ON OCCUPATION TIMES FOR MARKOFF PROCESSES

BY
D. A. DARLING AND M. KAC()

1. Introduction. Let x(¢), t=0, be a Markoff process with stationary
transitions and values in an abstract space, and V(x) a non-negative function
over that space. In this paper we shall study the limiting distribution of ran-
dom variables

1 t
1.1) Wj‘o V(x(7))dr, t— oo,

where u(t) is a suitable normalization. If V(x) is the characteristic function of
a set, [¢V(x(r))dr is the occupation time of the set. The principal result is
that under suitable (but quite general) conditions the limiting distribution
must be the Mittag-Leffler distribution (of an appropriate index).

The method of proof is equally applicable to Markoff chains and, in par-
ticular, to sums of independent, identically distributed random variables.
We thus obtain a considerable generalization and unification of previous
results of Feller [1], Chung and Kac [2] and Kallianpur and Robbins [3; 4].
It will be seen that the somewhat lengthy computations of these authors
can be dispensed with by virtue of the elementary Tauberian theorem of
Karamata.

Finally the distribution of the number of changes of sign in a sequence
of partial sums of identically distributed random variables will also emerge
as an application of our general theory.

2. A special czse. In order to illustrate the method and bring out clearly
the role of assumptions under which the general theorem will be proved we
shall first consider a special case.

Let x(¢), t=0 be the two dimensional Brownian motion, x(0) =0, and let
V(x) be the characteristic function of a bounded plane set B of nonzero
Lebesgue measure. Let us calculate the moments of [V (x(r))dr. Consider e.g.
the second moment

ua(t) = E{( fo ‘V(x(r))dr>2} = 2! fo tfo "E{V(x(f,))V(x(n))}dndn

t T2 »
= Z’f f f fV(xl)V(xz)P(Ol X1, T1)P(x1l X2, T2 — Tl)dxldxszlde,
0 0 —=%
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where

1 )
P(x| y; t) = — eti=—un*rze
(&) 33 = o—

||x—9|| being the Euclidean distance between x and y.
Introducing Laplace transforms we have

© 2 ]
s fo e us(t)dt = :; f_°° f V(22 V(2) Ko((25)12| 24| ) K o((25) 2| 22 — 24|} d1dts,

where K, is the familiar Bessel function of the second kind appearing in
virtue of the well known formula

) 1 L 2 dt 1
f e P(x| y; )dt = — f el e — = K ((25)17|x — ).
0 2w d 4 T

Using the asymptotic formula
1 1 1 1
(2.1)  —Ko((25)"|x — 5||) = — log — — —log ||z — y|| + O(1), s—0,
L 27 s T

we obtain immediately

®© 21 2 1\2
sfo e~ %tus()dt ~ ) ( V(x)dx) (log T) , s—0,

and by a trivial extension of the above calculations

sfow —"uk(t)dtrvm(f-wV(x)dx) (log l)k s—0,

for k=0,1,2, - - - . Here C=[2, V(x)dx denotes, of course, a double integral
which in our special case is simply the plane Lebesgue measure of the set B.
Since log 1/s is a slowly varying function we get by Karamata’s Tauberian
theorem (since u(#) is nondecreasing and u;(0) =0)

k! ® k
ur(t) ~ (Zw)k(f_:/(x)dx) (log t)*, t— oo,
It now follows immediately that
2r ¢
lim Prob {——f V(x(7))dr < a} =1—- ¢ azz0.
t—® Clogt 0

A somewhat more inclusive version of this theorem was proved by Kallianpur
and Robbins [3] in a different way.

It should be noted that the theorem depends only on the “infinite” part
of the asymptotic expansion (2.1) and hence only on relatively superficial
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properties of the process x(t). The deeper properties (closely related to poten-
tial theory) are hidden in the “finite” part —log ”x—y”/r.

3. Preliminaries to the general case. The special case considered above
suggests a natural set of conditions to be imposed on a general Markoff
process with stationary transitions. Let (€, §) be a measurable space and
P(x, E; t) =Prob {x(t+s5)CE|x(s)=x}, xEQ, ECF, t>0, be the transition
probability for a Markoff process x(f), t=0, x(0)=x,, with values in Q.
P(x, E; t) is a measure over ¥ for fixed x, { and for each E a measurable func-
tion in (x, ¢) (with respect to § and the Lebesgue sets in 0<t< ).

