (2.14)

(2.16)
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)17 A = detll2 aa:’k — detl/2 aqitmktn = (_1)nl22n—-l detll26ReBi.k+n,
@-11) b ettt qaink — — dett? qaioktn — (—1)7/2271 det/? § Tm @irkén,

Thus

AV = det™128 [_a_ (detl/2 BB k+n ad )
dz7 dzktn

9 detl/2 ﬁgi.k+n a_V ,
zitn dz*

which proves Theorem 2.1 since det § is real.
In order to simplify the notation we set

(2.18)

._I_

(2.19) 285, k4n = giky 2Bjsn,k = Ejk-

Then (2.1) becomes

(2.20) ds? = gidzidz®,  gix = E; 1=j,k=mn).
By (2.15),

det B = (—1)"272" det g det 3,
where g =(gx). We also need 87+ * in terms of g's. By (2.2) and (2.3)

k k Ltn,k _ link
8; = BpiB’ = Brin.iB = (1/2zB8 .
Thus
(2.21) Brtmd = 2gh,
where g—!=(g*), and AV in terms of g’s becomes
) )
(2.22) AV = 4det™Y2 gz Re—.<det1/2 gg gk ——Z)
9z7 dzk
Consequently

CoroLLARY 2.1. The Laplacian of the Hermitian metric given by (2.20) is
(2.22).

2.2. The Laplacian of the domain D.

TueorEM 2.2. The Laplacian of the domain D corresponding to the metric
defined by (1.2) s
pl_jl Uk 1q 92

P k
(1.3) A=40; —2 2 )06, —% z ) prrrr—

The following result is needed in the proof of this theorem.

LemMA 2.1. The Jacobian of the square of the metric defined by (1.2) is
det=2" (1 —z3*%).
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Proof. If we set

(2.23) R = (rjk? ={1-2% S= (s,-k.) = (1 — z*3)7,
r = (rk) = 1 — zz*, s = (sk) = 1 — z%z(%),

then (1.2) becomes
(2.24) ds? = rjpdz*ls;,dzi™.
The matrix of this transformation is

ruS raS - raS

TS TanS + TS

which is the right direct product of the matrices R’ and S [8]. The value of
the determinant of such a matrix is det®R det®S, which equals det=2"
(1—22*), since det (1 —z*z) =det (1 —22*) and det™! a =det a1

Proof of Theorem 2.2. In the notation of Corollary 2.1, ds?=g,qu.dz?%dz*"
and comparison with (2.24) gives gpqus =7upS ¢»- For the Laplacian A we need
g7 9% where g, qu,g? 9% = 8,05, Now 7,777 =8}, and 54,5 % =4;. Thus

pejk _ ip ¢k pl_jl , k _lk 1g

(2.25) g = =0 = )0, — 2 2 ).
Thus AV of (2.24) becomes
) , v
- (det‘z" rrirgek ),
9z7k 9zP9

where 7i?s % and r are defined by (2.23). Using the differentiation formula

(2.27) d(det x) = det xo(dxx™1)(®),

(2.26) AV = 4det®" r Re

for nonsingular matrices x, we get that AV equals 4 det?*r times the real

part of
) vV 202* ) oV
det=2n 7| riPst* ——o— — 200 | — — R) rirgak
9z7%9z7P1 dz7* dzP1

(2.28)

— (nzpksqk + nffpzfQ)

v
azpq] :

(%) 1—22*>0 implies that det (1 —zz*) >0. Also, 1 —2z*>0 and 1 —2*z>0 define the same
domain [4].

(8) Proof of (2.27). We have that d(det x) = Z;_l @x* X+ + -« +dx* X ) =0 (@x(Xnp)),
where X3 is the cofactor of i, For nonsingular x, (X;) =x"! det x, from which (2.27) follows.

The second last term equals
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oz
rya? iP5k
ozik ° dz7e

2nzB

= 2nzo*tr rirsik
(2.29) 0zP¢

= 2no [Z(l — 3%3) (:TI;>’ (1 —22%(1 — zz*)—l]

can(e e ().

while the last term equals

~ o a(1 = % (:V> A ( §v>]
S —T ]

since og(a+b) =cd(a)+a(b); the sum of the last two terms is zero, so that

(2.30)

) v
(2.31) AV = 4Re I:r"’sq’c - .
9z27%9z79
The conjugate of this term is

» ol il k h_1q, O
6;—2 2 )0,—22 ) azi"azﬂ)

which upon interchanging p and j, gand k gives the original expression. Thus
AV is real for real V.

ReEMARKS. 1. For n=1, AV =4(1—2%)23%2V /9202 which corresponds to the
metric ds?=(1—22)"2dzdz/4.

