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1. Ingeneral, a differentiable homeomorphism need not have a nonvanish-
ing Jacobian. Indeed all of the first partial derivatives of such a mapping may
vanish at a point. In the case of plane conformal mappings this is not so, as
is well-known. One can even assert for the Jacobian of a univalent conformal
mapping at a point a positive lower bound which depends only on the distance
of the point and its image from the boundaries of the original and image
domains (Koebe’s Theorem). Similar statements hold for univalent mappings
by solutions of general first order linear elliptic systems of partial differential
equations.

In 1936 H. Lewy [5] showed that even for plane karmonic mappings
(mappings by pairs of not necessarily conjugate harmonic functions) univa-
lence implies the nonvanishing of the Jacobian. This statement, however, can-
not be made quantitative. It is easy to construct univalent harmonic map-
pings of the unit disc onto itself which leave the origin fixed but have arbi-
trarily small Jacobian at the origin. Nevertheless, the weaker statement that
the first partial derivatives of such a mapping do not all vanish at a point
can be made quantitative. This was proved by E. Heinz in a recent paper [3].
The following theorem extends this result to mappings by solutions of general
second order linear elliptic systems of partial differential equations with a
common principal part.

THEOREM. Let the linear system

{Au,, + 2B,y + Cuyy + a1tz + by + 10, + divy = 0,
Av.. + 2Bv.y, + Cvyy + astt, + botey + vz + dovy, = 0

be elliptic (AC—B2>0) for x*+y?=<1.

There exists a constant u>0, depending only on the coefficients, such that, if
u(x, y), v(x, v) is a solution of (1) for x?+y2<1, and u=u(x, y), v=v(x, ¥)
maps the disc x2+y2 =<1 homeomorphically onto u*+v*=<1, leaving the origin
fixed, then
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The coefficients of the principal part of (1) are assumed to have Hilder-
continuous second partial derivatives, the remaining coefficients Holder-continu-
ous first partial derivatives for x*+y?=<1.

For the special case

{uzz + %y, = 0,
Vzz + Uy = 0,

that is, for harmonic mappings, this statement reduces to Heinz' theorem.
The proof, however, even in the harmonic case, is quite different.

The proof is direct. We wish to show that for the class of mappings con-
sidered the modulus of the gradient at the origin has a positive minimum.
We prove first that for univalent mappings by solutions of (1) the gradient
is nowhere zero, and the same is true of the limit of a sequence of such map-
pings, unless the limit is a constant. We then select a convergent minimizing
sequence and show that the limit is not a constant.

It is worth pointing out that the theorem includes the case in which the
components %(x, y), v(x, ¥) of the mappings each satisfy the same single
second order elliptic equation, or even different equations with a common
principal part. The only other conditions imposed are topological. In particu-
lar, the mappings need not be quasi-conformal. If, however, quasi-con-
formality can be established as an additional property, the inequality of the
theorem yields a lower bound for the Jacobian.

Some possible extensions of the theorem will be evident from the proof.
Thus, for example, the conclusion of the theorem can be stated in the slightly
stronger form: There exists for every » <1 a constant u(r) >0, depending only
on r and the coefficients, such that u}+uj+2+v52pu(r) for x2+y2=<r2 Also,
mappings of more general domains, in particular multiply connected domains,
can be discussed.

2. We observe first that it is sufficient to consider the special system

{Au + a1, + byuy + c1v. + divy, = 0,

3
) Ay + asu; + bauy + cov: + dovy, = 0,

since the general system (1) can be transformed into (3) by a smooth homeo-
morphism of the unit disc with itself which leaves the origin fixed (cf. [1,

p. 79]).
It is convenient to introduce complex notation. Set z=x-1y, w=u-4v,
w(z) =u(x, y)+iv(x, y). Employing the formal differential operators

] 1(6 ,a) 9 1(8 )
YRR R VLIS
9z 2 \dx dy 9z 2 \ox dy

we may write the system (3) in the form
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9w dw dw w dw