Then for each s>0, x, the Laplace transform

ps(x, E) = fwe‘”P(x, E; Hdt
0

exists and defines a completely additive measure as a function of E over &.
Let V(x) be a measurable, nonnegative function. In the sequel we suppose
P, V satisfy the following condition (A):

(A) There exists a function k(s)— », s—0, and a positive constant C

such that

5(x, dv

f Pl= ) () = C, s — 0,
h(s)

the convergence being uniform in ¥ & {E] | 4¢3) >0}.

If V can assume negative values and C=0 matters are altered radically—
cf. a recent paper by Dobru$in [6] who considers a one step random Bernoulli
walk in one dimension.

In case V(x)=xg(x), the characteristic function of a set B, condition (A)
requires the existence of i(s)— x, s—0, 0 <Q(B) < « such that p,(x, B)/h(s)
—Q(B) uniformly in x&EB. This condition is met in the example of §2 by
the choice k(s) = (2w)~'log (1/s), in which case Q(B) is the Lebesgue measure
of B.

Considering again the second moment u. we have, as in the previous
example,

s(x0, dy ps(y, d2)
f e *tdus(t) = 2! ;Iiio__}_) V(y) f_(_y__z_ Viz) »2.C? s—0,

7(s) s ()
and by an immediate extension for £=0,1, 2, - - -,
3.1) f e tduy(l) ~ RIC*Ii%(s), s— 0.
0

Without further assumptions we cannot apply the Tauberian theorem.
However we have immediately the following
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THEOREM 1. If

L(1/s)

sa

(3.2) h(s) =

0=sa<l,

where L(1/s) is slowly varying as s—0, then

!Ln: Prob {Ch(l/ f V(x(r))dr < x}

1 2 (=1
= go(x) = — Z

T J o =1 7!

sin majT(aj + 1)yi~ldy.

In fact from (3.2) and (3.1) it follows by an application of Karamata’'s
Tauberian theorem that

¢t k
f V(x(7))dr _ k! b= 012
0 — = , 1,2, -+
Ch(1/2) Tlak+ 1)’

and the numbers k!/I'(ak+1) are known to be (see Pollard [S]) the moments
of the Mittag-Leffler distribution g.(x), which belong to the determinate
case. Unless 0 <a =<1 these numbers are the moments of no distribution. For
a =1 one gets the degenerate case

R j; V(x(r))dr — C, l— o,

in probability, which is a kind of weak ergodic theorem.

For a=0 the Mittag-Leffler distribution (3.3) becomes the exponential
distribution 1—e=2, x20; and for «a=1/2 the truncated normal
(w)=12[5e=v*Itdy, x 2 0.

The interesting thing is that Theorem 1 has the following converse:

THEOREM 2. If the process x(t) and the non-negative function V(x) satisfy
(A), and if in addition for some normalizing function u(t) >0

=

lim Prob ! lV d =G(x
im Pro {;(t—)fo (x(1)) r<x} = G(x),

where G(x) is a nondegenerate distribution then
h(s) = L(1/s)/s*

for some o, 0 S <1, and slowly varying L(1/s). Hence
G(x) = galx/d),
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where b is an appropriate constant.

The proof of this theorem will be given in §5. The following section will
be devoted to some auxiliary results of independent interest.

4. Auxiliary results. By a simple change of variable we rewrite the result
(3.1) as follows

V d
im [erlJ, TEOT
4.1) -0 J o i
Ch(s)
Let now T be a nonnegative random variable such that
(4.2) Prob {T >t} = ¢, 120,
and which is independent of x(f). We can rewrite (4.1) in the form
T/s k
14 d
im £{J, VEOL
Ch(s)
and hence we have the following
THEOREM 3.
1 T/s
(4.3) lim Prob {—- f V(x(r))dr > x} = ¢7%, z =0,
-0 Ch(s) 0

or equivalently

© 1 t/s
(4.4 lim f et Prob { f V(x(7))dr > x} dt = 7, x= 0.
-0 0 Ch(s) 0

As an almost immediate corollary we obtain

THEOREM 4. For every A>0

(4.5) lim sup Prob {Ch()\/ )f V(x(r))dr > x} e,

t—o

and

lh‘riinf Prob {Ch()\/ )f V(x(r))dr > x}

e — ¢

4.6 .
(4.6) P

v

We have, using the nonnegativity of V,
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f:e_‘ Prob {Ch(s)f V(x(r))dr > x} dt
= ‘f:e“ Prob {Ch( )f V(x(r))dr > x}
= j;w —t Prob { l(s)f)\h V(x(r))dr > x} dt

e

= ¢ Prob {——
Ch(s)
Setting s=M\/t and using (4.4) we obtain (4.5). Estimate (4.6) follows in a
similar way.
5. Proof of Theorem 2. We are now ready to prove Theorem 2. The proof
is carried out in several steps which we separate for the sake of convenience.
1°. First we show that

