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The writers have recently made a study [6] of approximation to an
arbitrary function by polynomials on a finite point set E: (21, 2, * * *, %m),
with especial reference to the study of polynomials 2" 4,214 - - - of least
norm on real E. The present paper is a continuation of that study of the
anatomy of such polynomials, but where now we emphasize nonreal E. Nota-
tion and terminology are uniform with the preceding paper, to which the
reader may refer for details.

In §1 we study the determination of T-polynomials of degree m—1 for
the norm

(0.1) 2 | Tmalzr) |7 B> 0,9 >0,
kw1 :

in the various cases p=1, p>1, 0<p<1; a T-polynomial of degree = is
merely a polynomial T,(2)=2z*+ - - - of least norm. In §§2 and 3 we study
the geometry of zeros of extremal polynomials, including (§3) analogs and
extensions of Fejér's Principle. In §4 we consider extremal polynomials on
point sets which are modified by adjunction or deletion of various points, and
in §5 study real polynomials, showing that for real E three sets of polynomials
are identical: those whose zeros separate a subset of E, those minimizing norm
(0.1) with p =1 and unprescribed weights, and the set of infrapolynomials on
E. In §6 we establish the orthogonality conditions relating to (1), and in §7
consider for fixed degree the polynomials of best approximation on an interval
as limits of polynomials of best approximation on a finite set E,

1. Totality of T-polynomials, »=m —1. For reference we state a result
already established [6, Theorem 8]:

THEOREM 1.1. Let E: (21, 22, - - -, 3m) consist of m(> 1) distinct points, and
let the uy be positive. Then the totality of T-polynomials of degree m —1, namely
Tma(z)=zm"14 - - - of minimum norm
(1.1) M(Tmo) = 2 x| Tma(z0) |, pe > 0,

1
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is found as follows. With the notation w(z) = II™ (z—2:), let E’ be the subset of
E on which the numbers pk| o’ (z;,)l take their least value on E. Choose the number
Ao (B=1,2, - -, m)as zero if 2 belongs to E—E’ and as an arbitrary non-
negative number if z, belongs fo E’, subject to the restriction 37 Mv=1. Then we
have

m kk
(1.2) Tm1(2) = w(3) 2 -

1 2= 2

Equation (1.2) is essentially Lagrange's interpolation formula

Thna(z) = i Tm-r(z) (3)

=)
1 w’(zk) Z — Zg

where we have T p_1(2:) =M’ (21).

That (1.2) is essentially Lagrange’s interpolation formula follows from
inspection of the terms in that formula involving z™~1:

hid Tm—l(z k)

1 w'(2k)

1=

It may be noticed that for each point z; of E we have
(1.3) arg Tm-1(zz) = arg o'(2x),

whenever the first member is defined. Reciprocally, if Tp-i(g)=2""1+ - - -
is a polynomial for which (1.3) holds for all £ whenever the first member is
defined, then (1.2) is valid with A, =0, D" N\ =1.

A necessary and sufficient condition that (1.2) with all \; subject merely
to the requirements A, =0, D 7\, =1 should represent the totality of extremal
polynomials is that pk| ’(z)| be independent of k.

In order to prove the analog of Theorem 1.1 for the case p>1 we need the

LEMMA. The minimum of the function u(A4i, 4, - - -, A= 27" pdl,
pr>0, p>1, subject to the conditions A, 20, Ei" Ay =1, 1s given by

m
A = p,;1/<p—1)/ > prlD,
1

The existence of a minimum is immediate, for the function u is continuous
and the point set S to which the (4, 4;, - - -, Aa) are constrained is closed
and bounded. Use of the Lagrange multiplier A and partial differentiation
with respect to 4; of

Y pdi— A A

yields a local minimum, unique by the convexity of the function u and the
convexity of S.
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THEOREM 1.2. Under the conditions of Theorem 1.1 except that (1.1) is
replaced by

m

(1.9 #(Tm) =2 p| Tmea(z2) |7, ?>1,
1
the T-polynomial Trm_1(2) of degree m—1 is unique and defined by
(1.5) Tma() = [ue] o'(aa) 7]V () / 2 kil o) [T
1

By definition the polynomial T'»—(2) is characterized as that polynomial
P(2) of degree m —1 with
m P(zk)

k1 w'(Zk)

1=

for which the norm

P

P(z1)
o' (zx)

is a minimum. It follows from the lemma that the minimum of u(4,, 4, - - -,
A,) subject to the condition > A=A, a constant, increases as 4 increases.
Thus the minimum of u(7»-1) is given by the choice

P(z1)

w'(zk)

ilnklw’(zk)lp

m

k1

and (1.5).

It is clear that in every case we have Tp_i(2) #0, and equation (1.3) is
valid. Consequently if the points of E are collinear they are strongly sepa-
rated by the zeros of T',,_1(2); for the numbers &’(2:) and likewise the numbers
Tm—1(2:) alternate in sign on the line containing E.

Reciprocally, every polynomial P(z)=z""14 - .. for which P(z)0,
arg P(z) =arg w'(z), is a T-polynomial for suitable choice of the u;. These
conditions on P(z) imply the equation

m‘izkz=m

k=1 w'(Zk) k=1

P (zk)
«'(21)
3o we need merely define the u: by the equations

Trn(zr) = [l.tkl o'(28) |”]-”(”_ Do’ (21).

In particular if the points of E are collinear and strongly separated by the
zeros of P(z)=z™'4 - .-, then P(s) is a T-polynomial T,_y(z) for this
ehoice of the u;.

)
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For the case 0 <p <1 we shall prove

THEOREM 1.3. Under the conditions of Theorem 1.2 except that p>1 is
replaced by 0 <p <1, the T-polynomial T,_.(2) of degree m —1 is a polynomial
which vanishes in all the 2. except the one 2, (or a zi) in which p;,| w (zk)] ? takes
its minimum value, and Tn_1(2) equals w'(2x) in that one 2.

For 0 <p <1 and arbitrary positive £ and £ we have

(1.6) B+6>E+E8.

The minimum of {74 (4 —£)? in the interval 0 ££ < A4 occurs for £=0 and
£=A. The minimum of p,&} +p.8} with 0 <p; <ps and &;+£ =4 in the interval
0<t=<A, which is the minimum of p,(£]+£&;) 4 (p2—p1)&;, occurs for & =0.
Continued application of (1.6) under the hypothesis of the lemma except
with 0 <p <1 instead of p >1 shows that min u(41, 4s, - - -, An) is found by
choosing A4; =0 except for a single one of the values of & for which p; is least.
Theorem 1.3 follows by the method of proof of Theorem 1.2.

Each T,_1(2) is of form (1.2) with one \; unity and the others zero. Again
it is true that (1.3) is valid whenever the first member is defined. If the points
of E are collinear, they are weakly separated by the zeros of Tn_1(2).

Conversely to Theorem 1.3, any polynomial P(z) =z™"'4 - - - which
vanishes in all the 2 except one, say 2;, is a T-polynomial of degree m —1 for
some choice of the u;. From the equation
{ = i P(zx)

k=1 w'(Zk)

it follows that we have arg P(z;) =arg ’(2;), so to exhibit P(2) as a T\m_1(2)
we need merely choose the u; so that ml w'(2k) | ? is least for k=j.

Theorem 1.3 is somewhat similar to [6, Theorem 6], but is more specific
in defining T_1(2). On the other hand, the previous result is more general in
that the functions involved are not necessarily polynomials in z.

Theorem 1.3 enables us to illustrate the nonuniqueness of the T-poly-
nomial of degree 7 for the case 0 <p <1; we need merely choose E: (—1, +1),
Mk = 1, n= 1

2. Geometry of zeros of T-polynomials. We have discussed [6, §7] in
some detail the separation properties of the points of real E by the zeros of
T-polynomials. We now devote some attention to the corresponding study
for arbitrary E: (21, 2, * * * , Zm), m> 1.

