ON GENERALIZED WITT ALGEBRAS(Y)

BY
RIMHAK REE

Introduction. Let ® be a field of characteristic p>0. The Witt algebra
over ® is a Lie algebra with basis ey, €1, - - -, €,-1 and relations e; 0 ¢;
= (j—1)e:yj, where 147 is to be calculated modulo p. H. Zassenhaus [5, p. 47]
generalized the Witt algebra to algebras with basis {e.}, where a runs over
a subgroup of the additive group of the ground field ®, and with the relations
e, 0 eg= (B —a)earp. Another generalization was obtained by N. Jacobson
[3]. In his investigations Witt [1] used implicitly the fact that the Witt
algebra is the derivation algebra of the group algebra of a cyclic group of
order p. In the paper cited above, Jacobson proved that the derivation alge-
bra of the group algebra of an elementary p-group, by which we shall mean
throughout this paper an abelian group of the type (p, p, - - -, p), is simple
if the order of the group is greater than 2.

Recently, I. Kaplansky [4, p. 471] gave an ingenious generalization of the
Witt algebra, which includes the generalizations obtained by Zassenhaus
and Jacobson. Let I = {1’, Jyoroe ] be a set of indices, and ® a total(?) addi-
tive group of functionals on I with values in the ground field . Kaplansky
considers the Lie algebra € over & with basis { (, o) } , where1& 7,0 &®, and
the multiplication

(0.0.1) (i,0)0(j,7) = r()(j, 0 + 1) — 0(j)(G, 0 + 7).

It appears that € is simple except when I consists of a single element and &
is of characteristic 2. Zassenhaus’ algebra is the case when I consists of a
single element, while Jacobson'’s is the case where @ consists of all functionals
with values in the prime field of ®. We shall call the above algebra & a gen-
eralized Witt algebra. In order that € be finite dimensional it is necessary and
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sufficient that both I and ® be finite. If ® is finite, then ® must be of char-
acteristic >0, and ® is an elementary p-group.

Let now A be a commutative associative algebra over ®. A subalgebra £
of the derivation algebra of U will be called regular if fDER for every fEU

and DER. For a regular subalgebra &, if there exist Dy, - - - , D,,&such that
every DER is expressed uniquely as D=f,D1+4 - - - +fnDn, where f,EY,
then ¢ will be said to be defined by the system (D, - - -, D,) and denoted
by the notation ¥(; Dy, - - -, D). It is shown in §2 that any generalized
Witt algebra can be written in the form {(%; Dy, - - -, D,), where ¥ is the

group algebra of an elementary p-group. The object of this paper is to study
the family § of Lie algebras of characteristic p which can be written in the
form &(%; Dy, - - -, Dn), with main emphasis on simple algebras. Our prin-
cipal results are as follows: If % is a field then all algebras in § are simple ex-
cept when p=2, m=1 (Theorem 5.1). If ® is algebraically closed then any
simple algebra in § is a generalized Witt algebra (Theorem 6.10). A simpler
form of the generalized Witt algebra is given in Theorem 9.3. By using this
form, the problem of whether or not every generalized Witt algebra can be
defined over GF(p) is partly solved, and it is shown that some new finite
simple Lie rings are contained in §. A subfamily §’ of §, consisting for the
most part of nonsimple algebras, has an interesting property: every algebra
in §’ has the same ideal theory as that of a commutative associative algebra
(see §11). In the last section, we extend Jacobson's results on automorphisms
of his algebras to the case of generalized Witt algebras, and show that m is an
invariant of the algebra @ =8(; Dy, - - -, D,) if ® is normal simple.

All algebras considered in this paper are finite-dimensional, unless the
contrary is specified.

1. The algebra A, D, - - -, Dn). Throughout this paper, ® will denote
a field of characteristic p>0, % a commutative associative algebra over ®,
with a unit element, and D(¥) the derivation algebra (over ®) of A. The
multiplication in D(A) will be denoted by o, i.e., D, 0 Dy=D,D,— D,D;.

Suppose there exist derivations Dy, - - -, D,, of A such that
(1.0.1) D;oDj = Y a:;pDy
k=1
for 4, j=1, - - -, m, where a;%ESU. Then the set (A; Dy, - - -, D,) of all

derivations of U of the form fiDi+ - - - +f.D,, where f;E¥, forms a sub-
algebra of ©(A). More generally, the set of all derivations of ¥ of the form
fiDi+ - -+ +fuDm, where f; runs over an ideal O of ¥, forms a subalgebra
of D). For,

fiDiogiD; = f(Dig)D; — g:(D;f)D: + Y figiaiiDs,

k=1
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where all the coefficients of the right-hand side belong to ©. In the following

we shall restrict the algebras (¥; Dy, - - -, D,,) by imposing the condition:
(1.0.2)  fiDi+ -+ + fuDm = Oimplies fi = -+ = fm = 0.
The number m will be called the D-dimension of (; Dy, - - -, Dn).

Because of the condition (1.0.2) there exists a one-one correspondence
lel+ ct +memH(fl, vt ,fm)

between the elements of R(U; D,, - - -, D,) and the set of all vectors
(fi, - * *, fm), where f; runs over U. If we identify fiDi+ - - - +fnD, with
(fl, L ,fm) then

alfy, -, fm) = (af1, -+, afm) for a € ®.
(1.0.3)  (fi,- - sfm) + (g1 8gm) = (it gy, fut gm),
(fl;"' ’fm)o(gl)"' 93"‘) = (hl"" )hm)’

where

hi = 20 (fu(Dags) — g(Duf2)) + 2 fugetuss.

8,t

Suppose that the derivations Dy, - - -, D,, are commutative, i.e., D;0 D;=0
for all , j, not necessarily satisfying (1.0.2). Then, conversely, we may define
a Lie algebra £* over ® by starting with the set * of all vectors (f1, - - - , fm)
and defining scalar multiplication, addition, and multiplication according to
(1.0.3) where we put a;#»=0 for all 7, j, k. * is in general different from
@; D,, - - -, D). But it is easily seen that the set & of all vectors
(fus - - -, fm) satisfying D>.f:D;=0 forms an ideal of £* and that 2*/&
=(; Dy, « - -, D,). Since we are mainly interested in simple algebras, we
prefer to work with (; Dy, - - -, D,) rather than f*. In what follows we
study the properties of the algebras &(¥; Dy, - - -, Dn), always assuming
(1.0.2).

2. Generalized Witt algebras. We show that any generalized Witt algebra
{ can be written in the form £(; Dy, - - -, Dn). Let £ be defined with respect
to a finite set I = {1, N m} of indices and a finite total(?) additive group
® of functionals on I with valuesin®. Let @ = {u,, Upy * - } be a multiplica-
tive group isomorphic to ® via the correspondence u,<>0. For each €3 we
define the mapping 0;: ®—® by 0.(«,) =c(i). Then 6y, - - -, 0,, are homo-
morphisms of @ into the additive group of ® such that

(2.0.1) 61(u,) = -+ - - = 0n(u,) = 0 implies u, = 1.

The fact that ® is total can be expressed as follows:



1956] ON GENERALIZED WITT ALGEBRAS 513
(2.0.2). @i+ -+ + ctmdm = 0, with a; € &, impliesa; = « - - = am = 0.

Now let % be the group algebra of ® over ®, and define the linear mapping
D; of U into itself by D;u, =0;(4,)u,. Then D; is a derivation of ¥, since

D;(u,u,) = Di(uv+f) = 06(u¢+7)ua+r
= oi(ua)ucur + oi(uf)uvur
= (Dius)u, + u,(Diu,).

It is clear that (1.0.1) is satisfied for Dy, - - -, D,, since D;0 D;=0 for all ¢
and j. We will show that (1.0.2) is also satisfied. Let fiD1+ - - - +fnDn=0,
with f;€¥. Then we have ), f.0:(4,) =0 for all u,. Let f;= Y., os(r)u,. Then
we have J.; ai(7)0:(u,)=0 for all 7 and ¢. From (2.0.2) it follows that
a;(7)=0 for all 2 and 7. Thus fi= - - - =f,,=0. Therefore we can define the
algebra &(NA; Dy, - - -, D,). The set {u,D;}, where 1€1, ¢ €@, is a basis of
this algebra, and we have

u,D;0 u,D; = u,(Dsu,)D; — u.(Du,)D;
= T(’I:)M,.,.,Di ol d(j)ua.HD.'.

Comparing the above with (0.0.1), we see easily that the given generalized
Witt algebra is isomorphic with (%; Dy, - - -, D,). We note that (2.0.1) is
equivalent to the following property of Dy, - - -, D,:

(2.0.3) Dif = -+« = Duf = 0 implies f € .

Conversely, for any elementary p-group ®, if there exist homomorphisms
0, - - -, 0 of @ into the additive group of & such that (2.0.1) and (2.0.2)
hold, then we can construct a generalized Witt algebra by the above method.

Suppose now that homomorphisms 6, - - -, 0, satisfy (2.0.1) and (2.0.2).
Let the order of @ be p*, and let xy, - - -, x, be a set of independent generators
of @. We set 0,(x;) =a;;E®. Then (2.0.1) and (2.0.2) are respectively equiva-
lent to the following conditions:

If ky, - - -, k. are integers such that

(2.0.4) X oaik;=0i=1,---,m,

i=1
then by = - -+ = k, = 0 (mod p), and
(2.0.5) The rank of the matrix (ey;), i=1--- mji=1---,nism

Thus a generalized Witt algebra whose dimension is mp*® is completely char-
acterized by mn elements a;;E® satisfying (2.0.4) and (2.0.5). From (2.0.5)
it follows immediately that m <#n. If m =1 then (2.0.4) implies that ® is of
rank =7 over GF(p). Therefore if m=1, and ®=GF(p) then n=1, so that
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the only generalized Witt algebra of D-dimension 1 over GF(p) is the Witt
algebra.

3. Reduction of the algebras &(; D,, - - -, D,) to orthogonal form. In
this section, we show that any simple algebra of the form {(%; Dy, - - -, D)
can be written as &¥; D{, - - -, D%), where D/ o D/ =0 for all 7, j.

An ordered set (D, - - -, D,,) of derivations of a commutative associative
algebra % will be called a system of derivations of U or simply a system if it
satisfies (1.0.1) and (1.0.2). We shall say that the algebra {(¥; Dy, - - -, D)
is defined by the system (Dy, - - -, D,). A system (Dy, - - -, D,) will be called
orthogonal if D; o D;=0 for all 4, j, that is, if in (1.0.1) a;x=0 for all 4, j, &,
orthonormal if there exist m elements f;EY such that D.f;=20;; (Kronecker
delta). An orthonormal system is always orthogonal. Two systems
(Dy, - -+, Dw) and (DY, - - -, D7) of ¥ will be called equivalent if there exist
¢;; €U such that

D! = 3 ¢ciD; (i=1,---,m)

7

and such that det (c;;) isa unit of A. (Dy, - - -, D) and (DY, - - -, D7) are
equivalent if and only if Q; Dy, - - -, Dn) =2(; DY, - - -, D7) as sets.

LeEmMA 3.1. A system (D, - - -, D) of derivations of U is equivalent to an
orthonormal system if and only if there exist f1, - - -, fu S U such that det (D.f;)
is a unit in A.

Proof. Suppose that (Dy, - - -, D) is equivalent to an orthonormal sys-
tem (D{, - - -, D/) and let D;= Y _; ¢i;D}, D;f;=08,;, where det (c;) is a unit
in ™. Then we have D.f;=c;;. Thus det (D.f;) is a unit in .

Conversely, suppose that det (D.f;) is a unit in ¥ for some fi, « - - , fmEA.
Let (cj;) be the inverse matrix of the matrix (D.f;). We set D{ = > ;i eiD;.
Then (D{, - - -, D},) is equivalent to (Dy, - - -, D,) and we have D/f;=38,,
so that (D{, - - -, Dy,) is orthonormal, which proves the lemma.

For a given algebra =2(; Dy, - - -, D,) we denote by & the set of all
elements ¢& ¥ such that Dc=0 for all DEL. & is a subalgebra of A. & will
be called the algebra of constants of ®. Since ¥ is always assumed to have a
unit element, we have c¢€Q if and only if Dic= - - - =D, ,c=0 for some de-
fining system (Dy, - - -, Dy) of &

The following lemma is useful.

LEMMA 3.2. If the algebra ® of constants has a divisor of zero, then {(U;
Dy, -+ -, D,) is not simple.

Proof. Let c&E8R be a divisor of zero. The set & of all ¢cD, where DER,
forms an ideal of & For, (cD) o D'=c¢(D o D’)EZ. If 3 =0 then from (1.0.2)
it follows that ¢ =0, a contradiction. If 3 =% then Dy =c(fiD1+ - - - +fuDm)
for some f, - - -, fnEA. Then again from (1.0.2) it follows that 1=cf;,
which is impossible if ¢ divides 0, and therefore £ is not simple.
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A commutative associative algebra ¥ with unit element is completely
primary if the set of all nonunits coincides with the radical of A.