V(x(r))dr > x} .

t t
(5.1) 0 < tim inf 2 < limsup P <
o h(1/1) o h(1/1)
In fact, if
. u(?)
lim su ’
oo h(l/t)
we have

Prob {1—‘—:5L‘V(x(—r))dr > x}

= Prob {h(l/)f Vm)ar > xh(l(;)o}’

and by (4.5) G(x) =0, contrary to the assumption of nondegeneracy of G.
Similarly for the positivity of the lim inf.
2°. Secondly, we show we might as well take

(5.2) () = m() = E{ fo ‘V(x(f))dr}.

From (3.1) and the obvious inequality

s f e~*tux()dt = spr(N) f ettt = M (N),
0 A

we get (setting A\=1/5s)
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1/s
lim sup wi(1/9) =< ek!CH,
=0 h*(s)
or 0
lim sup K < ek!C*
o BE(1/E)

Using (5.1) we have

Cwm® o wl (h/ N
(5-9) fim sup Ly = lmsup Izk(l/l)( () ) <

for positive integers k=1, 2, - - -.
Since we assumed that the limiting distribution of

1 t
. l)fo V(x(r))dr

exists and since by (5.3) the moments of (5.4) are bounded it follows that the
moments approach limits and in particular (k=1)
#1(’)_

1 _

t—o M([)

(5.4)

exists. Since the limiting distribution is nondegenerate this limit cannot be
zero and hence may be taken to be 1.
3°. We now start with (4.4) which we rewrite in the equivalent way

3 ) © ~ ,ul(t/S) 1 t/s ] B .
(5.5) lslif‘l) . et Prob {—_Cl1(s) wl]5) fo V(x(r))dr < x}n’/ =1 e,

%

RY .

By an argument used at the beginning of 2° we get
14
wi(t/s) <

lim sup < e,
s—0  Ch(s)

and the functions ui(¢/s)/k(s) are nondecreasing functions of ¢ for each s>0.
It follows that a nondecreasing function f(¢) and a sequence s,—0 can be
chosen so that
u1(t/ )

5.6) lim ——— = f(¢)

(5-6) i nn =

at each continuity point of f(¢). It follows also from (5.1) that f(¢) >0 for ¢>0.

By assumption

1 t/en
lim Prob {—» f V(x(r))dr < x} = (G(x),
spn—0 [.L](l/s,,) 0
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and hence by (5.5)

(5.7) fo e‘G(%>a’t=1—e .

Let R be a random variable such that
Prob {R<t} =1— ¢ 12 0.

Formula (5.7) can be rewritten in the form

(-

or, denoting by H(y) the distribution function of f(R)
fomG(x/y)dH(y) =1-—¢7
By the exponential change of variable x =¢*', y=¢v" we get
(5.8) wa(e"‘”')dH(e"') =1—e , —w < < o,

The left hand side of (5.8) is recognized as the convolution of the dis-
tribution functions G(e*) and H(e*). Since the characteristic function of the
distribution 1 —exp (—exp x) is T'(144£) 0 and since (by assumption) G is
given, the distribution function H is uniquely determined. Thus (5.7) deter-
mines f(f) uniquely and it follows that (5.6) can be replaced by the stronger
statement

(5.9) lim “1/9)
. =0 Ch(s)

4°. From (5.9) it will now follow simply that f(f) =¢*, 0 Sa<1.

In fact, f(¢) being monotonic, is continuous except for at most a denumera-
ble set of points and consequently if #, £, and ##, are continuity points of f
we have

= /(D).

) = tim 29 mlats/s) s/t
s—o0  Ch(s) s—0 Ch(s/ty)  h(s)

Since f(tt;) %0 and

ui(tate/s)

i ey W O

it follows that
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h(s / tz)
lim

=0 h(s)

= g(t2)

exists. Thus we obtain

f(tta) = f(t1)g(t2),
and it follows trivially that

(5.10) @) =

To prove 0=a <1 we need only go back to (5.8) and use characteristic
functions. Denoting by vy(¢) the characteristic function of G(e*) we find im-
mediately

I'(1 + 1)
T(1 + iad)

This is the characteristic function of a nondegenerate distribution if and
only if 0 =<1 in which case the distribution is g.(e?).

