STRUCTURE THEORY OF FAITHFUL RINGS
II. RESTRICTED RINGS()

BY
R. E. JOHNSON

The first paper of this series(?) concerned itself mainly with closure
operations on a lattice. This paper applies these results to the global structure
theory of a faithful ring and its modules.

A ring R is called faithful if aR=0 implies a =0. Let £ (£*) be the lattice
of right (two-sided) ideals of R, and §'= {A; Acg, ANA'=0, 4 =A”}.
The set §'’ becomes a Boolean algebra with the obvious definition of the
union operation. In case §'’ is complete, R is called a restricted ring. Being
complete, ' induces a closure operation f on £ and £*. It is shown that if f
is homogeneous, then there exist irreducible rings 4; such that Y ; 4;CR
C D ¥ 4., where D (D_*) designates the discrete (full) direct sum and 4;
is a universal extension ring of 4. A reducible ring is shown to be restricted,
where R is reducible if and only if for every pair 4, B of ideals of R with zero
intersection, there exist ideals A’ A4 and B’DB also with zero intersection
such that A”'MB’''=0.

Modules of a faithful ring are studied in the fourth section. It is shown
that every suitably restricted closure operation on £ induces a closure opera-
tion on 9, the lattice of submodules of a R-module M. If ‘4, A CR, designates
the annihilator of 4 in M, then it is shown in the fifth section that 3¢ = {'A;
AE€g"} is a Boolean algebra.

In the final two sections, it is assumed that the ring R and the R-module
M have the property that for every nonzero element x in R or M there exists
a nonzero A € £ such that xa0 for every nonzero a& 4. It is shown that
R is restricted, and that every 4 in £ (9N) has a unique maximal essential
extension 4% (4*%). For the closure operation s on £ so defined, §’ is proved
to be the center of the lattice £, and similarly for 3¢ in 9n‘. Imbedding M
in its unique minimal injective extension M, it is proved that the lattice o1t
is isomorphic to the lattice of principal right ideals of the centralizer @ of R
over M. If s is atomic, @ is a full direct sum of primitive rings with minimal
right ideals.

1. Faithful rings. If R is a ring, then L(R)(LY(R)) will designate the
lattice of all right (two-sided) ideals of R. We shall upon occasion write £
or £t if the ring in question is obvious. For each subset 4 of R, 4! (47) will
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designate the left (right) annihilator of A in R. Clearly AT€ &£ for every
ACR,and 47€ £+ if AE L. The mapping Ir: A—A'" is a closure operation on
both £ and £

A ring R will be called (left) fasthful if R*=0. One could define right faith-
ful rings analogously. We shall investigate in this section the general proper-
ties of faithful rings. Thus each ring R considered in this section is assumed
to be faithful.

The ideals S of R for which S'=0 play an important part in our discus-
sion. Let us designate by 3(R) the set of all such ideals. By assumption,
REI(R); and if S, TEI(R), then STEI(R). Thus it is evident that J(R) is a
(not necessarily complete) sublattice of £¢(R).

If AEL(R), A4 is called prime [10, §2] if and only if

rSCA, for rER and S & I(R), implies r € 4.

We shall designate by £7(R) the set of all prime right ideals of R. It is proved
in (FI, §5) that p&EC%(£L) and that p Zir.

If A€ £7(R) and B is the bound of 4, so that B is the largest ideal of R
contained in A4, then B&E£?(R) also. Thus, if »SCB for some r&R and
SE3I(R), then (#)SCB and (r) CA4, where (r) designates the ideal of R gen-
erated by r. Clearly, then, () CB and B&£?(R). Consequently, for each
A€ LY(R), ArELY(R) and pECL(LY). It is easily seen that for 4 ELY(R),
A7»=R if and only if 4 E3(R).

We shall need to consider those ideals of R that as rings are faithful. We
separate such ideals into three classes as follows:

F(R) = {4;4 € (R), AN A! = 0},
F(R) = {4; 4,41 EFR)},
F'(R) = {4; A EF(R), 4 = A},
Clearly "' (R) CF' (R) CF(R). Also
At C Ar, A C A" for each A € F(R).
[t is evident that 0, REF"(R), that 3(R) CF'(R), and that if 4 EF'(R) then
AE3(AY) and 4'€F(R). Also
AN B = 0if and only if AB = 0; A4 € £(R) and B € F(R).
If 7ER, SEI(R), and AETF(R), and if rSCA!, then rASCANA'=0 and
rA =0. Thus r&EA!, and we conclude that A'€ £?(R). In particular, §'(R)
CLP(R).
1.1. LEmMA. If AELY(R) and BEF(R), then (ANB)!N\B=A4'MB.

Proof. Clearly (ANB)IMBDOA'MB. Since [(Af\B)’ﬂB]ABc[(Af\B)’
NB](ANB) =0, we have [(ANB)'N\B]4ACB'"\B=0. Hence (A4NB)'NB
CA'NB, and 1.1 is proved.
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If, in 1.1, also AEF(R), then (ANB)!\(ANB)=ANA'N\B=0, and
ANBEF(R). If A, BEF'(R), then so is ANB since ANBC(ANB)"
CAYNB*. We have proved the following theorem.

1.2. THEOREM. Both F(R) and "' (R) are closed under the finite intersection
operation.

The F-sets are not generally closed under the union operation, although
we do have the following result.

1.3. TuEOREM. If {4} CF(R), then U; A;EF(R).

Proof. If A=U; A; then 4'=N; A}, If ANA'£0, there would exist ele-
ments Ay, - - -, A, In {A;} such that, if B=4,U - - . \U4,, BNB!#0.
Since each 4}€F(R), B'E€F(R) and therefore BB!>0. However, this is con-
trary to the fact that 4;4{=0 for each 4. This contradiction proves 1.3.

The set F"/(R) can be made into a lattice by defining the union operation
V as follows:

AV B = (4 + B)Y, A, BE §"(R).

Since (4 +B)!"=(A'N\BY)}, A\/BEF"(R) by 1.2. Clearly A\/B is the least
element of §'/(R) containing both 4 and B. The mapping [:4—A4! is a dual
automorphism of §/(R), since

(AV B!=A'NB, (ANB)}!=A4'\VB; 4,BEF'(R).

The unique complement of 4 in §/(R) is A'. Thus the following theorem is
a consequence of [2, Theorem 17, p. 171].

1.4. THEOREM. The lattice §''(R) is a Boolean algebra.

For subsets 4 and B of R, let AB~!= {r; r&ER,rBCA } , and similarly for
B-14. Thus AB~}(B7!4) is the largest subset of R such that (AB-)BCA4
(B(B™'4)CA). If AEL(R), BT'AEL(R); if AEL(R) and BEL(R), then
AB '€ £(R).

Each SE £4(R) defines a mapping

¢sipsd = ANS, A€ L(R),

of £(R) into £(S). Clearly ¢sR =S, ¢sis an MN-homomorphism, and ¢s(U; 4;)
=U; ¢sd; for each chain {A4.} CL(R). Thus ¢s is an MN-map (FI, §4) of
L(R) into £(S).

