FINITE SUBGROUPS OF DIVISION RINGS

BY
S. A. AMITSUR

1. Introduction. The problem of determining all finite groups which can
be embedded in the multiplicative group of the nonzero elements of division
rings was first proposed and partially solved in [6] by I. N. Herstein. It was
shown there that the only finite subgroup of division rings of finite character-
istic are cyclic, and that the subgroups of odd order of division rings of char-
acteristic zero are of a very special type [6, Theorem 5]. In particular, the
odd subgroups of the real quaternions are all cyclic. This brought I. N. Her-
stein to the conjecture that all odd subgroups of division rings are cyclic.

The purpose of the present paper is to determine completely all subgroups
(of even and odd order) of division rings. These groups are classified in five
classes connected in some way to the finite groups of rotations of the 3-
Euclidean sphere. Among others we disprove the conjecture of Herstein and
exhibit infinitely many finite subgroups of division rings of odd order. In
particular the minimal order of an odd noncyclic group contained in a divi-
sion ring is 63.

We say that a group G is without fixed points if G has a representation
g—T; by matrices with the property that 1 is a characteristic root of the
matrix I'; if and only if g is the identity of G. These groups have been first
studied by W. Burnside [4] and later by Vincent [9] and were almost com-
pletely determined by Zassenhaus in [8](!). Establishing the fact that the
subgroups of division rings are without fixed points, most of the results of
[6] are an immediate consequence of [4]. In the present paper, we utilize
the classification of the groups without fixed points as developed by Zassen-
haus in [8] to determine the minimal algebras containing the respective
types of the groups. Thus we are able to reduce our problem to determining
conditions of the existence of certain division algebras. The latter is then
completely solved by methods of class field theory.

2. A general result. Let * denote the multiplicative group of the nonzero
elements of a division ring & of characteristic zero. Let Q be the rational
field assumed to belong to the center of .

Let G be a finite subgroup of *. Put:

UV =UG) ={2 d:| s €Q, 4; EG},

and denote by Z the center of V. Clearly, U is a finite central division algebra
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of order 2 over Z. Our main purpose is to determine the structure of U over

Z.
THEOREM 1. If GCR*, then G is group without fixed points(?).

Indeed, U is a finite space over Z. The mapping g—I';, where I, is the
linear transformation of U defined by I'yu =gu, €U, is a representation of
G, without fixed points. If I'; has 1 as characteristic value, then (I';,—1)u =0
for some #3520 of V. This means that (g—1)u=0. Since & is without zero
divisors it follows that g=1. q.e.d.

It follows now by [4] (see also [9, p. 123]) that:

THEOREM 2. If GC R*, then G is one of the following types:

(2A) All Sylow subgroups of G are cyclic.

(2B) The odd Sylow subgroups of G are cyclic and the even Sylow subgroup
of G is a generalized quaternion group of order 2+, a = 2.

The generalized quaternion group of order 22+! is a group generated by
two elements P, Q satisfying P~ =(Q?, Q*=1, QPQ~'=P-1. The case a=2
is the known quaternion group of order 8. Note that, in the general case,
{P**, Q} is a quaternion group.

3. Gn,r groups. Let m, r be two relatively prime integers. Put:

(3A) s=(r—1, m), t=m/s; n=the minimal integer satisfying r"=1
(mod m).

Denote by G, a group generated by two elements 4, B satisfying the
relations

(3B) Am=1; B*=A*; BAB'=A"(%).

REMARK 3.1. The order of the group Gm,, is g=mn and, clearly, the com-
mutator G,,,={A*} and its center is {A*}.

Theorem Z5(!) is restated here in the form:

LeEMMA 1. 4 group G is of type (2A) if and only if G=G,,,, where the num-
bers m, t, s satisfy:
(3C) (n, t)=1; and then (s, t) =1.

Theorem Z5 states only that (%, ¢) =1, but following the proof of that
theorem, we show that (n, t) =1 implies (s, £) =1. Indeed, if p] (s, 1), let p=
be the highest power of p dividing s. Since p[ t it follows by (3A) that 1,‘)“[ r—1,
and potifr —1. Now (n, t) =1 implies that p}n. Consequently, r"—1 is divisi-
ble by p= but not by p=*t. On the other hand p"+1|s-t=m and by (3A)
m|r"—1. Contradiction.

We remark that ¢ is necessarily an odd number. For, if ¢=0(2), then m
is even and, therefore, r=1(2). Thus, by (3A), s=0(2) which contradicts
(s, t) =1.

(2) The definition of groups without fixed points, given in the introduction, has a geometric

background. See e.g. [9, p. 117].
(®) For r=1, we put n=s=1 and thus Gma is a cyclic group of order m.
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LEMMA 2. A group Gn., is of type (2B) if and only if the numbers of (3A)
satisfy:

(3D) n=2n', m=22m’, s=2s', where =2, m’, s’, n' are odd numbers;
(n,t)=(s,t)=2, and r=—1(2%).

Clearly, if G is of type (2B) and 22*! the highest power of 2 dividing
g=mn, then a+12=3. Hence a = 2. Following the proof of Z5, one shows that
if pl (n, t) then { Bnip, A‘/P} generates an abelian group of type (p, ) mod-
ulo {A'}. Since Gn., is assumed to be of type (2B), this is possible only if
p=2. If it were (n, t) =1, then by the preceding lemma Gn,, is of type (2A)
which is impossible. Thus 26 = (n, t). The only abelian subgroups of Gn,./{4*}
of order a power of 2 can be either cyclic or of the type (2, 2), hence one
readily verifies as before that 4}(n, ). Consequently, 2=(, f).

It follows, by Remark 3.1, that G,,= { A*} is of order . On the other
hand since G,,,2 {P} 2(4), it follows that 2“—1| t. r is odd since m =s¢ is even.
Thus (3A) implies that s=0(2). # is also even and the highest power of
2 dividing g=mn=mnst is 2ot It follows therefore that n=2n', s=2s,
t =22"1%"and hence m =2*m', wheren’, s’, t', m’ are odd numbers. In particular,
this shows that 2| (s, #). Following the preceding proof one shows that (s, £)
has no odd prime factors. Thus, we conclude that (s, ) =2. The elements
Brelt) Am2% clearly generate a 2-Sylow subgroup of Gn,,, hence Bm/44m2*
-B—mlt=A-m2"% This implies that m2—=(rr/44+1)=0(m), i.e. r™/i= —1(29).
Since ns/4 is odd, r=—1(2¢).

Conversely, let (3D) hold. Since g=nm, it follows as in the proof of Z5
that for primes p>2 either pﬂ[ ns or pb | t, where pf is the highest power of p
dividing g. In the first case, the cyclic subgroup { B} of Gn,., which is of order
ns, contains a cyclic.p-Sylow subgroup; and in the second case, {4} contains
a cyclic p-Sylow subgroup of Gnm,,. For p=2, since r="—1(2%) one readily
shows that {B=/4, 4™} is a generalized quaternion subgroup of order
221 of Gp,,. This completes the proof of the lemma.

LemMA 3. A necessary and sufficient condition that a group G of type (2A)
or (2B) have generators satisfying (3B) (i.e., =Gnm.,) is that G contains a normal
cyclic subgroup N such that G/ N is cyclic.

If G has generators satisfying (3B) then clearly N = { 4} satisfies the con-
dition of the theorem.

To prove the converse, let N be a maximal normal cyclic subgroup of G
such that G/N is cyclic. Let N={A4} and let G/N={BN} be of order n.
Since N is normal, A"=1, BAB-!=Ar and B»=A", for some integers m, n,
7, t. n is the minimal integer satisfying r"=1(m). For, if =1(m) and v <n
then {B’, A} = N’ will form an abelian group and, clearly, a normal subgroup
of G. Since N’ is also of type (2A) or (2B) and abelian, all its Sylow subgroups
are cyclic, hence it follows that N’ is cyclic. This contradicts the maximality

() In the notations of the definition following Theorem 2,
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of N. We may assume that t|m, since by taking A= instead of 4, where
at+Bm = (m, t), one obtains another generator of NV satisfying the preceding
relation with ¢t =(m, t) | m. (Note, that » remains the same.) To complete the
proof of (3A) it remains to show that st =m. Indeed A*=BA'B~1=A4"; hence
t(r—1)=0(m) which implies that m/s =t’| t. On the other hand BA¥B-!
=A"=A4".- 4DV So that A belongs to the center of G. One readily veri-
fies that {4} is the center of G, hence ¢|#". Thus t=¢'. q.e.d.

NotAaTIONS. (1) €, will denote a fixed primitive mth root of unity.

(2) (n will denote the cyclotomic field Q(en).

(3) o =0, will stand for the automorphism of Q(e.) determined by the
mapping €m—e€,.

(4) Z=2,, . will denote the invariant subfield of o of C,.

(5) To comply with accepted notation we write ¢=1=(—1)"% and for
this case o¢_;=03=j is the conjugation in Cn.. We shall use the letter j to
denote o_; the conjugation in the general case. In this case Z.,_1=%Rn is the
real subfield of Cm.

(6) Following the notations of [1, Theorem 9, p. 74], (Cm, 07, &) =Unm,»
will denote the cyclic algebra determined by the field (», the automorphism
o, and the elements ¢, This algebra is well defined if ¢,&Z, which holds if
s[ m and s| r—1. In particular, this is valid if s is defined by (3A).

We recall that if # is given by (3A) then %, is a central simple algebra of
order n? over Z,., and its elements can be uniquely written in the form
> rs @07, a,E (Cmy, 0 =0,; and ao =0ca’ holds in Un,, for every a € Cn.

