ON GALOIS GROUPS OF LOCAL FIELDS

BY
KENKICHI IWASAWA

Let p be a prime number, Q, the field of p-adic numbers, and & an alge-
braic closure of Q,. In the present paper, we take a finite extension % of Q,
in Q as the ground field and study the structure of the Galois group G(Q/k)
of the extension Q/k. Let V be the ramification field of Q/k, i.e. the composite
of all finite tamely ramified extensions of k in Q, and let G(/V) and G(V/k)
denote the Galois groups of the extensions 2/V and V/k respectively. We
shall first determine the structure of the groups G(V/k)=G(Q/k)/GQ/V),
and G(Q/V) and show that the group extension G(Q/k)/G(Q/V) splits. Our
main result is, then, to describe explicitly the effect of inner automorphisms of
G(2/k) on the factor group of G(2/ V) modulo its commutator subgroup, i.e.,
on the Galois group G(V’/V) of the maximal abelian extension V’ of V in .
This is, of course, not sufficient to determine the structure of the group
G(Q/k) completely; to do that, we still have to find the effect of inner auto-
morphisms of G(Q/k) on the normal subgroup G(/V) itself. However, it
gives us some insight into the structure of G(/k); and we hope it will help
somehow, in the future, in the study of the group G(2/k) as well as in that of
the Galois groups of algebraic number fields.

An outline of the paper is as follows: in §1 we prove some group-theoretical
lemmas which will be used later. In §2 we study the behavior of the Galois
group of a certain type of finite tamely ramified Galois extension E of & act-
ing on the multiplicative group of E. Using those results, we then prove in
§3 the properties of G(Q/k) as mentioned above(?).

1. GROUP-THEORETICAL PREPARATIONS

1.1. Let ¢ be a power of a prime number p: ¢=°, fo=1. In sections 1.1
and 1.2, we shall denote by G a finite group of order n =ef generated by two
elements o and 7 satisfying the relations

(1.1) of =1, ¢ =1, grol = 79

If such a group G exists, e and f satisfy the congruence relation

(1.2) ¢ =1 mode.

Hence, in particular, e must be an integer prime to p. Conversely, if e and f

are integers =1 satisfying (1.2), there exists, up to isomorphisms, a unique
finite group G of order n =ef as described above.

Received by the editors March 13, 1955.
(1) For the structure of Galois groups of p-extensions of &, cf. [5; 8.
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Let G be such a finite group of order n =¢f. We denote by GF(¢’) the finite
field with ¢/ elements and by 75 a primitive eth root of unity in GF(¢’). Accord-
ing to (1.2), the field GF(¢’) certainly contains such an 7. For any integer 1,
we then make the additive group of GF(¢/) a G-module 4; by putting

ga = a4, T4 = n'a

for any a in GF(¢/). Obviously 4; is a G-module with dimension ff, over the
prime field GF(p) of GF(¢/), and we denote by A! the G-module over the
algebraic closure 2, of GF(p) obtained from 4; by extending the scalar field
GF(p) to Q,. A! then contains an Q,-basis ¢; indexed by residue classes j
mod ffo, such that

' ’ ’ N
06; = aigy  T8; = 17 a;(%).

In the following, we shall denote by R, and R, the group rings of G over
the fields GF(p) and Q, respectively. We make R, and R, into (left) G-mod-
ules in an obvious way. We then prove the following

LEMMA 1. Let e and s be integers =1 such that eeo=(p—1)s and let
n<e< - - - <4, (r=eey) be all the integers 1 such that 1=i1=<sp, (¢, p)=1.
Let, furthermore, M be a G-module over GF(p) containing a sequence of G-invari-
ant submodules

M=MDMD---DM, = {0},

such that My_y/ M, is isomorphic with A;, as defined above (I=1, - - - , 7). Then,
M is isomorphic with the direct sum of eqfo copies of the G-module R,.

Proof. Let M’, M{ denote the G-modules over @, which are obtained
from M, M; by extending the scalar field GF(p) to 2,. We have again a
sequence of G-modules

M =M{DM{ D --D M = {0},

and M{_,/M{ is isomorphic with 4{. For j=0, 1, - - -, fo—1, let a;,; denote
elements of M,_, such that the residue class of a;,; mod M/{ is mapped to
aj in Aj, by the above isomorphism. Since the order e of the normal subgroup
N of G generated by 7 is prime to p, M’ is completely reducible as an N-mod-
ule; and we may choose a;,; so that

Tqj1 = ﬂ"jai.x
with ¢=1;. For any integer j with j=jo+1fo, 0 <jo <fo, we then put

Qi1 = o a1
a;,; then depends only upon the residue class of j mod ff, and those aj,i,
ming [2, p. 38].
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0 =<j <ffo, represent a basis of M/_,/M{ over Q,. From the definition, it also
follows easily that

08j1 = Qj—gy1 Ta;,0 = n'"a;,
with =1,
Now, the rff, elements a;,;, thus obtained for 0 £j <ffo, 1 I =<7, obviously
form an Q,-basis of M’. They are all characteristic elements for the operator
7; and the corresponding characteristic values are given by %!, where ¢ runs

over the residue classes 7p7 mod e with 1=<7=<sp, (3, p) =1, and 0=j <ffo.
However, since sp =s-+ee; and p’/*=1 mod e, we have

{ipimode;1 < i<sp,0<j <ffo}(3)

= {ipimode;1 < i <57} VU {ipimode;1 < i < eeo, 7},
{ipimode;1 < i< sp,zlp,O <] < ffo}

= {ipi*imod e; 1 < S,0§j<ffo}

= {ipimode;1 i <50 =<7 < ffol.

It follows that

IA

{ipimod e; 1 < i < sp, (i, p) = 1,0 £ j < ffo}
= {ipimod e;1 < i < ee, 0 < j < ffo}

= ¢,fof times the complete residue classesmod e.

Therefore, every ! (0<t<e) appears exactly eofof times as a characteristic
value of 7 belonging to some a;,;. On the other hand, the operator ¢ permutes
the a;,; among themselves in eeqf, cycles of length f; and if the characteristic
value of 7 belonging to a;,; is n¢, that of 7 for ¢—'a;,; is given by n‘¢. It then
follows immediately that, as a G-module over ©,, M’ is isomorphic with the
direct sum of eqfy copies of R, .