Another mapping associated with SE£4(R) is

0g:0sB = BS™!, B € £(S).
Since (BS~Y)RSC(BS')SCB, evidently BS'€£(R). Also, SS~!=R and
(N B)S~1=N; B;S-! for every {B:} C£(S). Thus 65 is an N-map of £(S)
into £(R).
Associated with each subset A of £(R) (B of £(S)) is a subset ¢sA of
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£(S) (0sB of £(R)). If A (B) is an inset (FI, §2), then so is psA (05B).
If }2[ is a partially ordered set, we shall use the notation /S = {A i AEY,
A4DS;.

1.5. THEOREM. If SEF'(R), ¢s is a homomorphism of the inset £2(R) onto
£r(S). Actually, ¢s is an isomorphism of LP(R)/S* onto L£7(S) with inverse 0.

Proof. If A€ £?(R) and ¢cPC¢sA for some ¢&S and PEI(S), then
¢(SPR+SY)CA. Since SPR+S'€3(R), c€ANS and therefore ¢psd € £7(S).

On the other hand, if B& £7(S) and ¢P ClsB for some c¢&ER and PE3J(R),
then ¢SPSCB and, since PSE3(S), ¢SCB. Thus ¢&€BS~! and evidently
0sBE £7(R). It is clear that 8gB D S* and that §3BMNS =B for each B&E £7(S).
Hence ¢sfs is the identity mapping on £7(S), and ¢s is a homomorphism of
£?7(R) onto £7(S).

If A€£r(R)/SY then spsd =(ANS)S1DA. Since BspsA)SCTANS,
0spsA)(S+SHCA and, since SH+S'EI(R), Os¢psd CA. Thus Os¢ps is the
identity mapping on £7(R)/S% and 1.5 follows.

In case SEJ(R), ¢s is an isomorphism of £P(R) onto £7(S) with inverse
fs according to this theorem.

We mentioned above that ¢g maps insets of £(R) onto insets of £(S5).
Thus ¢5 defines a mapping of the set I(£(R)) of all insets of £(R) into the set
I(£(S)) of all insets of £(S). Similar remarks may be made for 5.

Since ¢ defines a mapping of I(L(R)) into I(£L(S)), it also defines a map-
ping of the set C(£(R)) of all closure operations on £(R) into the set C(£(S))
of all closure operations on £(S) in a natural way: fora € C(£(R)), bE C(L(S)),

¢sa = b if and only if ¢s£L%(R) = £8(S).

If A€ £(S), then 4 is not necessarily in £(R). However, we may still define
A to be the least element of £2(R) containing 4. If e €EC(L(R)) and b=¢sa,
then clearly

Ab=A4°NS for every 4 € £(S).

In a similar way, 65 defines a mapping of C(£(S)) into C(£(R)).

If SEF(R) and a € C(L(R))/p, then ¢pga & C(L(S))/p in view of 1.5, and
similarly for 8s. Thus, if a =p and b=¢sa, then b =p and therefore 4?>=A4?
for every A € £(S). Hence

Ab = A" NS for every 4 € £(S).

The advantage of this formula for A% over the previous one is that A?& £(R)
for every 4 € £(S).

1.6. THEOREM. If SEF'(R), ¢s is an M-homomorphism of C(L(R))/p onto
C(£(S))/p, whereas 05 is a homomorphism of C(L(S))/p into C(L(R))/p. The
mapping ¢s carries Cu(L(R))/p onto Cu(L(S))/p. I SEI(R), ¢s is an iso-
morphism of C(L(R))/p onto C(L(S))/p with inverse O5s.
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Proof. For a € C(L(R))/p, dsa=0b where ¢s£(R) = £4(S)C£?(S). Evi-
dently ¢s0s£>=£> by 1.5. Since ¢s(U; £%) =U, ¢ps£% for every set {a.-}
CC(L(R))/p, ¢s is an M-homomorphism of C(L(R))/p onto C(L(S))/p by
(FI, 2.2). Clearly 65 is a homomorphism of C(£(S))/p into C(£(R))/p.

If a&€Cn(L(R))/p and b=¢ga, then (ANB)>*=(4ANB)»*N\S=(A»NBr)°
NS=A47N\BrN\S=A*\B> for every A, BE£L(S), and consequently
bECA(L(S))/p. Next, let us assume that bEC.(£L(S))/p, and let us prove
that a=0gb is in C.(£L(R))/p. Since ¢psa=D>b, this will prove that ¢ carries
Cn(L(R))/p onto Cn(L(S))/p. Let C be a maximal element of (£(R); 4, B)
(FI, §2) where A€ £(R) and BEL*(R). Then CNACB and ¢sCN¢psA4
C¢sB. Since psBE £ and £? is an m-inset of £(S), there exists some DE £
such that DD¢sC and DN\¢sA CpsB. Hence 0sDMNOspsA COspsB =B and,
since 0gpsA DA, 0sDA CB. However, 85D C, and therefore 63D = C due
to the maximality of Cin (£(R); 4, B). Thus CE £% and £°is an m-inset of
£(R) by (FI, 2.3). Consequently a € C,(L(R))/p.

If SE3(R), psa=> if and only if b=0sa, and the last part of the theorem
follows readily. This completes the proof of 1.6.

1.7. THEOREM. If SEF'(R), ¢s is a ho. .omorphism of F''(R) onto F''(S).
Furthermore, ¢s is an isomorphism of F''(R)/S* onto F''(S) with inverse 0.

Proof. If AEJF'(R), then ¢4 EF'(S). If BEF(S), then BE L~(S) so
that BE £(R). Actually, BE£(R), since RBB'=0 and RBCB. Let A =60sB
=BS-!. Then ASCANS=B. Now ANS)NS=4'N\S=B'"\S and
[(ANS)INSINS=(A'NS)!NS=A4"NS=B*N\S=B. Thus A4SCB and
AUCA. This proves that 4 EF'/(R). The rest of the theorem follows from 1.5.

The symbols > and D * are used to designate the discrete and the full
direct sum respectively of the rings of a given set. It may be shown that if
{R:} is a set of faithful rings and if R= ) _; R;, then

£7(R) = { Z A A € ,BP(R.)}, F"(R) = { Z A A; € €F"(R.-)}.

The concept of the universal extension of a faithful ring was introduced
in [9]. Since we shall have occasion to use this extension ring frequently, we
will sketch its construction.

For the (left) faithful ring R, let @(R+, R) be the centralizer of the addi-
tive group R* of R (considered as a right R-module) over the ring R. Then
we may consider Rt as a (€, R)-module, in which case R may be considered
a subring of € due to the faithfulness of R. Let the normalizer of R in €, that
is, the largest subring of C containing R as an ideal, be designated by R.
Since R has a unit element, it is faithful, and since R!=0 in €, RE3(R).

If S'is a faithful ring and RE3(S), and if the mapping a* of R+ is defined
by a*:a*x=ax, xER*, a &S, then S*= {a*; aES} Ce(R* R). Since R is
an ideal in S, S*CR. Thus, up to an isomorphism, R is the universal faithful
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ring containing R as an ideal such that R*=0 in R. If R has a unit element,
then R =R; thus, if S=R, S=R for every ring R.
Ry}

_ 1.8. TueoREM. If {R:} is a set of faithful rings and R= Y ; Ri, then
R=D ¥R.