LEMMA 4. If Gn .S 8*, then Un,,=TV(Gm,r) =2WUm,» and the isomorphism is
obtained by the correspondence: A<ren, Beo.

Clearly, the mapping A<€, induces an isomorphism: f(A4)<f(en) be-
tween the subfield Q(4) of 8* and (®m=Q(€éx). One readily observes that the
elements of Un,, are of the form D23 f,(4)B*, f,(4) €Q(4). Hence, in view
of (3B), the mapping .23 fy(€m)a*— > »=4 f»(A)B’ determines a homo-
morphism of A, onto Un,,. Since Anm,, is simple and Un 70, this homo-
morphism is actually an isomorphism.

Note that .. , is not uniquely determined, since there is a choice in choos-
ing the primitive roots e. and €. In fact, only ¢, affects the construction of
.- and €, does not play any role in the construction of U, since only
Q(en) is considered. Nevertheless, all these algebras will be isomorphic, but
the isomorphisms involved are not over the center as usually dealt with in
the theory of central division algebras.

If the converse holds, namely: if %, is a division algebra, then clearly
{em, cr} generate a Gn,» group. Thus:

THEOREM 3. A group Gn., can be embedded in a division ring, if and only if
N..r is a division algebra; and then UV(Gm.;)=WUm.r

REMARK. In the proof of this theorem and of the preceding lemma we
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have used only the definition of # and s in (3A) and no use was made of the
requirements (3C) and (3D). It follows, therefore, by Theorem 2 that a
necessary condition that ., is a division algebra is that the numbers m, r
which yield the numbers #, s and ¢ by (3A) will satisfy (3C) or (3D).

4. The algebra %.. .. The object of this section is to determine the condi-
tions imposed on the numbers m, 7 so that %, be a division algebra.

To this we retain the notations of the preceding section and assume that
m, r, n, ¢, s are integers satisfying (3A) and either (3C) or (3D).

LEMMA S. If Un,» = (Q(em), 0, &) is a division algebra, then n|s.

Proof. It follows by [1, Theorem VI 12, p. 75] that An=2(Q(em),0,
&) =(Q(em), 0, 1). The latter is known to be a matrix ring. On the other hand,
since An,, is a division algebra over an algebraic field of index # it follows by
the Hasse-Brauer-Noether theorem (e.g. [2, Satz 7, p. 119]) that its ex-
ponent is also #. Hence #/s.

We introduce some additional notations:

F =5, for primes qln will denote the cyclic extension Z,,,C%,Z(Cn of
degree q over Z,, ..

G(K/Z), the Galois group of a normal extension K over Z.

Q,, the p-adic extension of the rational Q.

K,/K, will be used as a short notation to mean K} is an extension of K,
or “K; over K,,” or similar phrases.

K, the residue field of a field K2Q,, and a—a will denote the residue (p-
adic) map of K onto K,

Let p be a fixed prime dividing m. We put:

a=a,, where p* is the highest power of p dividing m.

np, the minimal integer satisfying r*»=1(mp—).

vp, the minimal integer satisfying r»=1(p=).

p=puyp, the minimal integer satisfying r#»=p#'(mp—=) for some integer u'.

0=20,, the minimal integer satisfying p»=1(mp—=).

Generally:

v (my, ms) denotes the minimal integer satisfying m?™™ =1 (m,).

B(m, ms) denotes the highest power m2™™ dividing m,.

Before proceeding with the problem we need two lemmas in number
theory.

LEMMA 6. Let q be a prime dividing n, then there exists at most one prime
p|m for which gin,; and if: (1) p2, then pls and qlp—l; (2) p=2, then
q=p=2 and (3D) holds. Furthermore, if for g=2 such a p exists then (3C) im-
plies that (1) holds and (3D) implies that p =2 (i.e., (2) is valid).

Let m=p71p3* - - - pik where p; are the different prime factors of m. Let
vi=vy; and n;=mn,,, that is: »; is the minimal integer satisfying r*¢=1 (mod p)
and #n; is the minimal integer for which 7% =1 (mod mp; ). One readily ob-
serves that m;=[v, - - -, ¥, - - -, m] is the least common multiple of
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Vi, * * +, Vi, Vig1, - - -, v and that n=[n,, »;]. Hence, if ¢|n and g}n: it
follows that gfv; for j>%¢ and g[v,-. Clearly, the last relation implies that
ql n; for j#1 since v;] n; for these j. This proves that there is at most one prime
p for which ¢{n,.

Note that if p;|s and: (1) p:%2 or p;=2 but (3C) holds then »;=1, but if
(2) pi=2 and (3D) holds then »;=2. Indeed, one observes that under con-
dition (1) it follows that if pf‘i[ m then p;"i[ s. Hence, r=1 (mod s) implies that
r=1 (mod %), i.e., v;=1. In case of (2), (3D) states that r=—1 (mod 2%)
and a;=2, hencev;=2.

This immediately yields that if p;= p[ m for which ¢Jn, then in case (1)
we have p/s, since qlvi=1. This implies q|t. Now if (2) holds, then from
q|vi=2 it follows that ¢=2. Let v;=v,. Clearly u,,]q&(p") =pe1(p—1); hence
g|v, implies that either ¢g=p or q| p—1. Now in case (1) either p}(n, t) =2 or
(n, t) =1, hence since ql n and plt it follows that ¢><p. Consequently, ql p—1.
Clearly, this can not be true if p =2. This completes the proof of (1) and (2)
of the lemma. In fact, this includes the proof of the rest also. Indeed, if
g=2 and (3C) holds then clearly case (2) of the lemma is impossible; it fol-
lows, therefore, that p2, and if (3D) holds then since v, =2 it follows by the
uniqueness of the prime p for which 2{z, (equivalently 2}v,, for all p;#p) that
p =2 and, therefore, (2) of the lemma holds. g.e.d.

LeEMMA 7. Let x, y be two integers and let 3=0(q, x—1)=1 (ie., x=1
(mod ¢q)) and B,=(q, ) =0 for a prime q. Then: (1) if g2 or =2 (i.e.,
x=1 (mod 4) in case ¢=2) then B(q, x*—1) =B+Ly. (2) If =2 and B =1 then:
B, =0 implies that (2, x¥—1) =1, and 3, = 1 implies that (2, x¥—1) =B, +i+1
where x=14+24 - - - +2i4-2¢+2%,, 121,

The proof is by induction on §,. If 8,=0, let x=1+¢fz, (2, ¢) =1. Then,
(14¢%2)v=1-+¢Pyz+terms with higher powers of ¢, and this case is proved
since (yz, ¢)=1. Let y=¢y'=¢%y", (¥", ¢)=1, and B,=1. By induction it
follows that x¥' =1+4¢f+v—1u, (%, ¢) =1. Hence,

xV = (1 + q5+ﬂv—1u)q = 1 —|— qﬂ'l‘ﬂuu + P + Cq,v q”(ﬂ"'ﬂy—l)uq—l’ + e e,

The highest power of ¢ dividing

Cq.' q"(ﬂ'{'ﬂy—l) uT’r

is v(B+B,—1)+1if 1=v<gq and it is ¢(8+B,—1) if v=¢. Hence, the excep-
tional case to the proof of this lemma may occur if ¢(8+8,—1) =1-(B+5,—1)
+1. Equivalently, (¢—1)(8+8,) =¢. This may happen only if ¢=2 and
B+B8,=2. This proves the first part of the lemma.

To prove the second part it suffices to show it only for y=2. For, if x is
of the form given in the lemma then x2=142%,, (x;, 2) =1, by the case
y=2, and now one can apply the first part to obtain the general result. If
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y=2, and x is of the given form, then x=—1427#1(142x,) = —142+1y,
where v is odd. Hence x?=1+42#2(—1+42%)v=1+42"*%, and v, is odd. q.e.d.

The case B8, =0 is evident.

We recall some results of valuations of # cyclotomic fields and the ra-
tional field Q. Let  be a prime number, then to p corresponds a valuation of
Q with its completion Q,. Let (°»=(Q(en), then the different extensions of this
valuation to correspond to the different embeddings of (°» into a composition
CnQyp. Since (P is normal the latter is uniquely defined, within the algebraic
closure of Q,. If m=p= then (CuQ,/Q, is completely ramified with ramifica-
tion number equal to ¢(p%). If (m, p) =1, CuQp/Q, is unramified and (CwQ5:
Q,) = (Cm0y: 0,) =f, where f is defined above as the minimal integer satisfy-
ing p/=1(m).

LEmMA 8. Let q, p be primes such that: ql n. Then:

(1) Fo=F s the'unique extension of Z of degree q contained in (Cm, and
G(Cn/P) = {0}

(2) G(Cm05/205) =G(Cn/ZQNZ) = {o*}.

(3) The inertia field of CnQp/ZQp is C=2Qy(€mp—a) if | m, and G(CnQp/T)
=G(Cn| BNCw) = {o™}. If pIm, CuQs/ZQ, is unramified.

The first part is evident. To prove (2) we first note that (PnQ,/ZQ, is
also cyclic with generating automorphism which is o*. Since (CnQp=Qp(€ze,
€n;—), o must be the first power of ¢ which induces an automorphism of
Qp(e2) and Qp(empa). Now, (Qp(e):05)=(Q(ep):Q) =¢(p*), hence any
automorphism of Q(ey)/Q can be raised to an automorphism of Q,(ey)/Q,.
Thus one has to consider only the automorphisms of Q,(em;—=)/Q,. Since
(p, mp=) =1, the latter is an unramified extension (see e.g. [2, Theorem IV
3, p. 64]); hence its automorphisms are powers of the Frobenius automor-
phism S defined by: emy,~«—€h,~a. The minimal power a"E{S } is clearly
given by the minimal integer satisfying r*=p (mp—=) i.e. A=p,. The rest of
(2) is well known.