2. The inner product form of A obtained by replacing z* by t* is

o ak1q  OW
You= 15 ) g

pl_jl
¢

(2.32) Az, t*) = 4(37 — 2

3. Since for a complex analytic function f, df/dz*=0 (1<j, k<n), we
see that Af=0. Also since the operator A is real, A Re f=0 and A Im f=0.
Thus the class of B-harmonic functions is a subset of the set of harmonic
functions.

2.3. Invariance of the Laplacian.

THEOREM 2.3. The Laplacian (1.3) is snvariant under the set of transforma-
tions (1.1).
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Proof. Under (1.1) or the equivalent transformation
(2.33) w = (a* — zt*a*)"1(zd* — td*¥)
[9], 1—ww*—(a*—st*a*)~1(1—22*)(a—atz*)"1=0"""0*"1, where o=/ (0%)

=a*—zt*a* and r' =1—23* Also, 1 —w*w—(d*—z*td*)~1(1 —z*z) (d — dt*3)~!
=p*-1s'p=1, where p=d —dt*z and s'=1—2%z.

Now
Vv aV o0z
(2.34) = .
dwr?  9z™ Jdwr?
But
2.35 4z . . x Jw Q- dw
(2.35) aw”»(a —zla)awpq(—-tz)—oawpqp
[9]. Thus
*v PV azr gz
dwHFIwrr 9709z dwre dwik
(2.36) oV dwed » dwed 5
. — ore sguc v
0z4*9z7* dwre ? dwik
v -
= orPpasjuipko
aguvazra P
Consequently
%
AV = 4% — w" )6k — B W) ———
dwikgwre
(2.37)
_ vV
— 4oaprba6bjfkcsdcpqdorpﬁqsﬁu]ﬁkv .
aﬁuvazra
But 04,07 =10}, 6b;6% =85, Prcp** =20, P ap® =03, so that
r r v ls 6 V
AV =46 — 256 — 55 ) ——— = AV,
azuvazrs

2.4, The first order differential parameter. For the metric defined by (2.5)
the first order differential parameter is

(2.38) AV = o

Transforming (2.38) into complex form by the methods of paragraph 2.1, we
get
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. v av 1%
(2.39) AV = 2Re| g7 ¥+ — ) = 4Re( gi*— _)
9z7 dzktn 9z 9z

In particular for the domain D

P pl il 1k g 1% v
(2.40) AV =467 — 577 )0 — 5 ) ot i

2.5. The Euclidean volume element of the set B. The methods of paragraph
2.2 enable us to obtain the following results.

THEOREM 2.4. For the set B=[22*=1] the Jacobian of the square of the
Euclidean metric s (—1)—n+D/2 det=2"z and the Euclidean volume element is
(_1)—n(n+l)/4 det—"zdzlldg!? . . - dgnn,

The second result of this theorem has already been obtained by Bochner
by another method [4].

Proof. For matrices 2& B, z2*=32"1. Thus dz*= —2~1dzz~!, and the square
of the Euclidean metric becomes
ds? = g(dzdz*) = — o(dzz7'dzz7Y)
(2.41) ) .
= — dz¥'2;dz27™3km = — Zkm2jdz*ldzi™,

The matrix of this form is

_ ((erznzu) (er?zzz) T (zlﬂ:tznl))

2.42
( ) (Zam212)  (Zamz21) * * * (Znm3nl)

which can be reduced to the direct product of —z~! and z~! by means of
elementary transformations. Interchange columns 2 and #+1, - - -, » and
n2—n-+1. The first » columns become 2;271, 22127, + - -, 2z~ ! Then inter-
change colunns #+3 and 2n+2, - - -, 2n and n2—n-+2. The second set of n
columns become 2,271, - - -, z,22”!. Repeating on each set of # columns the
final result is

—zng —21n2_1>
)

—anz_l tte _Zrmz—l

(_ 1)n—l+n—2+ ool <

which is (—1)#*—D/2 times the direct product of —z~! by z~!, the value of
whose determinant is (—1)—(+D/2 det—2» g,

Now it is well known [14] that if the determinant of the square of the
metric is (—1)7#(»+D/2 det—2" 3, then the determinant of the volume element
is the square root of this expression, which completes the proof of Theorem
2.4. (According to Veblen this result holds for both real and imaginary co-
ordinates.)

3. Poisson’s integral and kernel [17, 18].

3.1. We need the following lemma for our proofs.
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LEMMA 3.1. The matrix 1 —zt* is nonsingular for tED and zED (D is the
closure of the domain D).