LEMMA 3.3. If U; Dy, - - -, Dy) is simple then U is completely primary.

Proof. Since &(A; Dy, - - -, Dy,) is simple, from (3.2) it follows that the
algebra f of constants has no divisor of zero. Since U is commutative and &
is finite-dimensional over the ground field, & is a field. Let f&E¥ be a nonunit.
Since D;f? =pfr—1D.f=0 for all 7, we have fPER. If f»#0 then f? is a unit in
A, and hence f is also a unit. This is a contradiction. Therefore f» =0 for all
nonunits f. Thus % is completely primary.

LEMMA 3.4. Let N be completely primary. If fi, - - -, fa are such that
fi= - =ffa=0 with fEN implies f=0, then at least one f; is a unit in A.

Proof. Assume that all f; are nonunits. Then there exists a positive integer
k such that fi= - - - =ff=0, and hence
(3.4.1) =0
if n+ -+ +r.=nk, where r,, - - -, r, are non-negative integers. Suppose,
therefore, that (3.4.1) holds whenever 7,4+ - - - +7,>r, a positive integer.
Letri4 - - - +ro=r,f=f7 - - - fi*. Then ffi= - - - =ff,=0, and hence f=0.
Using complete induction with respect to 7, we can conclude that (3.4.1)
holds, whenever r;+ - - - 47,>0. In particular, fi= - - - =f,=0. Take a
nonzero f&. Then we have ffi= - - - =ff,=0, a contradiction. Therefore
at least one f; must be a unit.

We can now prove the following

THEOREM 3.5. If U is completely primary, then any system (Dy, - - -, Dy)
of derivations of U is equivalent to an orthonormal system. In particular, any
simple algebra of the form R(U; Dy, - - -, Dy) is defined by an orthonormal sys-
tem.

Proof. Let u,, - - -, u, be a basis of ¥ over the ground field ®. We set
Dlu.», R Dlu,‘,

3.5.1) iy, =
D.u,, - - - Du;,

where 1 <7 =m. We shall prove by using (3.4) that fi,...;, is a unit for some

choice of 41, - - -, 4m. Suppose, therefore, that fEU is such that ffs,...;, =0 for
all 4y, « + -, 4p. If

(352) ff.'l...,',=0

is true for some 7, and all 7, 45, - - -, 4,, then by expanding the determinant

fiy---i, along the rth column, we have
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(353) f Bpeeed, — (fchl + R +fc,D,)u,~, = 0,

where ¢, =f;,...;,_,. Since (3.5.3) is true for all 7,, we have fc;D;+ - - - +fc.D,
=0. Then from (1.0.2) we have fe;= - - - =f¢, =0, and in particular ff;,...;,_,
=0 for all 45, - - -, 4,_1. Proceeding by induction with respect to 7, we can

conclude that (3.5.2) holds for all ». Taking the case r =1, we have fDyu,;, =0
for all 2;. Therefore fD,=0. Hence from (1.0.2) we have f=0. Therefore by
Lemma 3.4 f;,...;, is a unit for some ¢;, - - -, 4. Then from Lemma 3.1 it
follows that (Dy, - - -, D,) is equivalent to an orthonormal system.

The second part of the theorem follows immediately from the above result
and Lemma 3.3.

4. Some lemmas. We establish here a number of results we will need

later. We assume throughout this section that (D,, - - - , D,,) is orthonormal,
that xy, - + +, x, & W are such that D;x;=§,;, and that & is an ideal of 2 =(¥;
Dly Tty Dm)

LemMA 4.1. If D=fiD:1+ - - - +fuDn €S, then fiDEZ for any k.
Proof. Since Dx;=fi, we have D o (x:D) =fiDEJ.

LEMMA 4.2. If D=fiD1+ - - + +fnDn €S and if fi is a unit in A, then there
exists giDi+ -+ - - 4 gD €S, where gr =1 and where g;=0 for any i such that

f:=0.
Proof. Consider the element US S, where

Xk Xk Yk
U = (f_k Dk) oD = }—;(DkOD) —_ D(?,‘)Dk

xk(Df x)

ke

123
= — (Dk (0] D) DL +
S

k

Since fiDESJ by Lemma 4.1, we have also VES, where

2k(Drfr) Xk
V= (f Dk) o (fD) = 7 (Dro D) + I D - ka(f?)Dk

k k K
X (D kflc) 2x1(Dfx)
= —(DyoD — D+ ——— D
fk ( ko ) * fk ’ f: ‘

Then we have V—-2UES, where
xx(D kfk)

k

V—20=—%(DkoD)+ D+ Dy
k

Setting V—2U=g;D:+ - - - +gnD., we have

x1(Difr)  xx(Drfr)
), = — 1 = 1,
g 7 + I +
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and for 17k,
- *k(Defi) n *e(Defr)fs )
fx f,2,
Therefore, if f;=0 then g;=0, completing the proof.
LEMMA 4.3. If f1, - - -, fm belong to the algebra & of constants of ® and are

such that fiD\+ - - - +fuDn €S, and if some fi. is a unit, then D, S for all
=1, -, m.

Proof. Suppose that fx is a unit. Then (fiD1+ - - - +fuDw) 0 ((xx/fi) D)
=D,EQX foralli=1, - - -, m.

LEMMA 4.4. D\ € implies F =8 except when p=2, m=1.
Proof. If D;€EJ then from Lemma 4.3 it follows that D;&E& for

t=1, - - -, m. Take an arbitrary element f&A. Then from Djo (fD,)
= (D,;f)D; we have
(4.4.1) DiHD; 1 for all 1, j.

First we consider the case p#2. Since D;(x?)=2x,, from (4.4.1) we have
2x.D;E3. Since p2, we have x;D0;E3J. Hence

(4.4.2) (fDi) o (x.D;) = fD; — xi(Dif)D; € 3.
On the other hand, since D;(x;f) =f+x;(D;f), from (4.4.1) we have
(4.4.3) fDi + x(D:f)D; € 3.

From (4.4.2) and (4.4.3) we have 2fD;E$. Since p2 we have fD,E 3. Since
f and 7 are arbitrary, we have =%

Now we consider the case p =2, m> 1. For given ¢ we may take j such that
j#1. Since D;(xx;) =x;, from (4.4.1) we have x,D;&3. Then (fD;) o (x;D,)
=fD;—x;(Df)D;EY. However, we have x;(Df)D;=D;(x;f)D;EZ from
(4.4.1). Therefore fD;& 3. Since f and ¢ are arbitrary we have § =&, complet-
ing the proof.

5. Derivations of a field. A subalgebra ® of the derivation algebra ()
of A will be called regular if fDER for every fEW and D& D(Y) itself is a
regular subalgebra of (). If A is itself a field, any regular subalgebra & of
D(A) may be considered as a vector space over the field ¥, since if D, D' EQ,
then fD+f'D’' &8, where f, f' . Take a basis Dy, - - -, D,, of Q over U. Then
it is easily seen that Dy, - - -, D,, satisfy (1.0.1) and (1.0.2). Therefore, if A
is a field, any regular subalgebra of () is of the type &(¥; Dy, - - -, D),
and we call m the D-dimension of the regular subalgebra f.

THEOREM 5.1. Let U be a field over ®. Then any regular subalgebra { of the
derivation algebra of U over ® is simple except when p =2, m =1, where m is the
D-dimension of L.
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Proof. € can be written in the form &¥; Dy, - - -, D). By Theorem 3.5 we
may assume that (Dy, - - -, D) is orthonormal.
Let & be a nonzero ideal of 2 and fiD1+ - - -+ +fnDn be a nonzero element

in & such that the number of nonzero f; is as small as possible. If fy#0 then
by Lemma 4.2 § contains an element guD1+ - - - +gmDn such that ge =1 and
such that g;=0 whenever f;=0, so we may assume at the outset that f,=1
for some k. Since & is an ideal, we have D;o (fiD1+4 - - - 4+fuDw) = (Df1) D1
4+ - +(Difm)DnEJ for i=1, - - -, m. Since fy =1, the number of nonzero
coefficients in (D f1))Di+ - - - +(Difn)Dm is less than that of fiD,+ - - -
+fmDn. Therefore D;f;=0 for all 4, j, and hence we have fi, - - -, fn &R, the
algebra of constants of €. Since f is a subfield of %, from Lemma 4.3 we have
D, €S fori=1, .-, m, and I=8 from Lemma 4.4. Therefore & is simple.

The method used in the proof of Theorem 5.1 can also be applied to the
case of a field of characteristic 0, if we start with an orthonormal system. For
example, consider the field ®(x,, - - -, x) of rational functions in m variables
X1, + -, Xm over a field @ of characteristic 0, and let ¥ be a finite-dimensional
extension field of ®(x;, - - -, xn). Then A is an infinite-dimensional algebra
over ®. It is well known that there exist derivations 8/9x,, - - -, 8/9x, of A
over ® such that (3/9x;)x;=20;, and that every derivation D of U written is
uniquely in the form

D=f,—é—+-~+f,,. i » where fi, -, fa €N
ax, Xm
In other words, the derivation algebra D(A) of A over ® can be written as
DA) =L(YA; 9/9xy, - - -, 8/0xm). The above method enables us to prove that
D () is an infinite-dimensional simple Lie algebra of characteristic Zero.

If we consider the polynomial domain A=&][x;, - - -, x,], instead of
®(xy1, - - -, Xm), as an algebra over ®, then again we may prove that D(¥) is
simple.

The above two classes of infinite-dimensional simple Lie algebras, together
with the infinite-dimensional algebras constructed by Kaplansky’s method,
may be regarded as analogues of the Witt algebra in the case of characteris-
tic 0.

6. Simple algebras when & is algebraically closed. The main result of this
section is that if the ground field & is algebraically closed then any simple
algebra of the form (¥; Dy, - - -, Dy) is a generalized Witt algebra.

LEMMA 6.1. Suppose that =R(U; Dy, - - -, Dy) is simple. If fEU is such
that D.f =\if, NiED, for all i, then f=0 or f is a unit in U.

Proof. If f is as above, the set & of all elements of the form fD, where
DCY, is an ideal of & For, if Y_g:D:C2 then (fD) o (X_g:D:) =f 2_((Dg:)D;
—g\:D)ES. Since { is assumed to be simple, 3 =0 for I=A. If F=0 then
f=0 by (1.0.2). If 3 =9 then again by (1.0.2) f is a unit in ¥, as required.
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By Theorem 3.5, any simple algebra of the form (N; Dy, - - -+, D) is
defined by an orthonormal system. Moreover, by Lemma 3.2, the algebra &
of constants for the simple algebra &(U; D,, - - -, D,) is a field over ®, and
if ® is algebraically closed, we have & =®. Since we are mainly interested in
this section in simple algebras, we shall assume that the conditions (6.1.1)—
(6.1.3) below hold. The last two of these are necessary if Q(N; Dy, - - -, D,) is
simple, as is seen from Lemma 6.1 and the above remark. The ground field ®
is assumed algebraically closed.

(6.1.1) The system (D4, * - -, Dn) is orthogonal.
If fE A is such that D;f = \;f with \; € ® for all 4, then f =0
or fis a unit in .

(6.1.3) Dif=--+ = D,f =0 implies f € &.

(6.1.2)

These conditions and the fact that ® is algebraically closed will enable us to
prove that ¥ is the group algebra of an elementary p-group.

LEMMA 6.2. Suppose that ® is algebraically closed. Then any nonzero ideal
of an algebra 8=%; Dy, - - -, D) defined by a system satisfying the conditions
(6.1.1)—(6.1.3) above contains an element of the form Y a; D;, where at least one
a; 1s a unit in A.

Proof. Let 3 be the nonzero ideal of €. For any ¢, the mapping: X—D;0 X
defines a linear transformation of & into itself. Since D;o (Djo X)
=D;o (D;o0 X) for all 7 and j, and since ® is algebraically closed, there exists
a nonzero element 4 = Ea; D; in & such that D;0 4 =\;4, where \;&E®,
for all . Then we have D.a;=\,q; for all 7 and j. Hence by (6.1.2), every a; is
either 0 or a unit in A. Since not all a; are zero, at least one a; must be a unit,

LEMMA 6.3. Suppose that ® is algebraically closed. Then for any system
(Dy, + + -, D) the conditions (6.1.1)—(6.1.3) tmply the following: If f, a1, « + * ,@n
in W are such that D;f=a.f for all 1, then f=0 or f is a unit in U.

Proof. The set of all elements of the form Y ff;D; is easily seen to be an
ideal of the algebra ®(¥; Dy, - - -, D,). If f20 then I0 and hence by
Lemma 6.2 there exists an element Y_a; D; in I for which at least one a; is a
unit. Suppose Y_ff;: D;= D_a; D;. Then ff;=a; and hence f is a unit.