Since T=2ZQ,(€my—) and (p, mp—) =1, one concludes as before that
G/ZQ, is unramified. On the other hand, CnQ,=T(€,2); hence CnQ,/T is
complete and ramified (the proof of Theorem X 4, p. 217 [2]). From these
facts one readily concludes that G is the maximal unramified extension of
ZQ, in Com.

The power of ¢ which leaves ZQ,(€n,~=) invariant is a"#, since uln,,, and
as follows immediately by the definition of these numbers. Note that o™ is
also the minimal power of ¢ leaving en,~= invariant. The rest of (3) is easily
established.

LEMMA 9. (1) The residue class degree f(ZQyp/Qp) =pupdp/np=128".

(2) F0,/2Q, is unramified if and only if q|n,. If qin,, this extension is
totally ramified.

(3) If gln, and it is not the case where g=p=2 and (3D) holds, then a
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necessary and sufficient condition that a €ZQ, is a Norm (7Q,/2Q,, x) is that
a=b? (mod =) for some bEFQ, and where 7 is a prime of FQ,.

To prove (1) we observe that f(Qp(€my—=):Qp) =f((CnQp:Q,) =8. Hence,
applying the lemma of [2, p. 59] we obtain

5 = (CnQp: Z0/(Z05:0;) = %’-’-f( 20,:0,),

since by (3) of the preceding lemma it follows immediately that (CnQ,:G)
=n/n, and (CnQ5:ZQ,) =n/u and (G:2Q,) =f(CnQp:ZQ,). This proves (1).

Combining (1) and (3) of the preceding lemma, it follows that q]n,, is
equivalent to the fact that YCGMN(n. The latter condition is the same as
F0,E G, which holds if and only if ¥Q,/Q, is unramified. Since ¢ is prime, it
follows that if gfn, the extension ¥Q,/Q, must be totally ramified, and thus
(2) is proved.

Note that under the conditions of (3) it follows by Lemma 6 that ql p—1.
Hence g|p¥ —1. If ¢}n,, ¥Q,/Z0Q, is completely ramified and, therefore, if
a=N(70,/2Q,, b) then a=b1(r), which proves the necessity of (3). To prove
the sufficiency, let E denote the group of all units of 7Q, and N(E) be the
group of all Norms (7Q,/Z2Q,) of the elements of E. The residue class map-
ping maps E homomorphically onto E=50Q,. By the necessity of (3), it fol-
lows that N(E) is mapped into E,, the group of all gth powers of the elements
of E. Hence the residue mapping induces a homomorphism of E/N(E) onto
E/E,. The latter is of order g since the order of E is p* —1 and ¢|p¥ —1.
E/N(E) is by a fundamental result of class field theory, in our case, also of
order ¢g. Hence E/N(E)=~E/E, by the residue class mapping. Consequently,
N(E) is exactly the set of elements which are mapped by the residue mapping
onto gth powers, which proves (3).

With the aid of the preceding lemmas, we are able to show

THEOREM 4. The algebra Anm., is a division algebra if and only either (3C) or
(3D) holds and one of the following holds:

(1) n=s=2 and r=—1 (mod m).

(2) For every q|n there exists a prime p|m such that gin, and that either

(a-) p?ézy and (q’ (psl_l)/s) =1 or,

(b) p=¢g=2, (3D) holds, and m/4=06"=1 (mod 2).

Proof. By the remark to Theorem 3 it follows that one has to consider
only the case where (3C) or (3D) holds.

Wm,r=(Cm, 0, &) is a cyclic algebra of index # over an algebraic number
field. Hence, in view of the Hasse-Brauer-Noether theorem (e.g. [5, Satz 7,
p. 119]), A, is a division algebra if and only if it is of exponent #. It follows,
therefore, by [1, Theorem VII 19, p. 98] that 4 is a division algebra if and
only if, for every g|n, ¢, Norm (F,/Z, x,). To determine the conditions for
the element ¢, to be a norm we use Hasse’s theorem which states, in our cyclic



1955] FINITE SUBGROUPS OF DIVISION RINGS 369

case, that an element is a norm globally if and only if it is a norm locally every-
where(®). First consider the finite primes. These rise from primes of the rational
field Q. If ¥Q,/ZQ, is unramified then since ¢, is a unit, it is always a norm [2,
Theorem VII 2, p. 131]. By (3) of Lemma 8 and (3) of Lemma 9, one has to
consider only primes p| m and such that gfn,. In view of Lemma 6, we have
to consider separately the cases (1) p2 (which implies that (3C) holds)
and (2) p=¢=2 and (3D) holds. Consider first case (1). Here, by (3) of
Lemma 9, ¢,=Norm (7Q,/ZQ,, x) if and only if ¢,=5b9r). In this case the
nonzero element of the residue ﬁeld F0,=20, is cyclic of degree p* —1 and,
by Lemma 7, ¢|p—1, so that € @-DA=1(r). By Lemma 7, (s, ) =1, hence
the last congruence can be replaced by an equality which 1mp11es that
sl (p**—1)/q. The converse is also true, i.e. if sl(p"'—l)/q, then e, ~D/a
=1, which in view of the fact that the multiplicative groups of 70, is cyclic
of degree p¥ —1, yields that ¢=>5b%w). Thus, Lemma 9 yields

= Nom (FQ,/2Q05, %).

This proves that ¢, is not a norm if and only if sf(p* —1)/g. In the present
case (s, p) =1, hence the fact ¢, €ZQ, implies that s|p? —1. Consequently,
the condition s}(p* —1)/q is equivalent to (g, (p*'—1)/s) =1.

It remains now to consider case (2) where g=$p=2 and (3D) holds. In
this case ¥Q» =ZQ.(¢), where 2+ 1=0. Indeed, by (3D), r= —1(2%), where 2=
is the highest power of 2 dividing m. Since 2{n; and u=pu; divides n,, r*
= —1(2%), so that the effect of o* on €« is the mapping e;=— €5, in particular
i——1. Hence, 1&Z. ¥ is by Lemma 8 the unique cyclic extension of degree 2
of Z contained in (%.; hence ¥=Z(i), and thus FQ»=ZQ:(:) =ZQ:,\JQx(%).
Applying the translation theorem of class field theory one obtains that

=Norm (7Q:/ZQ,, b) if and only if Norm (ZQ./Q:, €) =Norm (Q:(3)/Qs, c)
for some c&Q,(%). In view of (3D), it follows that €= —6 where s =2s’ and
s" is odd. Norm (Qu(e)/Qz, €&/) =€ 27 =&™ where I=(Qu(es):Q),
since Qz(e)/Q; is unramified. Since s’ is odd, ! is the minimal integer such
that 2!=1(s’). Hence Norm (Qz(é, )/Qe, &) =1. Since ¢ -EZ(Q,, we obtain
that Norm (ZQ,/Qs, €,) =(—1)¢Z@:@»_Here we have to dlstmgmsh between
two cases one a=[((2, m)=2, and the second case a>2, i.e. m=0(8). In
the second case, Z contains the real subfield R of Q(e=), since the effect of o
on Q(e&®) is the conjugation. Furthermore, since (Q(&2):Q)=/(Qz(e2):Qs)
=¢(2%) it follows that (R:Q)=(RQ::Q:) =¢(2%)/2 =222 Hence if a>2,
(ZQ2:Q2) is even and, therefore, Norm (ZQ,/Q:, €)=1. Consequently

=Norm (FQ;/Q, x). If a=2, the ramification degree of 2.Q:/Q: is only 2;
and since JQ./Q. is completely ramified, ZQ,/Q, is unramified. Hence,
(ZQ2:Q2) =(Z0::05) =8’ by (1) of Lemma 9. Thus, Norm (2Q:/Q:, &)
=(—1)¥.If 8"=0(2), then this proves that ¢,=Norm (FQ,/Q,, x). If ' =1(2),
(=1)¥=—1and —1 is not a Norm (Q:(2)/Qs, ¢) as can be readily proved.

(%) Quoted e.g. in [1, Lemma IX 9, p. 147].
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This proves that ¢,=Norm (FQ./Qs, x) if and only if & is even.

Consider now the infinite primes. In this case (CnQ./ZQ. is ramified if
and only if Z is isomorphic with a subfield of Q, i.e. with a real field. In the
unramified case ¢, is, evidently, a norm. Since Z/Q is also normal the ramifica-
tion is equivalent to the fact that Z should be a real field. This happens if
and only if n=s=2, and r=—1(m) (and, therefore, (3D) holds). Indeed,
since ¢, ©Z and Z is a real field, it follows that ¢,= —1, i.e., s=2. Lemma 5
implies that n=s=2. If r## —1(m), since r?=1(m) it follows that r=1(m,)
for some divisor m; of m. This implies that e, is left invariant under o,
hence en, ©€Z. The latter is real. Consequently, m; =2. But by (3D) r= —1(2¢).
The converse is readily verified. Furthermore, if n=5=2 and r=—1(m),
then o is the conjugation of (°. and one readily observes that U, is a quater-
nion algebra over the real field Z=®R, hence, a division algebra.

Summarizing the preceding results, we see that ., is a division algebra
if and only if either (1) of Theorem (5) holds, or ¢ 7 Norm (¥,/Z, x) for every
prime qln. The latter is equivalent that for some finite prime p,

& # Nomm (7,05/ 205, %5),

and necessary and sufficient conditions for this are, by the preceding result,
that p|m, gln,, and (g, (p* —1)/s) =1 if p>%2. In the other case p=g=2 of
(3D) holds and then we must have m =4m’, where m' and 8’ are odd integers,
which completes the proof of Theorem 5.