Proof. Suppose that 1 —zt* is singular, that is, det (1—2t*) =0. By Cra-
mer’s rule there exists a nonzero vector A(A!, - - -, A*) such that (1 —2t*)A=0
or 1-A=zt*\. Thus AN*A=A*z*zt*\. Since (€D, A*(1—#t*)A>0 or A*\
SN**N. Thus 0 =N\ —A*tz*2t*A >N*t(1 —2*2)t*\. Since & D(6), 1 —2*220,
or M*t(1 —3z*2)t*\ =0, which gives a contradiction. Thus det (1 —2zt*) #0 for
tED and z2ED.

For 2€B and t&D, z—t=(1—tz*)z and det (z—1) 50 since det z det
(1—12*) 0. The set of points z for which det (z—t) =0 for fixed ¢ forms a
2n2—2 dimensional manifold called the characteristic manifold of the func-
tion det (z—1¢) =0. (Since the function det (z—¢) is linear in each variable 27,
its discriminant is 1 and the set defined by the equation has no singular
points) [3].

3.2. For the unit circle 22=1 the following relation exists between the
Poisson’s kernel P(z, £) and the Szegé kernel function, k(t, 2) = [2r(1 —12) ],
[1], for all tf<1. If z=¢%%, then

3.1 Pz, 1)d 1 1—1 J 1—1 k0, 3) dz
. ) =— = = V3)— -
5 Nig 2r (z — 1)@ — 1) ¢ 1—1 iz

By means of this relation Poisson’s integral for a function harmonic in the
unit circle (the real part of an analytic function for »=1) may be derived
easily from Cauchy’s formula. For if f is analytic in 22=1, the function
fi(2) =f(2)(1 —ti)/(1—2f) is analytic in 2Z=1; also, f*(t)=f(t). Thus by
Cauchy’s formula

1 fe(1 — ) dz

2_1r;3 1—1z z—1¢

2r

(3.2 ) =10 = 1) P(s, D36,
0
Since P(z, t)d¢ is real, the real part of (3.2) gives Poisson’s integral for the
real part of the analytic function f.

This procedure may be generalized for the domain D with #>1. Cauchy’s
formula exists for any function f(z), analytic and bounded in D, and possess-
ing boundary values in the ordinary sense at all points of B [4]:

1 /@

3.3 ) = —_dV, te D,
3.3) ue VJ g detr (1 — tz%)
where

(3.4) dV = (—1)"nttD i det™" 2dz idz? - - - d3™™,

(6) 1—22*>0 implies that u(1 —2zz*)u* =uf(1 —2/'z¥))#* is positive for any nonzero vector #.
Now zED implies that z=lim z,, where 2.&D. Thus %(1 —zmz%)u*>0 and since the form is
continuous #(1 —zz*)u* =0 for any vector «.
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120 (= 1)

—1
(3.5) 14 G

[11]. By Lemma 3.1 and the hypotheses on f the function

det™ (1 — t*)
fz) = mf (2)
is analytic and bounded independently of z in D and has boundary values in
the ordinary sense at all points of B. Also f*(t) =f(¢). Thus by Cauchy’s
formula for the function f*
f(z) det™ (1 — u%)

1
-9 0=r0=5]), cea-wma-uw*" e

The function
1 det® (1 — #*) 1 det® (1 — #¥)

3.7 PG =— = —
V det* (1 — 2t*)(1 — tz*) V det* (z — §)(z* — t*)

is real. Hence taking the real part of (3.6) gives
(3.8) Re f(i) = f Re /() P(z, )V, 1ED,
B

We call P(z, t) the Poisson’s function of the domain D. Thus

THEOREM 3.1. Let f be an analytic bounded function in D and defined on the
boundary B. Poisson’s integral for the real part of f is given by (3.8) and Pois-
son’s function of the domain D by (3.7).

P(z, t) has the following properties analogous to the case n=1.

THEOREM 3.2. Poisson’s function P(z, t) is a harmonic function of t for
tED and zE B, that is,

3.9) AP(z, 1) =0 fort € D and z € B.
Also
(3.10) P(z, 1) >0 for t € D and z € D.

Proof. Since t&ED, det (1 —#t*) >0(%). Also, by Lemma 3.1, det (1 —zt*) 50;
consequently det (1 —2t*)(1—12*) =det (1 —2¢*) det (1 —i2*) is positive. Thus
P(z, t)>0 for tED and zED.