Finally (5.10) implies k(f) =¢2L(¢), and the proof of Theorem 2 is com-
plete.

6. Corresponding results for Markoff chains and applications to sums of
independent random variables. The preceding results can be carried over to
Markoff chains. The only difference is that we now use generating functions
instead of Laplace transforms. We shall therefore simply state the assump-
tions and the principal results.

Let X,, n=0,1,2, - - - bea Markoff chain with transition probabilities

v() =

P.(x, E) = Prob {X..x € E| Xi = x}
and put
(6.1) p(x, E) = X Poyi(x, E)z, 0<sz<1
n=0

Suppose that V(x) is nonnegative, measurable and that, analogous to (A),
(A’) There exists a function k(z)— e, z2—1, and a positive constant C

such that
f P(x.dy) (y) —C, 72— 1,
h(z)

the convergence being uniform in x& {S] V() >0}.
Under these assumptions we have the following

THEOREM 5. A necessary and sufficient condition that for some normalizing
sequence u, the limiting distribution of
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1 n

(6.2) — 2 V(=)
Un j=0

should exist and be nonsingular is that

e

for some a, 0= <1, and slowly varying L. In case (6.3) is satisfied u, can be
taken to be Ch(1—1/n) and the limiting distribution is then the Mittag-Leffler
distribution ga(x).

This theorem is simply the discrete analogue of Theorems 1 and 2.

One of the simplest examples of a Markoff chain with stationary transitions
is furnished by the partial sums of identically distributed independent ran-
dom variables. Let Y3, V3, - - - be such variables and set

Xn=Yl+Y2+'°°+Yn-

Let the common distribution of the ¥’s be F(x), and ¢(¢) their common char-
acteristic function. Denote by F® (x) the distribution function of X,.
Then we have

f pi(x, dy)eis = f et 3 gndF D (y — ) =
—o0 0

—00

PE0)
1—26()

and hence if E is a bounded interval (a, b) with p,(x, a) =p.(x, b) =0 a stand-
ard inversion formula gives
1 T Y@, x E)o(t

¥(t, x, E)o(?) i

4 (% E) = lim —
(6.4) p«(, E) Tl—r,?o rd 71— 2¢(d)

where

t//(t, X, E) = f e_“(”_z)dy.
E

Letting V(x) =xs(x), the characteristic function of a bounded set B, one
needs only to determine the behavior of (6.4) when 2—1 in order to apply
Theorem 3.

It does not seem easy to give the best possible conditions on ¢ to insure
that k(z) is of the desired form (6.3). However a relatively simple and useful
condition can be formulated as follows: If the distribution function of the
Y’s has either (a) an absolutely continuous component or (b) has a lattice
structure and if, as {—0,

(6.5) $&) ~1 = ||, 1sys2,
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then (A’) is satisfied with

1 1
h(z) = 1<y=2
2 ysinw/y (1 — z)“”"’ Y
1
(z) = — log 1= y=1

Moreover in case (a) one has
C = Lebesgue measure of B,
and in case (b)
C = Number of lattice points in B.

Let us indicate the proof by considering case (b) and y=1, the lattice
being of span 1. Only minor modifications are necessary to treat the other
cases. We can assume that B consists of exactly one point &, and then setting
E= {k} we have, analogous to (6.4),

1 T e—it(k—z)¢(t)
z E) = 2\ X, E) = — - —
p:(E) = pu(%, E) ). T 20

It is clear that for each fixed integer x, as z—1,
pim =~ [T Lo,
2rd . 1 — z¢(2)
Now choose ¢ >0 arbitrary and a corresponding 7 such that
|¢(t)| >1—e¢ for |t| <.
We have

—f 1—¢(o + o),

and by assumption (6.5) we can write ¢(¢) =1 —k(¢) [ tl with k(t)—1, t—0. In
particular 0 <m < | k(t)| <M, It[ <7. Set t=(1—2)r, obtaining

fﬂ dt fn/(l—z) dr
a1 —2e(t)  Joyamn 14 7] R = 2)7)s

Let w(2)—0, z—1, sufficiently slowly. We can write

f’l/(l—l) dr fw(z)/(l—-t) dr
v L+ [ A =20z J wpamn 1+ [ B0 = 2)7)2
—w(z2)/(1~2) dr n/ (1=2) dr

+ [ .
—n/(1—2) 1+ I "'| k(1 — 2)7)2 wsa-n 1+ l T| k(1 — 2)7)z

+
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Since |k((1 —2)r)| >m the sum of the last two integrals is bounded by