3202 9z 0z 9z 9z

4)

with complex-valued coefficients which are linear combinations of the coeffi-
cients of (3). We have also

2 2 2 2 dw|? ow
(5) u‘z+“y+vz+vy=2 - . )
dz a9z
©) dw|? dw|?
UgVy — UyVy = | —| — |—]| .
Y Y 0z a9z

For univalent mappings the Jacobian (6) is either everywhere non-nega-
tive or everywhere nonpositive. We may assume that it is non-negative, so
that

Jw

0z

dw

9z

(7

everywhere.
A function ¢(2) which satisfies the inequality

|6¢‘
—| < K
|62 - |¢]

in a domain D is said to be approximately analytic in D with constant K.
We shall use as a lemma a theorem of Bers, the “similarity principle,” which
states

LEMMA A. If ¢(3) is approximately analytic with constant K in a domain D,
then

#(z) = e “f(2),

where f(2) is analytic in D, and s(z) has a bound and Holder-modulus of con-
tinuity which depend only on K.

The proof is given in [1, p. 171 (see also pp. 18, 25)].
We shall employ another theorem of Bers, namely

)
LeMMA B. If w(2) is a twice Holder continuously differentiable solution of
(4) in a neighborhood of 2, and

92w(z)
020%

W(Z)=O(|z—zo|"), =O(IZ—ZOI""1)

for some integer n 21, then there exist constants o, B such that

w(z) = a(z — 20)" + BG — 200" + o(| 5 — 2z |"),
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) = na(z — 20)"1 + o(| z — 5 |*7),
9z

9 -
sz) = n8(z — 20)" ' + o( | z — z|*).
a0z

This is a specialization of Lemma 4.1 of [2 (also see the remark on p.
487)].

Finally, we need a well-known statement based on a priori estimates due
to Schauder.

LemmA C. Every uniformly bounded sequence {'w,,(z)} of solutions of (4) in
a domain D contains a subsequence which converges normally(?) in D to a solu-
tion w(z). The first and second partial derivatives of the functions of the sub-
sequence also converge normally to the corresponding derivatives of the limit.

The statement follows, by a standard argument, from Theorem 1 of [6,
p. 265 (see also pp. 258, 269) ].

It is necessary to remark that by a solution of (4) we mean a function
with continuous second derivatives which satisfies the equation. It can be
shown, however, that such a function possesses Hélder-continuous second
derivatives (cf. [4]).

3. The proof of our theorem rests on four lemmas, the first two of which
are essentially local in character.

LeMMA 1. Let w(3) be a solution of (4) which is univalent in a neighborhood
of a point 2o. Then l (0w/az) (zo)[ >0.

Proof. If w(z) is univalent and satisfies (4) in a domain D containing g,
then from (4) and (7)

Jd Jdw dw
(8) — —| = K|—
0z 09z 9z
where
9 K=ség<lal+lbl+lc|+|d|).
Thus dw/dz is approximately analytic in D. By Lemma A therefore
dw(z)
(10) PR O G O o(| z = z|™),

where m is a non-negative integer and v is a constant different from zero.
From (7), (8) and (10) we have

(*) We say that a sequence of functions converges normally in a domain D if the sequence
converges uniformly in every subdomain whose closure is contained in D.
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dw(z) dw(z) 0*w(z)
Py =0(|z—zo|m), azz =O(|Z—zol"‘)’ a:;zz =O(IZ-ZOIM),

and by integration we obtain
w(z) — w(z) = O(| z — zol’””'l).

Set n=m+1. Then w(z) —w(z,) satisfies the hypothesis of Lemma B, and we
conclude

w(z) = w(z0) + alz — 20)* + Bz — 20)" + o(| 2 — 20|),
(11) dw(z)
9z

Comparing (10) and (11) we see that na =y 70, so that a=0.

If =1 in equations (11) the statement of the lemma is established. We
show that #>1 contradicts the hypothesis of univalence of w(z).