To simplify the notation in proving (3.9) set ' =1—1t*, R=(1—¢*)"1,
(z—¢t)"'=W as in (2.23); thus

(3.11) A= (3= 01— u*0E*— M)1=WrWwk
Then
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) )
V— Pz 1) = det™ 4
6[174 a[Pq

0
ndet”Aa[

o (Wr’W*)(Wr’W*)—l]

(3.12)

at at
= ndet"deo [(W — Wy - W t*> RW“:l
atre atra

at
ndet® Ao ( Wu’R) ,
atpq

since a(abc) =c(bca) =0d(cab) and Wr'—t*=(z—t)~'- (1 —tt* —2t*+-1t*)
=(z2—1)"1(1 —2t*) = Wu', where 4’ =1—3zt*. Similarly

(3.13) v

at*
—det®" A = ndet” Ao | aW* — R>.
atik dtik
Also
9%P(z, t)

Jtikgre

at at*
= n?det” Ao Wu’R) ol aW* — R>
atre otk

at at* at*
+ndet"Aa[ W(—z — R+ 'Rt — R):I
atre atik atik

Forming AP(z, t) by means of (1.3) and (2.25) with z replaced by ¢, the first
term on the right of (3.14) gives

(3.14)

ared aihe
4n®det Arirsek p W p U 368 W oy
{re

Py TR

= 4n®det™ A rirst w  udr 4,0 Wis .

= 4p?det” Ao(r'rlaW*s'Wu'R)

= 4n®det™ Ao (s'Wu'RaW¥*)

dndetr Ac[(1 — t¥8)(z — )11 — zt*)(1 — #*)~1(1 — tz%)(z* — ¢*)71].
The second term on the right of (3.14) gives

(3.13)

atik aLik
dndet® Arivstktw, (— zexrjp + u%rad®*r;,)
4n det® Ao(r 'r)o(— s’'Wz + s'Wu'Rt)
= 4n2det” Aoc[(1 — t*1)(z — )" (— 2 + (1 — at*)(1 — u*)"W)].
Combining (3.15) and (3.16) we have

ab 6Eed atv/
45 det™ Arirgak PYeY wbc<_zcd —— Tea + UFrg b — 'aa)

(3.16)
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4n2det® Ao[(1 — t*)(z — £)~1(1 — a¥)(1 — u*)~!
(3.17) (1 =tz tg* — 1¥)(2* — ) — (1 — ) (z — )" 1z]
= 4n2det” Ao[(1 — t*t)(z — )~1(1 — at* — 22* + 2t%)(z* — t*)~1] = 0,
since zz* =1 and ¢(0) =0.
This completes the proof of Theorem 3.2. It may be shown from (3.14)
that P(z, t) does not satisfy conditions (1.4) and hence is not a B-harmonic

function.
4. A solution of a Dirichlet problem.

THEOREM 4.1. Let u(z) be a continuous real function defined on the set
B=[2z*=1] such that u(z) =u(1) whenever det (1—2z)=0. Then there exists a
Sfunction f harmonic in D with the property lim f(t) =u(1) as t—1, tED. Such a
function f is given by

(4.1) ) = 1 u(z) det™ (1 — 1t¥)

av, tED.
VJp det® (1 — zt*)(1 — iz%)

There is al most one B-harmonic function f satisfying the conditions of the theorem.

Proof. Since it is permissible to interchange the operators A and [, by
Theorem 3.2

(4.2) AS(t) = j; APz, Hu(z)dV, = 0

for 2&EB and t& D, where P(z, t) is the kernel of (4.1). Thus f is harmonic for
t&D. If f is B-harmonic and f; were another B-harmonic function taking the
value % on B, then f—f; would be a B-harmonic function with the value zero
on B, hence by Poisson’s integral would be identically zero.

It remains to show that

(4.3) lim () = lim | P(z Hu(z)dV, = u(1), tED.
—1 t—1 B
The set B defined by zz* =1 is the set product of n? closed sets. Thus B is
closed. Also B is bounded so that it is compact. Consequently the continuous
function %(z) is uniformly continuous on B, so that given €¢/2>0 there exists
a >0 and independent of z such that ¢((z—21)(z*—2])) <8 implies |u(s)
—u(zl)] <e/2 if 2, & B. In particular for z such that det (1—2) =0,

4.4 I u(z) — u(1) | <e€/2 if o((z — zl)(z* — z*;)) <46 and 3z 2 E B.

For fixed z such that det (1—2;) =0 the neighborhood N(3, 1) = [¢((z—2)
+(2*—2})) <8] is open. Thus the union N(8) of the sets N (3, z;) taken over the
set [det (1—2)=0]is an open set of z's. Consequently its complement M(8)
is closed; also z&M(8) implies that o((z—21)(z*—2¥)) =6 for all 2 with
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det (1 —2)=0. Theset C=C(8) = M(8)N\Bis closed and compact in B. There-
fore for 2&€C the continuous function |det (1—3z)| attains its minimum,
m =m(8), at some point of the set C. Since det (1 —2)0 on C, m 0.

