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1. Introduction. If G= H K where H is a normal subgroup of the group
G and where K is a subgroup of G with the trivial intersection with H, then
G is said to be a semi-direct product of H and K or a splitting extension of H
by K. In a recent paper, D. G. Higman [5](?) has considered the problem of
the existence of H when finite G and K are given and has extended the
classical results. Following Cartan [2], Malcev [7] has restated the defini-
tion of this product in terms of automorphisms of H. Specifically, one con-
siders the semi-direct product as an ordered triple G=(H, K; ¢) where ¢ is
a homomorphism from K into the automorphism group of H; ¢:k—¢s.
Special types of semi-direct products are the holomorphs and the dihedral
groups. The former, for the case H abelian, are discussed in a paper of Mills
[8]. The automorphism groups of the holomorphs of characteristically simple
groups are treated in a paper of Gol'fand [3].

In this paper, some properties of semi-direct products are found and con-
nections with the results in the literature are given. In §2, two special ele-
ments of Hom ((H, K; ¢), ¢(K)) are constructed. It is proved that the ex-
tensions of a group K by a group of automorphisms of a group H determine
extensions of K by the related relative holomorph, extensions which prove
to be semi-direct products of H by the corresponding extensions of K.

A necessary and sufficient condition is found, in §3, for a pair of homo-
morphisms, one on H into ¢(K), the other on K into ¢(K), to be com-
pounded to a homomorphism of G into ¢(K), where G=(H, K; ¢). If H is of
class 2 and if §(H) is the group of inner automorphisms of H, then the natu-
ral map 6 on H onto (H) and each of the power maps 7, :a—a" of the abelian
group J(H) can be compounded to a homomorphism of the relative holo-
morph [9] of S(H) over H to J(H). Continuing in §4, we show that for the
holomorph if the natural map 6 on H onto I(H) can be compounded with
an inner automorphism of the automorphism group of H generated by an
inner automorphism of H, then H must be nilpotent of class 3.

In §5, two products are constructed from group inclusions. The ascending
central series is determined for these, in one case in terms of repeated com-
mutator quotients [1]. It is shown that each endomorphism of the auto-
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morphism group of H leads to an extension W of H with normal subgroup
H, anti-isomorphic to H such that W/H,=W/H. Automorphisms of H are
extended, in §6, to inner automorphisms of (H, K; ¢), and a fundamental
homomorphism of the latter is constructed onto a semi-direct product of the
group of inner automorphisms of (H, K; ¢) generated by the elements of H
and of the group of such automorphisms generated by the elements of K.

The automorphisms of K which can be extended to inner automorphisms
of (H, K; ¢) turn out (§7) to be the inner automorphisms of K. If the ascend-
ing central series ends with the center and if ¢(K) =F(H), then F(K) can be
injected into §(H, K; ¢).

Those automorphisms of G which induce (§8) a pair of automorphisms,
one on H, the other on K, form a subgroup G. If H is of class 2 and if
¢&EHom (K, §(H)), then (H) has an isomorphic image which is a direct
summand of a normal subgroup of G.

If B is a group of automorphisms of H which includes the inner auto-
morphisms and is in the centralizer of the group of normal automorphisms,
then the normal automorphism group of the relative holomorph of 8 over H
turns out to be a semi-direct product. For a class 2 group H, construct the
centrally normal automorphisms, all those automorphisms which induce the
identity on the center and on the inner automorphism group. Then construct
the relative holomorph over H of this group of automorphisms, and form the
centrally normal automorphism group of this relative holomorph. By modify-
ing the proof of the result on the holomorph of 8 above, we can show that
our new group of centrally normal automorphisms splits into a direct sum
of two groups, one of which lies in the G of the relative holomorph.

The ascending central series is determined, in §9, for the case where ¢ is
ample in the sense that ¢(K)CF(H). The members of this series and the
related quotient groups turn out to be semi-direct products related to the
ascending central series of H and of K and to the repeated commutator quo-
tients of kernels of appropriate mappings. Even if ¢ is not ample, one can
readily construct the first two members of the ascending central series. G is
of class 2 if and only if H and K are of class 2 and each automorphism in
¢(K) is a special type of normal automorphism of H.

A short discussion of the derivative occurs in §10. The factor-commutator
group of G is the direct product of H modulo a subgroup of modified com-
mutators and of the factor-commutator group of K.

Normalizers and centralizers of H and K are found in §11. The largest
normal subgroup of G included in K is the kernel of ¢. The normalizer tower
of K in G is constructed by using a modification of the normalizer tower of
the subgroup of universal fixed points (under the ¢x) of H in H. Again the
commutator quotients will be indispensable in the consideration of this
tower. The normalizer modulo the centralizer of K in G is isomorphic to J(K),
also a property of a direct summand.
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As for notation, H AG shall mean that H is a normal subgroup of the
group G. The element e is used for the unity of every group, and (e) is the
one-element subgroup which it generates. If 4 is a subset of G, then {A} is
to be the subgroup of G generated by the elements of 4. A(H), F(H) and
G(H) are to be, respectively, the group of automorphisms, the group of inner
automorphisms and the set of endomorphisms of the group H. Hom (4, B)
is to be the set of homomorphisms on the group 4 into the group B. For a
homomorphism «, we shall denote the kernel by kern a. ¢ will be reserved for
the trivial automorphism or for an injection of a group 4 into a group B
(isomorphism into). For an abelian group H, the mappings w, mentioned
above are endomorphisms. We write 7_;=w. For a, BEHom (4, B), a+f
shall denote the mapping (not necessarily a homomorphism) given by
(a+B)(x) =a(x)B(x). As usual, ® is to denote cartesian product, while &
will indicate direct sum (product). = means that there is an isomorphism
from, say, left to right. The members of §(H) are the 6, where 0,(x) =x*
=hxh~'. v will be reserved for the trivial map: v(a) =e for every aEA4.
v&EHom (4, B). The Z:(G) are to be the members of the ascending central
series [9] of G. Zi(G) is the center, and Zi(G/Z.(G))xZ,1(G)/Z.(G). G is
said to be (nilpotent) of class n (or to be n-nilpotent) if G=2,(G). T,(G), the
set of normal automorphisms [9] of G, is the centralizer of J(G) in A(G). Let
A(A; A/B) be the subset of all those automorphisms of 4 which induce ¢
on 4/B. Then T:(G) =A(G; G/Z:\(G)). Let T.(G) =A(G; G/Z.(G)) [4]. Oc-
casionally, if B is a non-normal subgroup of 4, we shall write (4 ; A mod B)
for the set of automorphisms « of 4 DB where x~'a(x) EB for every xEA4.
-9((H; B) is to be the set of automorphisms of H which induce the identity on
the subgroup B of H. H' is to be the commutator subgroup D (H) =D(H)
of H with generators all [hl, ho] =mhshi'hy ' with hy, heEH. H'"=D®(H)
=D(D(H)), - - -, DW(H)=D(D®VY(H)), - - -, are the members of the de-
rived series of H [9]. €(A4, B) is to be the centralizer of 4 in B where 4 is a
subgroup of the group B. €™ (4, B) =€(C"-V(4, B), B) where §(4, B)
=@(4, B). Replace € by N and the word centralizer by the word normalizer
in the last two sentences. For a normal subgroup 4 and for any subgroup B
of G, A+B (=4 + gB) is to be the set of all g&G such that [g, ]E€4 for
every bEB. 4 + B is called [1] the commutator quotient of A by B in G. Itis a
subgroup of G, normal if B is normal. The formally defined K+ ¢K is the
subgroup N(K, G) even though K need not be normal. A subgroup 4 of B
is said to be a-admissible for a €E&(B) if a(a) EA4 for every aEA. The num-
bering of items starts anew with each section.

2. Mappings into ¢( K). Let G* be a group, and let H and K be sub-
groups of G* such that (1) G*= {H, K}, (2) HNK =(e) and (3) H AG. Then
each element of G* has a unique representation in the form hk, h&€H, kEK,
and (hk)(W'R’) = (h(kW'k~1))(kE’), where '€ H, k' €K [3]. Alternately, let
H and K be groups, and let ¢ be in Hom (K, A(H)). We write ¢, instead of
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¢(u) for uEK. ¢y =0¢.$, where mappings are written to the left. ¢(K) is to
be the range of ¢ in A(H) and is a subgroup thereof. Let us also write kern
¢=1(¢) =F. For ordered pairs from the cartesian product H®K, define
multiplication by (k, k) (W', k') = (hpr(h'), kE') [7]. The element (e, e) is the
obvious multiplicative identity, and (¢z—1(A™Y), B~V)(h, k) = (e, €). The asso-
ciative law for multiplication is quickly verifiable so that Gf, HQ K with the
given multiplication, is a group. We write G=(H, K; ¢) and call this group
the semi-direct product of H with respect to K via ¢ [7]. A short argument
shows that G# is a splitting extension, i.e., an extension of H by K with a
retractable factor system [9]; and conversely, every such extension is a semi-
direct product. This formulation of the semi-direct product goes back to
Cartan [2]. If K is a subgroup of A(H), and if ¢ =, the injection of K into
A(H), then (H, K;1) is the relative holomorph of K over H [9]. In particular,
(H, A(H); ) is the holomorph $(H) of H.