Proof (See [10, 4.4]). Clearly RE3J(D_f R.), and therefore RD Y ¥ R..
Since R;(R;R)=(R;R)R=0 if i%j, R;RCRi. Also, R;(RR;)=(R,;R)R;
CR;R;=0if 157, and hence RR;CR;. Thus each R; is an ideal of R. Now for
each rER, rR;CR; and r has the same effect on R; as some r;& R;. Evidently
r=> fr;and RC D_f R.. This proves 1.8.

2. Restricted rings. A semi-prime ring is a ring having no nonzero nil-
potent ideals [10]. If R is a semi-prime ring, then £(R)=%(R) =9%'(R), and
clearly ¥/(R) is a complete lattice. This leads us to define a restricted ring as
a faithful ring R satisfying the following condition:

If {4;} C5”(R), then N 4;EF'(R).

No example is known to us of a faithful ring that is not restricted.

If it is known that N; 4;EF(R), where {4:} CF’(R), then it may easily
be proved that N; 4;E5"(R). Thus the definition of a restricted ring is not
weakened if the conclusion is just that N; 4;EF(R). Defining the union oper-
ation V on F’(R) as previously, V; 4;=(U; 4,)%, it is evident that F’(R)
is a complete Boolean algebra for a restricted ring.

Unless otherwise stated, each ring R considered in this section is assumed
to be restricted.

2.1. THEOREM. Each ideal SEF'(R) is a restricted ring.

Proof. If {4} C5"(S), then each 4;=B:N\S for some B;&F"(R) accord-
ing to 1.7. Since N; 4:=(N; B)NS and N; B;€F"'(R), N, 4:€5"(S). This
proves 2.1.

2.2. THEOREM. If S is a restricted ring and SEI(R), then R also is re-
stricted.

Proof. If {4:} C5”(R) and 4 =N, 4;, then ANS=N; (4:NS) is in F(S)
by assumption. Thus (ANS)!N(ANS) =0 and, by 1.1, 4'MANS=0. Hence
A'NA =0 and A EF(R). This proves 2.2.

2.3. THEOREM. If {S:} is a set of restricted rings and R= >°iS;, then R
also is a restricted ring.

Proof. As previously remarked, §7(R)={2.:d4:;; A.€%"(S)}. If
{B;} C"(R), then B;=.:B,N\S; and N;B;= 2 (N; (B,NSy)). Thus
N; B;EF"(R), and 2.3 follows.

The following theorem gives one condition on a faithful ring that insures
it to be restricted.
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2.4. THEOREM. If for the faithful ring R we have F(R) =F'(R), then R is a
restricted ring.

Proof. If {A;} C%"(R), then U; 4€5(R), and hence F'(R), by 1.3. Thus
U; 4)'=N, 4;€5"(R). ~

It is not true that F(R) =F'(R) for every restricted ring, as the following
example shows.

2.5. EXAMPLE. Let F be a finite field, and the following rings be subrings
of the total matrix ring Fy:

S1 = Fey, Sy = Fess + Feus, S =38+ S..
Also let
a = e + e 1 ey, R =S8+ Fa.

Clearly S is an ideal of R and R is a faithful restricted ring since its ideal
lattice is finite. Now S;=3S;, and therefore S;&F(R). However, S;&EF (R)
since Sy D S1. We note that ¥/(R) = {0, R}.

Since §'/(R) is closed under infinite intersections for a restricted ring R,
§''(R) induces a closure operation f on £(R) and £¢(R). Thus, for 4 € £(R),
A/’ is the least element of §'/(R) containing 4. Clearly fE€ C*(£*), although f
is not generally in C%(£*) as is shown by 2.5.

2.6. LEMMA. If aEC%(L), then a <f.

Proof. For every A€ £, A7MA*=0; hence ANA/'=0 and 4°NA4/'=0.
Thus 4%47'=0 and 4°CA’. This proves 2.6.

2.7. THEOREM. If aEC%(L) s atomic (homogeneous) then so is f and A is
an atom of & for every atom A of £°.

Proof. Let A be an atom of £% If 0#BCA/ for some B& £/, then BE £°
by 2.6. If ANB#0, then ACB due to the atomicity of 4, and B=A4’. If
ANB=0, ACB! and therefore A CB!'M\A’# A4’ in contradiction to the as-
sumption that A4/ is the least element of £’ containing 4. Thus, always,
A’ =B and A’ must be an atom of £/. The rest of the theorem is obvious.

If a is an atomic closure operation on £(R), let us define

Ba = {4; 4 an atom of £°}.

The base B, of R relative to a is defined to be the ring union of all the ele-
ments of B, [10, §4]. If f is atomic, then B}EF"(R) and therefore B,&5'(R).

2.8. THEOREM. If f is atomic, the base B; of R relative to f is the discrete
direct sum of the atoms of £/(R).

Proof. If {4:} C®B, and S=U; 4;, then S'=0; 4}, an element of 5’(R).
If ANS#0 for some 4AE&WB;, then 4570 and AA4;%0 for some . Hence
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ANA;#0, and 4 =4, since both are atoms of £/. Consequently S= Y ; 4,
and 2.8 is proved.

If f is atomic and S is an atom of £/(R) (=%"(R)), then F'(S) = {0, S}
according to 1.8. Let us call a faithful ring ¢rreducible if §'’'(R)= {0, R}.
Thus the atoms of £/(R) are irreducible rings.

We are now in a position to prove the main structure theorems for a
restricted ring R having an atomic m-closure operation on its lattice of right
ideals. We recall from the first section that associated with each faithful ring

S is its universal extension ring S. The following theorem is analogous to
[10, 4.5].

2.9. THEOREM. If f is atomic and C = B}, then B;®CCRCB;+C.

Proof. Since B;+C;E3(R), the completion, B;+C;, contains R. This
proves 2.9.

The restricted ring B} appearing in the theorem above can have no atomic
m-closure operation on its lattice of right ideals, since clearly f is nonatomic on
B,

If f is homogeneous, then B;=0 and we have the following corollary of 2.9
and 1.8.

2.10. CoROLLARY. If f is homogeneous, there exist irreducible rings A such
that

ZA,»CRCZ*Z;.

The converse of 2.10 which is analogous to [10, 4.6] is the following result.

2.11. THEOREM. If {A;} s a set of irreducible rings and if R is a ring such
that

ZA:'CRCZ*Z&.

then R is a restricted ring and f is a homogeneous closure operation on L£'(R)
for which B;={A.NR}.

Proof. Each 4; is a restricted ring, and hence S= ) ; 4; is a restricted
ring by 2.3. Since RCS, SEJ(R) and R is a restricted ring according to 2.2.
By 1.6, 65 is an isomorphism of /(S) onto §'/(R). Since f is homogeneous on
£4(S), f must be homogeneous on L*(R). The atoms of F/(R) have the form
0sA:=A;S-1=A4,NR. This proves 2.11.

3. Reducible rings. A completely reducible ring is a ring R such that
£4(R) is a complemented modular lattice. It is well-known (see, for example,
[3, Theorem 2]) that a completely reducible ring is a discrete direct sum of
simple rings.