LeMMA 10. In the conditions of Theorem 4, the integer &' can be replaced by
8 =20,, the minimal integer satisfying p*=1 (mod mp—).

Indeed, in all cases g}n,; hence since 7,/u, is an integer, g¢{n,/u,. Thus,
the highest power of ¢ dividing 8’ =8,n,/u, is the same as that dividing 0,.
In our notation this is stated in the form 8(g, 6’) =8(g, 8). Clearly this implies
that in (b) of Theorem 4, &’ can be replaced by & since this condition is
equivalent to 8(2, ') =B(2, 8) =0. To prove the lemma for condition (a) of
the preceding theorem, we note first that by Lemma 6 it follows that ql p—1,
i.e., B(g, p—1) 1. Hence, if the conditions of case (1) of Lemma 7 holds, we
obtain that 8(q, p* —1)=B(q, p—1)+B(g, &). Thus, the latter is equal to
B(qy p_1)+B(Q7 Ps_l) =:3(Qr Ps_ 1) This proves that B(Qr p&’_l) =B(qy PB
—1). A similar proof obtained by using the second case of Lemma 7 yields
together with the preceding result that 8(g, »* —1) =8(g, p*—1) always holds.
Hence:

v
B(q:P s ) = B(Qv Pal - 1) - .3(41» S) = B(Q» Ps - 1) - 13(91 5)

b1
S
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Condition (a) of Theorem 4 is equivalent to B(g, (p*’ —1)/s) =0, which
now holds if and only if 8(g, (p*—1)/s) =0. In other words this means replacing
6’ by .

For further applications we state the last condition in another form. It
was already observed that (a) of Theorem 4 is equivalent to the fact that
0=B(q, (p*—1)/s)=B(q, p*—1)—B(q, s). Now if p=2, it follows by Lemma 6
that we can apply Lemma 7 to compute $(g, #*—1). Thus, we obtain by the
two parts of Lemma 7 that condition (a) of Theorem 4 is equivalent to one
of the following conditions:

(I) B(q, s) =B(q, p—1)+B(q, 8) if either ¢#2 or p=1 (mod 4).

(Is) B(2, s)=B(2, §)+i+1 if p=1424+ - - +2¢ (mod 2¢+?), 121 and
B(2, 8) =1, and B(2, s) =1 if B(2, 8) =0.

In order to obtain a more applicable condition than thése we wish to com-
pute (g, 8). To this end we consider the factorization of m: m=p3t - - ~pg*
-p=-qf, where q, p, p; are the different prime factors of m. In our notations
we have 8=8(q, m), a=8(p, m) and a;=8(p;, m). Let ¥:=(p, p%), i.e., ¥: is
the minimal integer satisfying p%=1 (mod ${). Let v, =v(p, ¢f). Then clearly,
8=[vo, #1, - - -, 4] is the least common multiple of vo, 71, - - - , ¥&. Hence
B(g, 8) =Max {B(g, v0), B(q, %), - - -, B(g, ¥x) }. The number v;=7(p, p:)
is by definition the minimal integer satisfying %=1 (mod p;). Hence, one
readily verifies that ¥;=v.p} for some integer \;. Since ¢#p;, the highest
power of ¢ dividing ¥; is a divisor of v;. Thus B(q, ¥:) =8(qg, 7:). This yields
that:

(I1) B(g, 8) =Max {B(g, 7o), B(g, 71), - - -, Bg, 11 }.

The second step towards simplification is to compute (g, vvo) in two cases,
namely we show that:

(II}II) If p=1 (mod 4) or g2 then B(g, vo) =Max {0, (g, m)—B(g,
p—1)j.

(IIly) If g=2 and p=142+4 - - - 42¢ (mod 2#?), =1, then B(2, v,) =0
if 8(2, m) =1; and B(2, vo) =Max {1, B(2, m) —i—1} if B(2, m) = 2.

Recall that v, is by definition the minimal integer for which prm=1
(mod ¢f). Since p#2, it follows by Lemma 6 that qlp—l. Hence applying
Lemma 7, it follows that if p=1 (mod 4) or ¢5%2 then B(q, p7o—1) =B(q, p —1)
+8(g, o). Thus one readily verifies that y,=¢", where A =8(q, o) has to be
chosen as the minimal integer satisfying A+B(g, » —1) 2. Since 8 =8(q, m)
it follows that A\ =Max {O, B(g, m)—B(q, p—l)} which proves (I11;). The
proof of (III,) follows the same line with the application of the second part
of Lemma 7. Here, 8(2, p%0—1) =B(2, vo) +:+1 if B(2, vo) =1 and B(2, p7o—1)
=1 if 7, is odd. Under the conditions of (III;) we have (2, p—1)=1 and v,
should be minimal with the property that p%—1 is divisible by 2%; hence one
readily verifies that for =1, vo=1 is the required integer and if 8=2 then
Yo=2* with \ the minimal integer =1 for which A4+4+12=8. Thus A=8(2, 7o)
=Max {1, B(2, m) —i—l}. The proof of (IIl;) is now completed with the
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obvious remark that under the condition of (IIl,), B(2, m)=1 if and only if
B(2, 7o) =0 and thus for 8(2, m) =2 we have $(2, v,) =1.

The last preparatory remark we need is the fact that:

(IV) If ¢in, and p#2 then B(gq, m) =B(g, s).

Indeed by Lemma 6 it follows that if g=2 then (3C) holds and, therefore,
(n, t) =1; hence the highest power of 2 dividing m =st must divide s since
2|n and (n, t) =1 implies 2{¢. If ¢>£2 then the same argument holds since
(n,t)=1or 2.

With these results we are in position to prove:

THEOREM 5. A necessary and sufficient condition that A, is a division alge-
bra 1s that (3C) or (3D) holds and either:

(1) n=s=2and r=—1 (mod m) or,

(2) For every prime qln there exists a prime plm such that qln, and that
one of the following holds:

(2a) p=1 (mod 4) or g2 and B(q, s) =P(g, p —1) +Max; (g, vs)-

2b) p=1+2+4 - - - +2¢ (mod 2+?), 121 and ¢=2, (3C) holds; and
B(2, s)2i+1+Max {1, B(2,v:)} if s=0 (mod 4), but if s#0 (mod 4) then all
B(2, v:) =0; i.e., all v; are odd integers.

(2¢) p=q=2, (3D) holds, m/4 and all v are odd integers.

Proof. Evidently, (1) of Theorem 4 and condition (1) of the present theo-
rem are equivalent. The proof of this theorem will be achieved by showing
that the condition (2a) is equivalent to (I1), (2b) is equivalent to (II;) and
that (2c) and (b) of Theorem 4 are equivalent. This will prove the theorem
since it was shown that (I;) and (I;) together are equivalent to (a) of Theorem
4,

Substituting (III;) in (II) we obtain by (IV) that (I) is equivalent to the
condition that:

ﬂ(Q» 5) = 3(9» b — 1) + Max {Ov 3(‘1: 5) — B(Q» p— 1), /3(% Yyttt B(q! 'Yk)}

or, equivalently, 8(g, s)=B(g, p—1)+Max; B(g, v:). This proves that (I;)
and (2a) are equivalent.
Now (II), (IIIz), and (IV) imply that:

6(2, 6) = Max {lrﬁ(zr S) —-i— 1) B(Z, 'Yl)y v )B(Z) 'Yk)} if 6(2) m) % 2

and
B(2, 8) = Max {8(2, v1), - - -, B2, v»} if B2, m) = L.
In the first case 8(2, §) 21 and in the second case ($(2, §) =0 if and only if
B(2,v5) =0 fori=1, - - -, k. From this we conclude by (IIIy) and (IV) that:
(o) If B(2, m)=p(2, s) 22 then (I,) is equivalent to

B(2,s) =i+ 14 Max {1,8(2,8) —i—1,82,7), --,B2 s}

Hence,

B(2,s) = i+ 14 Max (2, v)-
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(B) If B(2, m)=B(2, s) =1 and all v; are odd, i.e., B(2, v;) =0, then (I») is
equivalent to the condition that 8(2, s) =1 which is not an additional restric-
tion at all.

(v) If B(2,m)=PB(2,s) =1 and at least one 3(2, 7v;) >0 then 8(2, §) =1 and,
therefore, (I) is equivalent to 3(2, s) =¢+146(2, §) but the latter is =2 since
1= 1. Thus, this condition includes a contradiction. Hence noting that 8(2, s)
22 means that s=0 (mod 4) and ((2, s) =1 means that s5#20 (mod 4), (@)
and (B) prove that (2b) is equivalent to (I,).

The equivalency of (2¢) and (b) of Theorem 4 follows from the fact that
since p =¢ =2 one has not to consider v,, and & is odd means that 8(2, §) =0
which is equivalent by (II) to the condition that all 8(2, v;) =0, i.e., all ¥;
are odd integers. This concludes the proof of Theorem 5.

In order to construct groups of odd order which can be embedded in divi-
sion rings we have to find odd integers m, #, s, r, ¢ satisfying (3A), (3C) and
which are subjected to condition (2a), since then the group Ga, and the alge-
bra ¥, satisfy Theorems 3 and 5. The following is a method of finding such
numbers: we choose {=p a prime not of the form 142¢ and n=¢ any odd
prime factor of p—1. Then we set s=¢* where A=8(q, p—1), i.e., s is the
highest power of ¢ dividing p —1. Thus, by definition, 8(g, p—1) =B(g, s).
Hence m=st=¢*p. Note that since no +; are to be considered, condition
(2a) is valid and evidently (3C) holds. To complete the proof it suffices to
exhibit a number 7 for which s =(r—1, m) and such that 7 is an #th primitive
root modulo . Since n=q|p—1, there exists a primitive root modulo p.
Now the set of all elements of the form 1+sx, where x ranges over the num-
bers 0, 1, - - -, p—1, range over all different classes modulo p; hence, for
some x, the number 14sx =7 is a primitive #th root modulo p¢. Since r=1
(mod s) it follows that 7 is also a primitive #th root modulo m =sp. By defini-
tion of 7 and s, one readily verifies that s =(r—1, m) = (sx, sp) =s(x, p). Thus,
the existence of an infinite number of primes not of the form 1-42¢ yields an
infinite number of groups of odd order which can be embedded in division
rings.