We may assume that

w(z) = z" + 2" + o I zl”),

where «k is a non-negative real number, since this form can be achieved by
affine transformations of the z- and w-planes, and these do not alter the
univalence of the mapping. Set z=re®. We have

Re {'w(re"")} = (1 4 «)r" cos nf + o(r"),
and, in particular,
(12) Refw(rei*m=)} = (1 + )r"(—1)*% + o(r"),

E=0,1, - - -, 2n. It follows that, for €>0 sufficiently small, and r <e, the
left side of (12) has the sign of (—1)*. Hence, if 2z traverses a Jordan curve C
which lies entirely within the disc |z| e and has nonzero index with respect
to the origin, Re {w(2)} undergoes at least 2% alternations of sign.

Now, since w(z) is a local homeomorphism we may choose € and & suffi-
ciently small so that w(z) has an inverse which maps le =</ into |z| <e
Let C be the inverse image of the circumference |w| =8/2. C is a Jordan
curve, of index one with respect to the origin, which lies entirely within the
disc | 2| <e. As z traverses C, Re{w(z)} changes sign exactly twice. Thus we
arrive at a contradiction unless n=1.

= na(z — 20)" 1+ o( | 2 — 20 |*1).

LEMMA 2. Let w.(2) n=1, 2, - - - be univalent mappings satisfying (4) in
a domain D. If the sequence {'w,,(z) } converges normally in D to a solution w(z)
of (4), then either w(z) is a constant or |820/92| >0 everywhere in D.

Proof. We observe first that, in consequence of Lemma C, the normal con-
vergence of {'wn(z)} to w(z) implies the normal convergence of {8w,,(z) /62},
{04 (2) /8z} to dw(z)/dz, dw(z)/dZ, respectively.
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From (8) and (9) we see that
9 dw,
0z 0z

0w,
adz

’

where K is independent of #. Thus the functions dw,/dz are uniformly ap-
proximately analytic in D. According to Lemma A therefore, there exist
analytic functions f,(2) such that

dwn (Z)

(13) 9z

= e fa(2),

where the functions s,(z) are uniformly bounded and equicontinuous in D.
If the sequence {w,.(z)} is replaced by a suitably chosen subsequence, the
corresponding sequence {sn(z) } and hence also { fa(2) } will converge normally
in D. Writing

s(z) = lim sq(2),  f(z) = lim fu(2)

n—o n—o

we have
(14) dw(z)/dz = e*f(3).

According to Lemma 1 and equation (13), | f,.(z)l >0 everywhere in D,
for all n. The limit of a sequence of analytic functions which have no zeros
in a domain either has no zeros or vanishes identically (Hurwitz' Theorem).
Thus, either | f(z)l >0 everywhere in D, or f(z) =0. If | f(z)l >0 everywhere,
then, by (14), |6w(z)/6z] >0 everywhere. If f(z) =0, then dw(z)/dz=0, and,
by (7), 0w(2)/02=0, so that w(z) is constant.

We remark that for harmonic mappings the proofs of Lemmas 1-2 are
considerably simpler. If w(z) is harmonic, then

dw(z)/dz and dw(z)/9z

are analytic functions of 2, so that Lemmas A and B are not needed. Lemma C
follows immediately from the mean value property.

4. The following two lemmas refer to the global behavior of the mappings
we consider. The first establishes a uniform connection between solutions of
(4) and their boundary values; the second states an inequality for the bound-
ary values of homeomorphisms of the unit disc onto itself.

LEMMA 3. Let w,(2) n=1, 2, - - - be solutions of (4) for lz] <1, continuous
and uniformly bounded for |z| <1. If the sequence {w.(2)} converges normally
to zero in |z| <1, then the boundary values {w.(e®)} converge weakly (in
L2[0, 27]) to zero.

Proof. We have to show that
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27

(15) lim wa(e%)a(6)dd = 0

n—eo 0

for all ¢(f) in L2[0, 27 ]. Because of the uniform boundedness of w,(e®), it
suffices to consider only functions ¢ (@) which can be continued as twice con-
tinuously differentiable periodic functions with period 2.