G* has a subgroup H*=~H and a subgroup K*=<K, where H* consists of
all (k, e), and K* is the set of all (e, ). It is immediate that (1) Gf = {H*, K*} ,
that (2) H*N\K*=(e) and that (3) H* AGf. Conversely, if a group G* has
subgroups H and K satisfying (1), (2) and (3), we can define

¢ € Hom (K, A(H))

by letting ¢ be that automorphism of the normal subgroup H which is
induced by the inner automorphism 6;EA(G). Then Gf=(H, K; ¢)=G*
= H*K* under the mapping given by (%, k)—hkk. For this reason we shall
write G=(H, K; ¢) in what follows. Thus, in a semi-direct product, ¢ is the
relativization of 8. to H. It is well known [9] that every automorphism of
H can be extended to an inner automorphism of $(H), so that we have
verified the obvious generalization that every element of ¢(K) can be extended
to an element of J(H, K; ¢). Since On,u(x, €) = (Oud(x), €) for every x&H,
On.1y relativizes to some ¢, if and only if 0, E@(K). Let us say that ¢ is ample
if $(K)DI(H) and define B;=Bi(G) as the set of all (k, k) with -1 =dx.
Note that if ¢ is ample, then the mapping v1 on G=(H, K; ¢) onto ¢(K) given
by vi(h, k) =0:dx is @ homomorphism, and kern v, =Bi(G).

Let F,= F,(H) be the set of all x&H for which ¢,(x) =x for every y& K.
Fi(H) is a subgroup of H. I{(®) ¢(K)CZ(H), then Fi1 AH, and the latter
normal inclusion is equivalent, in any case, to ¢(K) CUA(H; H/C(F\(H), H));
for if hEH, fEF,(H) and if yEK, then Fi(H) AH implies that ¢,(hfh™")
=¢,(h)fp,(h~1) =hfh~!, or h~¢,(h) EC(Fi(H), H), and conversely. Now
(h, B)EZ,(G) if and only if (&, k)(x, y)=(x, y)(k, k) for every (x, y)EG.
Equivalently, h¢x(x) =x¢,(h) and k€ Zi(K). Taking x=e, we find k& F1 so
that ¢r(x) =0i1(x). Conversely, if hEF;, k€ Zy(K) and if (h, k) EB;, then
(h, k)EZi(G). We have proved that Zy(H, K; ¢)=Bi(H, K; ¢)N\(Fi(H)

(3) See §1 for notation.
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®Zy(K)). “By abuse of language,” here Fi(H)®Z:1(K) stands for the iso-
morphic group consisting of all (%, k) with k€ Fi1(H), k€ Z,(K).

Let 6 be the natural homomorphism of a group 4 onto §(4) given by
0(a) =0.. Then for ¢ ample and G=(H, K; ¢), . defined by v:(0x.0) =0spr
is an onto mapping in Hom (J(G), ¢(K)) such that y1=".0 and kern v,=0(B,),
where G=(H, K; ¢).

If G is the relative holomorph of a group K over a group H such that
KD3(H), then v, is onto K and has the form «:(h, k) =64k. In particular,
there exists a homomorphism v; of $(H) onto A(H). Let y3on G=(H, K; ¢)
into $(H) be given by vs(k, k) =(h, ¢r). vsEHom (G, (H, ¢$(K); v)). But
there exists y{ €Hom ((H, ¢(K); ), ¢(K)) which is onto ¢(K), where
! (h, ¢r) =0ipr, as we saw just above, provided that ¢ is ample. Clearly,
Y1=v{vs=7vH. In what follows, let it be understood that ¢ is ample. Let v,
be the natural map on G onto K given by v4(k, k) =k. v, induces an isomor-
phism: G/H=K. Then y;=¢y4 is on G onto ¢(K). ys=+v{vs where v{ is the
vsof (H, $(K); ). Now both v, and ;5 are on G onto ¢(K). v1(k, k) =0ipx, and
vs(h, k) =¢r. Hence y1 =1y if and only if H is abelian. Equivalently, v{ =v/{.
Let v be the natural map of ¢(K) onto ¢(K)/J(H), where ¢ is ample. Then
YeY1=76Ys- Let By=kern 5. B;=~H®f. It is easy to show that B;CBs,
BsCB: and B; = Bs are equivalent conditions, and these, in turn, are equiva-
lent to H being abelian. The only case where y;=ays (or ys=a7y,) with
aEA(P(K)) is that with a=t, whence H is abelian. ByN\Bs==Z,(H) ®¥ so
that BiN\Bs;=(e) if and only if G is a relative holomorph over a centerless
group H of an extension of the inner automorphism group of H. In particular,
if H is a complete group [9], then in $(H), BiN\Bs=(e).

The mapping ; can be used to prove

LEMMA 1. Let H and K, be groups, and let Ao be a subgroup of A(H). Then
each extension of Ko by N, determines an extension of K, by the relative holo-
morph of Wo over H to a semi-direct product of H by the extension of K.

Proof. Let K/Ko=~%, Define ¢ € Hom(K, %y) by ¢(k) =¢dr=“kK,”
where “kK,” is that element of %, which corresponds to kK,&K/K, under
the given isomorphism. Let G=(H, K; ¢). Let £* be the set of all (e, k) EG,
kE€kern ¢. £*=~K,. For v; on G onto (H, ¢(K); ¢) defined by vs(k, k) = (h, ¢x),
kern y;=F*. Since ¢(K) =%, and since F*=<K,, there exists a group G,=G
such that Ko AGy, and Go/K==(H, No; ¢).

3. Further mappings on ¢( K). Let W be a group, and let G=(H, K; ¢).
For a€Hom (H, W), BEHom (K, W), define a mapping v on G into W by
v(k, k) =a(h)B(k). It is easy to verify that y&EHom (G, W) if and only if

¢y B(k)a(h) = a(ox(h))B(R)

for every h€ H and for every k€ K. If such a pair of mappings « and 8 obeys
(1), we write y=a ABEHom (G, W). Conversely, if yEHom (G, W), if
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a(k)=v(h, e), B(k)=~v(e, k), then a&Hom (H, W), B&Hom (K, W) and
v=a/\B where « and B satisfy (1). Recall(?) that %(4; 4/B) is a subgroup of
A(4). We have

THEOREM 1. Let G=(H, K; ¢), and suppose that acHom (H, W) where
kern o 4s a characteristic subgroup of H, that BEHom (K, W) where a/\B
€Hom (G, W), that c EU(H) and that €W (K ; K/f). Then ac A\Bfr&Hom (G,
W) if and only if cEN(H; H/kern a) +¢(K).

Proof. Since a ABEHom (G, W), B(k)a(h) =a(pr(k))B(k) for all hEH
and for all kEK. For c €EC(H), T€CE(K), ac ABrEHom (G, W) if and only
if Br(k)ao(h) =ag(¢pi(h))Br(k). Since ¢ and 7 are automorphisms, in the first
of these identities we can replace k by 7(k) and & by o (). Then Br(k)ac (k)
=a(p, w0 (h))Br (k). Thus ac ABr&EHom (G, W) if and only if ag.m(c(k))
=aopi(h) for every h&H and for every R&K. Equivalently, ¢.mo(h)
=o¢r(h) mod kern a. By hypothesis, ¢.« =¢x, and ¢ has an inverse ¢~
Then the condition that ac ABr&EHom (G, W) reduces to ¢ro(h) =odi(h)
mod kern a. Since kern « is characteristic, this latter congruence is the same
as ¢y ‘oo (h) =h mod kern «. Since kern « is characteristic, A (H; H/kern a)
AA(H) so that A(H; H/kern a)+¢(K) is defined. The theorem follows at
once.

