FOUR DIMENSIONAL COMPACT LOCALLY
HERMITIAN MANIFOLDS

BY
LOUIS AUSLANDER()

Introduction. The purpose of this paper is to classify the compact real four
dimensional locally hermitian manifolds. A manifold is called locally hermi-
tian if it is a complex manifold with an hermitian metric with curvature and
torsion equal to zero. In §1, we discuss the general theorems which we will
use in the rest of the paper. §2 is devoted to proving that there are only five
possible holonomy groups Hi, - - -, H;. These are cyclic groups of orders
1, 2, 3, 4 and 6 respectively. At the beginning of §3 we outline the steps we
will follow in computing the allowable group extensions. There then follow
five steps in which we give the details of this outline. The number of group
extensions for a given holonomy group is given by the following table:

Holonomy groups 'Hl | H, | H; | H, | Hs

Number of extensions‘ 1 l 2 l 2 i 2 ‘ 1

We have added an appendix in which we discuss the topology of compact
locally hermitian manifolds. We have shown that there are only two possible
Poincaré polynomials for four dimensional compact locally hermitian mani-
folds 1+42x+2x2+42x*+x* and 144x+6x2+4x3+x% We have further shown
that only the torus has Poincaré polynomial 1+ 4x+ 6x2+4x%+x4 It should
be remarked that the discussion in this appendix could be used to give an
alternative proof for Theorem §.

1. General considerations. Let M be a complete n-dimensional riemann
manifold with curvature and torsion equal to zero. We will call such spaces
locally euclidean spaces. Then, if A/* denotes the universal covering space of
M with its induced riemann metric, it is clear from [2] that A/* is isometric
to n-dimensional euclidean space E*. We will identify M* and E* by means of
this isometry. The fundamental group = of M acting on E" preserves the
euclidean structure in E® and may therefore be considered as a subgroup of
the group R(n) of all rigid motions of E". Further, A is homeomorphic to the
orbit space of E* under m. We will denote this orbit space by E*/=. It is also
easy to see that if 7tCR(n) and E*/= is an n-dimensional manifold then it is
a locally euclidean space. Hence we see that the study of locally euclidean
spaces is equivalent to the study of those discrete subgroups r of R(n) such

that E*/r is an n-dimensional manifold.
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Let C* be the m-dimensional complex vector space with coordinates
(21, -+ ', 2a). Let R(n, C) be the group of all linear transformations and
translations which preserve the quadratic form Y ", 2z, Then the same
discussion as used in the locally euclidean case can be used to show that M
is an # complex dimension locally hermitian manifold if and only if there
exists an imbedding of the fundamental group = of M into R(n, C) such that
M is homeomorphic to C*/m.

We will for the rest of this paper restrict our attention to compact mani-
folds. The following is a list of several theorems from the theory of compact
locally euclidean spaces which we will need. Proofs of Theorems 1, 2 and 4
are to be found in [3] and [4]. Theorem 3 is proved in [1].

THEOREM 1. Let N denote the subgroup of m consisting of pure translations.
Then N is generated by n linearly independent translations and w/N is a finite

group.

DeriniTiON. We will denote w/N by h(w) and call it the holonomy group
of .

Let the order of k(w) be p and let ¢Ew. Then £2EN. We will denote
£ER(n) by (3, T), where 7 is an element of the n#-dimensional orthogonal
group O(zn) and T is a vector in E*. We will consider O(n) and E* imbedded in
R(n) in the obvious way. It should be noted that we may consider A(w) im-
bedded in O(n). We will make this identification whenever it is convenient.
We will often let T=(e, T) and since T1T2=(e, T1)(e, T2)=(e, T1+T3), we
will use additive notation for the law of composition of translations.

THEOREM 2. Let Ty, - - -, T, be a basis for N. Then h(w) written in terms
of the basis T, - - -, T, is a matrix group over the ring of integers.

THEOREM 3. Let 7 be a subgroup of R(n) with the following properties:

1. The subgroup N of m consisting of pure translations is generated by n
linearly independent translations.

2. w/N is finite.