Now, let eqfo X R, and eqfy X R, denote the direct sums of eqfy copies of
R, and R, respectively. M and eqfo X R, are both G-modules over GF(p) and
their scalar extensions M’ and eqofo X R, are proved to be isomorphic. Therefore
M and eqfo X R, are also isomorphic as G-modules over GF(p), q.e.d.

1.2. Let G be a finite group as considered in 1.1. G is, namely, a group
of order n =e¢f generated by two elements ¢ and 7 satisfying the relations (1.1)
with a prime power g¢=p'°, fo=1. In the following, we shall further assume
that f is divisible by p, and even by 4 if p=2.

Let O, denote the ring of p-adic integers and R the group ring of G with
coeffieients in O,. We consider an R-module L with the following properties:

(i) as an O,-module, L is the direct sum of a finite cyclic O,-module W

(®) In these formulae, the residue classes mod e in the brackets are to be counted with
multiplicities as 7 and j run over the domains as indicated.
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generated by an element w of order p* k=1, and mn copies of the module O,
for some integer m=1:

L=W+0,+ - 40,
W =0,w, pw=0 plwz0, K

v

W is obviously invariant under G so that we have
(1.3) oW = g1w, TW = gaw

with suitable integers g1, go, which are uniquely determined mod p*.
(ii) let f=f'p and o1=0"". Then, cuw=w, and L contains an element z
such that o1z2=2+w,, where w, is an element of order p in W, e.g., p*lw.
(iii) the residue class module L of L mod pL is obviously an (mn-+1)-
dimensional G-module over the finite field GF(p); and as such, it is the direct
sum of m copies of the group ring R, of G over GF(p) and a one-dimensional
module L, over GF(p) such that

(14) od = gld, T4 = gzd
for any a in L.

We shall now study the structure of such an R-module L. For any element
¢ in L, let ¢ denote the residue class of ¢ mod pL. By (iii), we can choose
elements co, ¢1, * * +, ¢m in L so that & is a basis of L, and that ¢, and pé;
(PEG, i=1, - - -, m) together form a basis of L over GF(p). We put

L' =Reci+ -+ + Rem.

L/L’ is then a cyclic O,-module generated by the residue class of ¢co mod L’;
and hence, it is either finite cyclic or isomorphic with O,.
We first assume that L/L’ is isomorphic with O, and put

aco = {160, 7¢o = {acomod L,

with suitable {;, {; in O,. By the assumption, {; and {; are uniquely deter-
mined by the above congruences; and, as ¢/ =1, 7*=1, we must have {{=1
and {5 =1. Since {1 and {; are thus roots of unity in O,, we have {7 '={3"1=1;
and it also follows from (1.4) that

(1.5) Hi1=g, §2 = gamod $0,.

Let, then, m X R denote the direct sum of m copies of the group ring R
considered as a G-module over O,; and let ¢ be the R-homomorphism of
m X R onto L’ defined by

dlay, -+, am) = a1+ + AmCm, a; € R

We denote by K the kernel of ¢. As L/L’=0, by the assumption, the finite
module W is contained in L’ and it follows from (i) that L’ is, as an O,-
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module, the direct sum of Wand mn—1 copies of the module O,. Therefore,
there is an element x in m X R such that both ¢(x) =w and K =0,p* hold.
Since K is clearly G-invariant, we see, as we have done for L/L’, that

op*x = {1 p*x, TP*X = {1 p*x
with suitable roots of unity {{, {4 in O,. It then follows that sx={{x,

rx={3 x and, consequently, that

ow = {{ w, TW = {4 W

We then have, by (1.3) and (1.5), that {{ ={1, {7 = mod p0,; and, as the
{'s are roots of unity in O,, we get ¢/ ={1, {4 ={2. Let u be an element in the
center of R defined by

/—1 e—1 e s
=2 2 o (Y.

1=0 j=0
Since ox =81x and 7x ={ax, it is easy to see that there is an element y of the
form y=(u1, - - -, 4m), 4;E0,, in m X R, satisfying x =py. On the other hand,
as ¢(x) =w, there is no element 3’ in m X R such that y=py’, and, hence,
some #%; is not divisible by p. Therefore, replacing ¢, - - -, ¢m by their suitable
linear combinations with coefficients in O, and changing the mapping ¢
accordingly, we can make

y=(1v01""0), x=(ﬂ,0,"',0).

In other words, we may assume that the generators ¢, - + -, ¢m of L’ have a
unique fundamental relation

peucy = 0.
We now put
¢l = c1+ pc, ¢! = ¢ fori=0,2,---,m,
L" =Re{ + -+ + Recm .
Using the above and
ouce = §1uco, TuCo = §2lCo, uco = ncomod L,

we can see easily that ¢f, - - -, ¢}, are linearly independent over R. Hence w
is not contained in L'’ and L/L'’ is a finite cyclic O,-module. We have thus
proved that we may always assume L/L’ is a finite cyclic O,-module, for
otherwise, we can take ¢, ¢, - - -, ¢, and L’ instead of the original
o, C1, * * +, Cmand L’.

We, now, therefore assume that L/L’ is a finite cyclic O,-module of order,

(4) To see that u is contained in the center of R, notice {]={1, {§={2 u is, up to a scalar, the
unique element in R which takes the factors {1, {2 when multiplied by o and 7 respectively.
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say, p%, 1=0. It then follows immediately from (i) that L’ contains m# linearly
independent elements over O,, and hence that L’ is isomorphic with m X R
by the mapping ¢ as defined above. In particular, L’ contains no element of
finite order except 0 and WNL’={0}. W is therefore mapped isomorphically
into L/L’ by the canonical homomorphism of L onto L/L’; and we see that
the order of L/L’ is not less than the order of W, i.e., that [=«. Suppose that
I=«. L is then the direct sum of W and L’; and, for the element z in (ii)
above, we may put z=rw-b, with some integer » and some b, in L’. It then
follows from (ii) that wy= (o1 —1)z=r(c1—1)w+(61—1)b1=(061—1)b;. But, as
(61—1)by is an element in L’, this contradicts the fact that WL ={0}. We
must have therefore

(1.6) 12+ 1.