Let T1(z)=2—a denote the polynomial of degree unity which minimizes

2.1) W@ = 2 il 5= al, b > 0.

1

For every 2z, ai, a; we have
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2 — o1 2 — ag]

2 2

a1 + as
2

I\

o PR |
z — 2zoq+2|z as |,

and this is a strong inequality unless either arg (z—a) =arg (z—az) or one
of these arguments is not defined. Thus if we have two distinct T-polynomials
z2—ay and z2—oap with the same norm (2.1), half their sum is a T-polynomial of
degree unity for which the norm (2.1) is smaller unless arg (z; —ay) =arg (z;
—ay) for every 7 for which these arguments are defined; any 3z; not coinciding
with oy or e must be collinear with a; and a,. Consequently the polynomial
T\(z) with norm (2.1) is unique unless all the z; are collinear; moreover, if the z;
are collinear, then T1(2) is unique and o lies on E unless with the linear order
(21, 22, - - -, 2m) we have for some k

k

(2'2) Z”i‘_' Z“i»
1 k+1

in which case T1(2)=2—a and a may be chosen arbitrarily on the interval
(2k, 2k41). Of course it is clear that if E is collinear and (2.2) holds for no value
of %, the norm (2.1) can be decreased by moving « until it coincides with gz,
where

2w < 2 i 2w > 2w

<k 2k iSk >k
on the other hand if (2.2) is valid, the least norm is given by a at an arbitrary
point of the closed interval (i, zr41).

The conclusions just established do not extend for given m to arbitrary

n, 1<n<m-—1, with norm

u(Ts) = i Mlcl T(z2) | ’ ur > 0.

For instance with the choice n=m —1, it follows from Theorem 1.1 that the
extremal polynomials T, may fail to be unique even when the z; are not col-
linear. Of course [6, Theorem 8] the extremal T, may fail to be unique when
the 2 are collinear.

We have already indicated that the T-polynomial of degree n,0 <n <m —1
is unique, with the norm

(2.3) n(z)] Z M I T'n(3:) I p> 1

There seem to be no simple conclusive results on uniqueness even in the
case n=1 (m>2) if the norm is taken as (2.3) with p >1 replaced by 0<p <1,
Ty(z)=2z—a. For given z; and u; the uniqueness of extremal o may depend on
p, as we show by an example. Let E be the set (—1, 0, 1) with respective
weights u;=1, u, 1. For 0<p <1, n=1, every extremal polynomial T;(z)
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=z—a must vanish in a point of E [6, Theorem 6]. The norm of z is 2, and
the norm of z—1 is u+27. Thus the extremal polynomial T(2) is unique and
equal to z if we have 2<u+27, Ty(2) is z+1 if we have 2>u+27, Ti(2) is
z+1 or z if we have 2=pu+27, This situation with respect to uniqueness or
nonuniqueness of 71(2) is essentially the same for the nonreal set E(—1, 7¢, 1),
where € (>0) is sufficiently small. For arbitrary nonreal E and u;, m>2, the
natural method of determining T(z) would seem to be the use of standard
methods of differentiation to determine a possible point « different from the
z; yielding an extremum, and then comparing the norms u[z—a], u[z—2;].

In connection with the families of polynomials which appear in Theorem
1.1, we mention

THEOREM 2.1. If the distinct points 21, 22, * * - , 2m are given, then the zeros
of the function

m x‘_
(2.4 >

) A real, A # 0,
=12 — 2

are the foci of the curve of class m —1 which touches each line segment 23; in a

point dividing that segment in the ratio \;:\;. Moreover, if ) \;%0 the zeros of

(2.4) are m—1 points {i such that for every ¢

m—1 m
(2.5) darg (5 —2) = 2, arg (zx — 2:).
k=1 k=1,ks1

The first part of Theorem 2.1 is due to Siebeck, and has been later proved
by numerous other writers; proof and references are given by Marden [4,
p. 11]. For m =3, equation (2.5) identifies the foci of the conics with isogonal
conjugates and is due to Steiner; equation (2.5) will now be established for
arbitrary m. With the choice »_\;=1 and 2;=0, from (2.4) we have

$if2 - - Eme1 = MN12283 ° * * Zm,

from which (2.5) follows for =1, 2, =0, and hence follows in every case. If we
have \;>0 for every 1, it is a consequence of a slightly generalized form of the
theorem of Lucas concerning the zeros of the derivative of a polynomial, that
all the ¢; lie in the convex hull of the given set z;.

In the case m =3 an arbitrary point 2, in this convex hull can be chosen
as a point {3 with X\;=0, for the vectors

1 1 1
(2.6) ey ——
20— 21 %0 — 32 290 — 33

represent respective forces at 2, due to particles at 2, 2,, 25, each particle re-
pelling according to the law of inverse distance; the arguments of these vec-
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tors lie in no sector of angle less than m, so for suitable numbers \;(20) we
have

(2.7 z':j

.-=0’ Z
1

23

&l

20 — 2

and 2, is a point {;. Once {; is known, its isogonal conjugate ¢, with respect to
21, 22, 23 is of course uniquely determined unless the z; are collinear.

The reasoning just given extends to the case m > 3, to show that an arbi-
trary point z, in the interior of the convex hull of the z; but distinct from the
z; can be chosen as a point {; with A;=0; the point z, lies in the interior of the
convex hull of three of the points 2;, say 21, 2., 23, which are not to be taken
collinear unless all the z; are collinear. If the non-negative numbers Ay,
Ns, © © *, A are chosen arbitrarily, the non-negative numbers A1, Az, A3 can
then be chosen so as to satisfy (2.7).

Whatever m(>2) may be, a point 2,72, on the boundary of the convex
hull can be made a point {; if we allow m —2 of the \; to be zero; but if the
convex hull is not a line segment, such a 2, cannot be a point {; if we continue
to require A;>0 for all 7.

In connection with the geometry of zeros, we state the following theorem
concerning approximation to an arbitrary function, a generalization of a
previous result [5, §9] which the reader may establish by the methods used
to prove that result:

THEOREM 2.2. Let E be the point set 21, 23, - * - , 2. Let 8[8y, 8, -+ - -+, 8]

be a positive function of the non-negative variables 8 for 3 .6,>0, which de-

creases whenever all the &, not zero decrease and the 8. which are zero remain

" unchanged. Let the function f(z) be arbitrarily chosen on E, and let f,(z) = Boz™1

+ - - -, Bo#0 be the polynomial of degree m —1 which coincides with f(z) on

E. Let Tp1(Bo, 28)=Boz™ '+ - - - be the (or a) polynomial of least norm

[Tma(Bo, 21), - * -, Tma(Bo, z,,.)] on E, and let t_s(z) be the (or a) polynomial
of degree m—2 of least deviation 8[| f(z.) —t,,._g(z.)| 1=8[]f1(zs) —tm—a(23)| ).

Let the zeros of fi(z) lie in the closed interior (respectively closed exterior) Ci
of the circle Iz—a| =71, and let the zeros of Tpm_1(Bo, 2) lie in the closed interior
C: of the circle |z—B| =rz (for which it is sufficient that E lie in Cy), where C
and C, are mutually disjoint. Then all zeros of t,_2(3) lie in the m —2 closed re-
gions

2.8) Il P L
T—el™ |1— ¢
(2.9) Al P Sl L
1=l |1—¢]

respectively, where € takes all the values except unity of the (m —1)st roots of
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unity. If the circles (2.8) are mutually exterior, they contain each one zero of
tm..z(Z).

The method of Fejér (compare also §3 below) shows that the zeros of
Tm1(Bo, 2) lie in C; if E lies there; we do not know and it is not essential to
know with norm function & that the extremal polynomial T,,_1(B,, 2) is
Bon_l(l, Z).