3. w contains no finite subgroups.
Then E™/m is a compact locally euclidean space.

Let A(n) denote the group of all affine motions of E*, i.e. all linear trans-
formations and translations.

THEOREM 4. Let 7w and ' be isomorphic subgroups of R(n) such that E"/w
and Er/7' are n-dimensional compact manifolds. Then there exists a g&A(n)
such that g7'wg=m'.

COROLLARY 1. Let ™ and 7’ be subgroups of R(n) such that E*/w and E*/7’
are compact manifolds. Assume h(w) and h(n’) are identical subgroups of O(n).
Then if N and N’ denote the group of translations in w and w' respectively, w is
isomorphic to w' only if there is a mapping of E* onto itself which maps N onto
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N’ and the induced mapping on O(n) leaves h(w) invariant (not necessarily
pointwise).

Let w and 7’ be subgroups of R(z) such that E*/mw and E*/7’ are compact
locally euclidean manifolds. Assume further that N=N’ and k(w) =k(x’') as
subgroups of O(n).

COROLLARY 2. 7 is isomorphic to = if and only if we may choose two bases
T, - -+, Thand T{, - - -, T\ of N and preimages of h(w), I(w) and I(x') in
w and ' respectively, such that:

1. If we let h(m) act on N by n=*Tn for n&Eh(w) and TE N, then the mapping
A of N onto itself determined by A(Ts)=T{,i=1, - - -, n is invariant under the
action of h(w).

2. If m1 and ny have counterimages &1 and & in I(w) and & and & in I(x')
respectively and £,E.E N, then A (£:£:) =EE.

Proof. The necessity of these conditions is clear. To prove the conditions
are sufficient, we note that every element of = and #’ can be written in one
and only one way as Ty - - - T¢ and A(T} - - - T for ¢EI(r) and
¢ &I(n'). Now map I(w) onto I(n’) by corresponding those elements which
map into the same element of (7). Now this mapping of I(r) onto I(x’') and
N onto N’ gives us a mapping 4* of = onto n’. Conditions 1 and 2 assure us
that A* is a homomorphism from which it is trivial to see that 4 * is actually
an isomorphism of = onto 7’.

2. On h(m). We will henceforth restrict our attention to compact two
complex dimensional, four real dimensional, hermitian manifolds. We will say
that two such manifolds are similar if = and #’ are isomorphic or, what
amounts to the same thing, if once we imbed R(2, C) in R(4) there exists a
g€ A (4) such that g~'rg=x". We propose to classify the compact 2 complex
dimensional hermitian manifolds up to similarity.

THEOREM 5. We may choose a basis for C* in terms of which every element
of k(m) has the form
@ )
"\ )

Proof(?). Let (21, 22) be a coordinate system for C? and let R(2, C) be writ-
ten as

7 = G121 + Ga222 + Ca (ay g= 1: 2)’

where (a.g) is a unitary matrix and, except for the identity transformation
no point in C? is fixed under any transformation of the group. From this and
Cramer’s rule it is easy to see that each unitary matrix (a.s) has at least one

(?) The following proof for this theorem was suggested by the referee.
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eigenvalue equal to one. Let ©; (:=1, 2) be two unitary matrices of the type
in question, both different from the identity. Under suitable choice of unitary
basis for C? these matrices have the form

@ _ (eial 0) Y )
1= O 1 (8 # )v

a b
o= (* )
The condition that both ®; and 0,0, have an eigenvalue one gives the
following equations:
(a—1)(d—1) —bc=0,
(ae® — 1)(d — 1) — bce®r = 0.
Multiplying the first equation by e® and subtracting it from the second gives
(e — 1)(d — 1) = 0.

Since e® 1, this implies that d =1, and since 0. is unitary, we must have

®_<ci92 0)
" \o 1)

COROLLARY 3. k() is a finite cyclic group.

We will henceforth exclude the case H;, where k() consists of the identity
clement only.