Now, as L/L’ is a cyclic module of order p!, there exists an integer g such
that sa=ga mod L’ for any element a in L. Since ¢/ =1, we obviously have
¢=1 mod p’ It follows, in particular, that g¢/=1 mod p; and as f=f'p,
g”’=1 mod p also holds. If p=2, f’ is an even integer by the assumption; and
we have also g/’=1 mod 4. Therefore, if g¢ — 1 were divisible by p*+!, we would
have g¢’=1 mod p* and

oia =¢’a = g'a = amod L'

for any a in L. Applying this to a =z, we see that w;, = (¢, —1)z is in L’,which
is again a contradiction. We obtain therefore

1.7 g/ = 1mod p}, g/ # 1 mod pHi.
We next take an element ¢4 in L which generates L mod L’ and satisfies

pr*ag =w mod L’. As p*w=0, plad is contained in p*L’, and so is (g’ —1)a{.
Put (60 —g)aq =b. b is then an element in L’ such that

J—1

(1.8) ( S o)b = (o7 — i = (1 - g)od € P
=0

Since, however, L’/p*L’ is (as a G-module) isomorphic with the direct sum

of m copies of the group ring of G over 0,/p*0,, it follows from (1.8) that

there is an element b’ in L’ satisfying

b= (¢ — g)b' mod pL'.
Replacing a¢ by a¢ —b’, if necessary, we may therefore assume that
(1.9 (¢ — g)ad = Omod p=L’.

We now consider the action of 7 on L/L’. Just as for ¢, there is an integer
g’ such that 7a=g’a mod L’ for any a in L. Since 7°=1, g’*=1 mod p!; and
as (e, p) =1, it follows immediately that g’={ mod $'O, with some root of
unity { in O,. For any a in L, we have then ra={a mod L’; and using WL’
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= {0}, we see in particular that
(1.10) Tw = {w.

Clearly, the root of unity ¢ is uniquely determined by the above equality.
Using such ¢, we define an element X in the center of R by

1 e—1
(1.11) A= — D ().

€ j=0
It then follows that Aaj =a{ mod L’, and hence we may replace ag by Aa(
and denote it again by a{. For the new a{, (1.9) still holds; and furthermore
we have also

(1.12) Aay = ag, (r — Has = 0.
Using (1.9), we put (¢ —g)ad =p*’’ with ¢’ in L’. It then follows that
(1.13) (0 — glag = p
with ¢/ =\c¢’’, which is also an element in L’ satisfying
N = (.

We may hence put
¢ = Zai)\c;,
=1

where the a; (=1, - -, m) are linear combinations of ¢/ with coefficients
in 0,, i.e., elements of the group ring R,, over O,, of the cyclic group gener-
ated by o. We put

a; = u; + (0 — )B4, u; € 0,, B: € R,,
fori=1, - - -, m, and also
a = al — P ZB;)\C;, c = Z UNC;.
=1 =1
We have then
(1.14) Aay = ay, (¢ — g)ao = p*c, (r = 9ao = 0.

We shall next show that some #; is not contained in pO,. Suppose, on the
contrary, that all #; are in p0O,. We have then
(0 — glao = p*+'dy
with some di in L’. Multiplying both sides of the above by Y_{Z§ gla/==,
we get
(%) Cf. footnote (4).
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(1 - gf)do = P“Hdz, d2 E L,.

Using (1.6), (1.7), put
' d3 = (1 — gf)P_"_ldo — dz.
We have then pst1d;=0. But, as 1—g’ is not divisible by p**1, the order of
d; mod L’ is exactly p*t1. Hence the order of d; itself must be also p**!, and
this contradicts the assumption (i). Therefore, some u;, say u,, is not con-
tained in pO,.
Finally, we then put

m
a1 = D uic, a;=c¢jj =2, ,m.
i=1
Since #, is a unit in O,, we have

L' = Ra;+ Ras + - - - 4+ Ram;

and as a, generates L mod L’, ay, a1, * - -, an obviously generate L over R.
Furthermore, we also get from (1.12), (1.13), and (1.14) that
(1.15) (¢ — g)ao = pray, (r— 0ao = 0.

From the definition of g, it follows that cw=gw=gw mod L’. But, as WNL’
={0}, we have gyw=gw, ow=gw. Now, take any rational integer g* =g+ sp*
which is congruent to g mod p*. ao, a1 —sae, @s, - - -, am is then clearly another
system of generators of L over R and (1.15) holds for ay, @;1—sa,, and g*
instead of ao, a1, and g. Hence, by such a substitution, we can let g take any
given integer value satisfying ow=gw. We have therefore proved the follow-
ing lemma:

LeEMMA 2. Let L be an R-module having the properties (i), (ii), (iii) as given
at the beginning of this section. Then, L has a system of m-+1 generators
ag, @1, * +  , Qm over R such that

(0‘ - g)do = P‘xal) (7 - §)0'0 = Oy

where ¢ and \ are given by (1.10) and (1.11), and g is a rational integer satisfying
ow=gw which can otherwise be arbitrarily given beforehand.

We shall next prove the following

LEMMA 3. Let ao, a1, - - -, an be a system of generators of L over R as given
in the previous lemma. Then aq and pa; (pEG, 1=1, - - -, m) form a system of
generators of L over the ring O,, and every Oy,-linear relation among ay and the
pa; is a consequence of the following fundamental relation:

1 =1 e—1

(1.16) (g — Do+ pr— D D gitial—Iremig, = 0,

1=0 j=0
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Proof. The first half of the lemma is trivial. Let L* denote the free O,-
module which is the direct sum of O, and m copies of the group ring R,
and let ¢ be the O,-homomorphism of L* onto L defined by

‘p(u» (25 TRRERE aM) = Udg + T aia;, U e Opy 73 E R.

i=1

Using the property (i) of L, we can then choose a basis bg, b1, * * *, dmn of L*
over O, such that the kernel of ¢ is given by O,p*bo. Now, multiplying both
sides of (¢ —g)ao=pNa1 by D 4t gio/=~1, we get immediately the relation
(1.16). Therefore, if we put

/-1
b= ((gf — 1p, 2 g0, - - ,0),
1=0
p*b is contained in the kernel O,p*bo; and we get
= uobo

with some %, in O,. However, b is obviously not contained in pL*. %, is hence
a unit in O, and the kernel of ¥ is also equal to O,p*. The lemma is therefore

proved.
It follows immediately from I.emma 3 that all the R-linear relations
among the generators ao, a1, - - -, @m are consequences of the fundamental

relations (1.15) and, hence, that the R-module L is, up to isomorphisms,
uniquely determined by the properties (i), (ii), (iii) given above.