LEMMA 6.4. Suppose that ® is algebraically closed. Then any orthogonal sys-
tem equivalent to an orthogonal system (D., - - -, Dn) satisfying (6.1.2) and
(6.1.3) also satisfies (6.1.2) and (6.1.3).

Proof. Let (D{, - - -, D,) be the orthogonal system equivalent to
(Dy, - -+, D), and let D;=Y; c;D}. If D!f=\ for all j then D.f=af,
where a;= J_; ¢;;\;. Then from Lemma 6.3 it follows that f=0 or f is a unit.
Thus (6.1.2) is verified for (DY, - - -, D;). Suppose now D/f=0 for all j.
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Since det (c;;) is a unit in 4, we have D;f=0 for all 7. Therefore f&®. Thus
(6.1.3) is also verified.

We consider U as an Q-module, where the operator domain Q consists of
multiplications by elements in ® and the linear mappings Dy, - - -, D, (of ¥
into itself). Since every two operators in @ are commutative, and since ® is
algebraically closed, all the factor modules in any composition series of the
Q-module ¥ are one-dimensional vector spaces over ®.

We decompose ¥ into a direct sum %= D%, of directly indecomposable
Q-submodules. Then, since Dy, - - -, D,, are commutative, each D, has exactly
one characteristic root X\, in U,, when we consider D; as a linear mapping of
9, into itself, and there exists a nonzero #, &%, such that D, =\;u, for all
1 and v. By the condition (6.1.2), %, is a unit. Since %, €® by (6.1.3), and since
® is algebraically closed, we may assume

(6.4.1) u, = 1 for all ».

We shall prove that all the %, forms an elementary p-group with respect to
the multiplication in .

LEMMA 6.5. If D.f=\;f, N; €D, for all 1, and if f#0, then there exists an A,
such that f&A,, Ni =N,

Proof. Let f= Efy, where f,E9,. Then from D,f=\.f it follows that
>"D.f,= >_\,. Since D;f,E¥,, we have D;f,=\f, for all 5 and ». Suppose
that f,=0>f, for two different indices » and u. Then, by condition (6.1.2),
f, and f, are units. By an easy calculation we obtain D;(f,fi') =0 for all 4.
Then by (6.1.3) we have f,fi1€®. However, this is impossible since A,MNA,
=0, and therefore all but one of the f, are zero. Thus there exists an U, such
that fE¥U,. Since f#0 is assumed, and since D, has only one characteristic
root \,, in ¥,, we have A\;=\,,.

Now, for any two indices v and u, we have D;(u,u,) = Ni+Nu)u,u, for all
1. Therefore, since u,u,#0 by (6.4.1), it follows from Lemma 6.5 that there
exists an ¥, such that %,%,E N, and such that

(6.5.1) Miv + A = Ny, for all 4.

From (6.5.1) it follows that D;(w,u,u;')=0 for all <. Then (6.1.3) yields
u,u, = au, with some a &P, and therefore by (6.4.1) a»=1. Hence (a—1)?=0,
a=1. Thus we have u,u, =u,. Therefore all the %, form a group & with respect
to the multiplication in %. @ is an elementary p-group because of (6.4.1).

We shall show that there exists only one index » such that \;, =0 for all 7.
If f=1 is the unity element of ¥ then D,;f=0 for all . Therefore by Lemma
6.5 there exists an index 0 such that 1 E%,. Suppose that A;, =0 for all . Then
Di(u,) =0 for all 7. By (6.1.3) we have #,E®, and hence #,=1, »=0. General-
izing the previous statement we can show easily that N\;, =\;, for all ¢ implies
v=pu.



1956) ON GENERALIZED WITT ALGEBRAS 521
LEMMA 6.6. An element f &N belongs to N, if and only if there exist integers

t;>0,2=1, - - -, m, such that

(6.6.1) (D: — o) bf = 0, (i=1,---,m).

Proof. The “only if” part is obvious. In order to prove the “if” part, let
f= 2 fu fu€N,. Since ¥, are Q-submodules, (6.6.1) yields (D;—\x) tif,=0 for
all ¢ and p. Then f,=0 for u=» follows from the fact that D; has only one
characteristic root N;, in U,. Hence f=£,&¥,.

CoOROLLARY 6.7. If D;fE N, for all i then fEN,.

LeMMA 6.8. N, =u, N, for all v.

Proof. Let fE,, g€ U,. Then there exist integers s;>0 such that
(6.8.1) (D: = Ni)*ig = 0, (t=1,---,m).
By applying the Cartan-Weyl identity to (6.3.1) and (6.5.1) we obtain
(6.8.2) (Di — (N + ) +e=1(fg) = 0

for all <. Then by Lemma 6.3 and (6.2.1), we have fg&¥,, where u,u,=u,.
Thus we may write

(6 . 8. 3) 2[721;; g ngy (uvuﬂ = uP)‘

Since #, is a unit of ¥ it follows that the linear multiplication induced by left
multiplication with %, is invertible, hence there is the decomposition of %
into the direct sum

(6.8.4) A= w,

Moreover, the module %,%, is Q-invariant, because for g%, we have D;(u,g)
= (Diu,)g+u,Di(g) =u,(\ig+D:ig) Cu,N,. Hence by using the group property
of ® it follows that (6.8.4) is a direct decomposition of ¥ into Q-submodules
each of which is contained in a different summand of the given Remak de-
composition of ¥. In other words we have »,%,=%,, where u,=u,u,, and in
particular U, =u,%,.

From (6.8.3) we have

COROLLARY 6.9. ¥y s a subalgebra of .

Since %, depends on the system (D, ---, D,) we may write %,
=Ao(D,, - - -, Dn). We shall show that there exists an orthogonal system
(Ey, - - -, En) equivalent to the given system (D, - - -, D,) such that
Wo(Ey, - - -, En)=®. To do this, it will be sufficient to show that we can

always find an orthogonal system (Dy, - - -, D},) equivalent to (D;, - - - , D)
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such that the dimension of Ao(D/, - - -, D%,) is less than that of Ae(Dy, - - -,
D,) whenever the latter is greater than one. Since D1 =0 for all 1, it follows
that there is a Q-composition series

(6.10,1) 0< P <P+ Pw, <--- <P+ dwy+ -+ + dw, = Ap

for the Q-module ;. If w. is not a unit then by (6.1.3) we have w§=0. Then
14w, is a unit. By replacing w; by 14w, if w, is not a unit, we can always
assume that w, is a unit. From (6.10.1) we have Dw,=3,;E® for all 7. By
(6.1.3) we see that not all B, are zero. We may assume without loss of general-
ity that §,%0. We set x=8,"w,, D{’ =D,, D!’ =3.D;—3:D; for i#1. Then

(D{’, - - -, D)) is an orthogonal system equivalent to (D, - - -, D,) such
that D/’x=1, D!’x=0 for all :#1. Set D{ =xD/{’, D! =D!’ for i%1. Then
(D{, - - -, D%) is an orthogonal system equivalent to (D{’, - - -, D;/) and
hence to Dy, - - -, D,,) such that
(6.10.3) Dix=x#0, where x&E oDy, -+, Dn);
(6.10.4) D; = Y ci;D!, where ¢;; € Uo(Dy, - - -, D).
i

The new orthogonal system (D{, - - -, D,), being equivalentto (D, + + -, Dun),
satisfies (6.1.2) and (6.1.3) by Lemma 6.4.

We shall show that Yo(Dy, - - -, D) is properly contained in o(Dy, - - -,
D,). Take a basis v;, - - -, v, of (DY, - - -, D7) such that
(6.10.5) D!vy =0, Dlvi= D airss (k> 1),

s<k

for all 4, where a;,&®. From (6.10.5) and (6.1.3) we have v;&®, and hence
1 EUo(Dy, - - -, D,). Suppose that vy, - - -, %1 ENAo(Dy, - - -, Dm). Then
from (6.10.4) and (6.10.5) we have

m

(6.10.6) Dok = D D Cijatjnsls.

s<k j=1
Since ¢,j, ajxs, and v, belong to Ao(Dy, - - -, D,), by Corollary 6.9 we see that
the right-hand side of (6.10.6) belongs to Ao(Dy, - - -, Dy) for all 4. Therefore
from Corollary 6.7 it follows that v, EA¢(Ds, - - -, Du). Proceeding by induc-
tion with respect to k2, we have v, ENo(Dy, - - -, Dy) for all k. Therefore
Ao(D{, - -+, Dp)SWo(Dy, - - -, D). Suppose Ao(D{, - - -, Dn)=Uo(Dy,

-, D)) =¥%,. Since fEA, implies D{ fEA,, we can regard D{ as a linear
mapping of ¥, into itself. By the definition of %o, 0 is the only characteristic
root of D{ in %,. However, this contradicts (6.10.3). Thus %o(Dy, - - -, Dw) is
properly contained in No(Dy, - - -, Dn), and hence the dimension of the
former is less than that of the latter. Repeating the above process, we obtain
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an orthogonal system (E;, - -, E,) equivalent to the given system
(Dy, - + -, Dy) such that Ao(E,, - - -, E,) is one-dimensional.

Since the algebras (¥; Dy, - - -, D,,) defined by the equivalent systems
are the same, we may suppose o =%. Then from Lemma 6.8 we have
(6.10.7) A= du, Du, = A\yu,

for all < and ». From (6.7.9) we see that U is the group algebra of the ele-
mentary p-group & formed by all »,. We shall show that if (6.10.7) holds, then
U; Dy, - - -, D,) is isomorphic to a generalized Witt algebra. We define the
mapping 6; of ® into ® by 8.(»,) =\,. Then from (6.2.1) it follows that
61, - - -, 0, are homomorphisms of ® into the additive group of ®. We shall
show that (2.0.1) and (2.0.2) are satisfied by 6y, - - -, 0,.. Suppose 0:(%,)
= ... =0,(u,) =0. Then N\;, =0 for all 2, and hence ¢ =0, %, =1. Thus (2.0.1)
is satisfied. Suppose now that asbi+ - - - +anfn=0. Then D ; a\;, =0 for
all », and hence from (6.10.7) we have ayD1+ - - - +anD.,n=0. Then (1.0.2)
yields ey = - - - =a,,=0. Thus (2.0.2) is also satisfied. Therefore by the re-
sult in §2 &¥; Dy, - - -, D) is isomorphic to a generalized Witt algebra.
Thus we have proved the following

THEOREM 6.10. Suppose that ® is algebraically closed and that the system
(D, - -+, D) is orthogonal. Then the algebra Q(A; Dy, - - -, D,,) is isomorphic
to a generalized Witt algebra if and only if the following conditions (6.1.2) and
(6.1.3) hold:

If fE W is such that D;f = \;f, where \; € &, for all i, then f =0

(6.1.2) . ..
or f is a unit in U.
(6.1.3) Dif = -+ Duf = 0 implies f € .
In particular, if an algebra R of the form Q(U; Dy, - - -, D,,), where (D, - - - ,Dp)

15 not necessartly orthogonal, over an algebraically closed field ® is simple, then
R is isomorphic to a generalized Witt algebra and N to the group algebra of an
elementary p-group.

Let %A, B be commutative associative algebras over the same ground field

®, and (Dy, - - -, Dn), (Ei, - - -, En) orthogonal systems of derivations of
A, B, respectively, such that
(6. 11. 1) QIO(DI, tt ,Dm,) = i)[y %O(Ely Tty Em) = ¢.

Let € be the Kronecker product algebra of %, 8, and define derivations F; of
€ by setting F;=D;on A and F;=E; on B. Then (Fy, - - -, F,) is an orthog-
onal system over €. It is easily seen that the conditions (6.1.2) and (6.1.3)
are satisfied for (Fy, - - -, F,). Hence by Theorem 6.10 we obtain £(GC;
Fy, - - -, F,) isomorphic to a generalized Witt algebra. (€; F, - - -, Fy)
may be regarded as a composite of R(A; Dy, - - -, D) and {(B; Ey, « - -, En).
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Note that (Fy, - - -, F.) does not always satisfy the conditions (6.1.2)—
(6.1.3) unless (6.11.1) holds.

7. Nilpotent systems (1). A system (D,, - - -, D,) will be called #nil-
potent if there exists a positive integer k such that D{= - - - =DF=0. If the
ground field ® is algebraically closed then an orthogonal system (D;, - - - , D)
is nilpotent if and only if %o(Dy, - - -, Dn) =U. In the preceding section we
have proved that if ® is algebraically closed then any simple algebra of the
form {(A; Dy, - - -, Dy) can be defined by an orthogonal system for which
Ao=%. The case o= and the case Ay=P are two extreme cases. Now we
shall prove the following

THEOREM 7.1. Suppose that ® is algebraically closed. Then any orthogonal
system (Dy, - - -, Du) satisfying (6.1.2) and (6.1.3) is equivalent to a nilpotent
orthogonal system. In particular, any generalized Witt algebra over ® can be
written in the form {Q(A; Dy, - - -, Dy), where A is the group algebra of an ele-
mentary p-group and where (D1, - - -, Dy,) is a nilpotent orthogonal system.