LEMMA 1. Let £=(n, R+.S), where R is contained in the invariant space of
n and S 1s in the orthogonal complement. Then £» = (e, pR).

Proof. By a straightforward calculation, we have £ = (e, T"), where

T=pR+© S+ ---4+05+29)

cosf sin @
0= . .
—sin § cos@
Now O*~1S+ . - - +S5=0, since it is the sum of the vectors from the center

of a regular plane polygon to the vertices of the polygon.

LEMMA 2. Let R*+S*E N, where R* is in the invariant space of 7 and S*
is in the orthogonal complement. Then pR* and pS* are elements of N.

Proof. l.et {Ex such that £=(n, R+S). Then
(R*+ 8%t = (0, (R+ R*) + (S + 5%).

and
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Hence by applying Lemma 1 we have pR*E N and hence pS*EN.

Now let T;=R;+S;, i=1, .-, 4 be a basis for N. Then pS;EN,
1=1, - - -, 4. Assume pS; and pS: span the space x; =x4,=0. Then by Theorem
1, ® must be a matrix with rational entries relative to the bases S; and S..
Hence ® must be similar to a matrix with integer entries. But, since
A2—2 cos OA41 is the characteristic equation of ©, its coefficients must be
integers. Hence 2 cos § =0, +1, +2. We have therefore proved

THEOREM 6. k() can be cyclic groups of order 1, 2, 3, 4 and 6 only.

3. On the extension problem. We will now outline the remaining steps
in the classification problem before presenting the details. We have already
in §2 determined the possible holonomy groups. The construction of the pos-
sible holonomy groups then is reduced to a group extension problem with the
added conditions that = must be imbedded in R(4) and E*/r must be a com-
pact manifold. We will use the following steps to determine the groups 7 up
to similarity:

StEP 1. Take a fixed basis in E* as determined in Theorem 5 and a fixed
representation for i(w). Let NV be a subgroup of R(4) generated by 4 linearly
independent translations. Then the fact that k(7) must be an integer matrix
group over any basis for N assures us that we may choose a basis for N
satisfying certain conditions. These conditions are given in Lemmas 3 and 4.

StEP 2. By picking a new basis for N if necessary we show that we may
always assume N is generated by a basis of one of the following types:

type (a') Sl + (k/p)R:h S?v R3) R‘) 0 é k < P,'

1
type (b) Si+ Y Rs, Sz + '-;— R4, Ry, Ry

where R; and Ry lie in the invariant space of &(w), S; and S; in the orthogonal
complement to the space spanned by R; and R, and p equals the order of
h(w). The only time type b occurs is when k(w) is of order 2. These will be
called a canonical basis for N of type a and b respectively. Two canonical
forms of type a for a given p will be called the same only if the % is the same
in both of them.

StEP 3. For each &(r) and N the group extension 7 of N by A(w) is deter-
mined by the choice of T in £=(y, T'), where 7 is a generator of k(r). The re-
quirement that E4/x should be a manifold then shows that only canonical
basis of type a are possible. Further all N with canonical basis of type a
have an allowable extension given by taking T =(1/p)R,, where p equals the
order of k(wr).

StEP 4. Up to a new choice of canonical basis of type a for N and a gen-
erator for k(m), the above extension is the only possible extension for a given
canonical basis of type a.
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STEP 5. Let 7 and #’ be extensions of N and N’ by h(w) where N and N’
have canonical bases of type a given by

S+ (k/p)Rs, S2, Rs, Ry,
Sl’ + (k,/p)R:{) S2’y R3’) R4’~

Then = is similar to #’ if and only if 2= +%’ mod (p).

STEP 1. We may actually assume more about S; and .S, than we stated in
paragraph 2. We may assume further that S; and S; can be written as an
integer linear combination of S and S,. This follows from the fact that
pSs, 2=1, - - -, 4, lie in a two-dimensional space and since 7 acts without
fixed points or accumulation points, all of them can be written as an integer
linear combination of two of them. We may call these two .S; and .S.. Hence
we may choose a basis for NV of the form

Ri+ 81, R2 + S3, Rs, Ra.