1.3. We shall next prove a lemma on a certain type of totally discon-
nected compact groups.

Let J be an arbitrary group. Let {Na} be the family of all normal sub-
groups of J such that the indices [J:N;] are finite, and let J, be the inter-
section of all such Ny's. We can make the factor group J'=J/J, a totally
bounded topological group by taking the family of subgroups { Na/]o} asasys-
tem of neighborhoods of 1 in J’. The completion of J’ then gives us a totally
disconnected compact group 7 which we shall call the total completion of J.

Instead of the family {N;} of all normal subgroups of J with finite
indices, we can also start with suitable subfamilies of {N;} and get various
totally disconnected compact groups in a similar way. In particular, taking
the family of all normal subgroups N{ of J such that the indices [J:N{ ] are
finite and not divisible by a given prime number p, we get a compact group
»J which we shall call the p-complementary completion of J. The p-comple-
tion J? of J can be obtained similarly considering those normal subgroups
N{’ of J whose indices in J are powers of p.

Now, let G be a totally disconnected compact group and let there be a
homomorphism ¢ of J into G such that the image ¢(J) of J is everywhere
dense in G. The group J, above is then contained in the kernel of ¢ so that ¢
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induces a homomorphism ¢’ of J’ into G and ¢’ can be uniquely extended
to a continuous homomorphism ¥ of 7 onto G. In that sense, J may be called
the universal group in the family of totally disconnected compact groups G
having everywhere dense homomorphic images of the group J; and it is, up
to isomorphisms, uniquely characterized by that property. We can also give
similar characterizations for »J and J».

We now consider the special case where the group J is generated by two
elements o and f satisfying the unique relation

afat = B9,

where ¢ is, as before, a power /0 of a prime number p. We shall denote by T'
the total completion of such J, and by ¢ and 7 the elements of I' which are
the images of « and 8 by the canonical homomorphism of J onto J’. We have
then obviously
grol = 79,

Let Ty be the closure of the cyclic subgroup of I' generated by 7. I'y is then a
closed normal subgroup of I'; and I'/T'y and T’y are isomorphic with the total
and p-complementary completions of an infinite cyclic group, respectively.
It is also easy to see that I' is an inverse limit of the type of finite groups as
considered in 1.1 and 1.2.

LeEMMA 4. Let G be a totally disconnected compact group and N a closed
normal subgroup of G such that G/N=T. If, furthermore, N is an inverse limit
of finite p-groups, then the group extension G/N splits, i.e. there exists a closed
subgroup H in G such that G=HN, HN\N=1.

For the proof, we first notice the following: let G; and G, be both totally
disconnected compact groups. We say that G, and G; are relatively prime if
the index [Gi:N:] of any open normal subgroup N; in G; is always prime to
the index [Gs: N, ] of any open normal subgroup N, in Gs. We can then prove
the following

LEMMA 5. Let G be a totally disconnected compact group and N a closed nor-
mal subgroup of G such that G/N and N are relatively prime. Then the group
extension G/ N splits, 1.e., there is a closed subgroup H in G such that G=HN,
HN\N=1. If, furthermore, either G/N or N 1is solvable, then any two such
closed subgroups Hy, H, satisfying G=H;N, H/\N=1 (1=1, 2) are conjugate
in G.

It is known that Lemma 5 holds if G is a finite group and the proof for the
general case can be easily reduced to that special case. We, therefore, omit
the details here(®).

(%) For the proof of the lemma for a finite group G, cf. [9, p. 126]. To prove the existence
of H in the compact case, take a minimal closed subgroup H such that G=HN.
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Now, Lemma 4 can be proved as follows; let G’ be the closed normal sub-
group of G containing N such that G’/N=T\. Since I'y is isomorphic with the
p-complementary completion of an infinite cyclic group and N is an inverse
limit of p-groups, G'/N and N are relatively prime. Hence, by Lemma 5,
there is a closed subgroup H; of G’ such that G'=HN, HH/N\N=1. Let a
be an element of G such that the coset ¢’ =aG’ generates an everywhere
dense cyclic subgroup of G/G’. Hy=aH,a™! then also satisfies G’ =H,N,
H;N\N=1;and by Lemma 5, there is an element b in G’ such that Hy =bHb~".
Let C denote the closure of the cyclic group generated by a;=ba. As G/G’
is the total completion of the infinite cyclic group generated by a’=a,G’, it
is easy to see that G=CG’, CN\G'=1. Since a1Hya;'=H,, H=CH, is then a
closed subgroup of G such that G=HN, HNN=1.

2. FINITE TAMELY RAMIFIED EXTENSIONS

2.1. Let p be a prime number, Q, the field of p-adic numbers, and @ an
algebraic closure of Q,. All the fields we shall consider in the following are
extensions of Q, contained in .

We take such a finite extension k of Q, in @ as our ground field and denote
by m, e, and f, the degree, the ramification, and the residue class degree of
the extension k/Q, respectively. We have then m=efo. Let E be a finite
extension of % in @ and let F be the inertia field of E/k. We denote the degree,
the ramification, and the residue class degree of E/k by #, e, and f, respec-
tively. We have then clearly e=[E:F], f=[F:k], and n=ef=[E:k]. We
assume that the extension E/k is tamely ramified, i.e., that e is prime to p.
Furthermore, we also assume that E/k is a Galois extension and denote by
G and N the Galois groups of E/k and E/F respectively. N is then a normal
subgroup of G, and G/N and N are both cyclic. We say that the tamely
ramified Galois extension E/k splits if the group extension G/N splits. It is
easy to see that E/k splits if and only if E contains a prime element = such
that w¢ is a prime element of k. In fact, suppose that E contains such an
element 7. Since the residue class degree of the extension E/Q, is ff,, E con-
tains a root of unity £ of order po—1; and we have

Put F’ =k(r) and denote by ¢ the Frobenius automorphism of the unramified

extension E/F’. If we then take any generator 7 of N, the group G is generated
by ¢ and 7; and we have

0 = &9 0 =
@.1) g =&, w=m

£ = T = qm,

where g=p’0 is the number of elements in the residue class field of £ and 7
is a suitable eth root of unity in E. It follows immediately that

o =1, e =1, gro~! = 79,
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Therefore, the group extension G/N splits and G is the type of group we con-
sidered in 1.1. We can also see easily that if, conversely, E/k splits, then E
contains a prime element 7 such that 7w is in k.