Now let W=9%(H). We saw above that y,=0A¢ is in Hom (G, A(H));
specifically, since ¢ is assumed to be ample, yi&EHom (G, ¢(K)). Write
B(k) =Bx. We omit the proof of

THEOREM 2. Let G=(H, K; ¢) with ample ¢. For BEHom (K, ¢(K)), the
following are equivalent: (a) 8 ABEHom (G, ¢(K)); (b) Br=¢r mod (T:1(H)
N¢(K)) for every kEK; (c) for each kK there exists {xEHom (H, Zi(H))
with Br=¢r+ .

Suppose that G=(H, K; ¢) with ample ¢. For aEHom (H, ¢(K)),
a/N\¢EHom (G, ¢(K)) if and only if ¢ran=ay,mer for every & H and for
every k€K, where we write a(h) =as. If a A¢EHom (G, ¢(K)), then this
mapping is a homomorphism onto ¢(K). If h€kern «, ¢r=ay,mdx so that
¢r(h) Ekern «, and kern « is ¢x-admissible for every k& K. Corresponding to
Theorem 2 is

THEOREM 3. Let G=(H, K; ¢). For a&Hom (H, ¢(K)) any two of the
following imply the third: (a) aA¢EHom (G, ¢(K)). (b) ¢(K)CAH,;
H/kern a). (c) a(H) CZi(¢(K)).

COROLLARY. (a) For G=(H, K; ¢) with ample ¢, (K) CZ:(H) if and only
if J(H)CZ1(¢p(K)). (b) S(H)CZi(p(K)) tmplies that F1 AH.

We now examine modifications of v,. Let G=(H, K; ¢) with ample ¢.
For e €G(H), rEG(K), y=00 AN¢pr&EHom (G, ¢(K)) if and only if

(2) é: 1y (0(h) =lo(¢x(h)) mod Z,(H)
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for every k& H and for every k& K. Suppose, now, that
= 6o /\ ¢ € Hom (G, ¢(K)).

Then ¢ on kern v into G given by Y (k, k)= (a(h), 7(k)) for every (k, k)
€ kern v is readily seen to be into B;. Conversely, if (o(k), 7(k)) € By,
then (k, k) Ekern v. This shows that if § is extended to all of G, then ¢(kern v)
C By, and that the complete inverse image in G of By under ¢ is kern 4.

LEMMA 2. Let G=(H, K; ¢) with ¢ ample, and let s SC(H), TEE(K)
generate YEGE(G) by Y(h, k) =(a(h), (k). Then 86 N¢prEHom (G, ¢(K)).

Proof. Necessary and sufficient for { to be an endomorphism when o and
7 are endomorphisms is that ¢ (hoi(x), ky) =y(h, EW(x, v) for every h, xEH
and for every k, yE K. The left side is (oc(h)odr(x), 7(ky)), while the right is
(o (B)p-mo(x), 7(ky)). Hence ¢ is in €(G) if and only if

(3) ohr = ¢r(k)0‘
for every k€ K. But this equality surely implies the congruence (2).

LEMMA 3. (a) If o is an automorphism and if ¥ is T-admissible, then
kern (8o A¢T)N\Bs=BiMNBs. (b) If o is an automorphism then

(h, k) € kern (6 /\ ¢7) M B
implies that h&Z,(H).

LEMMA 4. Let G=(H, K; ¢) with ample ¢ and let c SA(H), T€A(K). For
y=00 AN¢prEHom (G, #(K)), (h, k)Ekern v implies that o(h)=o(Pi(h))
mod Z,(H) and that ¢.u (o (h)) =0c(h) mod Z:(H).

It should be noted that the latter conclusion has the equivalent form
[6ochy, Bray ] =1

If H is abelian, then #=». For T&E(K) one can readily verify that
v=vA¢rEHom (G, ¢(K)). Here y(h, k) =¢. .

If ¢ is ample, and if s EA(H), then v, =00 AN¢EHom (G, ¢(K)) if and
only if ¢xo (k) =0¢r(k) mod Zi(H), from (2). Since Z,(H) is characteristic and
since T;(H) AA(H), this latter congruence is equivalent to(®) c&EI,(H)
+¢(K). (If, in Theorem 1, we take W=¢(K), the same conclusion results.)
Let B,=kern v,. Now suppose that ¢, 1€, (H) +¢(K). Let p on B, onto B,
be defined by u(k, k) =(r"'¢(k), k) for (h, k) EB,. One can show that u will
be an isomorphism on B, onto B, if ¢x[r~'a (k)| =1"'a¢x(k) for every hEH
and for every k€ K. But this is equivalent(®) to o= mod €(¢(K), A(H)).
Now o=7 mod Z,(H) if the above congruence modulo € holds; for, ¢(K)
D3(H) so that C(¢(K), AH)) CE(J(H), AH)) =Ti(H). Then o (k) =7(h)
mod Z,(H) for every h&E H. From this it follows that 8,y =0, s forevery hc H.
Hence v, =00 /\¢ =07 /\¢ =7.. We have proved



408 FRANKLIN HAIMO [March

THEOREM 4. Let G=(H, K; ¢) with ¢ ample. If o, TCU(H) with =7
mod C(¢(K), A(H)) and with o, rEZT,(H) +¢(K), then o Np =0r N\o.

Note that if c €T1(H), then o A\ =1

By (2), y@?=0A¢cEHom (G, ¢(K)), where ¢ €A(K), if and only if
Doty (B) =¢r(h) mod Z(H) for every h&H and for every kEK. That is,
dito EX1(H) is equivalent to y?EHom (G, ¢(K)). Observe that if f is
o-admissible then ¢ induces an automorphism on ¢(K) by ¢r—¢, ).

Let K be abelian so that(®) « € A(K). If ¢ is ample, J(H) is consequently
abelian so that H is of class 2. For ¢ €E(H), (2) shows that o ApwE&Hom
if and only if ¢w-10(h)=0¢r(k) mod Z,(H) for every h&H and for every
k& K. For any W, it is easily seen that a&Hom (H, W), kern a ¢;-admissible
for every k€K, &EHom (K, W) and a ABEHom (G, W), where G=(H, K;¢)
and K is abelian, imply that a ABwEHom (G, W) if and only if each ¢
EN(H; H/kern a).

Let H be a group of class 2, and let & be an abelian extension in A(H) of
J(H). Consider G=(H, &; 1), the relative holomorph of & over H. For a
given integer(®) n, 8§ Am,EHom (G, &) if and only if, by (1), x04(x) =0,y k"(x)
for every x, h€EH and for every k8. Upon expansion, this turns out to be
the equivalent of «x*(k)=«(k) mod Z.(H), or equally, k*=k mod T,;(H) and
k" 'EZ,(H). Since, however, & is an abelian extension of the abelian group

S(H), RCZ(H) =C(X(H), A(H)). Hence

LeEMMA 5. Let H be a group of class 2, and let R be an abelian extension in
A(H) of J(H). Then for each integer n, § Aw.&EHom ((H, &; 1), R).

4. Some properties of the holomorph. The results of §3 apply to $( H)
since ¢ =¢ is ample. For a&Hom (H, W), A&Hom (A(H), W), we have
aNAEHom (H(H), W) if and only if

1) A(k)a(h) = a(k(h))A(x)

for every k&€ H and for every k EUA(H). Take W= U(H) so that ACE(A(H)).
With the notation a(h)=an, if a&Hom (H, A(H)), AcC(AH)), then
a/NAECHom (9(H), A(H)) implies that A(B,)=a, mod C(a(H), A(H)) for
every uc H. By Theorem 2, 6 AAEHom (9(H), U(H)) if and only if A(x)
=k mod $,(H) for every kEUN(H). If ACC(A(H)), then

A9 N\ A € Hom (9(H), A(H)),

and B;Ckern (A0AA). If AEA(A(H)) =UA*(H), kern (A N\A) =B,

LEMMA 6. Let H be an abelian group. If & Hom (H, A(H)) such that there
exists AENX(H) with ASNAEHom (H(H), A(H)), then H/kern 8 is abelian
with exponent <2.

Proof. Since ASAAE Hom (9, A), (1) shows that
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A(K)A(3(R) = A(d(x(R))A(K)

for every h€H and for every kEU(H). Hence «kdik~18,—1)=t. Now H is
abelian so that we may choose(®) k=w. Then, for x € H, wywds(x) =x, whence
di2(x) =x, G2=¢ and A? in kern 8. In particular, the lemma holds if 6 /A

€Hom (9, ).

CoRrOLLARY. Let H be an abelian group in which x*=hEH always has a
solution. Then for 6&Hom (H, A(H)) there exists AEN*(H) such that A6 N\A
EHom (9(H), A(H)) +f and only if d=v. If d=v, any ACSU2(H) may be

chosen.