As a generalization of complete reducibility, let us call a faithful ring R
reducible if for every pair A, B of ideals of R for which AMB =0, there exist
ideals A’ DA and B’DB such that A’MB’=0 and 4A’+B'€3(R). A semi-
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prime ring is reducible since AMA4!=0 and 4+A'&3(R) for every ideal 4
of R [10, §1]. We give now another example of a reducible ring.
3.1. ExaMPLE. Let F be a field and the rings described below be subrings
Of F4.
A =F611+F3211 B=F833+F843, S=4+ B.
Also let
a=ezz+844, R=S+Fa.

Since R has a unit element, R is faithful. Evidently SE3(R), and S*=C+D
+ Fo where

C = Feyy, D = Fey;.

The ideal lattice of R may be verified to be as in the figure. Since 4 + BE3(R),
R

£4(R)
it is evident from this figure that R is a reducible ring. Also, ¥/(R) = {0, A, B,
R } An interesting feature of this example is that R is not reducible as a right
faithful ring, since S"#0.
If H= Fey -+ Feay CF,, then H is isomorphic to rings 4 and B. The central-
izer of H, considered as a right H-module, is just F,. It is clear that the uni-
versal extension ring H is given by

H = Fei + Fey + Fes.
The structure of R in 2.10 has the form
A®BCRCA®B,
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where 4 and B are isomorphic to H.
3.2. THEGREM. If R is reducible, then F(R) =F'(R).

Proof. Let 4 EF(R), so that AMA!=0. Since R is reducible, there exist
ideals BDOA and B’ DA% such that BN\B’=0 and B4+B'&3(R). Now B'CB!
and B!CA!, and therefore A'=B’. Since BNA!'=0, A'CB! and, in view of
our previous remarks, A'=B! Thus (B+A4)!'=B'MA"=0, A\MA*=0, and
AEF'(R). This proves 3.2.

If Risreducible, R is restricted in view of 3.2 and 2.4. Thus ¥/(R) = £/(R),
where fE C(£4(R)). We shall now determine the nature of the closure opera-
tion f.

We recall that if A, BE£*(R), B is called an essential extension (FI, §6)
of 4 in £«(R) if ACB and for every CEL*(R) such that CNB=0 also
CNA #0. The set §(A4) of all essential extensions of 4 has maximal elements.

3.3. THEOREM. For every ideal A of the reducible ring R, A’ is the unique
maximal essential extension of A in £4(R).

Proof. Let B be a maximal element of (£¢; 4, 0) and C be a maximal ele-
ment of §(4). Since C is also a maximal element of (£*; B, 0) and since R is
reducible, C+B€&E3(R), B=C" and C=B" Thus CEF’(R) and 4/ CC since
A7 is the least element of ¥'/(R) containing 4. On the other hand, A/EF"'(R)
and 47'"MA’=0. Since ANA/'=0, necessarily CNA’*=0 and CCA"=4’.
Thus C=A4’, and the theorem is proved.

3.4. THEOREM. If R is a reducible ring, the closure operation f is the maximal
element of C%(L£LY).

Proof. Let us first prove that fEC%(£Y). To this end, let 4 E £, BE L/,
and C be a maximal element of (£¢; 4, B). If DDC, then DNA{B and
E=DNANB'>40. Since END>0 whereas ENCCBNB!=0, D&&(C).
Hence &(C) = {C}, and C=C’ by 3.3. Thus fEC%(L*) by (FI, 2.3).

The closure operation f is reducible in the sense of (FI, §6). Hence, by
(FI, 6.3), f is the M-identity element of C%(£*). This completes the proof of
3.4.

3.5. THEOREM. If {S:} is a set of reducible rings and R= 3 ; Si, then R
also is a reducible ring.

Proof. Let 4 and B be maximal ideals of R such that AMNB =0. We wish
to prove that A+BE3(R). Since 4, BEL?(R), A=Y ;A;and B= Y ; B,
for some 4;, B,& £7(S;). Clearly 4; and B; are maximal ideals of S; such that
ANB,=0. Thus 4;4B;E3(S,) for each i. If ¢c(A+B) =0, where c= D ;c,
¢;ES;, then ¢;(4;+B;)=0 and ¢;=0. Thus ¢=0, A+B&3(R), and 3.5 is
proved.



1957] STRUCTURE THEORY OF FAITHFUL RINGS II 533

3.6. THEOREM. If S is a reducible ring and SEI(R), then R also is a re-
ducible ring.

Proof. Let A and B be ideals of R for which ANMB =0, and let A’=A4ANS
and B’=BNS. By assumption, there exist ideals CDA4’ and DD B’ of S such
that CND =0, C!'N\S=D, and D'"\S=C. Since C, D€ £*(S), C, DEL(R)
and SC, SDe£(R). If a(SC+SD)=0, then aS(C+D)=0, aS=0, and,
finally, a =0. Thus SCNSD =0 and SC+SDEJ(R). Now (4+SC)NSCC
and (B4+SD)NSCD, and therefore (4+SC)N(B+SD)MNS=0. Since
SEI(R), (A+SC)N(B+SD)=0, and R is a reducible ring.

The converse of the preceding theorem does not hold, as is shown by the
following example.

3.7. ExaMPLE. Let F be the field of integers modulo 2, and S and R be
the following subrings of Fj:

S = Fey + Fes + Feg,, R = § + Fess.

Clearly R and S are left faithful rings, and SE3(R). The ideal lattices of R
and S are shown in the figure. We see that trivially R is reducible, whereas
S is not reducible since €S +¢€3,S is not in 3(S).

e, R + ezR €S + €S
e3R R + esiR  enS (e21 + €31)S
e31R 0
0
L£4(R) £48)

The fact that R and S are one-sided faithful rings in the example above is
important. Thus, it can be shown that if R is both left and right faithful and
left and right reducible, then each ideal of R that is faithful is reducible.

Let us call a ring R strongly irreducible (s-irreducible) if AMB =0 for every
pair 4, B of nonzero ideals of R. The ring R of 3.7 is s-irreducible. Every
s-irreducible ring is trivially reducible. It is not known if the atoms of £/(R)
need be s-irreducible if R is reducible. However, the following result is true.

3.8. THEOREM. If { A;} is a set of s-irreducible rings and if R is a ring such
that
2 A CRC 2*14,

then R is a reducible ring and f is a homogeneous closure operation on £4(R)
with By = {Z,f\R}
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Proof. The ring Y A; is reducible by 3.5, and therefore R is reducible by
3.6. The rest of the theorem follows from 2.11.

4. Modules of a faithful ring. The ring R encountered in this section is
assumed to be faithful. For each x€R and A€ £(R), x'AE L(R) and x~!is
an N-endomorphism of £(R). Since x~1(U; 4:) =U; x4, for every chain
{A;} C&(R), x~tis an MN-map (FI, §4) of £(R) into L£(R).

A closure operation @ on £(R) commutes with x~! if ax~!=x"1a, that is, if
(x~14)2=x"14° for every AE L(R). Let

c'(g) = {a; a € C(L), ax~! = x~'a for every x € R}.

By (FI, 4.9), C'(£) is a complete sublattice of C(£). That p&C’(L) follows
from (FI, 5.2).

4.1. LEMMA. If sEC(L)/p, then A*={r; rER, (r~'4)*=R} for every
4dEeg.

Proof. If (r~14)*=R then r~'4*=R, rRCA*, and, since s=p, rEA4".
Conversely, if rEA4* then (r~'4)*=r"'4*=R.