2 l4+m/A—2 2 =2
T me@)/(—2)  mC )

The first integral is clearly asymptotic to

and since w(2) can be made to go to zero arbitrarily slowly we get

1 1 1
p.(E) = — log + a<10g )
T 1 -2 1 -2

7. Applications to the number of changes of sign. Let Y3, 15, - - - be in-
dependent identically distributed random variables. We assume that

(7.1) E{|7,]} < =

and furthermore assume that V; has a density function p(x) whose character-
istic function ¢(¢) satisfies

(7.2) o) ~1— |1, 1<y=£2,1-0

and is absolutely integrable in (— «, «). (These assumptions can be relaxed
but we choose them for the sake of convenience; actually (7.2) implies (7.1)).
Let S,.= Y1+Y2+ R +Y,., n=1, 2, LR N

If N, is the number of changes of sign in the sequence S1, Sz, - + -, Sqit will
now appear that the limiting distribution of

ysinw/y N,

is again the Mittag-Leffler distribution of index 1 —1/v. For ¥’s having the

symmetric stable distribution of index 4 this was proved by Chung and Kac

[2] but here it will emerge as an application of our general approach.
Consider the vector Markoff chain (S,=0)

W° = (SOy Sl)r PV! = (Slv S2)' W2 = (Sz’ S3)v tt

and let E be the set in the plane consisting of the second and fourth quad-
rants: E= {x, y] xy <0 }, and V(x) = xe(x). Essentially we need only calculate

p.(E) = X Prob { W, € E}s»,
n=0

which we shall sketch in a formal way, leaving some of the steps to the reader.
We have '
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Efeitsntsntn} = gn(t + n)é(n),

and hence

1 0
nr1(E) = —i(§z+9y) gynt+1 )
Pu(®) = [ fE o [f g+ () dedndsdy

Thus

¢(E+n)¢(v) )
2 )"f f ot T ey © T dkdndady

3 lff( )1foo e—-wx¢(u) dudad
)Y T ) 1T D e

A simple calculation gives

r(u) = ff p(y — x)e~=dxdy

B ezuz — 1
= f | x| p(x)dx.

iux
Thus
7(%) -»fw| x| p(x)dx, u—0,
and )
pE) = L[ rme

27r o 1 — 2¢(u)
Thus it follows (as before) that p.(E) satisfies (A’) and

1 © u
(7.4) e = L [T 2% 4 c=E{|v;]}.
2rd 0 1 — 2¢(u)

The appearance of E{ | Y,-| } in the normalizing constant in (7.3) was al-
ready noted in [2]. Formula (7.4) provides an explanation of this curious
fact.

8. A remark on Karamata’s Tauberian theorem. Suppose that ¢,20 and
as z—1,

8.1) i @,z ~ h(3)

where k(z)— «©, 2—1. Can one infer that
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(8.2) z":a,-NCh(l —1/n)?
=0

If

8.3 h(z) = ! L( ! )

( . ) k3 —(1—Z)¢ 1 — ’

with slowly varying L the answer is affirmative and is given by Karamata’s
theorem. Our considerations throw some light on the question as to whether
(8.3) is also a necessary condition.
Let us restrict ourselves to k(2) of the special form
O 0]

M=) T w0

where
B(t) = D2 cuet,

with ¢,=0 and Y c=1.
Let us now assume that the Tauberian conclusion (8.2) holds not only for

k(z) but for all its powers h*(z), k=1, 2, - - - . In other words assume that

whenever

(8.4) Z a,z" ~ h*(3), z—1,
°

and a,=0, we have

n

(8.5) > aj~ bih*1 — 1/n), n— o,
0
It now follows from our reasoning that k(2) must be of the form (8.3).
In fact, consider independent random variables Y3, V3, - - - such that
PrOb{Yj=k}=Ck, k=0)i1"°'v

and let the set E consist of the sole integer 0. If V(y) is the characteristic
function of this set we have (analogue of (3.1))

£ [r{(E )} - #{(Br)} v

and hence by (8.4) and (8.5)

E{( Z:: V(S;)/k(1 — 1/n)>k} — by, n— o,



458 D. A. DARLING AND M. KAC

Furthermore (by an analogue of the formula which precedes (5.3)) we have
bk §ek'
It thus follows that the limiting distribution of

1 n
k(1 — 1/#n) ZO: V(s

exists and hence by Theorem 5 & must be of the form (8.3).
We have thus demonstrated that, in a certain sense, condition (8.3) is
also necessary.
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