2.2. Let E/k be a splitting tamely ramified finite Galois extension of k as
considered in 2.1 and let F, £, 7, o, 7 etc. be the same as given there. We also
denote by p* (k=0) the highest power of p dividing the order of any root of
unity in E and by w a primitive p*th root of unity in E. In the following,
we shall assume that k=1, i.e., that E contains at least a primitive pth root
of unity, and also that the degree of the extension E/k(w) is divisible by p,
and even by 4 if p=2.

We shall now study the action of the Galois group G of E/k operating on
the multiplicative group E* of E. For any positive integer <, let U; denote
the G-invariant subgroup of E* consisting of all units ¢ in E such that a=1
mod 7*. We have then obviously the following direct product decomposition:

(2.2) E* = {x} X {¢} X Uy,

where {7} denotes the infinite cyclic group generated by = and {£} the finite
cyclic group of order ¢/ —1 generated by £. Since the action of G on the first
two direct factors is given by (2.1), we simply have to study the behavior of
G acting on the group U..

Let O, and R denote, as in 1.2, the ring of p-adic integers and the group
ring of G with coefficients in O, respectively, and let % be any element in O,.
For any a in U, the element a* in U, is defined as usual; and as (a*)? = (a*)*
for any p in G, we can consider the group ring R as an operator domain of the
abelian group U, in an obvious way. We shall next show that the group U
with the operator domain R has the properties (i), (ii), (iii) of 1.2, though U
here is a multiplicative group and those conditions have to be modified ac-
cordingly.

It is well-known that (i) holds for Ui with m=[k:Q,] and with the
primitive p*th root of unity w. We put here

W' = Wi, W = w2,

By the assumption, [E:k(w)] is divisible by p. On the other hand, as
k(w)/k is a Galois extension, [k(r, w):k(w)] divides e= [k(r):%] and, hence,
is prime to p. [E:k(mr, w)] is therefore also divisible by p and k(r, w) is con-
tained in the fixed field of ¢, =0/' where f=f'p. We have then w =w, and the
existence of an element z in U, satisfying 2t =zw, with a primitive pth root of
unity w, also follows immediately from the fact that E is a cyclic unramified
extension of degree p over the fixed field of ¢, containing primitive pth roots
of unity. The second property (ii) is hence verified for U,.

To show, finally, that (iii) also holds for Ui, we first consider the action
of ¢ and 7 on the factor group U,/ U;1. By the definition of U;, every element
e in U; satisfies a congruence relation of the form
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a =1+ bdrimod »t?

with some integer b in E; and the residue class b’ of b mod = is uniquely
determined by a. The mapping b'=¢(a) of U; into the residue class field
GF(¢") of E then induces an isomorphism of U;/ U, onto the additive group
of GF(¢?), and it follows from (2.1) that the same isomorphism gives an
isomorphism of the G-group U,/ Ui onto the G-module 4; as defined in 1.1.

Put V;=U;U? for i=1. We then get a sequence of G-invariant subgroups

Ur=V12V2V32 -+,
concerning which we know the following results(?):

(1) let eeq=(p—1)s. s is then an integer; and if 2>sp, V= U7}.

(2) let w be a primitive pth root of unity in E. Since sp =eeo-+s=eeo
+eeo/(p—1), p(1—w1) is exactly divisible by 7*». Hence, for any a in U,,, we
have

a=1-—bp(1 — wy) mod we7+!

with some integer b in E; and a mapping b’ =¢(a) is defined much as before.

It can be then proved that a is in U,,M\U? if and only if ¢(a) is in the sub-

group D of the additive group of the residue class field GF(¢’) formed by the

elements a’?—a’, a’E€GF(¢’), and that ¢ induces an isomorphism of
Veo/Viprr = Vip/ U7

onto the factor group of GF(¢’) mod D. Take an integer b, of E such that the
residue class of by mod 7 is not in D and put

a =1 — bop(1 — wy).
It then follows from the above that V,,/U? is a cyclic group of order p gener-
ated by the coset aoU?. Now, since w] =uf!, we have
l—wi=1—w =g(—w)= g:(l — w,;) mod w*+1,
It then follows that
a5 =1~ bop(1 — wy) = 1 — gibop(1 — wy) mod m*7+%;
and as the residue classes of (g1bo)? and gib, are congruent mod D, we obtain

L4 g1 P
ay = ay mod U;.

Similarly, we also have
a; = a:’ mod U f.
(3) let 7 be an integer such that 1<i<sp. If p divides ¢, then Vi="Vin.

() Cf. [3, §15].
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_On the other hand, if 7 is prime to p, V;/ Vi is isomorphic with Ui/ Uiy,
both being considered as G-groups. Therefore, by the remark mentioned
above, the G-group V;/ Vs, is isomorphic with 4; of 1.1.

Now, let 4, <%, < - - - <1, be all the integers ¢ such that 1 ¢ <sp, (3, p) =1
and put
V;‘—l = V",,’/V‘p, i=1---,7,
V.= 1

It follows from (3) that the sequence of the G-invariant subgroups
Ve DOViD---DV/ =1

satisfies the assumption of Lemma 1; and by that lemma, we see immedi-
ately that as a G-group, Vi = U,/ V,, is isomorphic with the direct sum of
m =eqf, copies of the group ring R, of G over the finite field GF(p). On the
other hand, we also know by (2) that V,,/U? is a cyclic group of order p
satisfying (1.4). It then follows easily that the G-group Ui/ U? has the struc-
ture as given in (iii).