Observe that if 6&Hom (H, A(H)) and if Ay, A;EE(A(H)) where kern A,
=kern A, then A8 AAEHom (H(H), A(H)) if and only if A6 AA; is in this
same Hom. In particular, if A& U2(H), then A AAEHom (9, %) if and only
if /AtEHom (9, A); i.e., kdux~1=38,m for every kS A(H). For instance,
6A\t&EHom (9, N). If 6&Hom (H, A(H)), if H/kern & is abelian and if
6/ \t€Hom (H(H), A(H)), then 6(H) CT:1(H).

TuEOREM §. If 6 N8y, EHom (H(H), A(H)) for every h&H, then H is of
class 3.

Proof. Here 0y, means that element of A%(H) which maps k€ A(H) onto
0:k65—1. By the remark after the italicized statement following (1), 8/\0s,
&Hom (9, %) if and only if Oubi—1=x mod Ti(H); equivalently, 6,EZ,(H)
+A(H). But Ok (x) = [kk(h~2) Jx[hx(h~?) |- =x mod Z,(H) so that
he(h=') € Z:(H) +~ H=Z,(H). Thus every 8 A\8s, EHom (9, ) if and only if (?)
UA(H) =Ty(H). Then 0.(k) =h mod Z,(H) for every x, hE H. It follows that(?)
H'CZ,(H) so that H is of class 3.

We have also proved that 6 /s, EHom (9, A) implies that hEZ;(H).
Theorem 2 shows that § AbLEHom (9, A), where N\EA(H), if and only if
AE T (H) + A(H). Since this commutator quotient is included in T(H) [4],
6 /N\O&Hom (9, A) implies that N&ET(H). If H is of class 2, then UA(H)
=T,(H) so that § As,EHom (D, A) for every A& H. It is easy to show that
if all § \fs, €Hom (D, ¥), then N, kern (8/\0,) is the set of all (x, 6,-1) where
x&EZy(H). Hence if H is of class 2 this intersection of kernels reduces to Bi.
Likewise, § At&Hom (9, A) as we saw above, and kern (8 A¢) = B;. Suppose
that « is an isomorphism of H into ¥(H) for which a At&EHom (9, ). It is
easy to show that a=60 so that H is centerless. In the general case, if
acHom (H, A(H)) and if aAt€&Hom (9, ¥A), then a(Zi(H))CZTi(H)
NA(H; H/kern o). If H is abelian and if a Av&EHom (9, A), then H/kern a is
abelian with exponent =<2. For, given any group H, a/A\vEHom (9, %) if
and only if, from (1), k(h)=k mod kern « for every h&H and for every
kEA(H). If H is abelian, take k=w. Even if H is not abelian, we can choose
k=0, and allow x to run over all of H. Then H'Ckern « so that aA»
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€Hom (9, ) implies that H/kern a is abelian.

It is also valid that if &Hom (H, A(H)) and if § At and § Av are both in
Hom ($(H), A(H)), then §(H) CZ:(A(H)). (Cf. the italicized statement just
before Theorem 5.) If H has no outer automorphisms, (say, if it is complete
[9]), then a AvEHom ($(H), A(H)) if and only if H/kern « is abelian. If H
is abelian, if a&Hom (H, A(H)), if A&C(A(H)), if H/kern o has exponent 2
and if aAAEHom (9, A), then A(w) EC(a(H), A(H)). For, from (1) with
k=w, Alw)ay =as1A(w). Since H/kern a has exponent 2, (as)?=t so that
o =ay~1. Hence A(w) EC.

Now aAEHom (9, A) if and only if

(2) MA oy = oM

for every k€ UA(H). Equivalently, replacing « by A='\, we have
(3) Kap = oz o (wyk.

Replacing « by as1, [N law-\(h) | 1€kern «. In (3) take k=A and
hE€kern a. Then N(k) Ekern « so that kern a is N-admissible. Hence as-1A (k)
=\(h) mod kern a. Thus, replacing % by A~!, we have axA(h) =\(%) mod kern
a. In (2), replace k by 6, and reduce. Combining, we have

(4) a(k) = \(h) mod (Z;(H) N kern )

for every h&€ H and for every @ and A such that a AGAEHom (9, ).

In (2), take k=N to obtain Aay =axmM. In (2), replace k by as. Then, by
the preceding formula, AN, = angan on the left of (2). On the right of (2),
aah(;n)\a;.)\“=aah(;.)x(;.\, by (3). Thus a AOEHom (9, A) implies that

(5) MRk = ar(B)N(k) mod kern a.

LEmMmA 7. (a) If a€Hom (H, A(H)) and if a\eEHom (9(H), AH)),
then an(h) =k mod (Z,(H)Nkern a) for every h&H. (b) If h& H has the prop-
erty that every conjugate of h lies in the cemtralizer of h and if there exist
a&Hom (H, A(H)) and uc H with a N\, &Hom (9, A), then

ay(k) =hmod kern «.

Proof. (a) Since a At&Hom (9, A), let A=cin (4). (b) In (5) take A =0,.
Then uhu—‘h=on(k)uku—" mod kern a. But (whu=')h=h(uhu='), whence the
conclusion is immediate.

We can obtain some direct information about the first few members of
the ascending central series of (), the center consisting, for instance, of all
(h, v) where hE Fi(H). For (h, a) EZ,(H(H)), n(h)=h mod Fi(H) for every
nEU(H). From this, one can show that $(H) is of class 2 if and only if
A(H)=U(H; H/F:(H)). In general, (k, a) EZ,(H(H)) if and only if (a) n(h)
=h mod Fi(H) for every n€U(H), (b) aEZ(A(H)) and (c) haEA(H;
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H/F\,(H)). By induction, (k, a) EZ,(D(H)) implies that a &Z,_,(A(H)). One
can readily show that if §(H) is of class 3 then a(h’) =4’ mod Fi1(H) for every
aEA(H) and for every(®) b’ S H'.

5. Inclusion products. For (k, R)EG=(H, K; ¢), let vi(h, k) =(0n, ¢x)
E0=(3(H), ¢(K);0). v7is a homomorphism with kernel By/N\By==Z,(H) ®F.
Let v3(0s, ¢x) =0idr (if ¢ is ample). s is likewise a homomorphism, and
kern ys=v7(B1) with y1=7sy;. Consider a pair of groups H and K where
H AK. Then one can always form the semi-direct product (H, K; 8) which
we shall abbreviate by [H AK]. We shall call this an inclusion product of the
first kind. If ¢ is ample, Q above is such a product. Another is (H, H; 6), the
central square of H. Denote this square by [H AH], an extension of H by H
for which Z,[H AH|=~B\N\Bs=[Z,(H) AZ:(H)]. For K of class 2 and for
fixed integers m and %, the mapping 8 given by 8(k, k) =0 lies in
Hom ([H AK], 3(K)).

For aand BE€ A(K), aroutine argument shows that fa AGBE Hom ([H AK ],
J(K)) if and only if a(k)=B(k) mod (Zi(K)+a(H)) for every REK. In
particular, fa AOBEHom ([H AH], I(H)) if and only if =8 mod To(H).
Hence if K is of class 2, ba\N0BEHom ([H AK], S(H)) for every a and
BEA(K); and if H is of class 2, a AOBEHom ([H AH], S(H)) for every
a, BEA(H). In any event, for o, BEHom (K, J(H)), a ABEHom ([H AK],
S(H)) if and only if a(k) =B(k) mod C(a(H), J(H)).

If Lis a subgroup of K and if H AK, then LNH AL. At once we have, by
a simple induction, that Z,[H AK]=[Z.(K)NH AZ,(K)].

If L AHAK, L AK, then [H AK] maps onto [(H/L) A(K/L)] via the
obvious homorphism with a kernel which is isomorphic to the central square
of L. We may take [L AL] as a normal subgroup of [l AK]. Let M(L) be
the set of all (x, x"!)&[H AK] where x&€L. M(L) is readily seen to be a
normal subgroup of [H AK]. In fact, 8u.u(x, x~1) = (kxk™!, kx~'k~!) where
xEL, h€H, kEK. Recall [9] that [H, K] is the mutual commutator group
of H and K. If HAK, then [H, K] AH, K. M(H) AB,. We have

Lemma 8. M[H, K] A[H AK]'.

Proof. Observe that [(A~Y, k), (x, k) |=([k, k], [k, k]). On the right is a
typical generator of It [H, K] where hEH, kEK. On the left is an element
of [H AK]’ (where x may be chosen at will in H).

A trivial argument shows that [H AK] A[L AM] if and only if HAM,
HAK AM, HALAM and [L, K]CH.