Now det (1—1{2z*) is a continuous function of z and ¢, defined in (4.1) on
the topological product of the sets D and B: DXB. The sets D and B are
both closed; thus the set DXB is closed in E,XE, (p=2n?, where E, is
Euclidean space of dimension p [12]. But the set DXB is also bounded.
Thus D X B is compact in E, X E,. Thus det (1 —¢z*) is uniformly continuous
on D XB. Therefore given m/2>0 there exists an 7, =7:(m) >0, independent
of t and 2, such that o((t—t)(t*—¢7)) <m and o((z—21)(z*—2})) <m implies
|det (1 —t2*) —det (1—t2})| <m/2 if tED and zEB. In particular for =1
and z;=2z we get
(4.5) |det (1 — %) —det (1 — 2% | <m/2 for a((t — 1)(t* — 1)) < 11
Thus

|det (1 —1z%) | = |det(1 —3z%| —|det (1 —tz*) —det (1 — 2% |

(4.6) >m—m/2fore((t — 1)(t** — 1)) <mandt E D,z € C.

By the continuity of det (1—#*) at ¢=1 given p>0 there exists an
n2=1m2(p) >0 such that

4.7 |det (1 — % | <p if o((t — D(* — 1)) < 72

Take n=min (g, 72) =n(p, m). Then since [pP(z, t)dV=1 by Poisson’s
integral, and P(z, t) >0, we have

|70 — w())| = | [ tute) = w16, av

< f | u(z) — u(1) | P(z, t)av
(4.8) N@ne
14

1 i u(z) — u(1) I det™ (1 — #&*)
+ Tffc [detr (1 — 1z | a

€ 2n+lMpn 1
<—-fP(z,t)dV—|-—-——-—de<e
2 B m" VJse

for o ((t—1)(t*—1)) <y t€D), if |u(z)| < M on B and p is chosen as less than
or equal to e!/*mM~1»2-1—"/2_ Thus f(t)—>u(1) as tc D—1.

REMARKS. 1. Theorem 4.1 remains valid for t—z0#1, 20& B, if we assume
that u(2) =u(z,) whenever det (1 —z,2*) =0 (zEB).

2. Theorems which are less restrictive with respect to the function % have
been obtained for domains which are n-cylinders, that is, domains such that
[2121* <1, - - -, z72"*<1] because the Poisson kernel for such domains is
obtained in factored form, namely
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3 n (1 —_ titf*)
(4.9) Pz 1) = (2m)" JI;II (37 — t9) (z7% — ti*)’

and may be dealt with more easily. The same remark applies to the n-dimen-
sional hypersphere xx’ =x'x!'4 - - - +x"x" <1, since in this case the Poisson
function

(4.10) PGz ) = (1/V)A — )/ & —t]

is singular only at x=¢ [5].

5. Green’s function of the differential system (1.4) for the domain D.

5.1. A solution of the differential system (1.4) and the Laplace equation. For
the hypersphere 22!+ - . . +2"3"<1 and the corresponding Laplace equa-
tion 9*V/93'9z'+ - - - +92V/02"93" =0, the functions of potential theory,
for example, the Green and Neumann’s function, are functions of the dis-
tance r = [(z/—#) (37— ) ]'/?, where t is some fixed point and z a variable
point of the hypersphere. Likewise the Bergman and Szegé kernel functions
are related to r. In analogy to this and particularly since the Bergman and
Szeg$ kernel functions for the domain D and boundary B are functions of
det (1—2zt*) [4; 9], we pose the following question: What scalar function of
det (z—¢)(2*—¢*) is a solution of the differential system (1.4) for the domain
D? The following result is obtained.

THEOREM 5.1. The solution of the differential system (1.4) and of the Laplace
differential equation (1.3) which is a function of r=det!? (z—¢)(z*—1t*) is
log det (z—1£)(s*—t*); t is a fixed point and z a variable point of D such that
- det (z—1) 0.