LEMMA 3. R; and Ry span the tnvariant space of 1.

Proof. pS; and pS; are elements of N. Since S; and S; are linearly inde-
pendent

—pS1 = — pR; — pS) + a1sR; + a14R,,

—pSe = — pRy — pSz + a23R3 + auRy
or
pRy = a13R;5 + auRy,
pR2 = az3R3 + aR,
where a3, a4, @23, as are integers. But R;, 2=1, - - -, 4 spans the invariant

space of 5. This proves the lemma.
Now R;+0S; and R;+0S, are elements of N. Let (5y), 4, j=1, 2, be the
matrix which represents © in terms of the bases S; and .S,. Then

Ri+ 0©S: = 2 1458+ 2 niiR; + 2 biaRa,
where 7, j=1, 2, =3, 4 and b,, are integers. But R;= Z(a,-a/p)Ra.
LEMMA 4. (1/p)(@ia— D_1:i0ja) must be integers.
STEP 2. We may clearly always assume that for each case 0 Sa;. <p.

CASE p=2. For this case
(nee) <— 1 0)
Nia) = 0 _ 1

and then the formula of Lemma 4 gives
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(ala 014)
a23 Q24

Hence any values of 0 or 1 are admissible for a3, a1, ass, a2. We will discuss
completely the case where all a;o =1 and explicitly reduce this to a canonical
basis. We will then state the other results without discussion since the tech-
nique for carrying these discussions out will have been given once in detail.

We have a basis of NV of the form
S+1R+1R S+1R+1RRR
1 2 3 2 4y 2 2 3 2 4y 3y 4o
Let R{ =R;+ Ry, R{ =R;—R4. Then clearly
1 1
SI+E'R3” Sﬁ+?R3,yR3,yR4,
is a basis for N. Now consider

1
Sl+3‘R.{, Sl"‘s2,R8/R4’-

This is also a basis for NV and of canonical type a. The possible canonical

bases are
k
Sl + h— R3y 821 R31 Rl
p

where £=0 or 1 and a canonical basis of type b.

CASE p=3.
(nie) = ( 0 1)
Nia) = —1 —1

and the formula of Lemma 4 gives

Q13 — Q23 Q14 — Q24

3 3
must be an integer matrix.
2a33 + a13 2024 + 14
3 3
From this it can be shown that all canonical bases are of type a with k=0, 1
or 2.
CASE p=4.

, )_(0—1
A VY 0)
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and we have

a1z -+ a3 a1 + a3
4 4
—a13+ @23 —au+ an
(— s

must be a matrix over the integers. This gives that all canonical bases are of

("'Im) < )

CASE p=6.
and
a3+ ass ay + 024]

6 6
)
L6 6

must be a matrix over the integers. This gives a canonical basis of type a with
k=0.
We will summarize these results as a lemma.

LEMMA 5. The number of distinct canonical bases of type a are given by the
following table

o }2‘3'4'6

|
Canonicalbasisl 2 l 3 ’ 2 l 1

STEP 3. Now for each k(w) and associated N, the group extension w, is
determined by the choice of T in £ =(y, T) Ex, where 7 is a generator of k().

THEOREM 7. For a given h(w) and associated N a necessary and sufficient
condition for a group extension w to exist such that E*/w is a manifold is that we
may choose T such that:

1. T=(1/p)(aRs+bR,), where a and b are integers and 0 Sa b <p.

2. kT can be written as an integer linear combination of R;, i=1, - - - , 4,
only if k is divisible by p.

Proof. Assume a T exists which satisfies the above conditions. We will
then show that 7 satisfies the hypothesis of Theorem 3. Now £ =aR;+bR;
€ N. Hence hypotheses 1 and 2 are verified. To verify that there are no finite
subgroups we note that
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(T)* = (1% 7T + To) + - - + (T + To) + T+ T)

for To& N and some k. Hence for this to be the identity element we must have
that 5* is the identity matrix or

2% YT + To) + - -+ + (T + To) = k(R + Ro),

where R+ R, is the perpendicular projection of T+ T into the invariant space
of 7. Hence this is zero only if R+ R,=0. But this is not possible by 2. We
must further verify that (T:£%)* does not equal the identity unless Tof* is
the identity. But this follows exactly as for s=1.