It follows readily, by (3A), that a group Gn,, of minimal odd order which
can be embedded in a division ring may be obtained by taking s=g, t=p two
odd primes. Since we must have n=gq (for n|s) and by Lemma 6 it follows
necessarily that since g}n,, ql p—1. The minimal possible primes are ¢=3
and p=7=1+3-2. In this case we obtain 8(3, 3)=8(3, 7—1)=1. Hence
condition (2a) of Theorem 5 is valid. Furthermore, the present example of
the numbers 3 and 7 falls under the class of the numbers chosen above to
construct groups of odd order which are subgroups of division rings, hence
the minimal order thus obtained is mn =7-3-3=63. Following the method
suggested above one finds that 7 can have only the values 16 and 4 but it
is not hard to show that Gs «=Gu,s (here m=7-3). This proves that the



374 S. A. AMITSUR [November

minimal group is uniquely determined up to isomorphism. This completes
the proof of

THEOREM 6. There are an infinite number of groups of odd order which can
be embedded in division rings and the group with this property which is of mini-
mal order is uniquely determined and it is of order 63.

5. The various types. The following different types of groups will be
shown to contain the groups which can be embedded in division rings.

(5A) Cyclic groups.

(5B) D-groups. This class contains the set of all groups Gnm,, which are
not cyclic. Important examples of this class is the quaternion group Q*
= { +1, +1, +j, ik} of order 8 and more generally the binary dihedral group
D (see [9, §6.1, p. 138]), which are closely related with the dihedral sub-
group of order 2m of the three dimensional orthogonal group Os.

(5C) T-groups. The simplest group of this type is the binary tetrahedral
group T* of order 24 (see [9, §6.2, p. 139]). This group T* contains as a 2-
Sylow subgroup the quaternion group and an additional element of order 3.
Namely: $*= {P, 0, R} where the elements P, Q, R satisfy the relations:

(Ty) P4=1; P?2=Q* PQP'=Q,

(T2) RPR'=Q; ROR'=PQ,

(Ts) RE=1.

The element P? of T* generates the center of T* and T*/(P?) is iso-
morphic with the tetrahedral group. Actually, £* can be uniquely deter-
mined by this property (see Z12).

By a general T-group we mean a group Gr=Z* XGn,,, where Gn , is either
cyclic (i.e. r=1) of order prime to 6, or a D-group of order prime to 6.

(5D) O-groups. The simplest group of this type is the binary octahedral
group O* (see [9, §6.3, p. 140]). O* is of order 48, its center is group of order
2 and O* modulo the center is isomorphic with the octahedral group. O* has
a 2-Sylow subgroup of order 16 generated by T, Q satisfying:

©) TP=1; T=Q% QIQt=T"

and another generator R satisfying among others the relation R®=1. Further-
more, {T?, Q, R} is isomorphic with T*.

By a general O-group we mean a group Go=0*XGn,,, where Gn,,is a
cyclic group or a D-group of order prime to 6.

(SE) I-groups. The basic group of this type is the dinary icosahedral
group 3* of order 120 (see [9, §6.4, p. 140]). This group contains a center of
order 2 and §* modulo this center is isomorphic with the icosahedral group.
By Z12, it follows that §*=~M(2, 5), where M(2, 5) denotes the homogeneous
modular group modulo 5. * contains a subgroup isomorphic with T* of
index 5.

By an I-group we shall mean a group G=3* X G, where G, is either
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cyclic or a D-group and its order is relatively prime to 120.

We turn to the possible embeddings of the groups of the preceding types
in division rings.

LemMA 11. If the quaternion group Q*C R* then V(Q*) =(Q(3), j, —1)
= U, the quaternion algebra over the rational field Q.

As was pointed out Q* is a Gy,3 group, hence this lemma is a special case
of Lemma 3.

LEMMA 12. If GC 8* contains a group Go={ P, Q, R} where the generator
P, Q, R satisfy (T1) and (T:) and instead of (Ts): R¥=1, B=1. Then B=1,
i.e. Go=J*. Furthermore, U(Go) is isomorphic with the quaternion algebra
Az over the rationals and R=—(1+P+Q+PQ)/2 in &*.

Since G, = { P, Q} is a quaternion group, it follows by the preceding lemma
that U(G) is the quaternion algebra over Q. One readily verifies by the proof
of Lemma 4 that 1, P, Q, PQ are a Q-base of U(G)). Since P¢=1, (P?—1)
*(P*4+1) =0 in K*. Hence P?= —1, and thus P~!= — P, Similarly Q-'= —Q,
and, therefore, PQ= —QP. Let D= —(1+P+Q+PQ)/2. A straightforward
computation shows that D*=1 and DP=QD, DQ=(PQ)D. Put C=RD!
€ ®*. Then, in view of (T2) C commutes with P and Q. Hence, GoC %, ® Q(C)
CR*. Now R=CD, C and D commute; hence R®=C3D?= (3. Since R¥=1
it follows that C¥=1. If C>#1, Q(C) contains a primitive 3rd root of unity w
(which is a power of C). But then %> ® Q(w) C ®* contains zero divisor, since
0=D*-1=(D—1)(D—w)(D—w? and D51, w, w? since D does not commute
with P or Q. Consequently, C=1,i.e. R=D=—(1+P+Q+PQ)/2 and as a
by-result it follows that R3=1.

LEmMMA 13. If O*C R* then, V(O*) (s, 7, —1) =A@ Q(2V2). Further-
more, if {P, Q} generate the quaternion subgroup of O* and O*= {T, Q, R}
satisfying (O1) and T?*=P, then

R=—(1+P+Q+PQ)/2 and T = + (1+ P)/212(),
in K*.

The subgroup {T , Q} of O* is a Gs,—1 group. Hence, by Theorem 3,
V(O*) 2UV(Gs1)=Us,—1=(Cs, j, —1). j is the conjugation of (°s and its real
subfield is Q(2%/2), thus As_1 =A@ Q(2V/2). If T2=P corresponds to 7 in As,
then in the field Q(T), T=PY2=+(1+P)/2Y2 By the previous result,
R=—(1+4P4+Q+PQ)/2. Hence O*={T, Q, R}CVU{P, Q}®Q(2'?
@ Q(21/2),

Actually, in view of the proof of Lemma 5, we have shown:

COROLLARY 1. If a group G R* contains a generalized quaternion group of

(%) 2'2 denotes here the real number satisfying x2=2 in Q(T).



376 S. A. AMITSUR [November

order 2% Gy= {T8=1, T¢=0Q?, QTQ—1=T—1} and an element R of order 38
satisfying RT*R'=Q, RQR'=T7?Q, then 3=1 and {R, T, Q} >~ O*.

For by the proof of Lemma 5, R=—(14+T724+Q+T7T?Q)/2 and by the
proof of the previous lemma T'= 4 (14 7%)/2%2, Thus the relation between
T2, Q completely determine the group {R, T, Q}. One readily shows that in
the quaternion algebra over the reals the element —(144i+j+k)/2,
(1417)/2V2, j generate a group isomorphic with *. Clearly this group is
isomorphic with {R, T, Q}; hence {R, T, Q}=~O*.

We turn now to the more complicated group 3*.

LemMA 14. If J*CR* then V(I*) = W10,12=2(Cs, 7, —1)=W®Q(SYE) (")
where N, denotes the quaternions over the rationals.

First we observe that the real subfield of Q(e) =% is Q(5Y2). Put e=¢;.
The elements j, 4,=(1/5"2)(e?—€*) +(1/5V%) (e — €*)j of U1o,—1 form a basis of
a quaternion subalgebra %> of ip,—1. This follows by a straightforward
computation using the fact that jej'=¢"1. Now (Y10,-1:Q) =8 and 52 be-
longs to the center, hence one readily shows that 1, 4, 7, 417, 5Y2, 4,5'2,
75Y2, 4,55Y2 constitute a base of 41,1 over Q. Consequently Uio, 1=s
®Q(5Y2).

The group J* has generators P, Q with relations: P?2= Q3= (PQ)%, P*=1.
(See Z16 or [9, p. 140]). In ®*, P4*=1 implies, as was seen before, P2= —1.
Put R=—-Q=P2Q=0Q* S=—PQ=PQ* Then R¥=1, S*=1, (SR 1)2=—1.
This yields in &* the relations R?*+R+1=0; S*+S5*+.S524+S+1=0; SR!
= —RS™! or equivalently since R-'=—-R—1, —S(R+1)=—RS™! which
yields: SR=RS-1—S§. §* is already generated by —1, R, S; hence the pre-
ceding relation shows that UV(Z*)=Q0+.SQ0+.52Q+S*Q+RQ+RSQ+RS?Q
+RS3Q. Thus (V(3*):Q) <8. On the other hand, U(3*) is a central simple
algebra over Q, hence it is of degree u?, where 7 is the degree of its center
over Q. Consequently »% <8. Note that since 3* is not abelian, #>1; hence
u=2. V(S*)DQ(S)=(s which is a field of degree 4. Hence 4|ur. This im-
mediately yields that #=2, r=2. Consequently, u% =8 and, therefore,
(V(&*): Q) =8. This proves more: the field Q(S), which is of degree 4, must
contain the center of U(3*) which is of degree 2. (3:=2Q(.S) is cyclic over Q
and its only subfield of degree 2 is its real subfield which is isomorphic with
Q(5V2), Hence, the center of U(J*) is isomorphic with Q(5Y2). The algebra
UV(8*) contains a quaternion algebra ¥, over the rationals, since 3* contains
a quaternion group and from the fact that 5Y2 belongs to the center of
UV(3*) one deduces as above that UV(3*)=A,®Q(5Y?). Consequently,
V(3*) = U5, 1= W10, 1.