4.2. LEMMA. If s€C'(L£)/p, then s€C(LY).

Proof. If A€ £(R),rERandcE€A4* then (r¢c)'A =c~}(r'4) Dc~'4. Hence
((re)~'A)*=R and rcEA*. Thus 4°€£(R).

An immediate consequence of this lemma is that the bound of every ele-
ment of £¢(R) also is in £2(R).

Let us turn now to a discussion of modules of a faithful ring R. Associated
with each (right) R-module M is its lattice of submodules M (M). An NE M (M)
is called prime if and only if

xS C N, x € M and S € 3(R), implies x & N.

We shall again designate by p the closure operation on 9(M) induced by the
set of all prime submodules of M. It is proved in (FI, §5) that p & Cn(M).
The module M itself is called prime if 0 is a prime submodule, that is, if
pe Ch(M).

For subsets 4 and B of the R-module M, let B~'4 = {r; rER, BrCA }
If Aem(M), then Bl AE L(R); if A€mr, B'AE€ £7(R). This last state-
ment follows from the observation that if »xSCB~'4 for some r&ER and
SE3(R), then BrSCA, BrCA, and finally r&B~'4.

If s€C(£), an R-module M is called s-admissible if and only if x~10E€ £°(R)
for every x& M. For example, if M is prime then M is p-admissible.

It will be assumed henceforth in this section that R is a ring and s is a
closure operation on £(R) such that

s € Cn(2)/p,

and that M is a prime s-admissible module.
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If Nem(M) and x, y&€ M such that (x~1N)*=(y"!N)*=R, and if rER,
then [(x—y)"'N]'D['NNG'N)]*=R, and [(¢r)"'N]*=[1—1N) ]s
=r~!(x"1N)*=r"'R=R. Hence, if for each NEM(M) we define

Nt= {x; 2 € M, (x'N)* = R},
then N*€M(M) and t=¢(s) is at least a quasi-closure operation on M (M).
4.3. THEOREM. For every xE M, sx~1=x"1,

Proof. We must prove that for every NEWM(M), (x~'N)*=x"1N¢t If
rE (x~1N)*, then [r~)(x~'N)]*=R by 4.1. Hence [(xr)"!N]*=R, xr EN"*, and
r&x~'Nt. Thus (x7'N)*Cx~'N* A reversal of this argument proves that
x"IN*C (x~'N)*, and establishes 4.3.

Since (x7'N®)*=(x"'N)**=(x"'N)*, (x~'N*)*=R if and only if (x~1N)*
=R. Consequently N*¢*=N'*for every NEWM(M), and ¢ is a closure operation
on M (M). Actually t& C°(9M), since (x~10)*=x"'0 and x~'0=R if and only if
x=0.

4.4. LemMA. If K, NEWM?(M) and x'K=x"'N for every xEM, then
K=N.

Proof. If x€K, then x"'N=R, xRCN, and x&N. Hence KCN. Simi-
larly NCK, and 4.4 follows.

4.5. THEOREM. t& C'%(M)/p; and if s=p then t=2p also.

Proof. If xSCN* for some xE M and SEI(R), then SC(x~'N)* and, since
S?=R and p=s, (*x"'N)*=R and xEN"*. Hence N**=N* and p <t by (FI,
1.6). :

To prove that tEC.(M), let K, NEM(M). Then for every xE M,
(K NNt = [x(KEN N)]* = (x'K N x7IN)* = (x"1K)* N (x~'N)*
=x"1K*Nx~INt=x"Y(K*\N*). Hence (KNN)t=K!'"\N'* by 4.4.

Finally, we know from (FI, 5.2) that (x~!N)?=x"!N7 for every x & M and
NEM(M). Since (x"'N)*=x"1Ntby 4.3, t=p if s=p by 4.4.

4.6. THEOREM. If s is atomic and if xA 70 for some x& M and atom
AEL(R), then t is atomic and (xA)* is an atom of M(M).

Proof. This follows from (FI, 4.10).

If Nem(M) and KEM(M) with KCN, then the R-module N—K is
prime and M(N—-K) = {A-—-K; Aem(M), KCA CN}. Since (x+K)!
(A—=K)=x"'4, (x+K)"'0E€£*(R) and N—K is s-admissible. The closure
operation induced on N —K by s is the obvious one, as stated in the following
theorem.

4.7. THEOREM. If NEM(M) and K& M (M) with KCN, then the closure
operation u on M(N —K) induced by s is given by
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NN — K) = {(ANN) — K; A €M), 4 D K}.

Proof. If x &N and 4 €M (M) with ADK, then (x+K)"[(ANN)—-K]
=x"1(ANN)=x"'A=Rif and only if xE4. Thus (ANN) - KEam*(N-K).
On the other hand, if B— K€EmM*(N—K), where KCBCN, and xEB'NN,
then (x!B)*=R and [(x+K)"!(B—K)]*=R. Hence x+KEB—K and
x&B. This proves that BN =B, and completes the proof of 4.7.

This theorem allows us to construct examples of the modules considered
in this section. We need only select M =R+, K& £*(R), and NE L(R) in 4.7
to get a module N —K of the type being considered.

Each of the sets £2(R) and 9M*¢(}) can be made into a lattice by defining
the union operation \/ in the obvious way. Thus, for {N;} Cont (), V, N;
=(U; N,)*. The lattices so formed are modular by (FI, 6.1).

5. Annijhilating submodules. In this section, M is assumed to be a prime
R-module of a faithful ring R. For each subset 4 of R, let !4 designate the
(left) annihilator of 4 in M.

5.1. LEMMA. If ACTF'(R), then 'A = (MAY)?.

Proof. We first prove that ‘A &amr(M). If xSC!4 for some x& M and
SEI3(R), then xS4=0, xASA =0, and, finally, x4S(4+A4%) =0. Since
A+A'€3(R), xAS=0 and x4 =0 by the primeness of M. Hence x&!4 and
lAeme(M).

Clearly MA'C'A, and therefore (MAY)?»C!4. If xE!4, then x(4+4Y)
=xA'C(MAY? and x&(MAY?. Thus ‘A C(MAY)?, and the lemma is proved.

5.2. LEmMMA. If AEF"(R) and NEW(M), then *ANN =0 if and only if
NCH4Y.

Proof. By 5.1, !4 =(MAY? and YA4!)=(MA)*. Since (MA'NMA)
(A4+A4Y)=0, MA'MA =0; and since pEC%(M), 'ANI(AY) =0. Now if
IANN =0 for some NEM(M), then NA'C*ANN=0 and NC¥4?%. This
proves 5.2.

5.3. LEMMA. If A, BEF"(R), then (AN B)='4N'B.

Proof. Clearly {(A\/B) C*AN'B.If C=A4+ B, then C'=A4'"\B'=(4 \/B)".
Now [H{(CHMN!ANB](C'+C)=0, and therefore (since C'+CEI(R))Y(CY)
MNANB=0. Thus !AN'BCHC")=4AVB), and the lemma is proved.

The set

se(n(M)) = {!4; 4 € F'(R)}

is closed under the intersection operation by 5.3. It can be made into a lattice
by defining AV!B=!ANB), !4, '‘B&i(M). It may be verified that
t4\/'B actually is the least element of 3C(91) containing both '4 and 'B.