Now assume that the group = with the desired properties exists. Then let
n be a generator of h(w) and let £=(n, R+.S) be an element of 7, where R is
contained in the covariant space of 5 and S is in the orthogonal complement.
Then changing the origin of E* gives

(e, =B)(n, R+ S)(e, B) = (n,nB — B+ S+ R).

Hence we may choose B in the orthogonal complement of the invariant space
of  and satisfying the equation nB—B+.S=0. Hence in terms of the new
origin £=(n, R), where by our choice of bases for N

R = (1/p)(aRs + bR,).

Now since & = (n*, ER) we must have that R cannot be written as an
integer linear combination of R;,7=1, - - -, 4. For otherwise, we would have
a finite subgroup of = which is impossible. We may by multiplying by a
proper linear combination of R; and R, further assume that 0=5ea, b<p.
Further by relabeling, if necessary, we may assume a <b. This completes the
proof of this theorem.

COROLLARY. A4 basis of type a gives rise to permissible group extensions.
But no basis of type b is allowable.

STEP 4.

LEMMA 6. For a fixed h(w) and N of type a, with k=0, the group extension is
unique up to similarity.

Proof. We first note that T'=1/pR, satisfies the hypothesis of Theorem 5.
Now let T=(1/p)(aRs+bR,) also satisfy hypothesis of Theorem 5. By Corol-
lary 2 we will prove our lemma once we have shown that the mapping 4*
which maps aR;+bR, onto R, can be extended to a mapping 4 of N onto it-
self which leaves k() invariant.

Cask 1. If @ and b are relatively prime, then there exist integers ¢ and d
such that ad—cb=1. Hence we may define the mapping 4 by 4A(S;) =35,
A(S:) =S., A(cRs+dRs)=R; and A(aR;+bR,) =R,. This mapping 4 is of
the desired type since all its entries are integers relative to Sy, S,, R;, Ry and
it has determinant one.



388 LOUIS AUSLANDER [March

CAsE 2. Assume ¢ or b=0. Say a =0. Then by condition 2 of Theorem 35,
b and p must be relatively prime. Hence there exist ¢ and d such that cd—dp
=1. Hence ¢ is relatively prime to p or 5° is a generator of k(w). Hence
£°- R;* may be used to replace ¢ and for it we have T=(1/p)R,.

CasE 3. Assume ¢ and b are not relatively prime, satisfy the hypothesis
of Theorem 35, and @ and b5£0. Then it is easy to see that ¢ must equal b.
Then we may map R;+Ry—R; and R; into R; leaving S; and .S, invariant.
Then Case 3 reduces to Case 2 which has already been treated.

LEMMA 7. For a fixed h(m) and N of type a with k=0 exactly one group ex-
tension is possible up to similarity.

Proof. CAsE 1. N has a basis of the form
Sl + (l/p)Ra, Sz, Ra, R4.

Let T=(1/p)(aRs+bRy), a=0. For if a =0, this reduces to case 2 of previous
lemma. Form (S14 (1/p)R3)—*t=£'. We may choose this as a new element of
m such that modulo N it is a generator of k(w). But for &, T=(b/p)Rs. We
may therefore apply case 2 of Lemma 6 if b=1.

CASE 2. N has a basis of the form

Sl + (Z/P)R3, Szy R3) R4'

lLet T=(1/p)(aR3+bR,). If a=2, then we may choose § = (5, T’) such that
T’ =(b/p)Rs—aS,. But by changing the origin, as we saw in Theorem 7, we
may assume 1”7 =(b/p)Rs. We again apply case 2 of Lemma 6.