Of course if the polynomial fi(z) of degree m —1 which coincides with f(2)
on E is of degree m —2, then we have By=0, t,—2(2) =f1(z), so the zeros of
tn-2(2) lie in Ci.

All the circles (2.8) respectively (2.9) lie in the closed exterior of the hyper-
bola (ellipse) C whose foci are a and 3, and whose transverse (major) axis is
r1+r. (respectively r1 —7,). The centers of the circles (2.8) and (2.9) are equi-
distant from a and B, and the circles are doubly tangent (algebraically if not
geometrically) to C.

There is also an intermediate case here, in which C; is a half-plane; the
regions (2.8) and (2.9) are replaced by half-planes, and all their boundaries
are tangent to a certain parabola which does not depend on m and whose
focus is B.

3. An analog of Fejér's principle. The geometric results of §2 are in the
main supplementary to Fejér’s principle, which applies to the most general
norm 6 of the kind used in Theorem 2.2 and to an arbitrary E: (21,22, - * - , 2m)
m>n=1. In a slightly generalized form this principle can be expressed:
Let T,(z)=2z"+ - - - be an extremal polynomial for the set E, let z=a be a zero
of T.(z), and let E' denote the (necessarily nonempty) subset of E on which
T.(2)/(z—a) s different from zero. Then o lies in the convex extension of E'.
If a does not satisfy this last condition, & does not lie in E’ and there exists
some o near a (for instance on the line segment joining « to the nearest point
of the convex extension of E’) such that at every point of E’ we have

lz—o'| < |2—el,
Ta(2)(z — &)

Z2—a

< | T,.(z)l '

on E—FE' we have T,.(z)(z—a’)/(z—a)=T.(2) =0, so the deviation of
T.(2)(z—a’)/(z—a) is less than that of T.(2), and (contrary to hypothesis)
T.(2) is not extremal on E.

We prove an analogous result, again valid for the general norm considered
by Fejér or for the general norm §[P.(z) ] =5(| P.(z)|, - - -, ]P,.(z,,.)l) of the
kind used in Theorem 2.2:

THEOREM 3.1. Let o and B be zeros of the extremal polynomial T.(z)
=zr+ - - - for the finite set E consisting of more than n(=2) points, let H be
an arbitrary equilateral hyperbola with the segment aff as diameter, and let E’
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denote the subset of E on which Ty(2)/(z—a)(z—B) does not vanish. Then E
cannot lie wholly in the interior of H nor wholly in the exterior of H.

We choose a= —1, B=1, so that 221 is a factor of T(2). We compare
22 —1 as a factor of T'»(2) with (3*—1—en) as a factor, €>0, |17| =1. If w(#0)
is given, the inequality Iw—enl <|w| is clear for e sufficiently small, if and
only if we have larg w—arg 7)| <w/2. Thus the inequality

3.1) |82 —1—en| < |22—1]|
is valid in every point z (we assume z271) in which
3.2) larg (2 —1) -argn| < /2,
but is valid in no other point; similarly the inequality
(3.3) |22 — 14+ en| < |32—1]
is valid in every point (225£1) in which
3.4) | arg (22 — 1) — arg g — x| <=/2,
but is valid in no other point.

The locus
3.5) arg (3 — 1) —argn = + x/2

can be written

2xy T
tan™! ————— = argn + — = tan"!1 —,
22— 92 —1 2 7
(3.6) (22 — 9> — 1) — 202y = 0,

which is an equilateral hyperbola with a8 as diameter; moreover any proper
equilateral hyperbola with aff as diameter can be expressed in this form. The
inequalities (3.2) and (3.4) are respectively characteristic of the interior and
exterior of the curve; of course arg (22—1) is not defined if z= +1.

If E’ lies in the interior of H, neither a nor B belongs to E’; at every point
of E’ (which is necessarily nonempty) we have (3.2), (3.1), and

Ta(@)[(* — 1) —en

cob el .

On E—E'’ we have T\(2)/(z2—1) = T.(2) =0, so the deviation on E of the
polynomial T.(z)[(22—1) —en]/(22—1) is less than that of Th(2), and Ta(2)
is not extremal, contrary to hypothesis. Similarly by use of (3.4) and (3.3) it
follows that E’ cannot lie in the exterior of H, so Theorem 3.1 is established.

The points +1 and —1 separate the branches of (3.6) each into two arcs
on which we have respectively arg (32—1) =arg n+r/2. It is a consequence
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of the reasoning already given, by means of (any essentially) new choice of
n, that under the conditions of Theorem 3.1 not all the points of E' can lie on
either one of the two loci (each consisting of two open arcs) arg [(z—a)(z—8) ]
=arg 1+ w/2 which together compose H with a and 8 deleted.

For the special case in which T',(2) is the derivative of a polynomial whose
zeros are the points of E (such a derivative is known to have extremal prop-
erties), the conclusion of Theorem 3.1 so far as concerns points of E where
T.(2) does not vanish, is due to J. v. S. Nagy [7]; the special case of a set E
and also H symmetric in a line had been previously considered by D. R.
Curtiss [2].

The limiting form xy =0 of (3.6) represents a degenerate equilateral hyper-
bola having off as diameter; such a degenerate curve is admitted under Theo-
rem 3.1. There is a further limiting case under Theorem 3.1 in which a=8
is a double zero of T,(x); here the conclusion is valid, and refers to any de-
generate equilateral hyperbola (two mutually perpendicular lines) with center
a; pairs of opposite sectors (quadrants) are to be interpreted as the “interior”
and “exterior” of the curve respectively.

Theorem 3.1 is not a corollary of the method of Fejér; for it is a conse-
quence of Theorem 3.1 that T'.(2) cannot have the two zeros +1 and —1
(supposed not in E’) if E lies wholly interior to the first and third quadrants,
a conclusion that does not follow by the method of Fejér.

The method of proof of Theorem 3.1 is of course equally applicable if we
commence with three or more instead of two zeros of T,(z), but the algebraic
curves involved may no longer be elementary. However, it follows by this
method that if z=a (not in E’) is a zero of T.(2) of order at least v, then each
set of v equally spaced lines through o either passes through all the points of E’
or separates the plane into two sets each of v alternate open sectors, of which nei-
ther set can contain all points of E’. There is a certain “sharpness” in this result
so far as concerns the number »; for instance « is a zero of T,(z) [=(z—a)’]
of order » but not of higher order if E is the set of vertices of a regular (v+1)-
sided polygon with center @ and where § =max &; these vertices lie some in
every set of alternate closed sectors bounded by » equally spaced lines through
«; the vertices lie on a set S of »+1 equally spaced lines through a but none
lies in a suitably chosen set of alternate open sectors bounded by v+1 equally
spaced lines through a near S.

The result of Fejér can be phrased as the special case v =1 of the italicized
statement above.

Our method here of modifying factors of T,(2) of degree greater than two
is in strong contrast to the situation for real E, where [6, §8] modification of
such factors gives no more information than does modification of factors of
degree two.

An alternate form of the conclusion of Theorem 3.1 (including the later
statement concerning arcs of H) is that the origin must lie in the convex hull
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of the numbers (z;—a)(2:—B), for z; in E’. In fact the negation of this condi-
tion is that (for =1, 8= —1) there exist some 5 for which (3.2) is valid for
zon E'. Indeed, if ¢(2) is any factor of T,(2) of positive degree the origin must
lie in the convex hull of the numbers {g(2:)} for z; in the subset of E on which
T.(2)/q(2) does not vanish.

We have formulated Theorem 3.1 for the extremal polynomial T,(z); an
equivalent formulation in the spirit of Fekete's characterization [3] is: If
the zeros of q(z)=(z—a)(z—P) do not lie on a set E and if q(2) has no under-
polynomial for E, then neither the interior nor the exterior of any equilateral
hyperbola H with diameter o8 can contain all points of E.