Proof. Let f(r) be a function of . Then
of Jf

0z79 r 0zP¢

det!’? (z — #)(z* — t*)
(5.1)

S’ o(det (z* — ¥y Yz 9
= —{ } det (z — ¥),
2 Ldet(z—1) 9274
where f’ =df/dr; also
& g
=1 * gk -
drroz 4 g ot T ) g det G =)
—l—f— det (z* — £*) det (z — ¢)
4 r O0zik JdzPe et iz

(5.2)

9z7% JzP4

1 !
= -—(f"-l-f—) i det (z* — t*) i det (z — ¢)
4 r
1
4

(f” + fT) Wikqu,
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where W,, is the adjoint of the pg term in z—¢ and similarly for W. Also

!

af = <f” + f—) PirS W, 0

r

(5.3) /
= (f" + f—) rPo((1 — 22%)(z* — *)7'(1 — 2%2)(z — )7,

r
since W=(W,,)=(z—t)"! det (z—¢) and similarly for W*, and o(k4)
=ka(A), if k is a scalar. If det (z—¢) 0, then

o((1 — zz*)(z* — %) (1 — 2%3)(z — £)~1) =0

and W,,#0 for some pq. Thus f”/+f’/r =0 in order that either (1.3) or (1.4) be
satisfied, and the general solution of this equation is ¢ log r + & (¢, k constants).

5.2. In analogy to the case of the equation 2V /32'9z!+ - - - +092V/dz"dz"
=0 we make the following definition [5]:

Let t be a fixed point of the domain D, z a variable point of D, and r =detV/?
(z—t)(z*—1t*). A Green's function G(z, t) of the differential system (1.4) for the
domain D is defined to be a real solution of (1.4) depending on t, which is zero
on the boundary B and which is such that G(z,t) —f(r) is regular in D and con-
tinuous in D, where f(r) is the function of Theorem 5.1.

Then

THEOREM 5.2. The Green's function of the differential system (1.4) for the
domain D is

(5.4) G(z, 1) = 271 logdet (1 — at*)(z* — *)7 Yz — )71 — tz%),

where t& D and 2 D. Under the conditions of the definition Green's function is
unique.

Proof. By Lemma 3.1 the function G(z, t) is regular for 2& D except where
det (z—t) =0. For 2&B, 1 —zt*=2z(z*—1t*), so that G(z, t) =2"! log det zz*
=0. Writing

G(z, t) = — 27 1logdet (z — £)(z* — t*) + 271 log det (1 — zt*)(1 — 2%),

we see by (2.27) that

5.5 ) % 9z §-1 % (1 — gy
(5.5) azm—-—dazm(z—) \ome ( zt*)7t),

which is independent of z*. Thus G(z, ¢) satisfies the differential system (1.4).
The Green'’s function is unique. Suppose that Gi(z, ¢) is another Green’s func-
tion. Then, G(z, t) —Gi(z, ) is B-harmonic in D and vanishes on B. Hence
by Poisson’s integral G(z, t) —Gi(z, t) is identically zero in D.

Green’s function is related to the Bergman kernel function
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1
Vo det?n (1 — at¥)

(5.6) K(z, t*) =

where Vp is the volume of the domain D [9], in the following way. Set
(5.7 Ao(z, ¥) = det™2 (1 — z1*)A(z, t¥),
where A(z, t*) is defined by (2.32). Then

THEOREM 5.3. Green's function of the domain D satisfies the following rela-
tions:

(5.8) Az, t)G(z, t) = — 2n?
and
(5.9) Ao(z, G (2, 1) = — 20 VpK(z, t*).
Proof. From (5.5) we have
G dz  ar* Jz
= — — k)1 %01 — o y%)—1
2 dtikgzre (6z”‘1 atik (L=ah)™+ dz72 L=t

5.10
( ) 20t*

Coiik
Set #' =1—zt* v/ =1—t*;, U=(1—2t*)"1 Then by (2.32)
2A(z, *)G(z, ¥)

e e am oy
= — 4yiryak — Ueq + 1°bu gzt — Wra
9zPe ik dzPe dtik

1 - zt*)—l).

(5-11) = — 4ujp'uqk(6’;u,~p + t'cqucdzdliu,-,,)
= — 4o{(1 — 2 (1 — a*) o (1 — 1*2) + o((1 — *2)*(1 — 2t*)~1z) ]}
= —dno[(1 — t*2)(1 + t*(1 — 21%)~12)],

since o(1) =n. Now

(5.12) 14 5(1 — at¥) 1z = (1 — t*3)7,

so that A(z, t*)G(z, t) = — 2n? and (5.8) is proved. Relation (5.9) follows from
(5.7).