This also can be obtained by using the fact that $*==M (2, 5). The latter
contains the matrices

(") Note that Q(e) =Q(e), and therefore 10,1 = 5,1
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-1 -1 2 0
s=(o ) 20 )
0o -1 0 3
satisfying SI°=1, Pi=1, Pi\S\P;'=S7!, P}=S%. Namely, P;, S generate a
group Gyg,—1. Hence by Theorem 3a: 10, 1=U(Py, S1) SUV(S*). Since g,
=Ys,—1 is also of degree 8 over Q, V(3*)=Us, 1.

The converse of the last lemmas is also true. That is: the group T* is in
fact a subgroup of the quaternions 9, over the rationals, i.e. the element (1, j,
—(1+44+j+k)/2) generates a group (isomorphic with) T*.

The group O* is a subgroup of s, ;= ®Q(2'?), for a group O* is
generated by {4, j, —(1+i+j+k)/2, (14+4)/2Y2}. The group 3* is contained
in Y5, 1= @ Q(5Y2). Namely, the elements (e, , 41) generate a group 3*. This
can be readily shown by noting that the elements —e, p=(1+44,+j+1417)/2
satisfy the relations (—e)!°=1, p2=(—¢)5=(—pe)2=—1. A simple proof for
the latter is obtained by showing that trace p= —1, trace (pe) =0 and since
Norm p=Norm pe=1, p satisfies p2—p-+1=0 and pe satisfies (pe)2+1=0.

With these remarks we are ready to show:

THEOREM 6a. A T-group Gr=L*XGn,, can be embedded in a division ring
if and only if Wim,r, is a division algebra where ry is a number satisfying ri=r
(mod m), ri=—1 (mod 4); and then V(Gr) 2> ® qUm r=ZWsm.r,, and the latter
s of order (2n)? over ils center.

THEOREM 6b. An O-group, Go=L0* XGn,, can be embedded in a division
ring if and only if s, 1@ Unm =Wsm,r, 15 a division algebra, where ri=r
(mod m), ri=—1 (mod 8); and then U(Go)=2Asm,r, and the latter is of order
(2n)? over its center.

THEOREM 6¢. An I-group Go=3* XGn,, can be embedded in a division ring
if and only if Wiom,r =W10,1QeUm.» 45 a division ring, where ri=—1(10),
ri=r(m); and then U(Gr)=2A1om.,, and the latter is of order (2n)? over its center.

We remark that all the Kronecker products mentioned above are prod-
ucts over Q.

To prove our results we need a result on Kronecker products. Let % be an
algebra over a commutative ring Z(®) possessing the unit of 4 and let B be
an algebra over a subring T of Z, then: (AR 2(BRrZ)=A®rB. This iso-
morphism is clearly obtained by mapping ¢ ® (b ®2)—az®b. We apply this
result iteratively to the following situation: % be a Z; algebra and 8 be a
Zy-algebra and Z;, Z, are T-algebras. Put Z:®rZ,=2Z, then we show that
(**(UAR2Z)®z2(BR2,Z2)=ARrY. Indeed, applying (*) to the left-hand side
we obtain that the latter is isomorphic with (A®z,Z) ® 2:8. Now apply (*)
to AR 2, Z=A®z,(Z1®1rZ:) = A®rZ,. Applying again (*) to (ARrZ:) ®z,B

(®) Assuming az=2a,2EZ, aE A.
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after interchanging the factors yields that the latter is isomorphic with
A®rB.

If Z,, Z, are fields linearly disjoint over a subfield T, then Z=2,Q7Z; is
isomorphic with the composition field Z,Z.. We shall apply this to the case
9 which is a central simple algebra over Z; and 8 a central simple algebra
over Z; and T=Q. Then ARz, Z=Az and B®z,Z=LBz simply means the
algebras obtained from U and B respectively by extending their center to Z.
Thus AR (B =AzR2Bz. The latter is well known to be also central simple;
hence AR® B, in this case, is also simple.

Let G=HXGn,, where G is a T-group if H=%*, an O-group if H=90%,
etc. If GC 8* then clearly U(G) is a homomorphic image of U(H) ® ¢U(Gm,r)
as we shall see in all cases the center Zy of U(H) is linearly disjoint from the
center Z,, of U(Gn,) over Q; hence the preceding remark yields that
UV(H) ® qU(Gn,») is simple. Consequently V(G)=UV(H) ® ¢U(Gm,r).

To prove that the centers of U(H) and U(Gn,,) are linearly disjoint over
Q we turn to the different cases: If G is a T-group, H=T*, the center of
U(H) is Q by Lemma 4, and this case is trivial. If G is an O-group, then
ZuC (s, and the center of V(Gnm.r), Zm,»& (Cm. For this group, it was assumed
that (m, 8) =1, and then, clearly, = and (s are linearly disjoint over Q. For
I-groups, ZuZ (10, Zm.rC(n and by assumption (m, 10) =1, and the rest is
similar.

The remarks stated before these theorems clearly prove that if 8@ A,
is a division algebra then it contains the group £*XGnm.», and similarly for
the other types. The rest of the proof of these parts of the theorem will follow
immediately by the following lemma:

LEMMA 15. If (mi, ms) =(n1, ns) =1, where n; are given by (3A), then
Wnyor1 @ Uy s = WUm » with m=myms and r=r; (mod m;). Furthermore, the
numbers s, n, t defined by (3A) are n=mns, s=s152 and t =tts.

As in the preceding proof, one readily verifies that (m,, ms) implies that
the centers of Um;..(S(m;) are linearly disjoint over Q, hence the product
considered is a simple algebra. The isomorphism of the lemma is readily seen
to be obtained by the mapping: €m,® €m,—€nm, & Cm and o, ®0,,—0,. Since
(m1, ms) =1 it follows readily that o, is an automorphism of order 7 =mnn,.
The fact that t =#, will follow immediately by showing that s =s;s2. To prove
this, note that since r —1=r;,—1 (mod m;) and s;=(r;—1, m,) it follows that
s.~| s=(r—1, m); hence sml s. On the other hand, clearly, s=s{s; where s; | m;.
Hence, since r;—1=r—1 (mod m;) it follows that s{l (ri—1, m;)=s;. This
shows that s =s{s§| s152. Consequently s=s;5:. q.e.d.

To complete the proof of the three parts of Theorem 6 it remains now to
verify that the algebras considered there satisfy the requirements of the last
lemma. This is readily achieved and in particular one observes that n;=2
and 7, is an odd integer. Furthermore, in the first two cases the numbers ob-
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gained satisfy (3D) and in the last case they satisfy (3C).
6. The classification.

LeMMA 16. Let GCK*. G=Gn., if and only if G is either of type (2A) or
contains a subgroup G of type (2A) which is of index 2 in G.

If G is isomorphic with G, ., then since G is either of type (2A) or (2B)
it follows by Lemmas 1 and 2 that either (%,t) =1 or (%, t) =2. In the first case
G is of type (2A) and in the second case, in view of Lemma 2, one can show
that {B"/2, 4} =G, generates a group of type (2A) and of index 2 in G.

Conversely, if G is of type (2A) it follows by Lemma 1 that G=Gn, .
Let G be not of type (2A) but containing G, which is of type (2A) and (G:Gy)
=2. By Theorem 2 it follows that G is of type (2B), and evidently G is solva-
ble since G; is solvable. It follows now by the proof of Z7 (§2, p. 203) that if
Gi=Gn . of the type satisfying (3A), (3B) and (3C), then G={R, 4, B}
where {4, B} =G and either G is cyclic and

(6A) RAR = 4}, 2= 1(n), Rt =1,
or G, is not cyclic and:
(6B) RAR'= 4!, RBR'=DB!, Ri=1,

2= 1(m), l=1(n).

If (6A) holds then Gi={4} and G/Gi={RG:}, hence by Lemma 3
G=Gn,,.

If (6B) holds we distinguish between two cases: (1) n is odd, (2) # is
even. Let n be odd, then the quotient G/ {A} is an abelian group of order
2n or 4n, since, by (6B), RBR!B-1=Bi-1=/4t-Dinc {A } Since 7 is odd,
this quotient is, clearly, a cyclic group, hence Lemma 3 implies that GG, .

Let n be even. As in previous proofs (of Lemma 5) we obtain R?=—1.
Thus, in particular, it follows that R? belongs to the center of G. Let U,
=U(G1) S ®*. Since G, is normal in G, the inner automorphism: X—RXR-!
of 8* induces an automorphism p of order 2 in U,. It follows by Theorem 3
that U, is a central simple algebra of order n? over its center Z;, from this we
assert that p must be inner in U;. If p were an outer automorphism, thenit
follows by [7, Theorem 4] that U=, ®Z, where p is an automorphism of
Z, with the invariant subfield .£; and ¥ is a division algebra of order #? over
L1, invariant under p. The elements of U(G)=7U have the form a+bR,
a, bEU,, and consider the algebra %, ® (Z, p, —1) =T, whose elements are
readily seen to be of the form a+bp, a, bEA; ®Z,. One readily verifies that
the mapping a+bp—a-+bR determines a homomorphism of O onto V. Since
the first is simple and U0, this mapping is actually an isomorphism. Con-
sequently, U=, ®(Z;, p, —1) is a division algebra of order (27)? over L.
Since 7 is even (Z;, p, —1)" is a matrix algebra; hence U*=U;®(Z;, p, —1)*
is also a matrix algebra. This is impossible, since by the Hasse-Brauer-
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Noether theorem (e.g. [5, Satz 7, p. 119]) the index of division algebras (2n
in our case) over algebraic number fields is equal to their exponent (Z# in
our case).