For the particular choice 6(8;, 8, - - - , 0,) = Euk 6%, x>0, p>0, and for
various other choices a stronger result than that of Theorem 3.1 can be
established. We say that 8(8;, 8, - - -, 0n) satisfies condition A provided &
decreases whenever one or more of the §; not zero are decreased by infinitesi-
mal amounts Ad;, even if the other §; not zero are increased by amounts A§;
which are infinitesimal of order at least twice that of every Ad;; during these
changes we suppose that the 8; which are initially zero remain unchanged.
Although 6= Zpkéi, we>0, p>0, satisfies condition A, d=max [u:0:] does
not.

THEOREM 3.2. Let Theorem 3.1 be modified so that 8(8y, 8s, - - - , 0,) satisfies
condition A. Suppose neither o nor B belongs to E'. Then either E' lies on H or
some points of E’ lie interior to H and other points of E' lie exterior to H.

If (3.2) or (3.4) holds, the difference between the two members of (3.1)
or of (3.3) is an infinitesimal of the same order as ¢, but if (3.5) holds, that
difference is an infinitesimal of the same order as €. Suppose not every point
of E’ lies on H. If every point of E’ satisfies either (3.2) or (3.5), replacement
of T.(z) by Tn(2)[(22—1) —en]/(22—1) decreases the error | T n(zk)| at every
point 2 of E’ interior to H (at least one such point exists) by an infinitesimal
of the same order as € and increases the error | T,.(zj)| at every point z; of E’
on H by an infinitesimal of the same order as €?; this replacement leaves un-
changed the error (necessarily zero) at each point of E—E’. Consequently
the norm of T,.(2) is decreased and T'.(2) is not extremal. Similarly it follows
that if not every point of E’ lies on H, not every point of E’ can satisfy either
(3.4) or (3.5). Theorem 3.2 is established.

The comments made concerning Theorem 3.1 apply also in stronger form
under the conditions of Theorem 3.2: limiting cases that H is a pair of per-
pendicular lines and that o= are admitted; conclusions corresponding to
those of Theorem 3.2 are valid. Stronger conclusions than those previously
formulated, relating to three or more (instead of two) zeros of T,(2), including
zeros of multiplicity », likewise apply if & satisfies condition A.

4. Variable point sets. In certain cases immediate results can be formu-
lated concerning adjunction or deletion of points of the fundamental set E.
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THEOREM 4.1. If T.(2) is a T-polynomial of degree n for arbitrary sets E’
and E" with respective norms u' [P.(2) ] and u'’' [P.(2)], then T.(z2) is also a T-
polynomial for the set E=E'+E" with the norm u[P.(3)]=u'[Pa(2)]
+u'[Pa(z)]. Any other T-polynomial of degree n for E is then also a T-poly-
nomsial of degree n for E' and E".

If P.(2)=2z"+ - - - is arbitrary, we have
(4.1) W[Pa(2)] 2 W ([Ta@)],  w'[Pa(a)] Z w'[Ta(z)],

whence u[P.(2) |Zu[T.(2)], so Tn(2) is a T-polynomial for E. Moreover, if
we have u[P,.(2) ] =u[T.(2)], then the equality sign holds in both parts of
(4.1), so P,(2) is a T-polynomial for both E’ and E". Theorem 4.1 does not
require that E’ and E” be disjoint, nor does it place any restrictions on
E', E”, ', or u”’. Theorem 4.1 obviously extends to the sum of any number
(even under suitable conditions to an infinite number) of sets.

An immediate consequence of Theorem 4.1 is the

CoRrOLLARY 4.1. If T.(2) is a T-polynomial of degree n for the set E,:
(21, 22, - * + , Zm) With norm D¢ /.u,| T,.(zk)|1’, w>0, p>0, and if 20 is a zero
of Ta(2) not in E,, then T,(2) is also a T-polynomial of degree n for the set
Emir: (20, 21, - -+, 2m) with norm _m I‘kl T,.(zk)ll’, wo>0. Every T-polynomial
of degree n for the set E,.1 vanishes in 2.

Of course T,(z) is a T-polynomial for the set consisting merely of 2, with
norm pol Po(z0) | P,

Even if every T-polynomial of degree # for the set E, 1 vanishes in z,, it
is not necessarily true that such a T-polynomial is a T-polynomial also for
E,.:

There exists a unique T-polynomial T1(2) of degree unity for any noncollinear
set E3: (20, 21, 22) with suitable norm > I‘kl Tl(zk)lf’, w>0, 0<p =1, and
T1(20) =0, vet Ti(z) is mot a T-polynomial for E,: (z:, 22) with norm
208 | Tu(@)| 7.

We choose po> 1 +ue from which it follows by Theorem 4.2 below that
the unique extremal polynomial is T1(2z) =2 —2,; nevertheless T(z) is not a
T-polynomial of degree unity for the set E,.

Such a counter-example is not possible in the case p>1:

COROLLARY 4.2. If T.(2) is a T-polynomial of degree n for a set Enia:
(20, 21, - * *, Zm), m>n, with norm Yo ;.L,,[T,,(zk)|’°, w>0, p>1, and if
Tn(20) =0, then T,(2) is a T-polynomial for the set En: (21, 22, - -+, 2m), With
norm D7 ui| Tnu(2)| 2.

We shall prove later (Theorem 6.1) that the extremal polynomial for an

arbitrary E,, with p>1 is uniquely characterized by the orthogonality con-
dition
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3 | Tatan) | isg[To(en) (a) = 0
1

for every polynomial g(z) of degree »—1. This condition is obviously un-
changed if we insert the term corresponding to k=0.
Corollary 4.2 can be considered a converse (for p>1) of Corollary 4.1.

THEOREM 4.2. Let T.(2) be a T-polynomial of degree n (=0) for the set

En: (21, 25, - -+, 2m) with deviation 7 u.-| T,.(z;)|1’, 0<p=1, and let 2, not
belong to E,.. Then Tp11(2)=(2—20)Tw(2) ts a T-polynomial of degree n+1 for
the set Epi1: (20, - * * , 2m) With deviation D o u! | T,.+1(z,-)|1’, wi=us/ lzo—z¢| ?,

i = D™ ul. If we have ud > D_v !, the totality of T-polynomials Tnyi(2) for
E i1 is precisely the set (z—320) Tw(2) where To(2) ranges through the set of T-
polynomials of degree n for E., with norm » " y.-| Tu(zs) | ?; every Tni1(2) van-
ishes in 3.

If Q.(2)=2*+ - - - is arbitrary we have by hypothesis
Dowi| 0n(z) [P 2 20 wi| Tulzd) |7
1 1
(4.2) Soul | — 207 Qa(zo) |7 = X u! | 2 — 20|?| Tu(z:) |7
1 1

Let now P,.i(2)=32"*14 .- . . be arbitrary; we write Pny1(2) =(2—20)0x(2)
+P,1(20), whence

3wl | Pan(@) |7 = 35 ut | (2 = 2)0n(2d) + Posa(as) |7
0 I]

(4.3) = u |Zi—zo|"|Qn(zi)["+(ﬂo' -2 M.’) | Pata(z0) |7

~Ms: -

m
2 D ul |z — 20| Qalz) [P 2 2wt | 2 — 20|?| Talz) |7
1

the first inequality in (4.3) is a consequence of the well known inequality
a?+b?=(a+b)?,a=0, b=0; the second inequality in (4.3) holds by virtue of
our hypothesis on ug ; the last inequality in (4.3) is (4.2), and the extremes
of (4.3) complete the proof of the first part of Theorem 4.3. Here Tpy1(2) is
not a unique T-polynomial for E,; unless T,(2) is a unique T-polynomial for
E,.