Define, for a fixed o(0),

73
¢r(2) = ¢r(re’) = 7 (r — R)a(0)
for |2| £1,1/2<R<1. We have

(16) salRe) =0, 2 (Rt) = o(0),
(17) | 62(3) | +‘ Iex(s) +‘ a¢R(z) 62¢”(_Z)i < M,
0203

where M is independent of 2z and R.
Applying Green'’s theorem to the disc |z] =R, referring to (16), we obtain,

2T ] 62¢R 32'11)”
(18) f wa(Re®)o(0)Rd = 4ff W, — ¢r )dxdy.
0 12]SR 0203 020Z

From (4),

=
X
e zor

0w, dw, dw, dw,
=—ff orl a + b + ¢ +d dxdy.
12|SR 9z 0z dz 2z

Integration by parts yields, referring again to (16),

[[ o amay= [ [ 0 (6n0) + wa— (6ab)
...53‘” 00z 0 T N ) sl 02 ora) o+ wn - (9n

(19) s s
e (re) + (¢Rd)] dxdy.
9z dz
Set
dac od
M' = sup < — )
|21 S1 az 9z

Then from (19) we get

@0 1ffmsn 920% ; 90| =

MMff . | w,| dady.
z|SR
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%r
ff Wy - dxdy( =< Mff |w,.|dxdy.
|12|SR 020% |21SR

Combining (18), (20) and (21), and letting R—1, we obtain finally

We also have

(21)

(22)

2%
w(e)a(0)df| < 4M(1 + M’ a | dxdy.
ﬁw(c)()‘ 1+ )ffl | | dady

¢|S1

The hypothesis of the lemma implies that the right side of (22) converges
to zero as n— o, from which (15) follows.

LEmMA 4. Let w(z) be a homeomorphism of the disc |z| <1 with |w| <1.

Then
27 /3 ir/3
f w(e"’)dﬁ’ + f w(e“’)dol + f
v 2

x/3 4r/3
Proof. The points 1, e27¥/3 ¢47i/3 divide the circumference Izl =1 into
three equal arcs each of which is mapped biuniquely by w(z2) onto an arc of
|'w| =1. One at least of the image arcs must have length not exceeding
27/3. Call this arc 4, and suppose that it is the image of z=¢%, 0 <0< 27/3.
By the mean value theorem

2x/3 27!'
f w(e*)dd = — w,,
) 3
where w, is a point in the convex hull of 4. Hence

27/3 2
f w(ei®)dh T
0

3
and, a fortiori, (23) holds.
5. The proof of our theorem is now immediate. Let H denote the class
of mappings satisfying the hypothesis of the theorem, and define

. dw 2 dw
p = inf 2( — ()| + ————(0)\ .
w(z)&H dz i 9z
Let {w.(z)} be a sequence of mappings in H such that

lim2( 2>=y.

According to Lemma C the sequence may be so chosen that it converges nor-
mally to a solution w(z), and we have

27

(23)

w(e“’)do' = z.
3

211'l [2 1 T
= —— w — —
3 M=y 3

dwy
0z

Wn

©)

2 ad
0
©) +‘az
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—2('ai<o>z+‘93<0>|z)
o 0z 0z '

By Lemma 2 either 4> 0 or w(2) is a constant. If u>0 the theorem is proved.
If w(z) is a constant, then, since w,(0)=0 for all », w(z)=0. Hence, by
Lemma 3, the boundary values w,(e®) converge weakly to zero in L2[0, 27].
But, from Lemma 4,

2%/3 { 47 /3
Jim (’ f w,,(e“’)dﬁ‘ + ‘ f w,,(e“’)dﬁ’ +
n—s0 0 27/3

Thus if w(2) is a constant we arrive at a contradiction.

2

x ) ' ' d
wn(e)ds ) 22

4r/3 i
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