6. Neumann’s function of the differential system (1.4) for the domain D.

6.1. For the case n=1 at each point of the boundary of the unit circle
2z* <1 there is a unique outer normal # directed along the radius vector so
that the differential operator d/dn has meaning. The Neumann function
N(z, t) of a smoothly bounded domain D with respect to a point t of D is defined
to be a function of the form N(z, t) = —log Iz—t[ + Ni(z, t), where Ni(z, t) is
B-harmonic in D; on the boundary B of D, N(z, t) has a constant normal deriva-
tive, that is,
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dN(z, t) _ 2w
n - L

(6.1) for z € B,

where L is the length of B. N(z, t) is further normalized by the condition [pN(z, t)
ds=0 [10].
By means of this definition it may be shown that the Neumann's function

for zz<1is

Nz t)=—21log(z—t)(z—1) —21log (z - 7{) (2 - —1[—) — 2 1log il
(6.2) = — 2log (z — )& — D)(1 — 38)(1 — ).

We check that (6.1) holds for the function (6.2) where L = 2. Using the oper-
ators (2.6) and (2.8), we have
AN(z, 1) dN 0z IN 0z

an 3z on = 0z onm
—1
20z — (i — 1)
On z2=1, 02/9n=20re®/dr),.1=€*=z and 03/0n=3%. Thus IN/dn=—1 on
zZ=1 as was to be proved.
6.2. In order to define the Neumann function for »>1 we need the normal

plane to the boundary B, defined by the condition zz* =1 or by the set of n?* real
equations

(6.3)
~ _ 0z _ 0%
=2z +thz—+ (1 =22+ tt)z—|.
n n

6.4 F*=Rez's" —5,=0 (J=h),
' F4 = Tm 2734 = 0 (G < &

Each equation of (6.4) defines a real 2n?—1 dimensional hypersurface. At a
point P on B each hypersurface Fi*=0 (1 <j, ¥ <n) has a unique normal n#*,
whose components are [dF*/dx*?] (1Su=2n, 1=q=<n), where

xre = (gP¢ 4 3P9)/2, P9 = xPtRa = (1/24)(z79 — zP9) QA=p=n)
and whose direction cosines are

1 OFik oFik QFik .
I:—— ] where N? = (4, k fixed).
N 0xre dxr? Qar?

It is easy to show that the normals n#* at P are mutually perpendicular; also,
N=2if j=F, and =212 if j>k. Thus the set of normals determine a hyper-
plane of dimension #? which is normal to the surface zz*=1.

The derivatives d Fi*/dx#? may be expressed in terms of dx*?/dn?* as fol-
lows. Let P(x*9) be the point at which the unit normal n/* meets the hyper-
surface Fi*=0 and Q(x*?4Ax*?) a neighboring point on n#*, The direction
numbers of #* are (Ax!l, - - -, Ax?*%) and the direction cosines (Ax!!/An#*
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- - -, Ax?n/Ani*) where An’ is an increment of length on ##%*. In the limit
as An#*—0 this gives the direction cosines of n#* as

(9x*/Onik, - - -, dxmn/onik).
Thus by the results of the last paragraph
dxre 1 OFi*

o’k N Qawe

where N=2 if j=Fk and 2V2 if j=k.
We also need the derivatives dz/9n"* and dz*/dn#* = (dz/0n*)*, which
equal by (2.6), (2.8), and (6.5)
dzPe  9xPe  Qxrtme 1 (9Fik  QFik 2 QFi*
dxPe z4.’):)0”’"'"1) '

(6.5)

Isps2m15j4,kqgsm),

(6.6)

— = —+1 -
onik  Jnik onik N

TN azve

Instead of using the hypersurfaces defined by F#*=0 and their normals
n it is more convenient for us to use the forms

ik Kkl

= s =P iFY =0 (j < B,
fki=f_ik’_

and the unit “complex normals” 7 associated with them as follows:

(6.7)

il = nii

1 1
(6.8)  nit= -2—17;(71”‘ —nk), gt =gt = 2le(n""+ in*)  (j < k),

plus the operators

a1 3 i a 1 9 i\
= — 12 — + ), = — 12 — — ) (G < k).
an’k 2 Inik onki) ki 2 Inik Inki

Then by (6.9), (6.6), and (6.7),

(6.9)

9279 1 (9770 dzPe 2.2 f9F ik QF ki afik
= — 1/2 ; = ; =
a2 (an”‘ ’ ankf) 2.1 (azw 1azw> 9z
(6.10) (G < b,
Jz74 afii dzPe afki
i - 9zre ’ onki = Jzre |
Also,
dz* 9z \*
(6.11) — = 2}
3.,7:’6 ankl

since
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a0z 1 <62‘”’ az? 1 9z9? dz97 9z9?
= — 212 i ) = 21/2< +3 ) .

, - ; - i =
I’k 2 Inik Inki 2 Inik Inki Inki
The derivatives of fi*=2zilz"' —§] =0 (1<j, k<n) are
afiF i ke 0fi% & jq
6.12 = 0,2 =
( ) 957 0p% 957 0p% .