Suppose that HDK. An inclusion product of the second kind is given by
(H, K;6) and is denoted by [HDK]. [HDH]=[H AH]. The 6 of a product
of the first kind is always ample, but this is not generally true for a product
of the second kind. If H is of class 2 and if m and » are integers, one can
verify that the mapping & given by 8(k, k) =0mn lies in Hom ([HDK ], S(H))
as before for inclusion products of the first kind. If a €EE(H), BEHom (K, H)
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where K CH, then fa ANOBEHom ([HDK ], J(H)) if and only if (cf. above)
a(k)=p(k) mod (Z,(H)+a(H)) for every k€ K. If a EU(H), then the con-
gruence reduces to a(k)=8(k) mod Z,(H). By direct verification, one can
show that [HDK] A[LDM] if and only if KCH AL and K AMCL.

LEmMMA 9. If K AH, then a necessary and sufficient condition that the map-
ping v: (h, k)—(k, h) be an isomorphism on [HDK] onto [K AH] is that
KCZ(H). Then these inclusion products are both isomorphic to H O K.

By A(+)"B we shall mean (4(=+)""!'B) -+ B where the symbol (=)*!is
already defined, and A(+)'B=A4 +B. A(+)°B shall mean 4.

THEOREM 6. If HDOK, then Z,[HDK | is the set of all (h, k), hEH, kEK,
where h€C(K, H)(+)"'K and where hkEZ,(H).

Proof. (1, k) EZ,[HDK | if and only if (&, k)(x, v) = (x, ¥) (%, k) for every
(x, v) €E[HDK]. Equivalently, kkxk~! =xyhy~! and ky=yk. Taking x =e, we
see that k€ C(K, H) and that hkxk—'=xh, or (hk)x =x(hk), so that hkEZ,(H).
Conversely, if hkEZ(H) and if h&€C(K, H), then (hk)xk~'=xk~'(hE)
=xhk'k=xh, while xyhy '=xhyy~'=xh. Moreover, h&€@&(K, H) and
hk€Z,(H) imply k&€ Z,(K) so that ky=yk. This establishes the theorem for
the case n=1.

Now suppose that the theorem holds for the case n. (k, k) EZ,41 if and
only if each [(k, k), (x, ¥)]EZ,. But this commutator reduces to ([kk, xy]
[y, k], [k, ¥]). The assumption k'k’'EZ,(H) leads to the equivalence of
WeEGK, H(+)* 'K and of ¥ €C(K, H)(=+)""'K, as a short separate argu-
ment shows. Consequently, the induction assumption (k, k) EZ,41 implies
that [kk, xy ][y, k][k, y]=[hk, xy]EZ.(H) and that both [k, xy][y, k] and
[k, y]EC(K, H)(+)"'K. Since xy ranges over all of H, hk&Z,,1(H). Since
y ranges over all of K, k€ (€(K, H)(+)"'K)+K=C(K, H)(+)"K. Hence
hEG(K, H)(+)"K, and the theorem is established.

If L AH, LCK, [HDK] maps homomorphically onto [({/L)D(K/L)]
with kernel [LDL], so that the latter is a normal subgroup of [HDK]. We
can define M*(L) as the set of all (x, x~!), xEL, in the inclusion product of
the second kind [HDK| where LCK. Suppose, further, that L AH. Then
Mm*(L) A[HDK].

There exists an onto mapping A\ &Hom ([H AK], K) given by Mi(%, k)
=hk. kern \; = M (H). There exists \;&Hom ([HDK], H), an onto mapping,
given by \o(k, k) =hk. kern A, =M*(K), so that M*(K) A[HDK] even if K
is not normal in H.

THEOREM 7. To each pEHom (K, A(H)) there exists an extension W of H
with a normal subgroup H, anti-isomorphic to H such that W/H=W/H,
=~(H, K; ¢).

Proof. Let W= [H* A(H, K; ¢)]. Let I, be the set of all ((k, e), (b7, €))
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E W where h&€H. That is, Hy=I(H*) AW, where we recall that H* is the
set of all (%, €). Since ((k, €), (b7, €))((¢, e), (t71, €)) =((th, €), (h~'t71, e)), H
and H, are anti-isomorphic. By the remarks above on \;, W/I(H*) is iso-
morphic to (H, K; ¢). But W/H** (written, “by abuse of language,” as
W/H) is also isomorphic to (I1, K; ¢). In particular, each endomorphism of
A(H) leads to such an extension.

6. Extensions from A( ) to I(G). We saw above in §2 that each element
of ¢(K) can be extended to an element of &(G). Suppose that g=(a, «),
oCH,uC K. Forx€H, (x,€)? = (0.pu(x), €), so that those automorphisms of H
which extend to inner automorphisms of G are precisely the elements of
J(H)¢(K). In particular, each element of (H) extends to an element of
3(G). 0. &3 (H) extends to §,EJ(G) for all g&G such that g= (b, u), bEH,
u &K, with ¢, =0,",. If, for instance, ¢(K) = J(H), then to each pair aEH,
u &K, there exists & H such that 0, extends from 6,. More generally, if ¢
is ample, then aEA(H) extends to some element of J(G) if and only if
aE@(K). Since 0(,u(x, €) = (0upu(x), €), 0,wy induces an element of J(H) if
and only if ¢, EJ(H). But ¢~ (J(H)) AK since ¢ ample implies F(H) Ap(K),
whence it is easy to see that the set of all elements of 3(G), each of which
induces an element of J(H), is a normal subgroup of J(G).

0, and 0, induce the same automorphism of H if and only if ¢u,~!
=041, so that 0, and 0 .., generate the same element of A(H) if and only if
a=b mod Z;(H), while 0(,.) and 0, generate the same element of A (H)
if and only if =% mod f. There exist mappings & EHom (H, 3(G)) and
0:&Hom (K, J(G)) given by 8:1(a) =0,e), 82() =0¢c,uy. kern 8, =Z;(H)N Fy(H)
and kern 8;=Z,(K)M{. For a subgroup U of G, let (U, G) be that sub-
group of J(G) consisting of all 8,, u& U.

THEOREM 8. Let G=(H, K; ¢). (a) There exists ¥ EHom (J(K*, G),
A(I(H*, G))) with kern ¢ consisting of all O.xy where pEN(H; H/(Z,(H)
MFi(H))). (b) There exists a homomorphism 1 on G onto the semi-direct product
G = (J(H*, G), J(K*, G); W), and kern Y1 2(Z(H)NFi(H)) ® (Z(K)NE).

Proof. (a) Let ¢® (6 1) =, that automorphism of J(H*, G)=H/(Z,(H)
MF1(H)) which is induced by ¢i-au exists since both Z;(H) and F(H) are
¢r-and ¢i1-admissible. If k=%’ mod (Z:(K)N¥), then ¢r=¢w, and o =ay,
whence ¢® is single-valued. It is immediate that ¢® is a homomorphism.
kern ¢® consists of all O,k for which ¢i(h) =k mod (Z,(H)NF,(H)). (b) De-
fine Y1 by Yu(h, k) = (8:(h), 8:(k)) EG1-¥1 is onto Gy, and kern ¢ is the set of
all (k, k) where hckern 6; and k&Ckern 8,. If h;Ckern 8, k;Ekern 8, (i=1,2),
then (hi, ki)(hs, ko) =(hihs, kik;) so that kern Y1=kern 6, @kern &. If g
=(h, k), g2(x, ¥) €G, then Yi1(gige) =v1(hepi(x), ky) = (8:(h) 61(px(x)), 62(E)82()).
Since ¢®Md,(k)(81(x)) =biz,0) =0642),00 = 01(Pr(x)), it follows that y¥i(gigs)
=¥1(g1)¥1(g2) so that ¢, is a homomorphism.

CoROLLARY. If ¢ is ample, then kern Y1 =2,(G), and Gi=J(G).
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Proof. ¢ ample implies that S(H)Co(K) so that Z,(H)DFi(H). (k, k)
Ekern ¢, if and only if h*EZ,(H)YNF,(H)=Fi(H) and k€ Z,(K)NEL. If (h, k)
Ekern ¥, kET and ¢, =1, while hE Fi(H)NZ,(H) implies that 6,~'*=.. By
our earlier determination, (k, k)&Zi(G). Conversely, if (h, k)EZ\(G),
heF(H)=Z,(IH)NF(H), and k&Z,(K) with 8,"'=¢,. Since ¢ is ample,
Fi(H)CZy(II), whence 8,-1=t. Therefore ¢ =t, and kEf, Z:(K)NI.

LLEMMA 10. If ¢ is ample, then ¢® is ample.

We shall use this lemma later in determining the ascending central series
of semi-direct products with ample homomorphisms.