5.4. THEOREM. The lattice 3C(IMN) is a Boolean algebra. If 'A % M for every
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nonzero A €5 (R), then F''(R) and 3 (M) are dual isomorphic under the corre-
spondence A—'4.

Proof. It is evident that '4AN{(4Y) =0 and ‘AV!(4Y =M. If 'AN'B=0
and 'AV/'B=M for some A, BEF"(R), then IBC!A?Y). If we let C=4"'V/B,
then !C='B so that !AN!C=0 and ‘4\V/'C=M. Now C=A4"\/(ANC), and
therefore !C=44YN(4AV'C)=4A4"). Hence each ‘4 &€3C(IMN) has a unique
complement ¥(4%), and 3C(9N) is a Boolean algebra.

If ‘A= M for every nonzero AEF'(R) and if ‘4 ='B for some 4, B
€3"(R), then {(ANBY) =4V B)='BV{B)=M and ANB'=0. Thus
A CB. Similarly one proves that BCA4, and therefore 4 =B. Hence F'(R)
and 3¢(9M) are dual isomorphic, and 5.4 is proved.

If M =R*, then it is clear that !4 =A4* for each A EF/(R), and the map-
ping A—'4 is essentially the dual automorphism of R defined in the Boolean
algebra ¥/(R).

The lattice 3¢(9M) is quite easily shown to be a complete Boolean algebra
in case R is a restricted ring. Also, 3¢(9) is dual isomorphic with §''(R)/C
(and also §"/(C") if R is restricted, where C is the maximal annihilator of M
in ¥’(R). In case R is restricted, the lattice 3¢(9M) induces a closure operation
g on M(M); for NEM(M), Nv is the least element of 3¢(9M) containing N.

6. Rings with nonsingular elements. For 4, BEL(R), we shall write
A C’B if B is an essential extension of 4. The elements of £(R) having R as
an essential extension are of particular importance in the following discus-
sion. Thus we shall let

£AR) = {4;4 € &(R), A C'R}.
If M is an R-module, then we shall also let
mAM) = {N; N € m(M), N C 'M}.

Clearly £4 and 9nA are lattices, although not usually complete lattices.
Contained in R and M are the subsets R* and M/* defined by

RA={r;7€ R r0C eAR)}, MA={x;2E M, x0C £42R)}.

It may be shown that R4 is an ideal of R and M4 is a submodule of M. We
call RA the singular ideal [6, p. 894] of R and M4 the singular submodule of M.
If NEem(M), evidently NA=MANN. Therefore,if NC’M, N*=0if and
only if M4=0. Also, if R45£0 and MRA50, then MAD MRA0.
We shall assume henceforth in this section that R and M are so chosen
that

RA=0 and M4 =0.

Under these restrictions, 4'=0 and '4 =0 for every 4 E LA(R).
If BES(R) and B’ is a complement of B, then B+B’'E £4(R) and
(B+B")!=0. In particular, if 4 EF(R), then A!is the unique complement of
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A and (A+4Y)'=A4"A"=0. Therefore F(R) =F'(R), and we conclude from
2.4 that R is a restricted ring if R4=0.

6.1. THEOREM. If NEM(M), NC'M if and only if x"'NELA(R) for
every x& M.

Proof. If NC'M and xEM, and if ANx—IN=0 for some 4 € £(R), then
xANN=0, xA=0, and ACx~'N. Thus 4 =0, and we conclude that x—'N
€ LA(R).

Conversely, if KEM(M) and KNN=0, and if x 'NELA(R) for every
xEK, then x(x~1N) =0 and xEMA. Hence K=0and NC'M.

6.2. THEOREM. If {N;}CEJTZ(M) and, for each i, K; is selected so that
N;C'K;, then U; N,‘C'Ug K.

Proof. If PEM(M) such that PCU; K; and PN(U; N;) =0, then each
EEP has the form k= E; ki, B:EK;. If A=N;k7'N; (a finite intersection),
then 4 E£4(R) by 6.1 and k4 =0. Hence k=0, and P=0. This proves 6.2.

6.3. THEOREM. If NEM(M) and xEM such that x'NE L4(R), then
NC'N+(x).

Proof. Since (y+xr)"!N=(xr)"'N=r"1(x"1N)EL4(R) for every yEN
and rER (and similarly for (y+nx)~'N, » an integer), 6.3 follows from 6.1.

6.4. THEOREM. Each NEW(M) has a unigue maximal essential extens.on
Nt given by Nt= {x; xEM, x“‘NE.,B‘(R)}.

Proof. The union of all essential extensions of NV is the unique maximal
essential extension by 6.2. The rest of the theorem follows from 6.3.

This theorem applies equally well to R. Thus each 4 € £(R) has a unique
maximal essential extension 4°= {r; rER, r'AELA(R)}.

That 6.4 is not true in general may be seen from the example that follows.

6.5. ExampLE. Let NC'M and P=M & (M — N). Define the submodule
K of P as follows: K = {(x, x+N); xGM}. Then both M and K are maximal
essential extensions of N in P. If M4 =0, then PA=M—N.

6.6. THEOREM. s& CX(L)/p and tE& Co%(M)/p.

Proof. If A, BEM(M), ACB, then A+BC’A‘+B* by 6.2. Thus
BC’A*+ Bt and A'CB!. Therefore it is clear that t&C°(9M). Since AMNB
C’A'NB'C'(ANB)tand (ANB)'CA'\B*, we have (ANB)*=A'"\B*and
te C%(Mm). Clearly each At is prime, and hence ¢ = p.

We need only prove that s&C’(£) to complete the proof of 6.6. Let us
actually prove the stronger result that sx~!=x"! for every x&M. Let
AEL(R) with 40, xEM and NEM(M) such that ACx~'N*. Then
xA C Ntand either x4 =0 or xANMN 0. In either case, we have AMNx~ !N 5#0.
Thus x"!NC’x~N* and therefore x~!N!C’(x~'N)*. On the other hand, if
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rE(x~'N)* and A =r~'(x~'N), then A ELA(R). Hence xrACN, xrEN'* and
rEx !Nt Thus (x~'N)*Cx~'N* and, in view of the earlier inclusion, (x~!N)*
=x~1N* This completes the proof of 6.6.

It is clear now that the assumptions R4 =0and M4 =0 lead to realizations
of the closure operations s and ¢ discussed in §4. Actually, the closure opera-
tions s and ¢ are reducible in the sense of (FI, §6). Thus, for each 4 € £4(R),
A #R, there exists some nonzero B& £/(R) such that AMB =0, and similarly
for t. Hence £°(R) and IM¢(M) are complemented modular lattices by (FI,
6.2).

Let us now show that the complete Boolean algebra 9ne(M)(=3C(IM)) is
a sublattice of 9M*(M). Analogous remarks will hold for £/(R) in £2(R).

If {4:} C£/(R) and 4 =N; 4;, then by definition (U; '4.)?="'4. For every
€, xW(U;14,)DAVUU; A)EL£A(R). Hence U; '4;C"'4 by 6.1, and
(U;'45)¢='4. Thus ae(M) is a sublattice of M*(M). We shall presently
prove that 9M?(M) is the center of M *(A]). First, let us prove the correspond-
ing result for R.