We have thus verified that the group U, with the operator domain R has
all the properties (i), (ii), (iii) in 1.2. Therefore, applying Lemmas 2, 3, we
can immediately obtain the following theorem;

THEOREM 1. Let k be a finite extension of degree m over the field of p-adic
numbers Q, and E=Fk(&, m) a splitting tamely ramified Galois extension of
degree n = ef over k whose Galots group G is generated by o and 7 satisfying (2.1).
Let p* denote the highest power of p dividing the order of any root of unity in E
and w a primitive p*th root of unity in E. Assume that k21 and that [E:k(w)]
is divisible by p, and even by 4 if p =2. Then, the multiplicative group U, consist-
ing of all units a in E with a=1 mod m contains a set of elements ao, @1, * * * , G
such that

(1) every element a in U, can be written in the form

u ay Cym
a=aoa1 ...am’
where u is an element in the ring of p-adic integers O, and a; are elements of the
group ring R of G with coefficients in O,

(2) a | = a, a = 1,
where g is a given rational integer satisfying w*=w9, { is a root of unity in O,
uniguely determined by w™=uf, and \ is an element in the center of R, defined by

1 1
A= — 2,

€ jm0
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(3) a=agar + - - apmis 1 if and only if a;=0 for i>1 and
1 /=1 el
u=1(g — 1), a; = vp* — Z E gitiol—i1re—i
€ i=0 j=0

with some v in O,.

By (2.1), (2.2), and Theorem 1, the action of G on the multiplicative
group E* of E is completely determined. Here we have made certain assump-
tions on E/k. However, as every finite tamely ramified Galois extension E’
of k can be imbedded in an extension E/k satisfying those conditions, we can
also see, using the above results, the behavior of the Galois group of E’/k
acting on the multiplicative group of such E’. But we omit here the details(8).

3. THE GALOIs GROUP OF /k

3.1. Let k be, as in §2, a finite extension of degree m over the field of
p-adic numbers Q, and € an algebraic closure of Q, containing k. We denote
by V the composite of all finite tamely ramified extensions of k contained in
Q and call it the ramification field of ©/k. Obviously, V contains the composite
of all finite unramified extensions of &k in Q, i.e., the inertia field T of the ex-
tension Q/k. Let ¢=p'0 be, as before, the number of elements in the residue
class field of k and 7, a prime element of £ which we shall fix in the following.
For any positive integer e prime to p, we choose a primtive eth root of unity
£, and an eth root 7, of 71 in © so that if e =e;es, then

e

3.1) N N
We put, for any integer f=1,
E; = k(. 7o), Fy = k(£.),

where e=¢;=¢’— 1. E;/k is then a splitting tamely ramified Galois extension
of degree ef as considered in §2 and F; is the inertia field of E;/k. As Vand T
are also the composites of all E; and F; (f=1) respectively, V is obtained by
adjoining all £, and =, to k and T is obtained by adjoining all &, to k.

V is obviously an infinite Galois extension of 2 and we denote by G(V/k)
the Galois group of V/k. G(V/k) is then a totally disconnected compact group
in Krull's topology; and as T/k is also a ‘Galois extension, the Galois group
G(V/T) of V/T is a closed normal subgroup of G(V/k). It is now clear from
(3.1) that G(V/k) contains automorphisms ¢’ and 7’ such that

E:' = ¢, T = 7o
3.2)

T’

7/
Ec = Eev Te = Ee"rg.

(8) More general, but less explicit results on the action of the Galois group on the multipli-
cative group of a local field are given in [6; 7).
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¢’ and 7', then, generate an everywhere dense subgroup of G(V/k) and 7’
generates an everywhere dense subgroup of G(V/T). It also follows from (3.2)
that

o'’ = 7’9,

Therefore, if we denote by J, as in 1.3, the group generated by «, 8 satisfying
the relation afa~'=g9, and by I' the total completion of J, there is a con-
tinuous homomorphism ¢y of I' onto G(V/k) such that ¢(¢)=0’, ¥(r) =1,
o and 7 being the elements of I' corresponding to o and 8 in J respectively.
Since G(V/k) contains, for each f=1, an open normal subgroup G(V/E;) of
index ef, we can see immediately that ¢ is an isomorphism of I' onto G(V/k).

3.2. We shall next consider the structure of the ramification group of
Q/k, ie., the structure of the Galois group G(Q/V) of the extension Q/V.
Let K be an arbitrary finite Galois extension of k and E the ramification field
of the extension K/k, i.e. E= KNV, It is well-known that the Galois group
G(K/E) of K/E is a p-group, and it follows immediately that G(Q/V) is an
inverse limit of finite p-groups. Let V* denote the multiplicative group of V
and V*? the subgroup of V* consisting of pth powers of elements in V*. Using
the fact that V* is the union of the multiplicative groups of E; (f=1), it is
easy to see that V*/V*? is an infinite group. On the other hand, given any
integer f=1, V contains the field F; which is an extension of degree f over k.
Hence, by local class field theory, every Galois 2-cocycle over the field V
splits(®). As G(Q/ V) is obviously a separable topological group, it follows from
a result in [4] that the ramification group G(Q/V) is the p-completion of a
free group with a countable number of free generators. Using, then, the fact
that G(Q/k)/G(Q/V) is isomorphic with G(V/k)=T, we can see also by
Lemma 4 that the group extension G(2/k)/G(Q/ V) splits. We thus have the
following

THEOREM 2. Let k be a finite extension of the field of p-adic numbers Q, and
Q an algebraic closure of Q, containing k. Furthermore, let T and V be the inertia
field and the ramification field of the extension Q/k, respectively. Then:

(i) the Galois group G(V/E) of the extension V/k is isomorphic with the
total completion T of a group J generated by two elements t, B satisfying a unique
relation offa='=[39, where q is the number of elements in the residue class field
of k;if o and T denote the elements of T' corresponding to o and 8 in J respectively,
there exists an isomorphism ¥ of T' onto G(V/E) such that (o) induces the
Frobenius automorphism of T/k and such that Y(r) generates an everywhere
dense subgroup of G(V/T), the Galois group of V/T,

(ii) the ramification group G(Q/V), i.e., the Galois group of the extension
Q/V, is isomorphic with the p-completion of a free group with a countable number
of free generators,

(%) For the results in local class field theory used here and in the following, cf. [1].
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(iii) G(Q/V) is a closed normal subgroup of the Galois group G(QU/k) of
Q/k and the group extension G(Q/k)/G(Q/V) splits, i.e., there is a closed sub-
group H of G(Q/k) such that G(Q/k)=HG(Q/V), HN\G(Q/V)=1.