We suppose now u¢ > 2.» u!. Then the second inequality in (4.3) is
strong unless P,41(20) =0. The norm of (z—20)Q.(2) on E,4 is precisely the
norm of Q.(z) on E,, so the last part of Theorem 4.2 follows.

Theorem 4.2 does not extend to the case p>1, as follows from Theorem
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1.2; the T-polynomial T,,(2) of degree m for E, cannot have a zero on E,,;.

It may be noted that the inequalities of Theorem 4.2 cannot be replaced by
ud 202" ul orud >0 T u!l respectively with @ independent of the p!, 0 <0<1.
We prove this statement by use of the specific choice m =2, 2,=0, 2,=2,
p=1, m=p,=1, whence T(2)=z—a, 0Sa=s2; z=1, u =ud =1, w(z)
=z(z—1)(z—2), ud Iw’(zo)l =ud, u{lw’(zl)l =2, us Iw’(zz)] =2. Then by
Theorem 1.1 we have Tiy(2)=(z—1)(z—a), 0Sa=<2, if pd> D¢ ul=2;
Ta(2) =hoz(2—2)+M(E—1)(2—=2)+Fhaz(z—1), D2 Ne=1, if pd =2; Ti(2)
=2z(z—2) if u{ <2. We remark especially that Ty(zo) %0 if ud < D> 2 ul =2.

The latter part of Theorem 4.2 is obviously of interest independently of
any relation to E,; it implies that for an arbitrary E,., with norm

S u | Tan@ |7 0<pstud > ul,
o 1

every T,.1(2) vanishes in 2.
In the special case p=1, n=m—1, Theorem 4.2 can be somewhat im-
proved:

TuEoREM 4.3. Let En: (21, 22, * * -, 2m) and the numbers u; (>0) be given,
defining the norm D7 #il T(z.-)|. Let 2y be a point not in E,, and let E, 4
denote the set (20, 21, - - - , 2m) for which we have the norm Y o u! I T(zi)l . With

the choice u! =pi/|zo—z;| for i>0 and with ug ]w,,.(zo)l >min [m]wﬁ,.(z;)|,
1>0], wn(@)=(2—21) * - + (3—2m), the T-polynomials T,(2) of degree m for
E.,..1 are precisely z—zo multiplied by the T-polynomials Tpyr(2) for En.

We have wnu(2)=0E—20)w0n(2), @na(2:)=(2i—2)wn(z) for >0,
ul | Whir(2) | =ps wi,.(z;)l for 2>0. The conclusion follows from Theorem 1.1.
We note too that if we choose ud |wm(20)| <min [u:] win(z:)| for :>0], the
unique T,(2) for En4 is wa(2); if we choose pg |w,,,(zo)| =min [u;]w',,.(zi)l for
i>0], the totality of Tp(2) for Eny1 is the set Awn(2z) + (1 —\) (2 —20) Tm-1(2),
0=A=1, where T,_1(2) ranges over the set of T-polynomials of degree m —1
for E,,.

Theorem 4.3 is effectively stronger than Theorem 4.2 (n=m—1, p=1),
as we now prove by showing that the condition ud > 20w/ I z;—zo| implies
ud >min wi|wh(z:)]/ |w,,,(zo)| , but not conversely. We shall prove

(4.4) 3w/ |z — 20| = min pil o (20) ] /] @m(z) |,
1

for which it is sufficient to prove

< | wm(0) | > 1

i=1 |Zi—Zo||wm'(Zi)| -

(4.5)
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Indeed, the first member of (4.4) when divided by the first member of (4.5)
may be considered a weighted mean of the numbers whose minimum occurs
in the second member of (4.4), with weights the individual terms of the first
member of (4.5); the weighted mean is not less than the minimum. The func-
tion unity is a polynomial of degree m —1 which is represented by Lagrange’s
interpolation formula as taking the value unity in the m points z;, whence

for z=2,
id wm(Zo)
i1 wm (2:)(20 — 20)

’

which implies (4.5). This establishes the first part of the italicized statement;

the latter part is now obvious.
Corollary 4.1 admits a second converse, now for all p (>0), which is
also a companion piece to Theorem 4.2:

THEOREM 4.4. Let 20 not be a zero of any T-polynomial S,(2) of degree
n (<m) for the set E,.: (21, 2, * - - , 2n) With norm o mlS,.(z.-)[P, >0, and
let zo not be a point of E,,. Then if uo (>0) is sufficiently small, 2, is not a zero
of any T-polynomial T.(2) of degree n for the set Eny1: (20, 21, * * + , 2m) With
norm _m u;| T,.(z;)l".

Let T,_,(2) be a T-polynomial of degree n—1 for E,, with weights I™H
=m|z—zo| ,-and S,(3) a T-polynomial of degree » for E, with weights u;.
We have

2oud | TasaG) [P = 20 mil 20 — 2| | Taca(2) |7 = 2 ws| Sa(zd) |» + 4,

1 1 1

where A is positive. If P,_,(z)=2""14 - - - is arbitrary we have

iﬂilsn(zi) |? = wo| Sa(z) |? + mE ml Sa(z) |7
0 1

= #o|5u(zo) |” —A + Zm’ l Tr1(2:) |”
1

IIA

po

Ho | Sa(20) l” —A + 2 pi| (30 — 20) Pai(z2)
0

Consequently, whenever we have u,<A/ l Sa(20) | ?, the polynomial S,(2)
which has no zero in 2z, has a smaller norm on E,,,; with weights u; than does
an arbitrary polynomial (z—2o)Pn—1(2)=2"+ - - - with a zero in 2z, so the
latter cannot be a T-polynomial. Theorem 4.4 is established. Of course S,(2)
need not be unique (p<1) and IS,,(zo)I need not be unique; the smallest
| Sa(20) | may be chosen. But A is unique. In the limiting case u, =A/| S (20) | »,
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at least one T-polynomial (namely S.(2)) for E.;1 with weights u; can be
chosen to have no zero in 2,.

The bound A/ ] S,.(zo)| ? for uo is sharp, in the sense that the conclusion
may be false if the bound is replaced by a larger one, as we now indicate.
Choose m=2, n=1, 2,=0, 25=1, yy=ps=1, 0= —1, p=1. We have T,_1(2)
=1, Z{" ™ | T,._l(z;)| =3, Su(z2)=2z—a, 0Sa<1, Z'{' ;.z.-|S,.(z.-)] =1, A=2.
We choose IS,.(zo)I as small as possible, namely unity, so the inequality of
the theorem is uo<2. However, for the limiting value uo=2 we may choose
T1(2) for E; as z+1 (whence T1(z9) =0); such a choice is possible by the first
part of Corollary 4.1.

The previous results of §4 have some intrinsic interest, and are to be
applied in the sequel. As another application we prove

THEOREM 4.5. Let integers m and n be given, 1 <n <m. Then there exists a
set En: (21, 22, - * +, 2m) Whose points are not collinear and weights u;>0 for
which the T-polynomial To(2) of degree n with norm Y. p,-l T,.(z,-)] is not
unique.

There exists (§2) a real set E,,_n41 of m —n-+1 points and suitable weights
for which the T-polynomial of degree unity is not unique, so by Theorem 4.2
there exists a set E,_,42 of m —n+2 noncollinear points for which the 7-
polynomial of degree two is not unique. By continued application of Theorem
4.2 it follows that there exists a set of m noncollinear points for which the
T-polynomial of degree # is not unique.

Theorem 4.5 is false (§2) without the restriction n>1.