6.7. THEOREM. The Boolean algebra £/(R) is the center of £2(R).

Proof. Clearly £/ is contained in the center of £2. Let A & £* have the
unique complement A’, so that A4 is also the unique complement of 4’. We
shall first prove that 4, 4’E€ £*. This will be done by showing that rAMNA4’'=0
for every r&ER, which will imply that rA CA for every rER. If raE A’ for
some r&R and e¢€4, then (ra+a)RMNA’'=0 since rax+ax&EA’ implies
ax&A’ and ax=rax=0. Hence (ra+a)RCA, raRCA, and ra&EA. Since
ra€ A’ by assumption, ra=0. This proves that A4 is an ideal of R. Similarly,
A'ee.

If 4 =0 for some r&A4, then r(4+4+A4’)=0 and r=0; hence 4 EF(R).
Since 4’ =A* for ACF(R), AEL/(R) and 6.7 follows.

6.8. THEOREM. Let NC'M and, for every KEM(N), K be the maximal
essential extension of K in N. Then (KNN)*=K"\N, KEW(M), and
M(M)2M“(N) under the correspondence K—KNN, KEM(M).

Proof. If x€(KNN)*, then xEN and x~(KNN)E £4(R). Hence x—'K
ELA4(R) and xEK* On the other hand, if x€EK'\N, then xEN and
x~ 'K E £A(R). Hence x~1(KNN)E £4(R) and x &€ (KNN)*. This proves that
(KNN)*=K'"\N for every K&Im(M).

For K;€m(M), (KxN\N)*=(KN\N)* implies (K{N\N)t= (Kt \N)*t and
K} =Kj. Clearly (KiN\N)*C (K,N\N)* if and only if K} CKj}. This proves 6.8.

If NEM(M) and N’ is a complement of N, then for every KD N such that
KN N’ =0, necessarily NC'K (FI, §6).

If K, Nem*(M) and KN, then K is not an essential extension of
KNN. Thus there exists a nonzero A EM(M) such that A CK, ANN=0.

We shall further restrict ourselves in the remainder of this section by as-
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suming that s is homogeneous. By 4.6, it is clear that ¢ also is homogeneous.
In view of our remarks of the previous paragraph, if K and N are distinct ele-
ments of M *!(M), there exists an atom of M (M) contained in one and only
one of K and N.

The following theorem was proved for prime rings in 7, 4.11].

6.9. THEOREM. If xE M, x50, then (xR)* is an atom of M (M) if and only
if x~10 1s a maximal element of £2(R).

Proof. If (xR)!is an atom of M*(M) and x~'0 is not maximal in £5(R),
then x"10CCCR for some CE £+, C#x~10, C#R. Hence there exist atoms
A, BE £*(R) for which x710NA4 =0, A CC, and BNC=0. Evidently x4 #0
and xB0, and therefore xANxB#0 since (xR)* is an atom. Hence x~10
N (4 + B) 50, contrary to the choice of 4 and B. Thus x~'0 must be maximal
in £2

Conversely, if x~10 is maximal in £° and N is an atom of 9¢ such that
NC(xR)¢t, then NNxR#0, x~'NDx~10, and therefore x"'N=R. Hence
xEN and (xR)*is an atom of 9.

From this theorem, R cannot be an integral domain unless £*(R) = {0, R } .
And if R is an integral domain, our assumptions are such as to insure that R
necessarily has a right quotient division ring.

The atoms of 9M?(M) may be characterized by use of the concept of per-
spectivity. Twoelements A and B of 9 ¢(M) are called perspective [2, p. 118],
and we write A~B, if and only if 4 and B have a common complement. It
is easily shown that perspectivity is an equivalence relation on 8., the set of
all atoms of 9M(M). As in [2, p. 120, Lemma 3], we may show that two dis-
tinct elements of B, are perspective if and only if their union contains a
third atom. A ring-theoretic version of this result is as follows.

6.10. THEOREM. For A, BE®B;, A~B if and only if there exist nonzero a &S A
and bEB such that a='0=5710.

Proof. The theorem is obvious if 4 =B, so let us assume that 4 =B. If
a=10 =510 for some nonzero a A and bEB, let C=[(a+b)R]". Then C is
an atom by 6.9, CCAVB, and A~B.

Conversely, if A~B, select CCAVB, C#A and C#B. Each nonzero
¢EC has the form ¢=a+b for some nonzero a4 and b&B. Since ¢"0 is a
maximal element of £¢ and ¢~!0=a"10MNb"10, we have a~'0=5710. This
proves 6.10.

Our remarks on perspective elements apply equally well to £¢(R). The
relations of perspectivity on 8, and B, are connected by the following result.

6.11. THEOREM. If A, BEDY, and x, yEM with xA 70 and yB#0, then
A~B if and only if (xA)‘~(yB)".

Proof. If A~B, so that a—'0 =510 for some nonzero a4 and bER then
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(xa)~'0 = (yb)~10 and (xA4):~(yB)* Conversely, if (x4)!~(yB)?, there exist
nonzero #E(xA4)t and vE(yB)* such that #~10=9v"10. Since uRMNxA4 #0,
ur=xa#0 for some r&ER and ¢&4, and (xa)~'0=(vr)~'0. Similarly, vrr’
=yb#0 for some " ER and bEB, and (xar’)~10=(yb)~10. Since ANx~10
=BNy~10=0, evidently (ar’)~'0=56"10 and A~B.

For each 4 €8, let A* designate the union in M(M) of all B~A4. It is
easily demonstrated that an atom BCA* if and only if B~A4.

6.12. THEOREM. If A &8, then A* is an atom of the center of MH(M).

Proof. If B is a complement of 4* and B is not unique, then there exists
some atom C such that CNA*=CNB=0. Since CN"\(4*+B) %0, c=a+b for
some nonzero a4, b&EB, ¢&C. Clearly a7 '0=56"'0=¢"10, C~(aR)?, and
C~A contrary to assumption. Hence 4 * has a unique complement and is in
the center of 9.

If N is an atom of the center of 9t and ACN, AEYB,;, then NCA*. If
N#A*, there exists BEY, such that BCA* and BNN=0. Since A~B,
CCA\/B for some atom C distinct from 4 and B. If CCN, then CVACN
and BCWN contrary to our choice of B. If CCN’, the complement of N, then
CVBCN’ and A CN’ contrary to our choice of 4. Hence N=A4%*, and 6.12 is
proved.

Letting M =R* in the theorem above, we have that the atoms of £/(R),
the center of £2(R), are of the form A * for 4 €B,. This is in keeping with the
classical result for a ring R with minimal right ideals, in which case each foot
of the socle is a union of isomorphic (as R-modules) minimal right ideals.

If A*is an atom of £/(R), 4 EB,, then (MA*)tis in M*(M) and hence in
the center of M*¢(M). Let N be an atom of the center of ¢, NC(MA*)*. If
xEMA*, x#0, and BEYB, with xB0, then necessarily BCA*. Since
NA*#0, yC#0 for some yEN and C~B. Thus (xB)!~(yC)* by 6.11, and
xBCN by 6.12. Hence xBC N for every atom B of £2 and x~!N& £4. There-
fore x&ENt=N, and (MA*)=N. We have proved that the atoms of the
center of 9 ¢ are just the atoms of M?. Each element of the center of 9Mtis a
union of atoms of the center, and the following theorem is established.