Thus p is inner in U;. Let RE U, be the element which induces p. By the
proof of Lemma 4 it follows that R= Y -3 a,B”, a,EQ(A). Hence, (6B)
yields that (Q_"Z3 a,B*)A =A% D_"2} a,B”). This implies, in view of (3B),
that a,A™ =a,4". Hence, a,=0 unless r*=I(m). Since R0, r*=I(m) for some
0=<v<n—1. The facts that I2=1(m) and that r generates a cyclic group of
order » mod m imply that either v=0 or v=n/2.

If v=0, then it follows that /=1(m). Thus (5A) implies that A and R
commute. Consequently N = {A, R} is an abelian subgroup of * and, there-
fore, cyclic. Furthermore N is normal in G, since B-1AB=A—"EN and by
(6B), B-'IRB=B!"1R=A'-DI"REN. Clearly G/N={BN} is cyclic, hence
by Lemma 3, G=Gn.,.

If v=n/2 put Q=RB". Then by (6B) it follows that Q and A commute
and as this implies that N={Q, 4} is cyclic. N is normal in G, for B-'RB’B
=B-'RB-B*=A!'"YI"(RB*)EN. The rest follows as in the previous case.
This concludes the proof of the lemma.

The groups of odd order always satisfy the preceding lemma, hence:

COROLLARY 2. The groups of odd order which can be embedded in division
rings are either cyclic or D-groups.

LeMMA 17. The only solvable subgroups of division algebra are either cyclic,
D-group, T-groups or O-groups.

By Theorem 2, it follows that if GC 8*, G satisfies the conditions of Z7.
We follow the four different possible types of groups as given in the proof of
Z7. If G is either of type (2A) or contains a subgroup G; of type 2A of index 2
(§1 and §2 of [8, p. 203]) then by the previous lemma it follows that either
G is cyclic or a D-group. The other possible cases, in view of §3, §4 of the
proof of Z7 [8, pp. 203-204], satisfy either:

(6C) G contains a normal subgroup G; of index 3 in G and G;=S:XGg,
where Sp={P, Q} is a quaternion group of order 8 (the 2-Sylow subgroup
of G) and G is a group of type (2A) of odd order.

(6D) The commutator G’ of G is of type (6C) and (G:G") =2.

Consider first the case (6C). Since (G:G;) =3, we may assume that G/G;s
is generated by a coset RG; where R¥ =1. The groups S; and G; are character-
istic subgroups of G, since S; is the only 2-Sylow subgroup of Gs and G; is
characterized as the set of elements of G; which commute with the elements
of S;. Hence, RS;R!=S; and RG,R-!=G,. If the inner automorphism
X—RXR-!of G induces the identity in S, then {R, P, Gz} will then generate
a group G of type (2A) and of index 2 in G, which is impossible since G is
assumed not to be of the previous cases. Now the only automorphisms of odd
order of the quaternion group are ¢, 6% where ¢: P—Q, Q—PQ. Without loss
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of generality we may assume that R induces o. Hence, by Lemma 5, =1
and R=—(1+4+P+Q+PQ)/2. This in turn yields that the elements of G,
which commute with P and Q commute also with R, hence G= {P, 0, R} X Ga.
As was mentioned before G is of odd order. Furthermore, the order of G; is
prime to 3, otherwise R and the 3-Sylow subgroup of G; would generate an
abelian non cyclic subgroup of G which is impossible. This proves that G is
a T-group.

Let (6D) hold. Then (G:G’) =2 and G’ is by the preceding case a T-group,
ie. G'=FT*XGp,, and T*= {P, 0, R} satisfying (T1) —(T3). Furthermore,
Gnm.r is of odd order. Let TE€G, T&G’ and T? =1. Then T? belongs to the
unique 2-Sylow subgroup of G/, i.e. to {P, Q}. This readily implies, in view of
the fact that G must be a group of type (2B), that y=3, i.e. T8=1. By a
suitable change of the symbols P, Q or PQ if necessary, and replacing R by
R? (if necessary), we can thus obtain that T, P, Q and R will satisfy Corollary
1. Hence, this corollary implies that { T', Q, R} ={T, T*}=~O* To prove that
G=20D* X Gn,, it suffices to show that T commutes with Gn,,. Clearly T*is a
characteristic group of G’, and G- can be characterized as the set of elements
which commute with P and Q, hence Gn, is also a characteristic subgroup
of G’. Thus TG ,T'=Gpm,. This implies that the mapping 7: X—>TXT-!
induces an automorphism of U(Gn,). If 7 is inner in U(Gn,) it must be
identity. Since, then 7 is induced by an element T and T2=\&Z,, , the center
of U(Gm,). 7 is the identity if N\V2EZ,,,,. If it were not then Z, .(AV2) is an
extension of order 2 of Z,, contained in the algebra U(Gn,,), which is, by
Theorem 3, a division algebra of order #? over Z,., Hence 2]n (e.g. [1,
Theorem IV, 21, p. 60], which is impossible since G, is of odd order. If 7
is not inner in U(Gm,,) it cannot leave the center of U(Gnm,,) invariant ([7,
Theorem 4]). On the other hand, by Theorem 6b, V(T* X Gmr) 2N », and,
therefore, it is a division algebra of order (2%)? over its center. Furthermore
7: X—>TXT!induces an automorphism of U(T* X Gn,,); hence one proves in
a similar way to the proof of the second case (6B) (n even) of Lemma 6
that 7 must be inner. Thus 7 leaves the center of this algebra and, therefore,
of U(Gn,r) invariant. This is a contradiction and the proof is thus completed.

LeEMMA 18. The non solvable subgroups of division algebras are I-groups.

Indeed, in view of Theorem 1, Z16 can be applied to these groups. Hence,
if GCR* is not solvable, either G=3* XGn,,~M(2, 5) XGnm,, where the
order of Gn, is relatively prime to 120, or G has a subgroup G, of this type
and (G:Gi) =2. In the first case, G is an I-group by definition and we now
show that the existence of the second case leads to a contradiction.

Let Gi=3*XGn, and (G:Gy) =2. Then the 2-Sylow subgroup of G is of
order 16, hence by (2B) it follows that there exists an element ToEG of order
8. This readily implies that Py= T2 € S* and Pyis an element of order 4. Since
all elements of order 4 of 3* are conjugates (which follows by the existence



382 S. A. AMITSUR [November

of an element REJ* satisfying (T%)), in particular conjugate with P, it
follows that for any PEJ* of order 4 there exists a TEG such that T?=P
and clearly T&G,. Now, TS*T—1=3* since 3* contains and it is generated by
all Sylow subgroups of G; belonging to the primes 2, 3, 5. Hence the mapping:
X—-TXT!, X&U(3*) induces an automorphism of U(Z*). Following the
method of proof of case (6B) of Lemma 16, one shows that since U(3%) is of
even order over its center, this automorphism is necessarily inner. That is,
TXT'=TXT;* for some To&UV(3*). Hence T=Tya, where a €U(G) and
commutes with the elements of U(&*), in particular with T. It follows now,
in view of Lemma 14 that U(8*, T) is a quaternion algebra over the field
Z=0Q(5"2, a). The proof of Lemma 14 shows that §* contains elements
P, S satisfying: =1, Pt=1, PSP~1=S5"1 Choose T so that T?=P. Then
T commutes with P hence T&Z(P). Since P2+1=0, one readily observes
that T= + (14+P)/2Y2, Consider the element ST =+ (S+SP)/2'?2€G. The
minimal equation of ST over Z is clearly x*F ((S+4S51!)/22)x4-1=0. Since
ST is an element of finite order » in &* it follows that there is a root of unity
e, satisfying € F ((e+&)/2Y2)e,+1=0, where e=¢; is a fifth root of unity and
¢ is its conjugate. This implies that the real subfield of Q(e.) is Q((e4-€)/2/?)
which is readily seen to be Q(5V/2, 21/2), Since the latter is of degree 4 over Q
it follows that ¢(x) =(Q(e.):Q) =8, hence, ¥ =16, 20 or »=30. But in the
first case 5V2& Q(e) and in the other cases 212 Q(e.). Contradiction.
We are now in position to complete the proof of our main theorem:

THEOREM 7. A group G can be embedded in a division ring if and only if G
1is one of the following types:

(1) Cyclic group.

(2) A D-group Gn.,, where the integers m, r etc. satisfy Theorem & or Theo-
rem 5.

(3) A T-group T*XGn,» where G, is either cyclic of order m, or of the pre-
ceding type, and in both cases, for all primes pl m the minimal integer 7y, satis-
Sfying 2%=1(p) is odd(?).

(4) The groups 0¥, J*.

In view of Lemmas 16, 17 and Theorem 4, it remains only to prove that
every T-group satisfying the requirement of the preceding theorem satisfies
(3) and the only O-group and I-groups satisfying our requirements are *
and §*.