It is not merely possible to add points to a given set on which approxima-
tion is considered, but under suitable conditions (compare Theorem 4.2) to
delete points:

THEOREM 4.6. Let To(z)=2"+ - - - be extremal for the set E: (21, - * + , 2m),
m=n, with norm Y ¢ p,l T, (z)[" u.>0 p>0, and suppose Tn(z1)=0. Then
T.(2)/(z—21) is extremal for the set E —z, with weights y,l z.——zll

For an arbitrary polynomial P,_;(z) =2z""'4 - - - of degree n—1 we have
by hypothesis

i”""z‘_zllplpﬂ—l(z‘)lp = i#iIPu—l(Zt’)(zi— Zl)lp = Z#i' T,.(z;)l”

Tu(z )P

2; — 21

1
m
= Xula—al
2

the extreme members express the conclusion. It may be noted too that if
T.(2) as extremal polynomial is unique, which is necessarily the case if p>1,
then T.(2)/(z—2) is also a unique extremal polynomial.
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5. Totality of T-polynomials, real E. The determination of the totality
of the T-polynomial T,.(2) of degree » with norm (0.1) and unprescribed
weights for a set E of m points is trivial if m =#, for then the T-polynomial is
unique and vanishes at every point of E; the case m <z is also trivial, for
then T,(2) vanishes at every point of E but is otherwise arbitrary, hence not
unique. Henceforth in §5 we treat only the case n<m.

THEOREM 5.1. For a real point set E: (21, 23, * * -, 2m) and with given
p, 0<p <1, the T-polynomials of degree n(<m) for the norms (0.1) and un-
prescribed weights are precisely those polynomials 2"+ - - - which vanish in n
points of E.

It follows from [6, Theorem 6] that every T-polynomial of degree n
vanishes in # points of E.

Conversely, let a polynomial P,(z)=2z"+ - - - be given that vanishes in
the n points z;, 2;, - - +, 2,; we prove that P,(2) is a T-polynomial for E with
suitable choices of the weights. For the point set Ep_ni1: (25, 2041, * * * y Zm),
we choose weights u/ with u,/ > El,".H ui; it follows from Theorem 4.2 that
the unique T-polynomial of degree unity is T1(z)=2z—2,. For the point set
Ep—ny2: (Zn1, 2n, - - + , 2m) We choose weights u/’ =;¢.~’/Iz,,_1—z,-| rfori>n—1,
1> 2™ u!”; by Theorem 4.2 the unique T-polynomial of degree two is
T5(2) =(2—2.-1)(2—2.). Continued application of Theorem 4.2 with suitable
choice of weights shows that P,(z) is a T-polynomial for E, and completes
the proof.

THEOREM 5.2. For a real point set E: (21, 22, - - * , 2n) and with given p(>1),
the T-polynomsials of degree n (<m) for the norms (0.1) and unprescribed weights
are precisely those polynomials Tn(2)=2"+ - - - whose zeros are simple and lie
interior to the smallest closed interval containing E, and whose zeros strongly
separate a subset of E (containing n+1 points) on which T,(z) is different from
zero.

These conditions are necessary. We have already shown [6, §9] that the
zeros of an extremal polynomial T, (2) are simple and lie interior to the small-
est closed interval containing E. If ¢(2) is an arbitrary polynomial of degree
n—1, we have [6, §9]

(5.1) i pi| Ta(z:) |71 sg [Taz) J1(z) = 0.

In (5.1) we omit the points 2; in which T,(z;) =0, denoting by >’ the summa-
tion over the remaining set E’, and set u! = /.c,-| Th(2:) I »~20on E':
(5.2) 27wl | Ta(z) | sg [Ta(edJz) = 0

for every polynomial ¢(z) of degree n —1. Equations (5.2) are precisely the
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conditions for classical orthogonality (p=2) of T.(2) to t(z) on E’ with
weights u/ (>0), and (Theorem 6.1) determine T»(2) uniquely if E’ contains
at least n+1 points; if E’ contains fewer than 41 points, T.(z) must vanish
at every point of E’, a situation excluded by our definition of E’. Thus T(z)
is a polynomial of degree n extremal (p=2) on E’ with weights u/, and is
different from zero at all points of E’. Then [6, Theorem 7] the zeros of
T.(z) strongly separate a subset of #+1 points of E’, and the necessity is
established.

The conditions are sufficient. Let the zeros of T.(z) be simple and strongly
separate the subset E’ of E containing precisely n+1 points. Then T,(2) is
an extremal polynomial for E” with given p (>1) and positive weights by
the reciprocal of Theorem 1.2. Conceivably E” is not uniquely determined,
but every point of the subset E’ of E on which T,(2) is not zero belongs to
some E'; T.(2) is an extremal polynomial with positive weights for each of
these sets E’/, hence by Theorem 4.1 is extremal for E’ with suitably chosen
positive weights. It then follows if necessary by repeated application of
Corollary 4.1, that T,(z) is also extremal on E with positive weights, so
Theorem 5.2 is established.

Under the conditions of Theorem 5.2 with p>1, any polynomial T»(3)
extremal on E with positive weights u; is also extremal on the subset E' of E on
which T.(z) is different from zero with the same positive weights on E'. This
conclusion is contained in Corollary 4.2.

It is striking that in each of the two categories 0 <p <1 and p>1, the class
of polynomials of degree n extremal on real E with positive weights is inde-
pendent of p. This situation for real E is to be contrasted with the correspond-
ing facts for complex E, to which the present writers plan to return on a later
occasion.

We say that the polynomial z*+ - - - is an infrapolynomial for E if it
has no underpolynomial on E. Fekete uses the term “extremal polynomial”
here, a term which we consider too firmly established in its customary sense
to be assigned a new meaning.

THEOREM 5.3. If E is a real point set containing m (Zn-+1) points, then
the three classes of polynomials of degree n are identical: the class Cy of poly-
nomials whose zeros separate a subset of E, the set Cy of extremal polynomials
T.(2) for the norm (0.1) with p =1 and positive unprescribed weights on E, and
the set Cs of infrapolynomsials on E.

It follows at once that every extremal polynomial is an infrapolynomial,
so Cy is contained in C;. The proof of [6, Theorems 2 and 7] is valid under the
hypothesis that the given polynomial is an infrapolynomial, so C; is con-
tained in C). It remains to show that C; is contained in C,: If the zeros of Tn(2)
weakly separate a subset of E, m>n, then Ta(2) is a T-polynomial for E with
p=1 and positive weights.
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Consider first the case of strong separation. If E’: (2{, 2/, - - -, z1,41) is an
appropriate subset of E containing #-+1 points, the zeros of T,(z) strongly
separate E’, and [6, Theorem 5] we have

n+1 )",w Z) n+1
T,.(z)EZ . (z" NS>0, DN =1, w(z)E(z—z{)---(z—zf.“).
1 = %3 1

Then [6, Theorem 8] the polynomial T,(2) is extremal for E’, p=1, with
suitably chosen positive weights. A set E’ can be chosen to contain any pre-
assigned point of E, and a (finite) sum of such sets E’ contains all points of E.
Thus (as in the proof of Theorem 5.2) by Theorem 4.1 the polynomial T,(z)
is extremal for E with suitably chosen positive weights.

Let next the zeros of T,(z) weakly separate a suitable subset of E; the
zeros of T,(2) can be moved continuously, each without leaving the original
closed interval of the axis of reals bounded by successive points of E on
which it lies, so that the zeros become disjoint from E and strongly separate
this subset of E. Then (as we have already proved) the new polynomial
T.(2) is extremal on E with positive weights. But [6, Theorem 3] zeros of
such an extremal polynomial (p=1) can be moved continuously in their
respective closed intervals of the axis of reals bounded by successive points
of E, without affecting the extremal character of the polynomial. Thus the
original polynomial T,(2) is extremal on E with positive weights, and the
proof is complete.

Of course the original T,(z) may have a double zero, necessarily in a point
of E; the reasoning as given is valid.