Suppose that Z;(II) C Fi(H), and that ¢(Z:(K)) CZ:(H). (For instance,
if ¢ is ample, ¢(Z:(K)) CZ1(H).) Then, as in Theorem 8, we can show that
there exists ¢ € Hom (S(K), A(H/Fi(H))) given by o (hFi(H))
=¢r(h) Fi(H), and there exists a homomorphism ¢ on (H, K; ¢) onto
(H/F\(H), J(K); ¢") given by yu(h, k) = (hF(H), kZ\(K)), and kern
=F(H) ®Z:y(K).

7. Extensions from %A( K) to J(G).

LeEMMmA 11. S(K) is precisely that subset of U(K), the elements of which can
be extended to elements of each S(H, K; ¢).

If =K, then §(K) can be injected into 3(G). A related result is

THEOREM 9. Let H be a group for which the ascending central series breaks
off with Zi(H). If ¢(K) =J(H), then J(K) can be injected into J(H, K; ¢).

Proof. The mapping v:0,—0,. is single valued if and only if Z,(K)CH.
If v is single valued, it is clearly in Hom (J(K), 3(G)). 0.4y =t if and only if
¢. =t where u€Z,(K), so that, if v is single valued, it is an isomorphism.
Now suppose that ¢(K) =F(H). Then J(H) Co(K) implies that each ¢ with
EEZ,(K) is a normal automorphism. Since ¢(K) CF(H), to each kEZ (K)
there exists h€H with ¢r=0,. For xEH, ¢(x) =hxh 'xz, 2EZ,(H). Thus
hEZ,(H). Since, however, Z,(H)=Z,(H), ¢«(x) =x so that Z,(K)Cf, and v
is the required injection.

CorOLLARY. If Z\(K) Y, then the image of J(K) in J(II, K; ¢) under
the above injection v is a normal subgroup of J(H, K; @) if and only if ¢(K)
CA(H; H/(F(H)NZ,(H))).

In particular, note that §(K) can be injected into §[H AK] and if
Z1(K)CZ\(H), also into S[HDK]. The image under injection is a normal
subgroup of S[H AK] if and only if HCZ:(K); of I[HDK] if and only if
KCZ,(H) (where Z1(K)CZ\(H)).

8. Pair extensions. An automorphism I' of G=(H, K; ¢) is called a
pair extension of a and of B over G if T’ induces an automorphism « on H and
an automorphism B8 on K. Then T'(k, k) =T'(h, e)T'(e, k) = (a(h), €)(e, B(%))
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= (a(k), B(k)). (Cf. Lemma 2.) Write I'=T", s=(a, B). Let §=g(G) be the set
of all pair extensions over G.

LEMMA 12. G is a group under automorphism composition; and for a E A(H),
BEUA(K), (a, B)ES if and only if

(1 L= Psr)x
for every EE K.

LEMMA 13. (a) (@, v) EG if and only if aEC((K), AH)). (b) (1, B) EG if
and only if BEA(K; K/¥). (c) If (a, B)EG, then a EC(d(K), A(H)) if and only
if BEUAK; K/T).

If G=[HAH], then C(¢(K), A(H)) becomes C(I(H), AH))=T:(H),
while A(K; K/f) reduces to A(H; H/Z,(H)), a group which is also equal to
T1(H). Hence, by (c), if (a, B) EG[H AII], a is normal if and only if B is nor-
mal, while o and B normal imply (o, B) EG[H AH . It is easy to see that (e, B)
E€Ti[H AH] if a, BEZ(IT). Thus if aEZL(H), (a, @) €S, [H AH] so that
S1(H) nontrivial implies that T,[HAH) is nontrivial. In particular, if H is of
class 2, if (o, B)EG[H AH] and if one of @ or § is inner, then the other is
normal.

LemMA 14. If G=(H, K; @), then J(G)NG(G) consists of all O xy such that
hEF\(H), so that J(GC)NG(G)X(Fi(H) ®K)/Z\(G). If 04nESG(G), then
Och k> = (Bupr, Or).

By Lemma 13a, each (64, 1) €EG(H, K; ¢) if and only if F(H)CE(¢(K),
A(H)), or equivalently ¢(K)CZy(H). If (s, B) €G under these conditions,
then (¢, B) €G. Likewise (6., 8) €G with a € F1(H) implies (1, 8) €G. For then,
1. =0.0: whence 0. € (¢(K), A(H)) so that Lemmas 13 ¢, b are applicable.
0(a.»y induces inner automorphisms on both H and X if and only if a € F,(H)
and k€~ (J(H)).

THEOREM 10. For a group H of class 2 and for cHom (K, S(H)), let n
be the set of all (04, B) €EG(H, K; ¢). Then n AG(H, K; ¢), and n=J(H) ® A(K ;
K/¥).

Proof. Since H is of class 2, 3(H)CZy(H). Since ¢(K) CI(H), the re-
marks before the theorem show that (6, 8) €G implies that (i, 8) €G, so that,
by Lemma 13b, B&A(K; K/F). Conversely, suppose that BEA(K; K/¥). If
h& H, Oupr=¢ibs for every kE K, since ¢(K) CZTi(H). But (k) =% mod ¥ so
that 6idx =dsw,0s. By (1) (of this section), (6x, B) EG. If we define n as above,
we have proved that n=J(H) ® A(K; K/¥). To show that n AG, suppose that
(v, 0) €G where yEA(H), d&€ A(K). Then, for (6, B) En, (Bx, B) ¥ = (v0iy,
0pd~"). Since J(H) AA(H), vory'€J(H). For yEK, 886~ (y) =5[6"1(y)k]
where 2Ct. By (1), v¢r=¢sawyy. Hence REf implies that y=¢sx)y so that
d(k) €t, whence 686 '€A(K; K/f), and we have proved that n AG.
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If one could find a class 2 group H without outer automorphisms (the
existence of such is an open question) G(H, K; ¢) would be isomorphic to n
and therefore to S(H) ® A(K; K/f). In particular, for such an H, G[H AH]

~3(H) ©Ty(H).

THEOREM 11. If G=(H, K; @), then the set of all pair extensions of the form
(a, ) where a is a normal automorphism of H which induces the identity on
H/F(H), and of all pair extensions of the form (v, B) where B is a normal auto-
morphism of K, generates the group of pair extensions which are also normal
automorphisms of G.

Proof. (o, B)EGNT, if and only if ag,=¢s, for every yEK and
(a, B)(h, k)={(hr, ks) where rEF(H), s&€Zi(K) and 0,=¢,~. Hence, if
(a, BYEGNT, (a, B)(h, €)=(hr, e) where 0.=:, (i.e, r&Zi(H)). Then
(a, B)(h, kB)=(hr, ks) implies s&¥. Since ap,=ds,, where ¢p,)=¢,, o
€C(¢(K), A(H)) so that, by Lemma 13a, (a, 1) €G. It follows that (i, 8) &G.
Now (o, 0)ETiNG if and only if (o, ) EG and a(h)=hr where r& Fi(H)
NZy(H); and (, B)ETNG if and only if (,, B)&EG and B(k) =ks where
SEZIK)NE. If (a, B) EGNZL, we saw above that »& Fiy(H)MZ,(H). Hence
(o, )EGNT.. At once, (¢, B)EGNT,: so that a&C(¢(K), AH))NAH;
H/(Fy(H)YNZ:(H))) and so that BEA(K; K/(Z:(K)ME)). Conversely, if
and B are in these sets of automorphisms, respectively, then both (e, ¢) and
(1, B) ET1NG so that (e, B) ETING.

Let Kx be that subgroup of a group K which is generated by all x~1a(x)
where « ranges over all of A(K) and x ranges over all of K. K'CKx, and if
K is abelian, x2E Ky for every x€ K. We might call Ky the generalized de-
rived subgroup of K.

THEOREM 12. G(H, K; ¢)=A(H) @ N(K) (in the natural way) if and only
if 1D K« and ¢(K) CZ:i(A(H)).

If « EU(H), there is one and only one pair extension of a with a as the
first component of the pair over $(H). Unless, therefore, A€ J(A(H)), there
is no pair extension of A A2(H) with A as second component over $(H). If
A=0,E3(A(H)), then each (o/, A)EG(H, K; ¢) where o’ =a mod Z:(A(H)).
Note that (a, 0.) =0(.«0 on (H). Since each (o, 6.) above can be written
(e, 0ar), Q(H(H)) consists of all (@, 0a) =0c,a)-

S(Fy(H), H)CC(p(K), A(H)) since pufi(x) =hpr(x)h~1 if h&Fi1(H). 1f ¢
is ample there is a homomorphism v on Fi(H) @K onto ¢(K) given by
vo(k, k) =0i¢y for every hE€ Fi(H) and for every k€K, where v, restricted to
the same domain of definition is ve. If kern yo= By, Z:(H, K; ¢) CBsC B, for
ample ¢.