Proof. We shall use the notations employed in the preceding section.
Because of the remark in the first paragraph of this section, it is sufficient to
prove the following: If (D, - - -, D) is an orthogonal system satisfying
(6.1.2) and (6.1.3) and if Ae=We(Dy, - - -, Dn)#9 then there exists an
orthogonal system (D{, - - -, D7) which satisfies the conditions (6.1.2) and
(6.1.3) and is equivalent to (Dy, - - -, D) such that %, is properly contained
in A =Ao(DY, - - -, D). By Lemma 6.8 we have A= D> u,No, D, =Niytts,
where \;,E®. Therefore, if Ay, then there exists a #,%1, which we shall
fix hereafter. Since not all N, are 0, we may assume without loss of generality
that A\;, 0. We set D/’ =D;, D!’ =\,D;—\;D; for 10, and x =\;;'%,. Then
x is a unit and (D{’, - - -, D,) is an orthogonal system equivalent to
(Ds, - - -, Duw) such that D{'x=x, D!’x=0 for 1%1. We set D{ =x"1D{’,
and D! =D/’ for :#1. Then (D{, - - -, D}) is an orthogonal system equiva-
lent to (D{’, - -, D}}), and hence to (D,, - - -, D,,), such that D{x=1,
D!x=0 for 1#1. Therefore x&A4J by Corollary 6.8. Thus ,>=%7. Since
1o &AJ , from the above construction we have

(7.1.1) D! = > ¢i;D;, c; EAL.
7

Using (7.1.1) and proceeding the same way as in the preceding section we
see that ¥, is properly contained in Ay .

REMARK. A derivation E of % over ® will be called normal if Ef =0 implies
fE®. It is clear that if D, in the above proof is normal then \;,#0 for every
v#0 and hence we may use D, instead of D. Then D/ = (\,u,)~1D; is also
normal. Therefore if (Dy, - - -, D,,) is an orthogonal system satisfying (6.1.2)
and (6.1.3) and if D, is normal then there exists a nilpotent system (D{, - - -,



1956] ON GENERALIZED WITT ALGEBRAS 525

D},) equivalent to (Dy, - - -, D,) such that D{ is normal. This fact will be
used later in §9.
The above result may be refined if it is combined with the following

THEOREM 7.2. If a nilpotent orthogonal system (D, - - -, D) satisfies
(6.1.3) then there exist xy, - + -, x. &N such that the elements x1* - - - x;*, where
0=v,<p, x2=1, x2EP, form a basis of A over ® and such that Dx,CP, Dx;
Ed(xy, - - -, Xk-1), the subalgebra of A generated by xi, - - -, x1_1 over ®, for
all i and k> 1. If, in particular, ® is perfect in the sense that every element in ®
is a pth power of an element in ®, then x1, - - -, x. may be taken such that either
= --. =xl=1orxj= ... =x5=0.

The proof follows easily from the following two lemmas.

LEMMA 7.3. Suppose that (Dy, - - -, Dn) ts a nilpotent orthogonal system.
If vy, - - -, 9., EU are lLinearly independent over ®, if D1 =0, and if Dy is a
linear combination of v1, - - - , vk—1 for all i and k> 1, then there exists an element
v &N which is not a linear combination of v, - - -, v, such that Dy is a linear
combination of v1, + - -, v. for all 1, provided that A is not spanned by vy, - - -, v,.

Proof. Denote by R, the Q-subspace of A spanned by 9y, - - -, v. Then
Ri<Pa< - - - <N, and each factor space Ri/Ri—1 is one-dimensional. Since
any increasing sequence of 2-subspaces of an Q-space U can be refined into a
composition series of ¥, there exists a composition series ;1< - - - <R,
<R,u< - -+ of A. Since (Dy, + - -, Dn) is nilpotent and orthogonal, we
have DR, 1 <R, for all . Take an element v in R,,; but not in R,. Then
Dy &R, for all 1, as required.

In the following if xy, - - -, xx €U, we shall denote by ®(x,, - - -, xx) the
subalgebra of A generated by xi, - - -, xx over . The ground field ® is not
necessarily algebraically closed.

LeEMMA 7.4. Suppose that (Dy, - - -, Dn) is a nilpotent orthogonal system
satisfying (6.1.3), and that xy, - - -, x,EN are such that the elements x* - - - x},
where 0Sv;<p, x}=1, are linearly independent over ® and such that D
EP(x1, - - -, xk1) for all © and k. If %, 1 &EP(x1, - - -, ) 5 such that Dx,py
E®(xy, - - -, x,) for all i, then the elements xi* - - - x¥l, where 0=Zv,<p,
%=1, are linearly independent over P.

Proof. An element of the form y=x«7 - - - x’, where 0=v,<p, will be
called a monomial, and the number w=w(y)=v+vp+ - - - +»,.p™1 the
weight of the monomial y. A monomial is uniquely determined by its weight.
A monomial of weight w will be denoted by y,. If f=ayyo+aiyi+ - - - + Yo,
where a; E®, a,, #0, then the weight w(f) of f is defined by w(f) =w. It follows
easily from our assumption that w(D,f) <w(f) for all 2 if 0 £ f &P (x4, - - -, x,).

Any linear combination of the elements 7! - - - x4 can be written in the

form fo+fixep1+ - - - +fpax?it with fo, - - -, fp1EP(x1, - - -, x,). We shall
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prove by induction with respect to k that if fo, - + -, fi€P(xy, - - -, %),
0=k<p, then
(7.4.1)  Jo+ fitrr+ - - + faxers = O implies fo = + - - = fz = 0.

If k=0 then (7.4.1) is clear. Suppose that (7.4.1) holds for all 2<» but not
for k=v. Let k=v, fo+fixra+ - - - +fix¥,1=0, fi %0, and let f; be of minimal
weight with respect to this property. For any 7, we have

(7.4.2) (Difk)xrk“ + ((ADix,p1) fr + D.'fk_l)xf_:ll—}— e =0,

Since w(D.fi) <w(fr), we have D;fi=0 for all <. Then (6.1.3) yields f.E®.
Since fi 70, we may assume fy=1. Then (7.4.2) yields D;(kx,;1+fr—1) =0 for
all 7, and hence by (6.1.3) kx,41+fr1EP. Since 0 <k <p, this contradicts
the assumption that x,.1&EP(x1, - - -, x,). Thus (7.4.1) is proved for all &,
completing the proof of the lemma.

An algebra 8 over ® is called normal simple if 8k is simple for any extension
K of ®. L is normal simple if 2k is simple for any algebraically closed extension
K of ®. It is known [4] that the generalized Witt algebras are normal simple
if p>2orif p=2, m>1.

THEOREM 7.5. Suppose that p>2 or that p=2, m>1. If (Dy, - - -, Dy) 1s
a nilpotent orthogonal system then L=2(A; Dy, - - -, Du) s simple if and only
if the algebra R of constants of & is a field, while { is normal simple if and only
if =2.

We need a general remark. Let  be an algebra over ®, and ®’ a subfield of
®. Since  is a vector space over ®, ® can be regarded as a vector space ¥’
over ®’. The multiplication xy in f is bilinear as a multiplication in . There-
fore € is an algebra over ®’, although not necessarily finite dimensional. If
{u:} is a basis of € over ®, and if {a;} is a basis of ® over &', then the set
{a;u;} is a basis of ¥ over ®. We refer the algebra & as “Q regarded as an
algebra over ®’.” Lemma 7.¢ below is probably well known, and in any event
the proof may be supplied readily by the reader.

LEMMA 7.6. &' s simple if and only if 8 is stmple.
LEMMA 7.7. If ® has a finite degree > 1 over ¥, then ® is not normal simple.

Proof. Since ® is algebraic over ®', there exists an extension K of &’ such
that ®x has a zero divisor a. The set & of all elements of the form af, where
fE Rk is an ideal of ¥ since (af)g =a(fg) for all f, gER%. & is different from
zero, since a#0. We shall show that §=%. The set of all x&®x such that

ax =0 is a subalgebra of ®x of dimensipn =>1,soletay, - - -, a, be a basis of
this subalgebra over K. Take a4, * - -, ¢,&E®Px such that a,, - - -, @, is a
basis of $g over K. Since a0, we have r <s. Let %, - - - , u, be a basis of

over®. Thena,u;, j=1, - - - ,s,i=1, - - -, n,form a basis of & over K. Then
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{aa,a;} is a system of generators of & over K, and aag;= - - - =aa,=0, so
that 3 8. Therefore k is not simple, and hence ¥ is not normal simple.

Consider the algebra (U; Dy, - - -, D,,) whose algebra & of constants is
a field. Since & is a subfield of the algebra %, we may consider ¥ as an algebra
9 over &. Since D;c =0 for all cER, D, defines a derivation D; of . It is easily
seen that &(¥; Dy, - - -, D,,) is the algebra @(; Dy, - - - , D) regarded as an
algebra over ®. Therefore by Lemma 7.6 (¥; Dy, - - -, D,,) is simple if and
only if ¥; D, - - -, D,) is simple, provided that R is a field. Note that
(1.0.1) and (1.0.2) remain valid for the derivations Dy, - - -, D,.

LEMMA 7.8. Let & be the algebra of constants of (N; Dy, - - -, D,), and K
an extension of ®. Then the algebra of constants of R(Nk; Dy, - - -, D) is Kk.

Proof. Let u,, - - -, u, be a basis of &, and %, - - -, u,, - - -, u, a basis
of U. Suppose f = Y a.u;, where a;EK, belongs to the algebra of constants of
L¥x; Dy, - - -, Dy). We shall show that @,p1= - - - =a,=0. For any 1, we
have ;.1 Dittrn+ - - - +onDitin=0. If @4, - - -, &, were not all zero, then
there would exist B,41, - - -, B2 E®, not all zero, such that B, 1Dtpps+ - - -
+B8.D:u, =0 for all 7, since Du; EA. Then we have By, 1+ - - - +Butn ER,
a contradiction. Thus a,11= - - - =a, =0. Therefore the algebra of constants
for 8(Ax; Dy, - - -, D,) is fk.

Proof of 7.5. Suppose that € is simple. Then, by Lemma 3.2, 8 is a field.
Suppose that £ is normal simple. Let K be an algebraically closed extension
of ®. By Lemma 7.8 the algebra of constants of 2k is k. Since fx is a field,
f=>.

Conversely suppose that  is a field. First consider the case £ =®, and let
K be an algebraically closed extension of ®. Then by Lemma 7.8 the algebra
of constants of £k is K. Since K is algebraically closed, and since (Dy, - - -, D,,)
is nilpotent and orthogonal, by Theorem 6.10, 8k is a generalized Witt algebra.
Hence %k is 31mple Therefore  is normal 31mple Since the algebra of con-
stants of Q; Dy, - - -, Dy) isalways &, 8¥; Dy, - - -, D,.) is normal simple,
and hence (¥; Dy, - - -, D,,) is simple.

COROLLARY 7.9. The derivation algebra of the group algebra N over ® of an
abelian group ® whose order is divisible by p is simple if and only if ® is an
elementary abelian group, provided that the order of © is greater than 2.

Proof. Suppose that ® is an elementary p-group with independent gener-
ators x1, - - -, .. Then A=S(xy, - - -, x4) and it is easily seen [2, p. 217]
that D(A) =8(A; 3/0x1, - - - ,3/0x,). Let & be the algebra of constants for €,
and let fER. Then df/dx,;=0 for all 7 clearly implies that f&®. Hence & =®.
Since (3/dxy, - - -, 3/dx,) is a nilpotent orthogonal system, the simplicity of
D(A) follows from Theorem 7.5.

Suppose now that @ is not an elementary p-group. Choose an element
x & as follows: if @ contains an element y51 of order relatively prime to p,
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then we set x =y; otherwise, choose an element y of order p*, r>1, in ® and
set x =y?. In the latter case we see easily that Dx =0 for all DED(). In the
former case, y?=1, (p, ¢) =1, and hence ¢gy*~'Dy =0. Therefore we have also
Dx =0 for all D&D(AU). The element x—15£0 is a zero divisor belonging to
the algebra of constants for D(¥), and the set F={(x— 1)D|DED) }
forms an ideal of D(Y). In order to show that & is a nonzero proper ideal, we
decompose © into a direct product of a group ®; and a cyclic p-group G, 1
generated by an element z. Define a linear transformation E of % by the rule:
E(g12%) =tg12'~!, where g1€®;. Then it is easily seen that E is a derivation of
A such that Ez=1. We have 0% (x —1) EC S, since (x —1)Ez=x—13<0. Thus
30 is proved. Suppose ECJ; E=(x—1)D with DED(YA). Then we have
1= (x—1)(Dz), a contradiction, since x—1 is a zero divisor. Thus =D (%)
is also proved. Therefore D () is not simple.