6. Orthogonality conditions and uniqueness. The extremal polynomials
satisfy certain orthogonality conditions not merely in the classical case p =2,
but in every case p>1.

THEOREM 6.1. With norm D7 wi| Ta(m)|?, >0, p>1, m2n, E: (%’
23, * * *, Zm), every extremal polynomial T.(z)=z"+ - - - satisfies the orthog
onality conditions

(6.1) i pi| Ta(z) |7 sg [Tazs) J2(zs) = 0,

for every polynomial g(z) of degree less than n. The norm is a strongly convex
function of the numbers T.(2:), so the orthogonality conditions (6.1) determine
Tr(2) uniquely.

For an arbitrary polynomial P(z)=2"+ - - - and an arbitrary poly-
nomial g(z) #0 of degree »—1, we compute at each point of E the deviation
|P+eg| ?, p>1, as a function of ¢, where ¢ is real and positive.

Case 1: g=0. This is trivial:

| P+ el =[P
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Case 2: g0, P=0. Here we have | P+eg|?=¢?|g|?, and e is convex in
e for €20, p>1.

Case 3. g0, P=0. We set v=g/P, whence for sufficiently small ¢ we
have

| P+ egi? = [(1 + ew)?(1 + ei)?]V2| P|?
-1
= [(1 + pev+——ﬁ(1’2 )ezvz—i- . )

-1 1/2
.(1+1,e,-,+1’(p—2)ezi,z+...)] | P>

1+ pe(v + 7) + p2e| o|?

(6.2)

— 1/2
+?(P 2(v2+iﬂ)+--~:| lplp

1 -1
= [1+-—2—pe(v+i})+—2—p2e2|v|2+p—(p—z————)ez(vz-i-i)’)

1
- §P262(0+5)2+ :||p|p

The coefficient of €? here is one-eighth of

P24l o]t — (0 + 9] + 2p(p — 1)(0? + 57

(63) - 2|v|2(1”+ o 2)[(|:|>2+ (ﬁﬂ)'

The square bracket is not less than —2 nor greater than 42, so this
entire expression is positive.
We have now shown that each term of the norm

> ui| Pz |2, P> 1,
1

is convex when considered as a function of the real and pure imaginary parts
of the numbers P(2;). In the case m =# not all the numbers g(2;) can vanish,
so the deviation is strongly convex. In this case the orthogonality condition

(6.4) 2 wilo(z) + ) 1] P | = 0,
1
for every choice of g(z), which is derived by equating to zero the coefficient of

¢, is both necessary and sufficient that P(z) be extremal. For an extremal
polynomial is known to exist and to be unique, and a strongly convex func-
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tion has at most one stationary point. The orthogonality condition can be
written in various forms, such as

6.5 3 | Pla) |7 Re [2(2)P(a)] = 0.

A further equivalent form of the orthogonality condition is found by
writing v=g/P in (6.4), and then replacing g by 7g. We may rewrite the re-
sulting equations for the polynomial P(g)=T,(s) as (6.1), a form that is
especially useful if T'(z;) 0. If T(2;) =0, of course sg[T(z:)] is not defined,
but nevertheless if > 1 we may here interpret | T'(z:)| 7! sg [T'(2.) ] as zero.

We have previously [6, §9] used (6.1) when E is real and when therefore
the unique T,(2) is real.

The relations (6.2) and (6.3) yield without further discussion some results
even for 0<p=<1:

THEOREM 6.2. Under the conditions of Theorem 6.1 except with p>1 re-
placed by 0 <p =1, it remains true that every extremal polynomial T,(2) which
is different from zero on E satisfies the orthogonality conditions (6.1).

Theorem 6.1 has already been applied several times. We give two further
results to show the power of Theorem 6.1.

THEOREM 6.3. An extremal polynomial T,.(z) of degree n on a set E:
(21, 22, * * *, 2m), m>n, with norm Ei" Mkl T,.(zk)]”, >0, p>1, is also an
extremal polynomial on E with norm ) 7 uf | Ta(zi)|? for arbitrary p' (>1)
and suitably chosen ui (>0.)

The orthogonality condition characteristic of 7T.(z) with relation to p
and u; is

TE pr| Ta(zs) |71 sg [Ta(zi) 13(s) = 0

for every polynomial g(z) of degree » —1, and even if T, vanishes in some
points of E this same condition can be written

m

> ud | Ta(zr)

1

»"=1sg [Ta(zx) |2(z6) = O,

with p/ >0. The latter condition is likewise characteristic of T,(2) as ex-
tremal polynomial, now for exponent p’ and weights uy .

Theorem 6.3 gives a proof (for real E compare §5) of the fact that under
the conditions of Theorem 6.3 with »>1 but the u; unspecified, the class of
extremal polynomials is independent of p.

Every extremal polynomial of degree » with norm (0.1), 1<p<®,on a
finite set E containing m(=#n-+1) points is obviously an infrapolynomial. But
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though the class C; of proper infrapolynomials (that is, infrapolynomials not
vanishing in any point of E) is identical [Fekete, 3] with the class of proper
extremal polynomials for p = «, namely for the norm

max [Mlcl Ti(zx) | ,zon EJ, ue > 0,

and ui unspecified, this class need not coincide with the class C, of proper
extremal polynomials with the norm (0.1), 1 <p < » (these classes coincide
if E is real, by Theorems 5.2 and 5.3). For instance in the case n=1, m=3,
let E consist of the vertices of a nondegenerate triangle; then C, consists of
all linear polynomials z+a which vanish interior to the triangle, whereas C;
consists of C, plus those linear polynomials vanishing on the sides excluding
the vertices.

THEOREM 6.4. If the polynomial Tn(2)=(z2—20)", n =1, is extremal for a set
En: (21, 22, -+ +, 2m) with norm D_q yk| Tn(zk)lp, we>0, p>1, then Thi(2)
= (z—20)"" is extremal for the set E,, with norm Y. uk| Toa(zr) | npl(n—1)

We choose 2,=0, so the orthogonality conditions for T,(z) can be written

Zpklz:|p_lsgz:~zi=0, ji=01. .-, n—1

However, z; = | 2| sg 2, & = | 2:| /sg 2, so these equations for j>0 become

—1np/(n—1)—1 n—1 _j .
Zuk|zk l sgzr -2 = 0, 7=0,1:-+,n—2

precisely the characteristic orthogonality conditions for T',_;(z) with the new
norm.

Of course Theorem 6.4 can be iterated; the successive degrees of the poly-
nomials are n, n—1, #—2, - - -, 1, and the successive exponents of the
moduli of the polynomial in the norms are p,np/(n—1), np/(n—2), - - -, np.

Throughout our discussion we have consistently used non-negative
weights, but under suitable conditions some of our results hold even if nega-
tive weights are admitted. We remark however that orthogonality conditions
if negative weights are admitted are not of themselves sufficient to insure that
a polynomial P(x) has its zeros in the convex hull of E, even if P(x) and E
arereal. As counter-example we exhibit the polynomial P(x) =x?4-1, which is
orthogonal (p =2) on the set E: (—1,0, 41) with respective weights (1, —4,
1) to both x and unity.

7. Approximation on an infinite set as the limit of approximation on a
finite set. In [6] and the present paper we have investigated primarily ap-
proximation on a finite point set. It is ordinarily finite sets that are used in
numerical computation, and such sets are important even in the study of
approximation on an infinite set. According to a classical result due to de la
Vallée Poussin, approximation in the sense of Tchebycheff on a closed
bounded real set E to a function f(z) continuous on E by a polynomial of
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degree n is equivalent to approximation in the sense of Tchebycheff to f(2)
on a particular subset of E consisting of -+ 2 points by a polynomial of degree
n. Other results can be proved, concerning approximation on a finite set as
the set varies and approaches (in a certain sense) an infinite set.