Since the above basis holds only for p=3 or 4, we can always assume that
if a#2, then it equals 1. Hence b=1 or 2 for p=3 and b=1 or 3 for p=4. For
if =2 for p=4, we would have (S;4R3/2)"'R;'£2= (£, S1), which is impos-
sible. For =1, we may define the mapping 4 by A(S1+Rs/2) =51+ Rs3/2,
A(S2) =Se, A(Rs) =R;3, A(Rs+Ry) =Ry But for =2 or 3 in case p=3 or 4
respectively, we may replace T by (1/p)(R;—Rs). We may now define 4 by

A(Sl + R3/2) = Sl + R3/2,
A(Ss) = S, A(R3) = Ry

A(R3 - RA) = R«i»
This completes the proof of the lemma.

STEP 5.
We will prove at this step the following lemma.

LEMMA 8. If m and 7' are extensions of N and N’ by h(w) where N and N’
have canonical bases
S1 + (k/p)Rs, Sz, R3, Rs,
S{ + (¥'/e)R{, S, Rs, R{.
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Then m is similar to w' if and only if k= + k" mod (p).

We will first show that if =%’ then m and 7’ are isomorphic. Assume
E=Fk'=0. Let 7 be a generator of A(w) and let 5 written in terms of S; and S,
be the matrix (94), 4, j=1, 2. Then choose a new basis for N’ by replacing
S{ and S{ by S¥ and S5 where 7 in terms of the bases St and S is also the
matrix (7). Clearly then the mapping which sends Sy to S, S: to S3, Rs
to R{ and R, to R{ gives an isomorphism of 7 onto ='.

Now if 270 and k=F’, pS; and S; generate N in the space spanned by S;
and S,. Then choose a new basis for N’ by replacing S{ +(&/p)R{, S by
S¥+(k/p)R{, S; where pST, S; is also a basis for the space spanned by pS{
and S¢ and where pS¥, SF has the further property that the matrix which
expresses 7 in terms of pS; and S, is the same as that which expresses 7 in
terms of pS¥ and S¥. Then the mapping which sends S; to S, S to Sy, Rs
to R{ and R, to R{ gives an isomorphism of = onto «’. If k= —k’, we may set
S!=8t,i=1,2, R{ = —R}, R{ =R}.

Now assume that w and 7’ are isomorphic for k> +%’. Then there exists
a linear transformation x of E* mapping k() onto itself and mapping N onto
N'. But it is straightforward to verify that if x maps &(w) onto itself it must be
completely reducible, mapping the invariant space of k() and its orthogonal
complement onto themselves. This shows that N must have two distinct
canonical bases Si+ (k/p)Rs, S, Rs, Ry and S{ +(k'/p)R{, S¢, R{, R{, where
k= +k’. But as we have shown previously these bases must be related by a
completely reducible matrix which maps S; and S; onto a linear combination
of S/ and S/ and R;, R, into an integer linear combination of R{ and R{.
This is clearly impossible if k= + %',

We have now proved the following theorem.

THEOREM 8. Let 7 be the fundamental group of a compact real four dimen-
stonal locally hermitian manifold. Then w may be considered as a subgroup of
R(4). If N is the subgroup of pure translations of w, then w/N is a cyclic group
h(w) of order 1, 2, 3, 4 or 6 and N has generators of the form

S+ (k/P)Rsy S2, R3, Ry

where Rs, Ry span the invariant space of h(w), Si and S, lie in the orthogonal
complement, and k=0 1if p=1;k=00r 1 if p=2;k=00r1,if p=3; k=0, 2 if
p=4; k=0 if p=6; where p=order of h(w). Further w==' if and only if h(x)
=h(n') and k= + k.

APPENDIX

Topological results.

THEOREM 9. Every locally hermitian manifold is ¢ Kahler manifold with
respect to its hermitian metric.
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It is a known theorem that the odd dimensional betti numbers of a Kahler
manifold are even (see [5]).

THEOREM 10. The odd dimensional betti numbers of a locally hermitian mani-
fold are even.

It is also well known that the odd dimensional betti numbers must be
greater than or equal to one (see [5]). We will give an independent proof of
this theorem for our special case.