COROLLARY 7.10. Let A=P(x1, - - -, xa) be the group algebra of an elemen-
tary p-group with independent generators xi, - - - , xa. Suppose that (Dy, - - -,
D,.) is an orthogonal system such that

)

a d
Di=an—+ -+ an
dx, 0%,
where ax CP(x1, - - -+, xx1) for all t and k. Unless p=2, m=1,U; Dy, - - -,
D,,) is normal simple if and only if the following condition is satisfied:

For any k, there does not exist f € ®(xy, « - -, %i—1) such thal a;r = Dif

(7.10.1) .
for all 1.

Proof. We may assume @ is algebraically closed. It is easily seen that
(Dy, - - -, Dy,) is nilpotent. Therefore, by Theorem 7.5, &(U; Dy, - - -, D,) is
normal simple if and only if (6.1.3) is satisfied. Since D;x; =ay, (7.10.1) fol-
lows from (6.1.3). Suppose now that (7.10.1) is satisfied. Let f&€®(xy, - - -, x,).
If »=1 then (6.1.3) is clear, since Dy;=a,,E®P and not all a,; are zero by
(7.10.1). We shall proceed by induction with respect to r. Suppose that »>1
and that (6.1.3) is true if fE®(xy, - - -, x,—1). Suppose now f=bo+byx,+ - « -
+bix}, where bo, + - -, B E®(x1, - - -, %,_1), be520. If D;f=0 for all 7, then

(7.10.2) Dif = (Dibo + b1air) + - - + + (Dibooy + Ebras)zr - + (Dbo)ar = 0.

Therefore Db, =0 for all <. Then the induction assumption gives b, €®. From
(7.10.2) we have Dbr_1+kbras=0 for all <. If 0<k we set k= (kbi)~1bs_;.
Then we have h&®(x, - - -, x,-1) and a;,+D;k=0 for all 4, a contradiction.
Therefore £=0. Then fE®(xy, - - -, x,_1) and the induction assumption gives
fE®. Thus (6.1.3) holds for all fEN.

Let @=8; Dy, - - -, D,) be the algebra given in the above Corollary
7.10, and let ¢ =%(B; E,, - - -, E,) be an algebra defined by a group algebra
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B (over ®) of an elementary p-group with independent generators y;, - - -, ¥,
and by derivations of 8 given by

i) a
E; = aa}’x'a—y:-l— R a{ryr'é_r’
where a; E®. Unless m =1, p =2, the algebra € is normal simple if and only
if the following condition is satisfied:

(7.10.2) If integers %y, - - -, k. are such that Z aik, = 0 for all 4, then
o kbi=---=k =0 (mod p). =
In case (7.10.2) holds, L’ is a generalized Witt algebra. We have
Ao(Dy, - - -, Dp) =W and Bo(Ey, - - -, En) =P, and hence by the remark
following Theorem 6.10 we can construct a “composite” &/ =8(€; Fy, - - -, Fm)
of € and . Here € becomes the group algebra (over ®) of an elementary
p-group with independent generators x1, + + -, %n, ¥1, * * *, ¥r, and
F i + + i + i’ + + i
= A 9%, Ain ax. a;1y1 ayl e Yy 3y,

Thus, unless m=1, p=2, the algebra &’ is normal simple if (7.10.1) and
(7.10.2) are satisfied. We may also prove that the conditions (7.10.1) and
(7.10.2) are necessary in order that &’ be simple.

8. Nilpotent systems (2). The case m =1. If the D-dimension m =1, then
we can still further sharpen the results obtained in the preceding section. In
particular, it will be proved that any generalized Witt algebra of the form
{(N; D) over an algebraically closed field is uniquely determined by its
dimeng fon. The results obtained here will be the basis of the argument in the
next s €ction.

Consider the group algebra A=®(x;, - + -, xa) of an elementary p-group
with independent generators x3, - - - , X, and the derivation D of % defined by

] oot O ot b1 O
(8.0.1) D Y + 3 . -+ + x Xn—1 vy
Then D is nilpotent. Let y,=x}' - - - x;» be a monomial of weight w=y,
+vp+ - - - +v.pm L. Then Dy, is easily seen to be a linear combination of
monomials of weight <w. Since x§~! - - - x}~' is the monmial of maximal
weight in ®(x,, - - -, xx), there does not exist f&®(xy, - - -, %) such that
Df=x%"1. .. x2"'. Therefore from Corollary 7.10 it follows that

(8.0.2) Df =0 implies f € ®.

Hence if 2 <p then the algebra £(; D) is normal simple.
REMARK. Jacobson [3, Theorem 4] proved the existence of a derivation D
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of ¥ satisfying (8.0.2) under the condition that ® is infinite. However, the
above arguments show that such a derivation exists for any field ®.

LEMMA 8.1. If fEN is of weight w21 then Df is of weight w—1.

Proof. We may assume that f =1, is a monomial of weight w. Suppose that
Dy, is of weight <w—1. Then Dy, - - -, Dy, are linear combinations of

Yo, * * * » Yw—2, and hence there exist a4, - - -, 0, EP, which are not all zero,
such that Y a;Dy;=0. Hence we have D( > ey) =0, Day:E®P, and
a= -+ - =a,=0, a contradiction. Therefore Dy, is of weight w—1.

As an immediate consequence of (8.1) we have

LEMMA 8.2. If 0Sw<pn—1 then there exists an element fEN such that
Df=y,.
Now we consider an arbitrary algebra {(2; D) of D-dimension m=1,

where D is a nilpotent derivation satisfying (8.0.2). We shall assume that ® is
perfect. If % is of dimension greater than 1 then we can easily find an element

xENA such that Dx=1,x?=1.Then 1, x, - - - , x* ! are linearly independent.
Suppose we have already found x,, - - -, xx €U satisfying (8.3.1)—(8.3.3) be-
low:

(8.3.1) % =1 foralli=1,---, k;
(8.3.2) The elements x; - - - %z, where 0 < »; < p, x? = 1, are linearly inde-

e pendent over &;

(8.3.3) Dry=1, Dra=m -+, Dan= 21 - i1

If %A is not spanned by the elements x7' - - - x*, then by Lemma 7.3 there
exists €A such that DvEP(x,, - - -, xi), while v&EP(x, - - -, x:). We set
Dy=ax?™' . - - x2"'4g, where «C® and where g is a linear combination of
monomials of weight <p*—1. By Lemma 8.2 there exists fE®(x1, - - -, xx)
such that Df=g. Then D(w—f)=ax}"' - - - 22”'. Hence a0, otherwise
D(—f)=0, v—fE®, and vEP(x, - * -+, xx). Since ® is perfect, there exists

BE® such that xx41=0a"1(v—f) +p satisfies 2}, =1. Thus we have proved the
existence of x4 satisfying

-1 p—1 »
Dxryr= %1 - %, Zrp1 = 1,

Xk41 & @(xl, trty, xk).

Then by Lemma 7.4 the elements x}' - - - x;%} are linearly independent over
&. Repeating the above process we obtain %3, - - -, x,&¥ such that the ele-
ments x7 - - - x;*, where 0=Sv;<p, form a basis of ¥ and such that (8.3.4)
holds for all k. Let @ be the multiplicative group generated by the elements
x1, - + -, %a. Then A=S(xy, - - -, x,) is the group algebra of & over ®, and
D can be written in the form (8.0.1).

(8.3.4)
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By a similar argument we may choose x;, - - - , x, satisfyingx= - - - =x}
=0 instead of ¥{= - - - =xf=1. Thus we have proved

THEOREM 8.3. Suppose that ® is a perfect field. If A has a nilpotent derivation
D satisfying (8.0.2) then U is the group algebra of an elementary p-group with
independent generators xy, - -+, % (0r 14%1, - - -, 14x,) by which D can be
written in the form (8.0.1).

COROLLARY 8.4. Suppose that ® is algebraically closed. Then any generalized
Witt algebra of D-dimension 1 is uniquely determined by its dimension and can
be written in the form R(N; D), where A and D are the same as in Theorem 8.3,
that is, A=P(xy, - - -, x.) is the group algebra of an elementary p-group with
independent gemerators x,, - - -, xa (or, 14+x1, - + -, 1+x,), and where D is
given by (8.0.1). If A=P(xy, - - -, xa) them any generalized Witt algebra
«UA; Dy, - -+, D.) of D-dimension n is isomorphic to the algebra 2(¥;
9/0xy, - -+, 9/0x,).

The proof of the second part of Corollary 8.4 is as follows: It was shown
in §2 that any generalized Witt algebra € can be defined by an orthogonal sys-
tem (Dy, - - -, D,,) which can be written in the form D;= >_; a.;x,;(3/9x;),
(=1, - - -, m), where a;;E® and where x,, - - -, x, form a system of inde-
pendent generators of an elementary (multiplicative) p-group of which %
is the group algebra over ®. It was also shown there that the m X#n matrix
(@:;) is of rank m. In our present case where m=n, (a;;) is a nonsingular
square matrix. Therefore (D, - - -, D,) is equivalent to (x;(3/dxi), - - -,
%(0/0x,)) and hence to (8/dx,, - - -, d/dx.). Therefore, 2(A; Dy, - - -, D,)
=(¥; /0x4, - - -, 8/dx,), which is uniquely determined by ® and n up to
isomorphisms. (Note that we have started with a generalized Witt algebra.
If we had started with an orthogonal system (Dy, - - -, D,) satisfying (6.1.2)—
(6.1.3) then we could use the main result of §6 in order to identify it as a
generalized Witt algebra.)

The proof of the second part can also be derived from the following
general theorem of H. Zassenhaus (cf. his forthcoming book on representation
theory): Any = linearly independent elements of a vector module 2 of dimen-
sion 7 over a commutative ring % with unit element, which is its own quo-
tient ring, form a basis of B over ¥.

Thus the problem of classification of the generalized Witt algebras is
completely solved for the two extreme cases: m=1 and m =#x. The author
has been unable to solve this problem in general.

9. Principal and normal systems. Let % be the group algebra over the

ground field ® of an elementary p-group ® of order p». A set {xl, cee, x,.} of
elements in ¥ will be called a set of principal generators of U if x? =1 for all 4
and if the p" elements x7'x3* - - - xJ*, where 0<v,;<p, 29=1, form a basis of

% over ®. (Note that the group ® does not always coincide with the multipli-
cative group generated by x;, - - -, x,) Consider now mn elements o,
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(#=1,---,m;j=1, -, n), in ® satisfying the conditions (9.0.1)—(9.0.2)
below (cf. (2.0.4)-(2.0.5)):
(9.0.1) If ky, - - -, kq are integers such that D ;a;;k; = Ofori =1, --,m,

then 2y = --- =k, =0 (mod p);
(9.0.2) The rank of the m X n matrix (ay;) is m.

It is easily seen that, for given m and # such that m <#, if ® contains suffi-
ciently many elements then we can always find mn elements a,; &P satisfying
(9.0.1)—(9.0.2) above. Take an arbitrary set {xl, cee, x,.} of principal gen-
erators of ¥ and an arbitrary set of mn elements a;;E® satisfying (9.0.1)—
(9.0.2), and define linear transformations Dy, - - -, D,, of % by the rule:

v v, v 12
Di(xll et x”n) = (ailVl + -4+ ain"n)xll e x:;

fori=1, - - -, m. Then it is easily verified that Dy, - - -, D,, are derivations
of A. We have D; 0 D;=0 for all 7 and j. In order to prove this statement, set

2 v

(9.0.3) Uy =Xy + Xy Ay = a1+ c -0+ Qi
Then D,u,=\;u,, and we have
(Dio D)u, = Di(Dmu,) — Di{D;u,)
= Aty — ApAptt, = 0

for all u,, and hence D;o0 D;=0 is proved. Suppose »_f:D;=0 with f; .
Then (D_f:D.)x;=0, and hence »_; fia;;=0 for all j. Then from (9.0.2) it
follows easily that f;=0 for all . Thus we have proved that (D, - - -, D,,)
is an orthogonal system. Any system obtained in the above manner will be
called principal. Principal systems were used in §2 to define generalized Witt
algebras.

We shall show that any principal system (D, - - -, D,,) satisfies the con-
ditions (6.1.2)—(6.1.3). Suppose D f=0 for all 5. Set f= > v,u, with v,E®.
Then Ny, =0 for all 7 and v. If 4,0, then \;,=0 for all ¢, and hence from
(9.0.1) and (9.0.3) it follows that y,= - - - =p,=0 (mod p), u,=1. Therefore
f=vwmoE®P, proving (6.1.3). Suppose now D;f=\f for all ¢ with f= D v,u,,
A: and v, all being in ®. Then v,Xi;, =Nsy, for all 2 and ». If 4,50, 7,50, then
Niv=Au(=N\,), and hence D;(u,u; ') =0 for all 1. Since (6.1.3) holds for the sys-
tem (Dy, - - -, Dn), we have u,u, 1€®, which, however, is impossible unless
v=p. Therefore f =~yu, for some yE®P and u,. Since %, is a unit in ¥, (6.1.2) is
also verified.