THEOREM 7.1. Let n be fixed, let E denote a closed bounded set containing
infinitely many points, and let E; (k=1,2, - - - ) denote a closed subset of E con-
taining at least n-+1 points such that given e(>0), for every sufficiently large k
each point of E is at a distance less than € from some point of Ej.

Let u(2) be positive and continuous on E, let f(2) be continuous on E, let p(3)
be the polynomsial of degree n of best approximation to f(2) on E in the sense that

(7.1) max [u(z) If(z) — 9(2) I , 2on E]

is least, and let pi(2) be the polynomial of degree n of best approximation to f(2)
on E; in the analogous sense with u(2) unchanged. Then for all z we have

lim p4(z) = $(2),

uniformly on any closed bounded set of the plane.

The polynomials px(z) are uniformly bounded on any closed bounded set
of the plane. In fact, we may use Lagrange’s interpolation formula

n—1 2:)w(z n+1
o) = 3 20 T e - .

i1 o'(2:)(z — 22) 1
Here we choose #+1 distinct points {; of E, and require that the 3; although
variable with & shall lie respectively in mutually disjoint closed neighborhoods
of the {;; the numbers w(z)/w'(2:;)(2—2;) are uniformly bounded for all
bounded z and for all 2; so chosen. For sufficiently large %, points z; of Ej lie
in the respective neighborhoods of the {;. If we denote by M the least value
of (7.1), we obviously have

(7.2) My = max [u(2) | f(z) — p4(s) | , 30 Ei] < M,

for p(z) is an admissible polynomial of degree » in considering approximation
on Ey. Thus the numbers p.(2;) are bounded uniformly with respect to ¢ and
k, and it follows from the boundedness of the w(z)/w’(2:) (z—2;) that the p.(3)
are uniformly bounded on any closed bounded set. The analyticity of the
pr(z) implies that the pi(2) are equicontinuous on any closed bounded set.

Any sequence of the pi(z) admits a subsequence p;(z) which converges
uniformly on any closed bounded set (in particular on E) to a function po(2)
which by Lagrange’s interpolation formula is necessarily a polynomial of
degree n. If 2, lies on E, there exists zi; on Ey; such that z;,—2,; we have
Px;(2))—po(20), and also

“(zkj) lf(zkj) - pkj(zkj) l - M(zo) If(zo) - 1’0(20)
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The first members here are not greater than M, so the second member is not
greater than M. Then po(3) coincides with the (necessarily unique) poly-
nomial (z), and the sequence py;(z) converges uniformly on E to p(z). Every
subsequence of the pi(2) admits a subsequence which converges uniformly on
E to p(z), so the sequence pi(z) converges uniformly on E (and on any
bounded set of the plane) to p(z).

Theorem 7.1 can be extended so that it applies even to sets E; not subsets
of E, provided we make the additional hypothesis that, given an e-neighbor-
hood of E, all E, for k sufficiently large lie in that neighborhood. The func-
tions u(2) and f(2) can be extended in definition so that they are defined and
continuous over the entire plane; then u(2) remains positive in the neighbor-
hood of E, and M; has a meaning for k sufficiently large. Inequality (7.2)
is to be modified by adding e (>0) to the last member, where ,—0 as k— = ;
this modified inequality follows by comparing px(z) with p(z) as an ap-
proximating polynomial on Ey, thanks to the continuity of u(2), f(2), and p(z).
The proof of the theorem can be carried out essentially as before. The set E
may be finite, containing at least #+1 points. This extension of Theorem 7.1
is proved in the particular case f(z) =2z"+!, u(z) =1 by Calugareanu [1].

We turn now to an analog of Theorem 7.1 for least pth powers. For the
sake of simplicity, we choose E as a single interval of the axis of reals, but
the theorem obviously extends to an arbitrary Riemann integral on a bounded
set of the axis of reals, a line integral on a curve in the z-plane, or a double
integral in the z-plane.

THEOREM 7.2. Let E denote the interval 0 <x <1, and let E; (namely the set
{x:} depending on k) be a Riemann sequence for E associated with the intervals
Agx. Let u(x) be positive and continuous on E, f(x) continuous on E, and let n
and p (>0) be fixed. If pi(x) is a polynomial of degree n of best approximation
to f(x) on Ei in the sense that

(1.3) My = EZ w(x) | f(2) — pu(xd) |0ix

is least, then any sequence of the pi(x) admits a subsequence which converges
uniformly on every closed bounded set of the complex plane, to a polynomial p(x)
of degree n of best approximation to f(x) on E in the sense that

M = [ u@) | 3) — pa) s

is least. In the case p>1, the polynomials px(x) and p(x) are unique, and the
sequence pi(x) converges uniformly to p(x) on every closed bounded set of the
plane.

For each k divide E into a finite number of successive open or closed inter-
vals, say of respective lengths Ajx, Agx, - - -, Anx; the point x; may be chosen
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arbitrarily in the interval Aix and the set E, consists of these points x;, as-
sumed distinct. The entire sequence {Ek} is to be chosen so that if 8 (>0) is
given, for % sufficiently large each interval A:x is less than 6 in length.

To prove that the polynomials pi(x) are uniformly bounded on any
bounded set, we remark first that if A(>0) is arbitrary, then for & sufficiently
large we have by comparison of pi(x) with p(x) as approximating poly-
nomials on E;

(7.4) M= EE p(as) | f(x) — p(x) |PAix < M + A

this sum is a Riemann sum for M. As in the proof of Theorem 7.1, we next
choose n+41 distinct points {; of E, and mutually disjoint closed (one-
dimensional) neighborhoods N; of these points. For k sufficiently large, at
least half of each Nj; is covered by intervals Ax having both initial and
terminal points in that N;. The sum of the lengths of these Asx is at least half
the total lengths of the NV;; for these intervals the individual terms occur in
the second member of (7.3), and the sum of such terms is by (7.4) not greater
than M +A. There exists at least one point (depending on k) in each N; at
which pi(x) is bounded uniformly for all k; it followed by Lagrange’s inter-
polation formula that the pi(x) are uniformly bounded on any closed bounded
set and therefore equicontinuous on any closed bounded set.

If F(x) is an arbitrary function continuous on E, the absolute value of
the difference between the integral of F(x) over E and a Riemann sum for
F(x) over E is not greater than w(8), where w(8) is a modulus of continuity
for F(x) on E, and 8 is the greatest length of a subinterval in the mesh defin-
ing the Riemann sum.

If any subsequence of the pi(x) is given, there exists a new subsequence
pi;(x) converging uniformly on any closed bounded set of the plane to some
polynomial po(x) of degree n. The functions u(x)| f(x) —pk(x)l? are equi-
continuous on E, say with common modulus of continuity w(8). Given €(>0),
for k; sufficiently large we have

= w(9),

ME—LM@M@—mMWM

‘ f p(x) | f(2) — pu,(x) |?dx — M,

Se

M=LM@M@—M@Wn

We can allow §=24;, to approach zero as k;— « whence Mi;—M,. By the
definition of M we have M,= M. But we also have by the definition of Pr;(x)

My £ 20 u(x) | f(x:) — p(x) [7Ax;

Eg,
1
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this last member approaches M, whence M= M and M,= M, so po(x) is an
extremal polynomial.

In the case p>1, the extremal polynomial p(x) is unique, every subse-
quence of the pi(x) admits a subsequence converging uniformly on every
bounded set to p(x), so the sequence pi(x) itself converges uniformly on every
bounded set to p(x).

In the case 0<p <1, neither the extremal polynomials pi(x) nor p(x)
need be unique; but if p=1 the pi(x) need not be unique although (as D.
Jackson proved in 1921) p(x) is unique, so every sequence pi(x) converges
uniformly to p(x) on every bounded set.
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