Now, Theorem 2 being proved, the structure of the Galois group G(Q/k)
can be determined completely, if we know the automorphisms ¢(a) =bab—!
of the normal subgroup G(2/V) defined by elements b in H. However, the
determination of those automorphisms ¢, seems to be a different problem and,
in the following, we shall only describe explicitly the effect of the auto-
morphisms ¢ on the factor commutator group of G(Q/ V), i.e., on the Galois
group G(V’/V) of the maximal abelian extension V' of V in Q.

3.3. We shall now denote by G and N the Galois groups of V’/k and
V'/V respectively. G is again a totally disconnected compact group and N a
closed abelian normal subgroup of G. The factor group G/N is then canoni-
cally isomorphic with the Galois group G(V/k) and hence also with the group
I’ as given in Theorem 2. For simplicity, we put G/N=G(V/k) =T and denote
by o and 7 the elements of I" which, when considered as Galois automorphisms
of V/k, are the same as ¢’ and 7’ in (3.2) respectively. We put, namely,

£, = o, To =T
3.3

T T
t. =&, Te = EcTroy

where £, and 7, are elements of V as given in 3.1. The group I'=G/N then
operates on the abelian group N in a natural way and our problem now is to
determine the structure of the I'-group N.

Let E;/k be the tamely ramified extension of degree ef(e =¢’ — 1) as defined
in 3.1, and let G; denote the Galois group of V’/E;. We also denote by Gf
the topological commutator group of Gy and put N;=NNG/. G;/G/ is then
clearly the Galois group of the maximal abelian extension K, of E,; in Q; and
NG/ /Gf is the ramification group of K;/Ey, for it corresponds to the ramifica-
tion field VNK; of the extension K,;/E;. Therefore, if we denote by Ui(E;) the
group of all units a in E; such that a=1 mod 7,, the norm residue mapping
of E; gives, by local class field theory, a topological isomorphism ¢, of
U.(E;) onto NGy /G, the group U,(Ey) being considered as a compact group
with respect to the natural topology of the local field E;. Combining ¢/ with
the canonical isomorphism of NG/ /G} onto N/Ny,, we also have a topological
isomorphism ¢, of Ui(E;) onto N/N;. Furthermore, Ui(E;) and N/N, both
have the group T' as an operator domain in obvious ways, and it follows
from a property of the norm residue mapping that ¢; defined above is a
T-isomorphism of U,(E,) onto N/Ny.

Now, let f! be a divisor of f. E; is then a subfield of E; and Ny is a subgroup
of N;.. We denote by v, ; the norm mapping of the field E; to the subfield E,
and by ¥, ; the canonical homomorphism of N/N; onto N/Ny. vs , then
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maps Ui(E;) onto Uy(E, ) and it again follows from one of the properties of
the norm residue mapping that

(3.4) ¢p O vpr g = Yy,10 @y

On the other hand, the intersection of all N, f=1, is clearly the identity and,
hence, N is the inverse limit of the groups Ny, f=1, with the homomorphisms
¥y .s. Therefore, we also see from (3.4) that the I'-group N is isomorphic with
the inverse limit U of the I'-groups Ui(E;) with the homomorphisms »; ;.

Now, let p* be the highest power of p dividing the order of any root of
unity contained in V. From the definition of the ramification field V, it fol-
lows easily that there is such a finite power p* of p and that k=1. We denote
by w a primitive p*th root of unity in ¥ and put, as in Theorem 1,

3.5 w’ = wr, wT = uf,

with a rational integer g prime to p and a root of unity { in O,. The existence
of such ¢ follows from the fact that the order of the automorphism induced
by 7 on k(w) is prime to p. Though ¢ is uniquely determined by the above
equality, the integer g is only determined mod p* by (3.5). But, we shall fix
such an integer g once for all in the following considerations.

We now take a positive integer f; such that E;, contains w and that the
degree [E;,:k(w)] is divisible by p, and also by 4 if p=2. For any positive
integer f divisible by fi, the extension E;/k then satisfies all the assumptions
of Theorem 1, the Galois group of E;/k being generated by the restrictions
on E; of the automorphisms ¢ and 7 in I' =G(V/k) defined by (3.3). Therefore,
by that theorem, the group Ui(E;) contains a system of m41 elements
@o, @1, * * *, am, having the properties (1), (2), (3) of Theorem 1 with respect
to o, 7, g and { given by (3.3) and (3.5) respectively. Hence, if we denote by
© the set of all such systems of m+1 elements 6 =(aq, a1, - * -, a») having
the properties mentioned above, @ is nonempty; and it is also compact when
considered as a subset of the direct product of m+1 copies of the compact
group Ui(E;) with its natural topology. We now choose a sequence of positive
integers fy, fs, - - -, such that f; divides fiy1,2=1, 2, - - -, and such that every
integer f is a divisor of some f;. Then U is also the inverse limit of the se-
quence of T'-groups Ui(E;), i=1, 2, - - -, with the homomorphisms »},
=vs;, 7: (j=1). For each i =1, let ©; denote the @-set of E;, as defined above.
If, then, j<i and 0=(ao, a1, - - -, @m,) is in O;, v},0=(al, af, - - -, a,) with
ai =vj,a,(t=0, 1, - - -, m) belongs to ©;; and those v} form a closed subset
v;40; of ©;. Since v}, 0 v;,=v{, for any 1=<j=1, »,0; is contained in v1,0; for
J =1, and the intersection of all »],0;, for =1, 2, - - -, is nonempty by the
compactness of 0,. Take an element 6, in the intersection and let ® denote,
fori=2,3, - - -, the set of all § in ©; such that »] §=6;. Again ®/ is compact
and v;0/ is a subset of ®; for j<i. Therefore, the intersection of all 5,0/,
122, is nonempty and we can take an element 6, in the intersection. Proceed-
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ing similarly, we get a sequence of elements 6, 6, - - - , such that 6; is in ©;
and that v;0;=0; for j<4. Put

0: = (aio, @i, * * + , Gim), a;,: € U(Ey).
We have then

(3.6) Viilie = Qe t=0,1,---m;j < i

Now, if we use those elements ai, @i, - + -, aim of Ui(Ey;), the action
of ¢ and 7 on U(Ey,) is given explicitly by Theorem 1. Furthermore, the
systems of those elements 6;,7=1, 2, - - -, are coherent in the sense that they
satisfy (3.6) for any j=<1. Therefore, taking the limits of a;, we can see
immediately how ¢ and 7 act on the inverse limit U of Ui(Ey;,); and thus the
structure of the I'-group N=G(V’/V) can also be determined explicitly.