It is proved in §6, assuming ® is algebraically closed, that any orthogonal
system (D, - - -, D,) satisfying (6.1.2)—(6.1.3) is equivalent to a principal
system and that the system (D, - - -, D,) is principal if and only if D;fE®
for all ¢ implies fE®, i.e., Uo(Dy, - - -, D,) =®.

We recall that a derivation D of ¥ is called normal if and only if Df=0
implies fE®. A system (Dy, - - -, D,,) will be called normal if some D; is
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normal. Two systems (Ds, - - -, D) and (D{, - - -, D) will be called scalar-
equivalent if D! = J_; v:;D; for all 4, where v;;E® and where the matrix (7))
is nonsingular. Any system scalar-equivalent to a principal system is also
principal.

LEMMA 9.1. If ® is infinite, then for any principal system there exists a
normal principal system scalar-equivalent to it.

Proof. Let the principal system (Di, - - -, D,) be defined by means of
a;;EP satisfying (9.0.1)—(9.0.2), a set {xy, - - -, x,} of principal generators,
and the relations D;x; =a;;x;. Consider the p» linear forms ¢(v; £) = D £y,
in the indeterminates &, - - -, £m, where 0=y;<p. By (9.0.1), we have
o (v; £)#0 if »50. Since ® is infinite there exist By, - - -, B EP such that
é(v; B) =0 for all »%0. We shall show that D= 2 8.D; is normal. Suppose
Df=0, where f= Y v,u, with v,E®. Since Du,=¢(v; B)u,, we have v,4(v; B)
=0 for all 0. Then ¢(v; B) %0 for »>£0 implies vy, =0 for all »#0. Therefore
fE® and hence D is shown to be normal. Since not all 38; are zero, we may
assume B;#0 without loss of generality. Set D{ =D, D! =D, for >1. Then
(D{, - - -, D%) is a normal principal system scalar-equivalent to (D, - - -,
D).

From Lemma 9.1 and the remark following the proof of Theorem 7.1, we
obtain the following refinement of Theorem 7.1.

THEOREM 9.2. If ® is algebraically closed then any orthogonal system satisfy-
ing (6.1.2) and (6.1.3) is equivalent to a normal nilpotent orthogonal system.

The characterization of the generalized Witt algebras given in the follow-
ing theorem contains considerably fewer parameters than that given by Kap-
lansky.

THEOREM 9.3. Suppose ® is algebraically closed. Then any generalized Witt
algebra over ® can be written in the form {(U; Dy, - - -, Dn), where A =P(x,,

-, Xn) 15 the group algebra of an elementary p-group with independent gener-
ators xy, - - -, Xn, and where

a _, 0 _ _1 0
(9.3.1) Dy=—+ xy e —
dx; s 0%,
i) _ d _ _y 0
D.=au< +xf'l +-~+xf1--~x:_.1l )
ax, 6x,~+1 axn
9.3.2)
a p—1 p—1 9 a9 R
+ it + ot 2 X — )t aim—, (1 <)
ax.-+1 ax, 0%n
with a;,v€¢1>.

Proof. By Theorem 9.2, a generalized Witt algebra £ can be written in the
form &A; Dy, - - -, D), where (Dy, - - -, Dy) is a normal nilpotent orthog-
onal system. We shall assume that D, is normal. Then by Theorem 8.3 there
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exist xy, + - -, xa & ¥ such that x{= - - - =x2=1, such that the monomials
xp - - - x, 0S5y <p, form a basis of ¥ over ®, and such that D, takes the form
(9.3.1). Suppose that D is an arbitrary derivation of ¥ commutative with D;.
From D,(Dx;) = D(Dyx;) =0, we have Dx; =, &®. For any k>0, we have
Dy(Dx41) = D(Dyxrsr) = D (Dyxn)xi )
= (DDyx) v — (Daae) (D) 2
= Dy((Dxi)xp ).

Therefore we have D;i(Dxiy1— (Dxi)x2™') =0, and hence Dxiyy— (Dxi)ad ™!
=41 EP, from which we see easily that

a _ 1 0 a
9.3.3) D=a1(——+—--+xi’ R )+---+a..

0x1 xn xn
Since every D, commutes with D;, it has the form (9.3.3). Then by taking a
suitable scalar-equivalent system we obtain (Dy, - - -, Dn) of the form
(9.3.2).

REMARK. If we take 14x,, - - -, 14x, as independent generators of the
group ® instead of x, - - -, x,, then the forms (9.3.1)—(9.3.2) can still be
preserved, and we have x]= - - - =x2=0. In this case, it is easily seen that

P ] _ . 0 §—1
—tay —— Al a— = (=D .
ER 0%it1 Xn

Therefore, if a generalized Witt algebra € contains D? for every D&ER then g
must be the derivation algebra of the group algebra of an elementary p-group.

10. The case ® =GF(p). Let  be an algebra over a field ®,and %, - - + , %a
a basis of ® over ®. Then uu;= Zai,-kuk, where a;;E®P. If we can choose a
basis {u;} of 2 over ® such that all the e, belong to a subfield  of ®, then
we shall say that the algebra is definable over . In other words, an algebra £
over ® is definable over ®’ if and only if there exists an algebra L’ over &’
such that Ly=L.

Corollary 8.4 shows that any generalized Witt algebra of D-dimension
m =1 over an algebraically closed field ® is definable over GF(p), which may
naturally be regarded as a subfield of ®. Whether or not this is true for an
arbitrary D-dimension m is not known.

As an application of Theorem 9.3, we shall show that if ¥ is the group
algebra of an elementary p-group of order $? then any generalized Witt alge-
bra { of D-dimension 2 over an algebraically closed field & is definable over
GF(p). Let {x"yfz"} be a basis of ¥, where x?»=y?=27=0. By Theorem 9.3,
we may assume that

9 4 9 9 4 ]
Di=—+ot— 4w lyi—, Di=a -+ )+
kY ay 93 dy dz 0z
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where o, BE®. Suppose first that a#0. Then we may assume a=1. If, further-
more, 8=0, then our assertion is proved. Suppose 0. Taking a nonzero
element AEP, we set &’ =\x, y' =A?y, 2’ =A?’2. Then the set {x"'y"’z”‘} forms
a basis of ¥, and we have D;=\D{, D;=\?DJ, where

7]

0
DI = ___+ xlp_l_+ xlp_l fp—1
T e ay' 4 a’

ad a
Df = — + y'71 — - \rP8
ay’ 2

Therefore if we determine A by the equation A?*-?8=1, then we see that  is
definable over GF(p). If =0 then we may take 8=1, and hence our asser-
tion is also clear.

At the end of §2, we have remarked that the only algebra which can be
constructed by Kaplansky's method for the case where D-dimension m =1
and & =GF(p) is the original Witt algebra (of D-dimension p). Consider now
the algebra =8(%; D), where ¥ is the group algebra over GF(p), p>2, of an

elementary p-group with independent generators xi, - - -, x,, (#>1), and
where
i) a -1 0
D=——+xlp-1__—+...+xf—l...x:_:_..
X dx2 0xn

This algebra 8 is defined over GF(p) and normal simple. Although f¢pn can
be obtained by Kaplansky’'s method of construction, € =8gr(, itself cannot
be obtained by that method. For, if it were isomorphic to some other general-
ized Witt algebra &’ over GF(p) then the coincidence of the D-dimensions of
2and & would imply that & would have D-dimension 1 (see the last theorem
of this paper). Then from the above remark it follows that & is the original
Witt algebra over GF(p), which is a contradiction, since { is of dimension
pr>p.

It may be shown similarly that any normal simple algebra over GF(p) of
the form {(¥; Dy, - - -, Dn) cannot be obtained directly by Kaplansky’s
construction if m <n. Thus we may say safely that some new finite simple
Lie algebras can be obtained in the form &(A; Dy, - - -, D,,).

REMARK. If we construct a generalized Witt algebra { over ® and regard
it as an algebra over GF(p), as is done in §7, then we can obtain simple alge-
bras over GF(p). However, Lemma 7.7 shows that such algebras are not nor-
mal simple.

11. Nonsimple algebras. Let L be a Lie algebra over ® with the multi-
plication o. For any two ideals §; and J. of € we shall denote by $; o S, the
ideal of £ generated by all x; 0 x,, where x;EJ,. Let & be a commutative asso-
ciative'algebra over ®, and denote by A(R), and A(®) the lattices (defined by
inclusion) of all ideals of & and f respectively. If there exists a lattice iso-
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morphism o: A(R)—A(®) such that (0:0,;)’=90]0 O3 holds for any two
ideals £, O;EA(R), then we shall say that & and ® have the same tdeal theory.
In this case, if & is the radical of & then %7 is the radical of . Note that any
simple Lie algebra € over ® and the field =% have the same ideal theory. In
this section we shall construct Lie algebras {2} for which there exist com-
mutative associative algebras {®} such that 2 and ® have the same ideal
theory.

Consider a finite dimensional extension ¥ of the ground field ® and a
polynomial ¢(\) of degree n» with coefficients in ¥. Let ¥(x) be the algebra
over ¥ with the basis 1, x, x2, - - -, x*?~!, where x? satisfies the equation
¢(x?) =0, and let A be the algebra ¥(x) regarded as an algebra over ®. Clearly
there exists a derivation D of U such that Dx=1 and such that De=0 for all
e €Y. Then the algebra 8 =(¥; D) is uniquely determined by the polynomial
¢, provided that ® and ¥ are fixed, so that (; D) may be denoted by {(¢)
without ambiguity. It is easily seen that the algebra & of constants of
L(¥; D) is generated by x? over ¥, and that =¥ [\]/(¢(\)) as algebras over
®. Hence R is a principal ideal ring. Every ideal of & can be written as
O =Ra=(a), where aER, and it is always possible to choose a monic factor
a(N), i.e., a factor whose leading coefficient is 1, of ¢(N) such that O = (a(x?)),
since ¢(x?) EO. Thus there exists a one-one correspondence between ideals
of & and monic factors of ¢(A).

THEOREM 11.1. Suppose that 2<p. Then the algebra L(U; D) defined above
has no annihilating ideals except the zero ideal. The algebra {(N; D) and its
algebra R of constants have the same ideal theory.

Here by an annihilating ideal of a Lie algebra € we mean an ideal & of
such that 3x=0 for some %, where $31=20 &, 3xr =20 Sy for £=2,3, - - -.

Proof of (11.1). We shall prove first that & and ® have the same ideal
theory. For any ideal © of f we define ©° to be the set of all elements of the
form afD, where a €0 and f&2. Then £ is an ideal of &, since afD o gD
=a(fDg—gDf)D & °. We shall show that ¢ is the desired lattice isomorphism
between A(®) and A(®). Let 0 be an ideal of € and let a(\) have the mini-
mal positive degree among polynomials such that a(x)DES. Then D o a(x)D
=(Da(x))DES, and the minimality of the degree of a(\) yields Da(x) =0,
and hence a=a(x)ER. Express f as f=coteax+ - - - +cpax?~!, where
c;ER. If 0=5i<p—1, then aDocx*+'D=(+1)acx’DEZF, and hence
acxDES for 1=0, - - -, p—2. Since ac,_1x*~2DE S and since

(acp—1272D) o (x*D) = 4acp—1x771D,

we have 4ac,_1xP"'DES, and hence acp,—1x?"!DEJ. Thus of DEZ for any
fEA. Now, for any k(A\) E¥[A] such that k(x)DES, we set k(N) =a(N)g(\)
+7(\), where ¢(\), rQ\) E¥[\] and where deg () <deg a(\). Since k(x)D,
a(x)q(x)DEZ, we have r(x) DES. Then the minimality of the degree of a(\)
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yields #(A) =0. Thus we have proved that every element in & is of the form
afD, where fEA. Hence 7= if we denote by O the ideal of & generated
by a. Let O, O; be ideals of & such that 7 < O;. We shall show that 9, < 9O,.
Suppose a; & 0. Then, by the definition of the mapping ¢, we have a,.D €0y,
and hence ¢, D€ 0;. Therefore there exist a.ED. and fEYU such that a;D
=asfD. Hence a;=ayf. Express f in the form f= ) c.xi, where ¢;Cf. Then
a= Zazc.»x‘. Since ai, as, and ¢; are polynomials in x?, we have a; =a.co. Hence
a6, ED; and O, £90; is proved. If O7=907 then O7=905 and OF =07 imply
01 =90; and O, SO, respectively. Hence O, =9, and therefore o: A(R)—A(R)
is a lattice isomorphism. We shall prove (£0,0.)? =] o O3 for any two ideals
D1, O; of 8. Take a;ER such that O;=(a:), i=1, 2. Then O and (D:D.)°
are the sets of all elements of the form a.fD and aia;fD, where fEHN, respec-
tively, since 0:0;= (a1az). From aif1D 0 asfaD = a1a:(fiDf: —foDf1)D we have
0] 0 ;< (019;)°. In order to prove (:0:)°<0] o L5, it is sufficient to
prove that a1a:cx'DE 0] 0 O3 for any cC R and 0=:<p. If 0=7<p—1, then
a1D 0 axcx D = (14 1)aa:cx'D E O] 0 0F, and hence ara:cx*D E 07 o 3. Since
a1xD 0 axcx?~1D = —2a,a:,cx?~ 1D, we have a1a,cx?~1D €07 o 3. Thus (£:90:)°
=9 o O is proved. Hence (£:0,)? =907 o ;. Therefore & and & have the
same ideal theory.