We should note carefully the following: by Lemma 14, 6.1 is a pair ex-
tension, namely (Bipx, 0k), if and only if A& Fi(H). But each product 6ip«
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can be extended, by §6, to the inner automorphism ¢ 1) of (H, K; ¢). What
0.1y does not do, in general, is to induce an inner automorphism on K, unless
h&EFy(H), so that 0@ 1) is always an extension of an automorphism of H, even
though it is only exceptionally a pair extension.

Since Ti(H) =C(J(H), A(H)), J(H) CC(Z:(H), A(H)) =ED(J(H),U(H)).
Let SCB CEP(Z) where B is a group of automorphisms which we
shall call an ample group of automorphisms; and form H(H; B), the relative
holomorph [9] of B over H. Let F;(H) be computed for the semi-direct
product $(H; B). Note that Fi(H)CZi(H), so that Hom (8B, Fi(H)) is a
group under homomorphism addition. There exists a ® &€ Hom (UA(H;
H/F\(H)), A(Hom (B, Fi(H))) given by 0:y— 0, where 0,I'=9T for every
YyEAN(H; H/F,(H)) and for every '&€Hom (8B, Fi(H)). We can show that the
group of normal automorphisms of $(H; B) has a faithful representation as
a splitting extension of an abelian group by a group of normal automorphisms
of H. We have

THEOREM 13. Let B be an ample group of automorphisms of a group H. If
Fy(H) is computed for the relative holomorph of B over H, then the normal auto-
morphism group of this relative holomorph is isomorphic to

(Hom (B, Fi(H)), (H; H/F\(H)); ©)
where ©,I' =41 for every yEWN(H; H/F.(H)) and for every
T € Hom (B, F,(H)).

Proof. For Y&€X,(H(H; B)) and for (x, HED(H; B)=9, ¥(x, B)
=V(x, t)¥(e, B). Now Z,(9) is the set of all (y~!, 8,) where y&E F;(H) and
where 0,&Z1(8B). Since 8D I(H), FL(H) CZi(H) so that Z;(D) is the set of
all (f, v) where fE€Fi(H). Hence ¥(x, «)=(xf(x), 1) =(y(x), 1) where f(x)
€ Fi(H), and ¥(e, B) =(I'(B), B) where I'(8) EF1(H). It is easy to show that
y&U(H; H/F,(H)) and that T&Hom (B, Fi(H)). It is clear that the semi-
direct product ®=(Hom (B, Fi(H)), A(H; H/F.(H)); O) exists. Let Q(¥)
= (T, v) €®. One can verify that Q is a homomorphism with trivial kernel. It
remains to show that Q is onto. For '&Hom (B, Fi(H)) construct ¥; by
W¥i(x, B) = (xI'(B), B). A routine check which uses the fact that Fy(H) CZ,(H)
shows that ¥, is an automorphism. Since (8-'(x~1), 8~!) ¥i(x, B) = (T'(B), ¢)
€Z:(9), V1 is normal. Likewise, if yEU(H; H/Fi(H)), construct ¥, by
W (x, B) = (y(x), B). Then Wy(x:1B1(x2), B1B2) = (Y(x1)¥Bi(x2), B1B:). Since, how-
ever, BCED(F)=CV(CM(F)), and since YyEWA(H; H/Fi(H))CZ(H)
=GO(3), vBi=Pry so that (y(x)yBi(xz), BiB) = Ta(s, B) Ya(is, Bo), and ¥,
is a homomorphism. That ¥, is onto with a trivial kernel is immediate, and
the fact (8='(x~1), B=") (v(x), B) = (B~} (x~*y(x)), v) with x~ly(x) € Fi(H) shows
that W, is normal. It is clear that Q(¥;¥,) = (T, v), so that Q is onto ®, and
the theorem is established.
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Let B(H)=U(H; Z:(H))NZ,(H), the set of all normal automorphisms
of H which reduce to the identity on the center, the abelian group of centrally
normal automorphisms of H. Let B(H) =9(H; B(H)), the centrally normal
holomorph of H.

COROLLARY. Let H be of class 2. Then the group of centrally normal auto-
morphisms of the centrally normal holomorph of H splits into a direct sum of a
group of automorphisms which extend the identity on H, isomorphic to the group
of homomorphisms of the group of centrally normal automorphisms of H into
the center of H, and of a group of inner automorphisms which are pair extensions
over the centrally normal holomorph of H, isomorphic to the group of centrally
normal automorphisms of H.

Proof. Since H is of class 2, B(H) DJ(H). If we identify TW(H) with the
B of the theorem (ignoring the upper bound given there for 8) and if we
compute Fi(H) for (H; B), we find that Z,(D) is the set of all (f, 1), fE F1(H).
Since 8CUAH; Z:(H)), Fi(H)DZ:(H) so that Z;(9) =Zi(B(H)) is the set
of all (f, ), fEZi(H). If YEBW(BV(H)), ¥(x, 1) =(y(x), 1), as in the proof of
the theorem, whence x~'y(x)EZ,(H). Since YEN(B(H); Z:(B(H))), one
can show that yEN(H; Z:(H))N1(H) =BW(H). Likewise ¥(e, B) = (T'(B), B)
where '€Hom (8B, Zi(H)). Let ®=Hom (W(H), Z:(H)) DW(H), and set
Q) =(T", vy)E®. That Q is an isomorphism into is immediate. If (T, v) €@,
let ¥ be defined by ¥(x, 8) =(y(x)I'(B), B). It is clear that ¥ is an auto-
morphism of B(H) and that Q(¥) =(T', v), so that @ is onto ®. Observe that
v is the mapping of H induced by ¥. For yE®R(H), define A by A(x, B)
=(y(x), B). Then(®) Q(A) =(», v) so that A is that pair extension over B(H)
which induces v on H and « on B and which lies in W(B(H)). For

I' € Hom (B(H), Z,(H)),

define ¥ by ¥(x, 8) = (xI'(B), B), so that ¥ is a member of W(BVB(H)) which
induces the identity on H. Note that H of class 2 implies that B(H) is of
class 2 since (x, 8)@® = (ya(x)B(y™Y), B) = (yz, B) where z&Z,(H) for (x, B),
(v, o) EB(H). Hence the inner automorphisms of B(H) lie in W(BV(H)),
and Q(@y.«) = (T, v) where I'(8) =y8(y™!) and v =60,a. It follows that Q(0c.»)
= (v, 7). The group of pair extension automorphisms over the centrally nor-
mal holomorph of H which occurs in the corollary is now seen to be a group of
inner automorphisms.

9. The ascending central series. Returning to the situation of Theorem 8,
we recall the existence of ¢W&EHom (K, A(H,)), where K;=K/(Z,(K)N¥)
and Hy=H/(Z\(H)N\Fi(H)), such that k¥ =k(Z;(K)N) implies ¢ P (h(Z:1(H)
NFy(H))) =¢x(h)(Z,(H)NFi(H)) for every h&H and for every kEK. Let
fu=Lkern ¢®, and let £, be all (e, k) where kEFy. Define ff by (7' (F)NK*
where ¥, is the homomorphism on G = (H, K; ¢) onto G, = (H;, K1; ¢V) which
was described in Theorem 8. We follow the practice that if UCH (respec-
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tively K) then U* is the set of all («, ¢) (respectively (e, %)). Then I, is defined
as the set of all *€K such that (e, k) €ff. If kCf=Kkern ¢, ¢r(k) =h for every
hEH so that CF. Also f; AK. Let [F(H) |*=H*M; ' [Fi(H) )*. “By abuse
of language,” we make such identifications as of I{; with its isomorphic image
S(H*, G). h(Z\(H)NF,(H)) € Fi(H,) if and only if

¢e(h) = hmod (Z,(H) N Fy(H))

for every h&Ii. Hence if hE Fi(H), then hE F,(H) so that Fy\(H)C F.(H).
From G,, we can, by the same process which yielded Gi=v1(G), construct
Gy=(H,, K,; ¢®) where there exists a homomorphism 1, on G; such that
¥12(G1) = G,. Then ¢, =y carries G onto G, homomorphically. Let kern ¢®
=ty and let £ =K*"W;'(f},) where , is the set of all (e, k) EG; with
k€h,. Since KiNYp'(fh) = DM, fi=K*Ng (1) = K* Wiy (1
=K*MWi'(t) DK*NWi () =1, so that ; CF,. Continuing in this way, we
can construct a sequence of groups {G,,} = {(H,., K,; ¢™) } and an ascending
chain of normal subgroups of K:f=f{,CHCEC ---. Likewise, since
[Fo(Hy) [* = HINYR' [FL(H) [ * D [Fu(HY %, [F(H)]* = H*Nit [Fi(Hy) |*
DH*MWYi! [Fi(Hy) |* = [F.(H) |*. Hence an ascending chain of subgroups of
H is constructed: Fy(H)CF.(H)CF(H)C - - - .