It is now our purpose to characterize the harmonic forms on an n-dimen-
sional compact locally euclidean manifold M (), where the fundamental group
of M(x) is . Now Bieberbach has proved in [3] that a compact locally eu-
clidean manifold has as covering space the n-dinensional torus ™. Let p; be
the covering map of T onto M(w), and let w be a harmonic form on M(x).
Then P¥(w) is a harmonic form on T, relative to the locally euclidean struc-
ture of T™. But if p; denotes the covering map of E® onto 7" and «’ denotes a
harmonic r form on T™ then p*(w') = > A4;,...i;, dxy, A\ - + - Adx;, where the
A;,...; are constants and 14y, - - -, 4, <n. Hence we have shown

THEOREM 11. Let w be a harmonic r form on a compact locally euclidean
space, then (p20 pr)*w= D Ai...i, dxy/\ -+ - Ndxi,, where the A, ..., are
constants.

COROLLARY 4. Let M(w) be a compact locally euclidean manifold. Then the j
betti number of M(w) is less than or equal to the j betti number of T*, j=1, - - -, n.

This is a simple consequence of the Hodge Theorem and Theorem 11.
We will state and prove a slightly stronger theorem.

COROLLARY 5. Let M(w) be an n-dimensional compact locally euclidean space
whose j betti number equals the j betti number, n=3j=0, of T Then M(w) is
homeomorphic to T™.

Proof. There exist # linearly independent harmonic one forms w;, ¢=1,

. -, mon M(m). Let (p2 0 p1)*wi= 2_ai;dx;. Hence there exists a coordinate

system (x{, - - -, x/) on E® such that w;=dx!,i=1, - - -, n and dx{ is in-

variant under w. Hence 7 is generated by # linearly independent translations.
This proves the corollary.

COROLLARY 6. The even dimensional betti numbers of a compact 2n-dimen-
sional locally hermitian manifold are greater than or equal to one.

Proof. dst= Y ;dz,d%;. Hence the associated quadratic form is Q=dx,
Adxs+ -+ - +dxsa_1/\d%xs.. But this is harmonic and Q70 j=1, - - -, n.
This proves the corollary.

COROLLARY 7. Let M(w) be a 2n-dimensional compact locally hermitian
manifold. Then 14 D ruy po; =0 mod (4) where ps; denotes the 2j betti number,
j = 1’ o o o , n.
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Proof. Since the Euler characteristic of M(w) is zero and # is even
1+ E}'., P2 =2 Z}'ﬁ p2i—1 by the Poincaré Duality Theorem. But p,;_1 must
be even by Theorem 5. This completes the proof of the corollary.

THEOREM 12. A compact four dimensional locally euclidean space is locally
hermitian if and only if it is a torus or has Poincaré polynomial 1+2x+2x?
+2x3 44,

Proof. Assume M(w) is locally hermitian and let 14a1x+asx2+a;x8+x4
be its Poincaré polynomial. Then a;+2=0 mod (4). Hence a,=2 or 6. Hence
the only possible Poincaré polynomials are

14+ 22+ 222+ 223+ 2* and 1+ 4x 4 622 + 423 + 1,

But Corollary 4 proves that if M(w) has Poincaré polynomial 1+4x-6x?
+4x%41 it is a torus.

Now let M () be compact, locally euclidean and have Poincaré polynomial
142x+2x%42x%+x4% Then there exist two linear independent harmonic one
forms w{ and wy on M(w). Hence we may choose new harmonic forms w;
and we which are orthogonal and linearly independent and lie in the space
spanned by w{ and w;. We may choose a new coordinate system x;, - - -, x4
in E* such that dx;=w; and dx;=w,. With respect to this new basis each
element of 7 has a matrix representation of the form

1 0 0 0 a
0 1 0 0 a
0 0 a3 au a
0 0 —a3 as a4
0O 0 0 o0 1

Hence #CR(n, C). Hence M () is locally hermitian with respect to this basis.
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