In order to prove the first half, let & be an ideal of & Then there exists
an ideal © of & such that §=£0° Since =87, we have 0 =900 &
=(OR)=0°=3G. Therefore & is not annihilating unless & =0. Thus Theo-
rem 11.1 is completely proved.

LeEmMMA 11.2. With the notations as in the proof of (11.1), if O is an ideal of
R and if a(N) is a divisor of ¢(N) such that O = (a(x?)), then 8/0°=R(a(\)) as
algebras over ®.

Proof. We define a mapping m: 2(@\))—2(@@)) by w(f(x)D) =f(x)D. If
fx)D=g(x)D in (@) then f(A)=g(N) (mod ¢(N)), and hence f(A\) =g(N)
(mod a(N)). Therefore f(x)D =g(x)D in 8(a(N\)). Thus 7 is well defined. It is
easily seen that 7 is a homomorphism of the algebra 2(¢) onto the algebra
2(a@). Now 7(f(x)D) =0 if and only if fDED°. Therefore 2(¢)/O =L (a) as
required.

THEOREM 11.3. If 2 <p then any semi-simple algebra of the type R(P) can be
decomposed into a direct sum of simple algebras of the same type.

Proof. By Theorem 11.1, 8(¢) is semi-simple if and only if ® is semi-
simple, and therefore, if and only if ¢ can be expressed as a product ¢
=¢, - - - ¢, of distinct irreducible polynomials in ¥[\]. Suppose then that
L(¢) is semi-simple and that ¢=¢; - - - §,. We set Y.=¢/d;, O;= Y:(x?)).
Then & is decomposed into the direct sum:  =O,+ - - - +9O,. Hence, by
Theorem 11.1, we have

(11.3.1) ) = O14 - + O,



538 RIMHAK REE [November

From the definition of 9; it follows easily that 05+ - - - +9O7 = (¢$1(x?)).
Hence by Lemma 11.2 we have 2(¢)/(O7+ - - - +9O7)=8(¢1). Then from
(11.3.1) we have O7=22(¢1), and similarly O,228(¢.) for all <. Since ¢; is ir-
reducible, ®(¢;) is simple.

12. Automorphisms of L(4; Dy, - - -, Dn). By an automorphism of an
algebra ® over ® we mean a nonsingular linear transformation o of L such that
(xy)? = x7y” for all x, y EL. Because of the linearity, any automorphism is com-
pletely determined by its effect on a basis of € over ®. The automorphism
group of the Witt algebra was determined by Ho-Jui Chang [1], and that of
the derivation algebra of the group algebra of an elementary p-group by
Jacobson [3]. In this section first we discuss certain relationships between
automorphisms of % and &(A; Dy, - - -, D).

Let o be an automorphism of % and D a derivation of ¥. The mapping D°
which is defined by Def* = (Df)’ is easily seen to be a derivation of . For two
derivations Dy, D, of % we have (D1+ D)° = D{+ D3, (D0 D,)’=D7o D3, and
(fD)° =f°D° for any fE¥U. Let £ be a subalgebra of the derivation algebra of
9. An automorphism o of ¥ will be called admissible to & if D*€R for any
DEQ. If ¢ is admissible to € then the mapping D—D- is an automorphism of
¢, which will be said to be induced by .

If an automorphism ¢ of ¥ is admissible to &(¥; Dy, - - -, Dy) then from

(iDr+ « - - + fuDw)’ = fiDi + + -+ + fuDnm

it follows that (D5, - - -, D%) is a system equivalent to (Dy, - - -, Dy). Thus
we have proved the “only if” part of the following

THEOREM 12.1. Suppose that S<p and that (Dy, - - -, Dn) is an ortho-
normal system. Then every automorphism o of {(Y; Dy, - - -, Dy) s induced
by an automorphism of A if and only if (D5, - - -, D%) isa system equivalent to
(Dly Sty Dm)-

To complete the proof, suppose that o is an automorphism of & such that
(D3, - - -, D%) is equivalent to (Dy, - -+, Dn). Then we may define linear
mappings a;; of ¥ into itself such that

(12.1.1) (D) = > D]

jeml
for all fEN and i=1, - - -, m. Setting f=1in (12.1.1) yields
(12.1.2) 10s = §;; (Kronecker delta).

From (fD.)° o (gD;)° = (fD; 0 gD;)* = (f(Dig)D;)* — (g(Dsf)D:)° and (12.1.1) we
have

ok

(/D) 0 (¢D))" = },,: [(D:g)”* — (gDsf)"* 1D
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On the other hand, from D o D]=0 and (12.1.1) we have

(fD‘)’o (gDz)v _ Z [f’"Dd ')k U,, o q'k]DI

8,k

Therefore we have
(12.13) (fD‘.g)’jk — (ngf)’““ — 2 U‘inD"g'jk _ ’u o nk]

Setting f=1 in (12.1.3) yields (D.g)?*=Djg°x. Substituting this in (12.1.3)
yields

(12.1.4)  (fDig)7i* — (gDyf)7* = 2 [foie(Dug)ei* — goin(Dof )],

We shall use the fact that (D, - - -, Dy) is orthonormal. Let x;, - + -, xn €Y
be such that D;x;=35;;. Setting i=j=k, g=x,in (12.1.4) yields

(1213 @D = T w0
Setting f=x;, where j=1, in (12.1.5) yields

(12.1.6) 0=2x;" (i # 7).
Substituting (12.1.6) in (12.1.5), we have

(12.1.7) (xDif)" = & (D)™

Setting j=17k, g=x;in (12.1.4) and using (12.1.6), we have

Tis

= @D = — D™

Setting f=x;, where j>1, in the above, we have xj*=0 for j>i>k. Combin-
ing this result with (12.1.6), we conclude that if i; then

(12.1.8) xn =0

for all k. Setting k=777, g=x;in (12.1.4) and using (12.1.8), we have
(12.1.9) 7" = (@D if)" = = & (DH™ (j = ).
Setting f=x; in (12.1.9) and using (12.1.8), we have

(12.1.10) X =,

Setting f=x.x;, where j#1, in (12.1.7), we obtain

‘7': ‘7n

(12.1.11) (miw) ™ = @iy
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Setting f=x7 in (12.1.9), we have (x)%ii—2(xx;)?%= —2x{ixj¥. Therefore,
using (12.1.10) and (12.1.11), we have

2,054

(12.1.12) ()" =0 (2 # j).
Setting i =j=~k, f=xf in (12.1.4) and using (12.1.12), we have

2.04;

(12.1.13)  (#:Di)™ — 2(gx)"™ = (=)
Setting f=gx; in (12.1.7), we have

(Dig)vi‘ _ zg”iix:h'.

2 Tii I o1 Tii 04§
(x:Dig + xig) = % (x:Dig)  + xi g .
Therefore, by (12.1.7), we have
2 ais 9ii 9ii\ 2 ois O 04
(12.1.14) (x:Dig) "+ (gxs) " = (%) (Dig) "+ g xi .
Setting f=x7 in (12.1.7) yields 2(x})7#=2(x{*)? and hence (x})"%=(x{*)?,
since p>2. Then (12.1.13) and (12.1.14) yield 3(gx.)?# = 3g"*x{* and hence

oii o

(12.1.15) (gz)"" = g "

for all g, since p3. By using (12.1.15) and (12.1.10) in (12.1.9), we have for
17#j and fEA

(12.1.16) feii = 0.

Setting k=71, g=x,in (12.1.4) and using (12.1.16) we have fii = f"ii for any
€%, 7and j. Therefore we may setoy1= - - + =0.n=0, using the same letter
as the given automorphism of A over ®. Setting 1=j==%k in (12.1.4) yields

(12.1.17) (fDig)° — (gDif)° = f*(Dig)” — g"(Dsf)°.

Replacing g in (12.1.17) by x;g, we have

(12.1.18) (fg + xifDig — xigDif)” = f°(g + x:Dig)” — (x:8)°(Dif)".

Now, (12.1.15) yields (x:g)” =x7g° for any g& . Therefore, by (12.1.17) and
(12.1.18), we have (fg)* =fg" for all f, g&U. We shall show that every element
hEU can be written in the form A=/, From (12.1.1) we have (fD;)*=f"Dj.
Therefore if (fD;)°=hD] then fo=h. If fo=g° then (fD;)"=(gD;)° and hence
fD;=gD;, f=g. Therefore ¢ is an automorphism of A. Let DER, fEU. Then
D= Y f:D;, and (fD)*= X (ff:D:)°= 2 (ff:)°Di = D_f°fiD{ =f°D. Therefore
the given automorphism ¢ of { is induced by the automorphism ¢ of A. Thus
Theorem 12.1 is proved.

COROLLARY 12.2. Suppose that 5 =p and that A is a field over ®. Then any
automorphism of an algebra of the form {(U; D) is induced by an automorphism
of . The automorphism group of X(NA; D) is isomorphic to a subgroup of the
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automorphism group of K over ®, where & is the algebra of constants of X(A; D).
In particular, if & =P then X(N; D) has no automorphism except the identity.

Proof. Let o be an automorphism of £(¥; D). Then D?=aD with a#=0.
Hence D’ and D are equivalent. By Theorem 12.1, ¢ is induced by an auto-
morphism of A. If fFER then D’f* = (Df)’=0. Hence Df* =0, f°ER. Therefore
o induces an automorphism of . If ¢ induces the identity automorphism on
f, then we have (f7)?=f? for any fE, since fPEK. Therefore, (f—f)?=0,
f°=f, and hence o =1. Hence the automorphism group of £(; D) over ® is
isomorphic to a subgroup of the automorphism group of & over ®, as required.

By the above result, we can construct easily simple Lie algebras which

have no automorphism except the identity. For example, let ®=P(&, - - - , &n,
where P is a field of characteristic p and where &, - - -, &, are m indetermi-
nates over P, and let A=®(xy, - - -, x,), where x¥ =§;. We set
6 p—1 6 p—1 -1 a
=-—+x -—_+...+x Ce s X1 ——
6x1 ! 6x2 ! ! 6x,,.

Then the algebra (%; D) over ® has the desired property.

In the course of the proof of Theorem 12.1, only the fact that p=2, 3
was used. Therefore Theorem 12.1 holds even when p=0. Thus any auto-
morphism of the derivation algebra of the function field % of one variable
over a field of characteristic 0 is induced by an automorphism of ¥ over &.

Now we shall consider automorphisms of the generalized Witt algebras.
In the following, A =®(xy, - - -, x.) will denote the group algebra of an ele-
mentary p-group with independent generators xy, - - -, ¥,. A polynomial
FON) E®[N] is called a p-polynomial if f(\) is of the form f(\) =a\?+a\?*"
+ - - - 4+, where a; &P,

Lemmas 12.3 and 12.4 are proved in |3, p. 110].

LeEMMA 12.3. If 1, uy, %, + - -, n—1, where N =p", is a basts of A over P,
then there exist n distinct indices, say, 1, 2, - - -, n, such that the elements
wt - - - ulr, where 0Sk;<p, ud=1, form a basis of A over ®.

LeMMmA 12.4. The characteristic polynomial of any derivation in U is a p-
polynomial.

LEmMA 12.5. If all the roots of the minimum polynomial of a derivation D
in W are in ® and distinct, and if D does not satisfy any nonzero p-polynomial of
degree less than p™, then all the characteristic roots of D are in ® and distinct.

Proof. Since all the roots of the minimal polynomial of D are in ® and dis-

tinct, D can be diagonalized, that is, there exists a basis 1, %1, %s, - - - of A such
that Du;=Nu;, \;E®, for all 7. By Lemma 12.3 we may assume that the
elements %' - - - u;» form a basis of A over &. Since D(ud - - - utv)

= (D Nk)ub - - - uk it is sufficient to show that Z)\;k,:o with 05k, <p
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implies k= - - - =k,=0. Suppose that there exists (b1, - - -, ka) (0, - - -, 0)
0=k;<p, such that D_Ak;=0. Since k#=%k (mod p) we have Z)\,"ik.~=0 for
j=0,1,2, - --.Then the matrix (M"), where 1575#n,0<j=<n-—1, is singu-
lar. Therefore there exists ao, o, - -+, @1 E®P, not all zero, such that
;N =0 for all 4. Since D?'u; =\?'u; we have (D o;D?)u; =0 for all 5. Then
the derivation Y_; ayD?' =0, since uy, - - -, u, generate A over ®. This con-
tradicts our assumption. Therefore Z)\;k,-=0 must imply k= - - - =k, =
(mod p).
The following two lemmas may be verified easily.