Thus by (6.10) and (6.11)

JdzPe : 9zPe .
(6.13) L =505
3-,’1k 61]”‘

6.3. We now are able to prove the following theorem:
THEOREM 6.1. The function
(6.14) N(z, f) = — 27tlog det (z — £)(z* — t*)(1 — z2t*)(1 — z%)

satisfies the differential system (1.4) for 2ED, tED except when det (z—1) =0.
Alss

dN(z, 1)

(6.15) ( - >=—1 forz &€ B,t& D
anik

and

6.16 N(z, t)dV, = 0.

(6.16) fB (s 0

Also log det (1 —2t*)(1 —t2*) 4s B-harmonic in D.

In analogy to the case n =1 and the definition of the Green's function we
define N(z, t) to be the Neumann's function of the domain D.

Proof. A calculation similar to (5.5) shows that N(z, t) is B-harmonic for
z and t&ED if det (z—1¢) #0. Now consider (6.15). Setting #' = (ux;) =1—3t*,
w =z—¢, we have

IN ] , ’-
pur = — pyen (log det w'w + log det u'%)
n

éw' 9w ow o
— 0 pueT w4 paen w o puen w1+ paen u

dzP? adzep dzP? _ d9z79
—_ — [E—— — ) p— rq — {Paq 7
= (617“‘ Wep + it Wpq anit Uy — ¢ anit u,,,).

(6.17)

By (6.13) we have p =k in the first and third terms, ¢=3j in the second term,
and r =j in the last term. In particular for j=%
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N . ) - )
2 = — (z7%,; + E7PW,; — 2798 U, ; — 1P951,;)
dnii
= — the jj term of (zw'~! + @w~lz* — at*u'~! — G~lz¥)
= — thejj termof [zz*(1 — #2%)~! + (1 — z*)~zg* — zt*(1 — 24*)1
—(1 — tg%)"1z*]
= — thejj termof [(1 — #2%)~1(1 — tz*) + (1 — 2t*)(1 — 2t*)~1]

(6.18)

= — 2.
For j<k we have
aN . .
2 v = — (Z’qqu + zkpij — 19Ty — tpqquﬂpj)
(6.19) )
= — the jk term of (zw'~! 4+ @w1z* — zt*u'~! — alz¥)

= — thejktermof 1 = 0.

Similarly dN/dn* =0 and (6.15) is proved.

Now consider [sN(z, £)dV.. For z2EB, z—t=(1—1tz*)z. Thus N(z, f)
= —log det (1 —2t*)(1 —i2*) on B. By Lemma 3.1, det (1 —2t*) #0 for t&D
and zED. Therefore log det (1 —2zt*)(1 —#z*) is B-harmonic for z&D. Thus
by Poisson’s formula at 2=z,

log det (1 — zt*)(1 — t2¢%)
(6.20) 1 f det™ (1 — z038) logdet (1 — 2t*)(1 — #2*) p
VJe det® (z — zo)(z* — 2¢*)

v,
and in particular at z,=0

1 1
(6.21) 0= -—f logdet (1 — zt*)(1 — tz*)dV = — ——f N(z, t)dv.

VJe VJs

6.4. Calculation of (0G/dn7) on B. For n =1 there is the following connec-
tion between the normal derivative of the Green’s function and Poisson’s
function on 2z=1.

oG —(1 —¢)
m (—0E-0

For n>1 the following result can be proved:

(6.22) = — 2rP(z, {).

THEOREM 6.2. For Green’s function G(z, t) of the domain D we have

(6.23) (:Gk) = — (1 —=z)(1 — t*)(1 — z*)? fort&e D,z &€ B,
777

where the differential operators 3/dn™ are defined by (6.9).
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Proof. Since G(z, t)=27! log det (1—zt*)(1—tz*)—2""! log det (z—1¢)
<(2*—1t*) and N(z, t)=—2"1 log det (z—1¢)(z*—t*)—2-1 log det (1—azt*)
- (1 —1t2*), we see that analogously to (6.18) on B

G
2 pas = — the jj term of [z(z — )~ + (z* — t*)~1z*
+ 2% (1 — 2t%)7 4 (1 — t2%)74z¥]
(6.24) = — thejj term of [(1 + a%)(1 — &)1 + (1 — &2%)71(1 + 1z)]

= — thejj term of (1 — £2*)71(1 — f* 4 2t* — t2%at* + 1 4 45*
— gt* 4 tz¥at*) (1 — z*)?
= — 2 times the jj terms of (1 — £*)~1(1 — #*)(1 — z*)~L
Similarly for the terms dG/d7* with j=k.
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