6.13. THEOREM. The Boolean algebra (M) is the center of IM(M).

The well-known result that every complete atomic modular lattice is a
discrete direct sum of atomic projective geometries [2, p. 131] applies to the
lattice 9M4(M). In our case, the projective geometries are the submodules
N¥ where N;€%;, and M=V; N}.

7. Injective modules. The R-module M is called injective [4] if and only
if for every pair 4, B of R-modules with 4 CB, each homomorphism of 4 into
M can be extended to one of B into M. If R is a ring with unity 1 and if 1 is
the identity operator of an R-module M, then it has been shown by Baer [1]
and more recently by Eckmann and Schopf [4] that M has a mininal injective
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extension M, unique up to an isomorphism. At the same time, M isa maximal
essential extension of M. These results are true for any ring R and any R-
module, as we shall now prove.

7.1. THEOREM. If R is a ring and M is an R-module, there exists a minimal
injective extension M of M that is unique up to an isomorphism.

Proof. We may imbed R in a ring S with unity in a standard way. Thus
let S= {(a, n); aER, nEI}, where I is the ring of integers, with the opera-
tions defined as if (e, #n) =a+n [12, p. 87]. If we identify R with the subring
{(a, 0); aER} of S, then R is an ideal of S.

Now M becomes an S-module if we define x(a, n) =xa+nx for each xE M
and (a, n) €S. The identity element (0, 1) of .S acts as the identity operator
on M. Therefore, as an S-module, M has a minimal injective extension M.

In order to prove that M is an injective extension of M as an R-module,
let A and B be R-modules with A CB and let ¢ be a R-homomorphism of 4
into M. Then ¢ also is an S-homomorphism of 4 into M if we define ¢ [x(a, n) ]
=¢(xa+nx), x€A, (a, n)ES. Thus ¢ can be extended to an S-homomor-
phism ¢’ of B into M. Clearly ¢’ is an R-homomorphism of B into M, and we
conclude that M is an injective extension of the R-module M.

Each maximal essential extension of M in M will be a minimal injective
extension of M. The uniqueness of this minimal injective extension may be
shown as in [4].

Let us assume henceforth in this section that R is a ring and M is an R-
module such that

RA=0 and MA=0.

Again, M designates the minimal injective extension of M. We know that
MA=0. For N in (M) (9M(M)), let N* (N*) be the maximal essential ex-
tension of N in M(M). According to 6.8, M*(M)=9m‘(M) under the cor-
respondence N—->NNM, NEM*(M). For each NEWM(M), N* is also the

minimal injective extension of N.
7.2. LEMMA. If N.E*(M), then N1\/ Ny= N1+ N..

Proof. The lemma is obvious if NyC N, so let us assume Ny NV,. Select
KEM(M) maximal so that KCN;, KNN,=0. Clearly KE€m*(M) and
N,=(N:NN,) ®K; for N;—K is an essential extension of N1/ "\ Vs, and there-
fore Ny—K==N,N\N,. Since N, and K are injective, so is No@® K. Thus
N1+ N,=N,®K, and evidently N;\/ No=N;+ N,.

We shall designate by @(M, R) the centralizer of R over M, and we shall
consider M as a (€, R)-module.

7.3. THEOREM. For each aE (M, R), a~'v =va.
Proof. If NEM(M) and xE (a~!N)*, then x~(a~'N) = (ax)'NE £LA(R),
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axEN?, and finally xEa~'N*. Thus (¢ !N)*Ca~!N°*. Similarly, one proves
that a~'N*C (a~'N)®, and 7.3 follows.

If NEA(M) and a is a homomorphism of the R-module N into M, then
there exists a unique element & (M, R) such that fx =ax for every xEN.
Thus, if there were two elements of @ agreeing with « on N, their difference
v would annihilate N, y~'0DN. Since y~10EM*(M) by 7.3, v~10=M and
~ =0. From these remarks, it is evident that €(#, R) is isomorphic to the ex-
tended centralizer of R over M as defined in [6]. Thus the following results
on ©(M, R) are generalizations of some of our previous results on the ex-
tended centralizer [6; 7].

For each NESIZ(M), let

e(N) = {a; a EC(M, R), aM C N}.

As in [7, 5.5], the principal right ideals of the regular ring @(M, R) may be
identified as follows.

7.4. LEMMA. If A€ £(@), A is principal if and only if A =C(N) for some
Nege(M).

Proof. If NEm*(M) and N’ is a complement of N, then N+ N’'= M. Let
€& @ be defined as follows: ex=x, xEN; e N’ =0. Then (ee)ﬁ=N. IfaMCN
for a& @, then ee¢=a and aEeC. Therefore C(N) =¢C.

Conversely, if A =a€ for some aEe and N=aM, then NEM*(M) by
7.3. Clearly A = @(N), and the lemma is proved.

7.5. THEOREM. The lattice (M) is isomorphic to the laitice ®(C) of prin-
cipal right ideals of C€(M, R) under the correspondence N—C(N*), NEWM(M).

Proof. We shall prove that 9m*(#)=@®(e), which will prove our theorem
in view of 6.8. Evidently if K, NEmW® with KCN, then ¢(K)Ce(N). If
K#N and €(N)=aC, then aM =N and ade(K); thus €(K)#€(N). On
the other hand, if a, BEEC and a@CBe, then a=Py for some y&EE€ and
aM CBM; also, aM #BM if a@ #Be. This proves 7.5.

The center of 9*(M) may be identified as follows:

7.6. THEOREM. If NEM*(M), N is in the center of I if and only if
CNCN.

Proof. Assume that a& € and xEN such that ax& N. Since (ax)"'N
& £4(R), there exists A EL(R) such that (ax)4 %0, (ax)ANN=0. Let N’
be a complement of N containing (ax)4. Clearly (x—ax)ANN=0 and
(x—ax)ANN’'=0. Thus, since (x —ax)4 0, N has another complement N"/
containing (x —ax)4. Consequently N is not in the center of I*(M).

Conversely, if N is not in the center of 91*(#) and N’ is some complement
of N, then N’ will in turn have a complement N/ N. Let ¢ C be defined by:
ex=x,xCN"; ex=0,x&EN'. Now each x & N has the form x =x"+x"", ' EN’,
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x""EN", and for some xEN, x"" & N. Hence e NI N. This proves 7.6.

7.7. THEOREM. If the closure operation s is homogeneous and if {N .-} is the
set of atoms in the center of M*(M), then

e(M, R) = Z}* e(N;, R).

Proof. If N=U; N;, then NC’M so that each R-homomorphism of N into
M has a unique extension in @(M, R). Since @ N;C N; for each 7, @NCN and
e(M, R)=e(N, R). Each a€E@(N, R) has the form a= ) f a; where a;
€e(N;, R). Thus €(N, R)=> ¥ @(N;, R) and the theorem is proved.

It is easily shown that each €(V;, R) of the theorem above is a primitive
ring with minimal right ideals. In case M =R*, (M, R) is known to be the
maximal right quotient ring of R [6, p. 895]. Thus, if s is homogeneous, R
has as maximal right quotient ring a full direct sum of primitive rings with
minimal right ideals.
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