We start with the O-groups. Let G, be a cyclic group of prime order 2,
(p, 6)=1. Consider the group G=90%*XG,. By Theorem 6b it follows that
G can be embedded in a division ring if and only if s, , is a division algebra
when = —1(8) and r=1(p). Thus the numbers satisfying (3A) are n=2,
s=2, t=4p and m=8p. Applying Theorem 4 (or 5) to this case we see that
(2b) never holds. In view of Lemma 6 it follows that if for g|n =2 there exists

(*) This is equivalent to saying that 2 is a root of one of odd order mod .
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a prime p so that g}z, then we must have ¢=p =2 and (3D) holds. But here
we have m/4=0 (mod 2) which contradicts (2c) of Theorem 5. Consequently,
the required algebra s,,, is not a division algebra, and clearly this implies
that O-groups ©* XGn,» where the latter is not the identity cannot be em-
bedded in division algebra. O* can be embedded, by the remarks preceding
Theorem 6a.

Applying again Theorem 6¢c and Theorem 5 we wish to show that a group
S*XG,, (p, 120) =1, cannot be embedded in a division ring. Indeed, by
Theorem 6¢ this is equivalent to proving that i, is not a division ring,
where m=10p, r=—1(10) and r=1(p). The numbers satisfying (3A) will
be in this case n=2, s=2, t=5p. To apply Theorem 5 we observe that (1)
and (2a) and (2c) of that theorem are never valid. Furthermore 8(2, s) =1,
B(2, m)=1 and B(2, p,—1)=1 where p, is the prime required by Theorem 5
which in our case is either p or 5. If p,=35, then 3(2, p,—1) =2 which contra-
dicts (2a) the only possible condition since 5=1 (mod 4). If p,=p then
n, =2 so that 2| n, and thus none of the conditions of (2) of Theorem 5 can
hold. From this we conclude, as for O-groups before, that the only I-group
which can be embedded in a division ring is §*. This completes the proof of
(4).

To prove (3), we observe thatin view of Theorem 6a our problem is equiv-
alent to the condition that the algebra m,r, is a division algebra. Assume
that Gm, is of odd order and satisfies the requirement (2) of our theorem. The
numbers involved in Wynm,,, satisfying (3A) and Theorem 6 will be: % =4m,
#=r1, where by Theorem 6a #= —1(4), #=r(m). Furthermore, % =2n since
Gm,» is of odd order, and one readily observes that §=2s. Clearly, for every
prime pl m, #ip=2n, since n, is odd, and 7, =mn.

If ¢|% and g2, then ¢|n and by assumption that (2) holds for Gn.,,
i.e. by Theorem 6 there exist a prime p|m and therefore p|# such that
¢{n,, and since g2, ¢/, and (2a) of Theorem 5 holds. That is:

3(4: S) g B(q’ P - 1) + Max B(qv 'YJ')’ where Yi= 7(?7 Pi)

is defined for all primes p;|m. In order to show that this condition should
hold in our case, one first notices that 8(g, s) =B8(g, 5) and the only additional
term to appear in the Max is 8(g, v’) where 4’ is the minimal integer satisfy-
ing p7'=1(2). Since p is odd, v'=1 hence B(g, ¥’) =0 and this condition is
valid also in our case. It remains, therefore, to consider the case ¢=2. Now
for every odd prime 7,=2n, hence p must be even, so that (2a) and (2b)
Theorem 5 can never hold; and in order that (2c) of that theorem should
hold we must require v;=1(2) for every prime p,~| m. This proves (3).
Immediate consequences of the preceding theorem are:

CoOROLLARY 3. The subgroups of division algebras of order 120, 48 are
cyclic or D-groups.
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COROLLARY 4. The only nonsolvable subgroup of division rings is J*.

7. Subgroups of given division rings. We utilize the preceding results to
obtain some relations between the finite subgroups of a division ring and the
algebra itself.

Let GC R* be of order g. If G is a T-group, O* or 3*, then 4|g. If G isa
D-group then g=nm=mnst. It follows by Lemma 5 that g=n2(s/n)t. Hence,

CoRrOLLARY 5. If GE 8* and the order of G is square free, then G is cyclic.

Let & be a division algebra of order k? over its center L. If GE®* (of
order g) then, by Theorem 3, U(G) =Un., and the latter is of order n? over
its center. It follows, therefore, that nl k. Hence n2| k% In all possible cases,
one verifies with the aid of Lemma 10 that 2| g. Hence,

THEOREM 8. If GC &* where & s of order k? over its center, then if (g, k?)
is square free, G is necessarily cyclic.

In particular, this yields Theorem 7 of [6]:

COROLLARY 6. The odd subgroups of the quaternions are cyclic.

Another immediate consequence is that

COROLLARY 7. If k is odd then the subgroups of &* are D-groups, or cyclic.
Since otherwise n| k and n=0(2) by Theorems 6a—6c. Furthermore:

THEOREM 9. If R is a division algebra of order k?* over L and GCS R* where
G is a group of type (2B), then & =W ® oA where Wz is the quaternion algebra
over the rational and U is an algebra of order (k/2)* over L. If . is an algebraic
number field then k/2 is odd.

If G is of type (2B), then G contains a quaternion group {P*, Q}.
Hence R2UV(P*™ 7, Q)=%;. By [1, Theorem IV 6, p. 51] it follows that
R=(W®eL) @ A=W®A. If k’=Fk/2 is even then R*=UL QA is a
matrix ring, so that the exponent of & is <k’<k. Since . is an algebraic
number field it follows by the Hasse-Brauer-Noether theorem [S, Satz 7,
p. 119] that R is not a division algebra. Contradiction.

With this we are able to show:

THEOREM 10. If an algebra & of order k* over an algebraic number field L
contains an O* then 2V2EL. If K contains an 3* then 5'2€.L,

Indeed, if O*C 8*, then & contains a field Q(S)=2Q(es) which is of order
4 over Q. If Q(S)N.L=Q then one readily verifies (L(S) :.L) =4 and, therefore,
4| k which contradicts the preceding theorem. Furthermore, Q(S)( L since
S does not belong to the center of ©*. Hence QCQ(S)YNLCQ(S). The unique
subfield of Q(S) different from Q or Q(S) is Q(2V2), hence 2'*€Q(S). A

similar proof holds for 3*,
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8. The real quaternions. We determine now the subgroups of the real
quaternions AR = A2 ®R. It follows immediately by Theorem 3 and Theorem
7 that the subgroups of AR are either cyclic, D-groups for which n=2, T-
groups of the form £*XG,, where G, is cyclic or the groups O*, 3*. The
latter were shown to be contained in YR. Since ARDR(4) which is the com-
plex field, the quaternion contains cyclic groups of any given order. If a
D-group Gm,.SUAR, with n=2, then we assert that r=—1(m). Indeed, if
r# —1(m) then r=1(m,), r= — 1(ma) for some divisors m;, m; of m satisfying
m =myms. Hence by (3B) it follows that if Gm,,= {4, B}, A™ belongs to the
center of Gm,» and hence also to the center of AR. The latter is the real field
R and the only roots unity belonging to R are +1. Hence A™= —1, and con-
sequently m;=2. But r=1s# —1(2), and therefore r= —1(m). These groups
Gm,—1 are known as the binary dihedral groups and they are readily seen
actually to belong to AR. The same reasoning yields that if G=T* XG,.Q?I’&{
then since G, belongs to the center of G, G,CR, but then the fact that G, is
odd yields that G, =1. It was shown before that T*CAR. This completes the
proof of the following:

THEOREM 11. The finite subgroups of the real quaternions are the cyclic group
of any order, the binary dihedral group of order 4m, the groups T*, I*, and O*.

REMARK. There is a well known homomorphism of the group N of all
quaternions of Norm 1 onto the orthogonal group O;. This is obtained by
considering the set &= {¢; ¢ =xi+yj+zk} of AR as a Euclidean 3-space S;
and to each n&N one corresponds the notation L, of S; defined by L,
=n{n~L The kernel of this homomorphism is the group containing {41,
-1 } From this one readily concludes that the finite subgroups of O; are the
images of the finite subgroups of NV which are the same as those of YR. The
image of the cyclic groups will be cyclic, of the binary dihedral groups will
be the dihedral groups of order 2m, and the images of T*, O*, and I* are re-
spectively the tetrahedral group, the octahedral group, and the icosahedral
group(*?). This is the well known classification of the finite subgroups of Os.
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ERRATA, VOLUME 78

Summation of bounded divergent sequences, topological methods. By Albert
Wilansky and Karl Zeller. Pages 501-509.

Page 502, lines 24-25. The conjecture is now known to be false.

Page 507, lines 24-26. For “For each n - : - a.x otherwise.” read “Let
{k(n)} be a strictly increasing sequence of indices so chosen that for each #,
|s,./sk(,,>| <e€/n, |sk<,.)/sk(,.+1)| <e/n. Let a,,=1; then, given =, if n==~k., set
G k(mi1) = — Skm)/Sknsny; While if n32k, for all m, set Gn k)= —Sn/Skm. In
either case a.x =0 for other %.”

ERRATA, VOLUME 79

Arithmetical predicates and function quantifiers. By S. C. Kleene. Pages
312-340.

Page 325, last line of text. For “z0” read “z(yo”.

Page 327, line 5. For “30” read “29”.

Page 330, line 10. For “R#°” read “ RES?,

Page 333, line 11. Insert at the end “a,”.

Page 333, line 22. For 21-3%” read “2/1.3%”,

Page 335. Beside Footnote 24 write “to page 338 line 4”, and then inter-
change footnote numbers “(*)” and “(®)” both in the text (lines 6 and 17)
and on the footnotes.

Page 336, formulas (22) and (23). For “RE» read “RHv”,

Page 338, line 4. For “F}.” read “F;”.