3.4. The result obtained above can be stated more clearly if it is formu-
lated, as we shall do it in the following, in terms of the character group N of
the compact abelian group N. In general, let A be a locally compact abelian

group, A the character group of 4 and let
(@) %), e EA4,xEA,

be a dual pairing of 4 and 4. For any x in 4 and for any element p in a group
Z acting on 4, there exists a unique character x? such that

(ap' Xp) = (ar X)

for all @ in A. 2 thus becomes also an operator domain of 4 and the structure
of the Z-group 4 is, conversely, uniquely determined by that of the I'-group
A. In our case, we have therefore only to describe the structure of the I'-group
N explicitly.

Now, let Q, denote the additive group of the p-adic number field as well
as the field itself and let O, also be the additive group of p-adic integers.
With respect to the p-adic topology, O, is an open compact subgroup of Q,
so that 0,=0Q,/0, is discrete. On the other hand, Q, is an O,-module in an
obvious way and, as O, is an invariant submodule of Q,, Q, is also an O,-
module. We now denote by C(I') the set of all continuous functions defined
on the compact group I' with values in Q,, and for any p in I" and £ =h(w) in
C(I"), we define a function pk in C(T") by

(ph) (@) = h(p~'w), wer.

It is clear that I" thus becomes an operator domain of C(T'). For any integer
i=1, the set of all functions & in C(T') such that ph =% for any p in the Galois
group of V/E,, forms a submodule of C(I'). We denote that submodule by
C(T;), for it can be canonically identified with the set of all (continuous)
functions with values in 0, defined on the Galois group TI'; of E;,/k. It then
follows immediately from the discreteness of Q, that C(I') is the union of all
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such C(T;), 1=1, 2, - - - . Let h=h(w) be again a function in C(T') and let &
be in C(T;) for some . We put

e—1
milh) = — 3 £ Ih(r),
€ j=0
where e=¢’*—1 and { is the root of unity in O, given by (3.5). If % is also con-
tained in C(I';) and m;(h) is defined in a similar way, it is easy to see that
mi(h) =mj(h). We therefore denote those common values by m (k). m(h) is
obviously an O,-linear function on C(I') with values in Q,.
We now denote by X the direct sum of the group Q, and m copies of the
module C(I"):

X=0,+Cc@+---+C@.

For each =1, we also denote by X; the submodule of X consisting of all

x=, b, -+, hm) GEQ,, h&CT), t=1, - - -, m) such that k, are in
C(T) for t=1, - - -, m and such that

/-1 e—1
3.7 (¢ — 1§+ p~ Z 3 gitihy(ai—irei) = 0,

t=0 =0

where f=f;, e=¢/—1. X is then the union of those submodules X; (:2>1),
and it is easy to see that there is a unique way of making X a I'-module so
that px=x if x is in X; and p is an element of the Galois group of V/E,, and
that

(3 8) x = (5'11 o'hlv Tty ahm)l ?1 = g_l(}-’ - p‘m(ahl))’
. TX = (5’2: Thlr R} Th'n)r 5’2 = rl}.’!
for any x=(9, b, - - -, hm) in X. We shall next show that the I'-module X

thus defined is T'-isomorphic with the group N, the character group of N.

Let x be an additive character of Q, with the kernel O,, i.e. a homomor-
phism of Q, into the additive group of reals mod 1 such that the kernel of
X is O,. The bilinear function (%, ¥) on Q,XQ, defined by

(%, y) = x(wy), %, y EQyp

then gives a dual pairing of the locally compact abelian group Q, with itself;
and since the annihilator of O, in Q, with respect to this pairing is O, itself,
it induces a pairing (%, 7) of O, and Q,=Q,/0, (€ 0,, € 0,). For any v in
0,, we have then

(vu, 5’) = (u, ‘D}-’).

We now fix an integer =1 and consider the group U= U,(E;,). For sim-
plicity, we denote f;, aw, aa, - - -, @im by f, @0, @1, - - -, am, respectively.
Every element a in U, can then be written in the form
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(3.9) e = aea; - am,

where u is an element of O, and «, are elements in the group ring of the Galois
group I'; of E;;/k over O,. We put

ay = E uc.p'p'- Ut € Om P' SH YN
pl

For any x=(§, ks, - * -, hm) in X, we then define a symbol [a, x]; by
[a’ x]i = (ui 5’) + Z (u‘.P'; hl(p))v

tp’,’
where p denotes any element of I" contained in the coset p’ of the factor group
T'; of . Though the expression (3.9) is not unique for the given element a, the
value of [a, x]; is uniquely defined according to Theorem 1, (2), and (3.7).
As can be verified easily, [a, x]; then gives a dual pairing of the groups
Ui(Ey;) and X;; and it also follows from Theorem 1, (3), and (3.8) that

(3.10) [or, pz]; = [, =],

for any p in T'. Let j be another integer such that 1 <7< and let [a, x]; be
the dual pairing of Uy(Ey;) and X; defined in a similar way as above. X is
then contained in X, and it follows again easily from the definition that

[a, x].~ = [V:'.o’ay x]i

for any a in Ui(E;,) and for any x in X;. Since the group U is the inverse
limit of Uy(Ey,) with homomorphisms »;; and since X is the union of all Xj;,
it then follows immediately that [a, x]; (:=1) together define a dual pairing
[a, x] of the compact abelian group U and the discrete abelian group X such
that

[as, pz] = [a, «],
for any p in I'. We have thus proved that the group X is I'-isomorphic with

the character group of U, and, hence, also with the character group N of N.
We have therefore the following theorem:

THEOREM 3. Let k, V, Q be as in Theorem 2. Let T be the Galois group of V/k
and N the Galois group of the maximal abelian extension V'/V of V in Q. Let,
furthermore, C(T') denote the module of all continuous functions defined on T'
with values in Qp=Q,/0, and X the direct sum of Q, and m copies of the module
C(T), where m=[k:Q,]. If we then make X a T-group so that (3.8) holds, the
character group N of N is T-isomorphic with the so defined T'-module X.
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