LEMMA 12.6. Suppose S<p. If ao, o, - - -, 0p 1 EP are such that oo
=4, Where 147 s calculated mod p, for all 177, and if ay=0, then a; =1 for
all 1.

Lemma 12.7. Suppose SZp. If ay=0, o, - - -, a1 &P are such that
joj—to; = (j—1)asyj, Where 147 is calculated mod p, for all i and j, then a; =104
for all 1.

Let =8; Dy, - - -, D,) be a generalized Witt algebra defined by a
principal system (D, - - -, D,). We shall assume that ® is a perfect infinite
field and that 5 <p. Let o be an automorphism of . By Lemma 9.1 there exist
77, ,YmEDP such that D=+,D,+ - - - +ynD,, is normal. By Lemma 12.4
the characteristic polynomial x(\) of D is a p-polynomial of degree p». All
the roots of x(\) are in ® and distinct. We shall show that the characteristic
polynomial of D7 is also x(A). Since

(12.8.1) Do(Do---(DoX) - - )(taken pi times) = D¥ o X

for any ¢ and X €g, and since no nonzero derivation of % commutes with all
elements in €, we see that x(D°) =0 and that D° does not satisfy any nonzero
p-polynomial of degree less than p*. x(D°) =0 implies that the minimum
polynomial of D’ has distinct roots contained in ®. Therefore by Lemma 12.5
all the characteristic roots of D° are distinct, and hence the minimal poly-
nomial of D’ coincides with the characteristic polynomial of D°. Therefore
x(\) is the characteristic polynomial of D°. In particular, D?f=0 implies
fE®, that is, D° is normal. Since the characteristic roots of D’ are in ® and
distinct, D’ can be diagonalized, so that there exists a basis 1, %1, us, - - - of
9 over ® such that Dou;=Nu;, \;EP for all 2. By Lemma 12.3 we may assume
that the elements %% - - - 4! form a basis of 9. Then the p* elements ) _\k;,
0 <k;<p, are precisely the (distinct) roots of x(A). On the other hand, since
\; is also a characteristic root of D, there exists a nonzero element x;E¥ such

that Dx;=Nx;. Then 1, x;, - - -, xy—1, where N =p", form a basis of ¥. Since
D, - - -, D,, are commutative with D, we have D(Djx;) =\;D;x;, and hence
Djx;=ajx; with a;;E® for all 7 and j. Since &(¥; Dy, - - -, D) is simple and

since x;7%0, by Lemma 3.2 we see that x; is a unit in ¥. Therefore we may
assume that x? =1 for all 7. The elements x§! - - - x}», 0 <k, <p, form a basis
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of A over ®. Note that the matrix (a;;) is of rank m. Similarly, D{u; = au;,
o€, fori=1,- - - ,mandj=1, - - -, n. The matrix (ay) is also of rank m.

Consider the subspace M(ky, - - -, ka) of €, which will also be denoted
by My, spanned by X €L for which D o X = (A\iki+ - - - +Naka)X. It is easily
seen that M consists of elements of the form

5 - 2Dy + - - + BuDw),

where 8;E®, so that M, is of dimension m. The image M; of M under the
isomorphism ¢ is also of dimension m, and can be characterized as the set of
all YEQ for which Do Y=M\k1+ - - - +Aaka) Y. Therefore ul - - - ul
-(BuD{+ - - - +BnDy) EMS for any B;ED. If 0=Zk;<p—1 for all 7, then the
m elements u% - - - ¥¥D? =1, - - -, m, are linearly independent. For, if
Wi oo ub(3B:DF) =0 then (D Buf)um - - - ut»=0, and hence D B}y
=0 for all j. Since (ay) is of rank m, we have 1= - - - =B8,=0. Therefore if
0=<k;<p—1 for all 4, then I consists of elements of the form #} - - - u}»
-(BDi+ - - - +BmDy), where 8;EP.

We are now ready to prove 70 for all <. Suppose %] =0. We shall denote
W(P—Zv O) Ct 0)’ s-Ut(P_'sr 01 R 0) SimPlY by W(P—Z), wz(P-:‘) re-
spectively. Then #;=0 implies Yo ¥'=0 for any YEM(p—2)° and
YEM(P—3)°. Hence X 0 X'=0 for any XEM(p—2) and X' EM(p—3).

This is a contradiction, since

(12.8.2) D0 a7 Dy = — Mai Dy 5 0.

Therefore 4]0, and similarly #?70 for all 7. Hence we may assume %} =1
for all 2.

Now that we have shown that «f=1 for all 1, it is easily seen that I}
consists of all elements of the form u} - - - u(8D]+ - - - +B8nD%), where
B:E®, without any restriction on k;. Since € is the sum of all My, it is also the
sum of all M. Therefore every element in ® can be written in the form

aDi+ - - - +gnD%, where g;€U. This shows that (Df, - - -, D%) is a sys-
tem equivalent to (D, - - -, D,). By taking a suitable scalar-equivalent sys-
tem if necessary, we may assume without loss of generality that D.x;=3d,;x;,
where §,; is the Kronecker delta, for ¢, j=1, - - - , m. Note that m <». Simi-
larly, there exists a system (E;, - - -, E,) scalar-equivalent to (Df, - - -, D%)
such that Eu;=0,u; for 1, j=1, - - - , m. We set

(12.8.3) (#1D)" = wi(psEr + - - - + pimEm),

where p;;E®. We also set (xxDi)? =uiF for any fixed 2> 1. Since F commutes
with every E;, Df o (x:D:)° =0 yields easily paurF =0, and hence we have

(12.8.4) por # 0, por = 0 (1< k).
Now (12.8.3) yields easily p;pj1 =piy;,1 for 2j. Hence by (12.6) and (12.8.4)
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we have p; =1 for all 7. Hence (12.8.4) yields D= E,. Similarly D] = E; for
all 4. Again (12.8.3) yields, for any k>1, jpjr—1ipis = (j—1)pis;x. Hence by
Lemma 12.7 we have p; =1py for all 2. We shall write p; for pjx. Then (12.8.3)
can be written as

(12.8.5) (21D)) = wy(Ey + i(p2Es + - -+ + puEw)).

As before, we set (xxDi)° =urF, Fuy="vu, for k>1. Then (x1D;)° o (x:D:)° =0
and (12.8.5) imply, for 2#0 (mod p),

(12.8.6) ol = yi(Ey + i(peEs + + -+ + puEn)).

By changing 7 in (12.8.6), we obtain pxF=v:E; and v.(p:Es+ - - - +pnEn)
=0. Therefore if px0 then v, 0, and hence we have p.E;+ - - - +p,E,=0,
a contradiction. Hence pr=0 for all 2>1. Since E;=Dj, (12.8.5) yields
(xiD1)° =uiDj. Similarly we have (x}D,)*=uDj for all < and j. We set D/
=x; 'D;. Then (D{,---, D)) is an orthonormal system equivalent to
(D1, - -+, Du). Since (D}) =u;'D], (D{)°, - - -, (Dn)?) is equivalent to
(D5, - - -, D%) which is equivalent to (D, - - -, D,). Hence ((D{)°, - - -,
D(%)°) is equivalent to (D{, - - -+, D). By Theorem 12.1, ¢ is induced by
an automorphism ¢ of .

Suppose that D{ =D, for all . Then D°=D. We set y=x% - - - 2% Then
we have

Dyv: D"y‘ = (Dy)" =Nk 4+ -+ )‘nkn)y‘r-

Hence y*=ay with a&®. Since (y°)? = (y?)°=1, we have a?=1, a=1. Thus
y°=y. Since x} - - - x}* form a basis of %, the automorphism ¢ of ¥ is the
identity. Thus we have proved the following

THEOREM 12.8. Suppose that ® is an infinite perfect field and that S<p.
Then any automorphism o of a generalized Witt algebra Q(N; Dy, + + -, D) is
induced by an automorphism of . If Di =D, for all i, then o is the identity.

COROLLARY 12.9. Let &(U; Dy, - - -, D,,) be a generalized Witt algebra, and
assume that there exist nonzero elements xy, - + -, X &N such that Dx;=8;px;
for i,j=1, - - -, m. If an automorphism o of A admissible to R leaves every x;
invariant, then o is the identity.

Proof. Since (Dj, - - -+, D%) is equivalent to (Dy, - - -, D,), we may set
D= > ci;D;. Then Djx§ = 8,7 = c;x;. Since x; is a unit, we have §;;=c,j, and
hence D] = D; for all 7. Therefore by Theorem 12.8 ¢ is the identity.

What automorphisms of % are admissible to (U; Dy, - - -, D,)? In the
following we shall consider only the case m=1. If ® is algebraically closed,
then any generalized Witt algebras of D-dimension 1 can be written in the
form {(A; D), where A =P(xy, - - -, x.) is the group algebra of an elementary
p-group with independent generators 14x;, - - -, 14x., and where
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d -1 0 - -1 0
D=—--l-xfIa—-i--~~+xf'l'~-xf.’.1l

X1 X2 %,

(Once 8 is given in this form, we may prove, without any condition on &,
that any automorphism of ¢ is induced by an automorphism of %.) Denote by
¥, the monomial x! - - -x;* of weight w=vi4vep+ - - - Fwpml If f
= QYo+t ui1Ywi1+ ¢ - -, where oy, aypy, - - - ,EP, a,7#0, then we define
the weight of f to be w. Lemmas 12.10 and 12.11, below, are easily verified.

LeMMA 12.10. If fEU is of weight w> 0, then Df is of weight w—1.
LEMMA 12.11. Let N be the radical of A. If f SN2 then w(f) is not a power of p.

LEMMA 12.12. Let N be the radical of N, o an automorphism of N admissible
to &, and let

[

(12121) X = a1 + e + QinXn (mod S’t?)

for i=1, - - -, n, where a;;EP. Then a;;=0 for j<i.

Proof of 12.12. Let D°=D, where b&. If 1 <: then from (12.12.1) we
have

p—1 0 1 p—1

(xf_l cor 2i0)'b = @i+ @a® A g - x::ll (mod N).

Therefore a;; =0 for 1 <i. We set

(12.12.2) %= aat 4 - -+ anta + fi fiene
Take a fixed 2>1 and assume that

(12.12.3) a,, = 0 for s < r, and that w(f,) > pr!

whenever r <i. Suppose that a;= - - - =a;,1=0, a0 for some & such

that 1 <k <. From (12.12.2) we have

4 o »—1
Xy 0t X b
(12.12.4) (& Y

p—1 p—1 -1
= aypXy "'xk—l+"'+ainxl R

%y + Df:.

From (12.12.3) it follows easily that w((x] - - - x{_;)?~1b) Zpi—1—1>pk-1—1,
Therefore (12.12.4) yields w(Df,) =p*'—1. Then from Lemma 12.10 we
have w(f;) =p*! which is a contradiction by Lemma 12.11. Hence a;;=0 for
Jj<i. Then (12.12.4) yields w(Df;) =2 p*-'—1. Hence w(f:) > p*~1. Thus (12.12.3)
holds for all 7, completing the proof.

Denote by U the group of all admissible automorphisms of . Then the
mapping 0—(a;;) defined by (12.12.1) is a homomorphism of U onto a group
of » Xn matrices, which is solvable by Lemma 12.12. Let I’ be the kernel of
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the homomorphism. The automorphism group of A over & is essentially the
same as that of its radical N, since A/N=2P. Therefore U’ can be regarded as a
subgroup of the group B of all automorphisms of i which induce the identity
on N/N2 Since N is nilpotent, B is solvable (see [3, p. 117]). Hence W’ is
solvable. Therefore U is also solvable. Thus we have proved the following

THEOREM 12.13. Suppose S<p. The automorphism group of the algebra
L(A; D) given in Corollary 8.4 is solvable.

Finally we shall prove the following

THEOREM 12.14. If two mormal simple algebras L=2(NA; Dy, - - -, Dp)
and &' ={N'; D{, - - -, D, over the same ground field ® are isomorphic then
their D-dimensions coincide: m=m’.

Proof. Since € and ¥’ are normal simple, we may assume without loss of
generality that & is algebraically closed, and that € and & are generalized
Witt algebras. Let p*, p™ be the dimensions of &, & respectively, so that
mpr=m'p"’. Suppose m <m', and hence n’ <n. By Theorem 9.1 there exists
DER whose characteristic roots are distinct. Let D’ be the element cor-
responding to D, x’(\) the characteristic polynomial of D’. x’(\) is a p-poly-
nomial by Lemma 12.4, and of degree ™. From x'(D’)=0 and (12.8.1) it
follows easily that x’(D)=0, since no nonzero derivation of % commutes
with all elements in . This is a contradiction, since D does not satisfy any
nonzero polynomial of degree less than p». Therefore m =m’ must hold.
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