Suppose that R is a subgroup of H which is ¢x-admissible for every k in
a subgroup S of K. Then the set (%, k) of all hER and all k€S is a subgroup
Tof G=(I, K;¢), and T=(R, S; ¢*) where ¢* is ¢ restricted to S with each
or, kE S, restricted to R. We shall write, “by abuse of language,” T=(R, S;9)
CG=(H, K; ¢).

THEOREM 14. If ¢ is ample for G=(H, K; ¢), then for n=1,2,3, - - -,
G/Z(G)=(Hpy Kyu; ™) where Z,(G) = (Fu(H), Zo(K)YNNiyjmny (F:(+)K) 30)
and where H,=H/F,(H), K,=K/(Z.(K)/MNNizjmn-1 ({:(=)K)).

Proof. By the corollary to Theorem 8 and by Lemma 12, G/Z,(G)
(H,, Ka; ¢™). For n=1, (h, k) EZy(G) if and only if k€ Fy(H), kEZi(K)
and 647'=¢y. Since ¢ is ample, Fi(H)CZi(H), whence 6;'=¢. This places
k€L so that Z,(G) = (Fi(H), Z\(K)NE; ¢). Since F=Niyjm0 (Fi(=)K), Z1(G)
has the required form. G,=(H/(Z,(H)NF\(H)), K/(Z\(K)NE); ¢V) =
=(H/F(H), K/(Z(K)NY); ¢M)==G/Z,(G), so that the latter has the re-
quired form,

Now suppose that the theorem has been established through the index .
Then (h, k) EZ,11(G) if and only if (a) hF.(H)EFy(H,) and (b) k(Z.(K)
NL,_1) EZ(K,)NF1, where L,._1=ﬂ,-+,~,n_1 (!:(+)'K) and 11, =kern ¢™, ¢
is ample, by Lemma 10. Fi(H) AH since Fi(H)CZi(H). If F,(H) AH, then
F\(H/F,(H)) =F,.(H)/F.(H) AH/F,(H) so that F,.,(H) AH. Now (a) is
equivalent to (a’) hEF,;1(H), and (b) is equivalent to (b’) that both EETL,
and that [k, y]|EZ,.(K)NL,_; for every yEK. Equivalently, RE€(Z,(K) + K)
N(Nigjmnay (E(+)HEK))NE, =Z,1(K)NL,, (as we see by replacing j+1 by
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jin (L,oi+K)NE,). Thus Z,41 has the required form. Finally, a short induc-
tion establishes the given isomorphisms for H, and K,. One can also show that
if H is abelian, and iof F,(H) is computed for O(H), then 2" is an exponent for
F.(H).

We saw that Z,[HAH|=[Z,(H) AZ,(H)). If Z,(H, K; ¢)=(Z.(H),
Z.(K); ¢) for n=1, 2, - - -, m, we say that the ascending central series of
(H, K; ¢) is regular through m. If this series is regular for every m, the series
is called regular. By using Theorems 14 and 8a, we can prove

THEOREM 15. If ¢ is ample for G=(H, K; ¢), then the ascending central
series of G is regular (regular through m) if and only if

(a) ¢(K)C2[(H’ Zj(H)/Zf—l(H)),j=1v 2,3,---, (.7:11 2,3, -, m),and

(b) d)(ZJ(K))CEIJ—I(H)v]:lv 2,3, (j=17 2, 37 T m)

COROLLARY 1. If H s abelian, then G=(H, K; ¢) has a regular ascending
central series if and only if G=H ® K.

COROLLARY 2. If ¢(K) =J(H) and if ¢(Z;(K))CO(Z,(H)),j=1,2, - -,
then G = (H, K; ¢) has a regular ascending central series. (E.g., G=[H AH].)

Despite Theorems 6 and 14, it seems difficult to determine the ascending
central series of (H, K; ¢) for nonample ¢. However, we have

THEOREM 16. (k, R)EZ,(H, K; ¢) if and only if (a) ¢ (k) =g(y)h=hg'(y)
where g(v), g’ (y) € Fi(H) for every yEK, (b) kEZy(K) and (c) ¢r(x) = b xhf1(x)
where fi(x) EZ(H)NF(H) and fi(¢,(x)) =fi(x) for all x, y.

Proof. (k, k)EZ, if and only if (a’) s="how(x)dw.,1 (P, (A~ )x™1) E Fi(H),
") [k, y]EZ:(K) and (c’) ¢g.a0:=t, all for all (x, y). Now assume that
(@), (b") and (c¢’) hold. From (a’), with x=e, hop(h~')EFi(H). Since y*
ranges over all of K, hp,(h~') € F1(H), so that (a1) ¢,(k) =g(¥)k, g(y) EF1(H).
From (a'), with y=e, [¢r(x)]'s" 1€ Fi(H). But (c¢’), with y=e, reduces to
[ (x) Jrx—1t =t [pr(x) |tx! for every t&H. Thus, [pw(x)]tx—1=f1(x) EZ:(H)
NFy(H), and we have (¢1) ¢r(x) =h"xkf1(x). In (a’), let x =¢1(h~1). Then s
reduces to ¢, (@, (A )@r-1(k)) E F1(H) so that ¢, (A~ )pr1(h) E F1(H). From
(c1), ¢x(h) =hf1(h) whence $i-1(h) =h(fi(h))~*. Hence ¢, (k=) h(f1(h)) € Fi(H)
and (a2)¢,(h) =hg'(v), g'(v) E Fi(H). Thus (h, k) EZ, leads to (a), (c1) and (b).
(c1) implies that x =g¢1(h™)u1(x) (W) f1(x) =fr(B) B~ "bi=s (x) e (f1(R)) "1 (%)
= b\ (x)fi(x) so that ¢a(x) = hxh~'(fi(x))~!. Hence ¢u—y1(t)
=¢y(1)1d,(h™) (fi(¢4~1(1))) ", and b, (£) ="y (R) ey (W) Rf1 (1) (Fr(@y1(£))) ",
since f is an endomorphism of H into Z,(H). It follows that s =xkfi(x) A=, (k)
@y (B0 7y (B71) Bf1(&y (h71) ) fr(x) fr (@1 (x)) fr(B) = &y (A1) Bf1 (& (7))
(¢ (x))fi(h), whence 1 = ¢,(h=")hth~'¢, (k). Thus G () = h'¢y(h)
<y (h ) th=y (R, (B RA(E) (fip (1) ™F = th(t)filda(t™)) = £, by (),

whence (c;) follows.
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Conversely, if (a), (b) and (c) hold, then (b’) is implied by (b). s reduces,
by (c), to ¢,(h~)k mod (Z:(H)N\Fi(H)), as we saw above. By (a), ¢,(A~)h
€ Fi(H) so that (a') s€Fi(H). As for (), ¢ (t) =th()fi(,~(t71)) =¢, by
(c), so that (c’) ow,nb.=¢.

CoROLLARY 1. (H, K; ¢) is nilpotent of class 2 if and only if H and K are of
class 2 and ¢(K) CUA(H; H/(Fi(H)NZ(H))).

Proof. By the theorem, G=(H, K; ¢) =Z,(G) if and only if (a”") h~¢.(k),
or(h)h & Fi(H) for every (h, k), (b"”) every kEZyK) and (c¢”) ¢u(x)
=h~xhfi(x) where fi(¢,(x)) =fi(x) EZ,(H)NFi(H) for every y, kEK. Sup-
pose that G is of class 2. From (c¢”’), with h=e, ¢x(x) =x mod (Z,(H)NF:(H)),
and the second conclusion follows. From (b”’), K is of class 2. In (¢’’), take
k=e so that all [x, k]EZ,(H), and H is of class 2. Conversely, if the conclu-
sions hold, then ¢w(x) =xf=fx where fEF(H) so that (a’’) holds. Since
or(x)=x mod Z,(H), ¢(K)CZ(H) so that H'CFi(H). From the second
conclusion, there exists f(x)EF(H)NZi(H) such that ¢(x)=xf(x)
=h"h(x~ ) f(x), since H'CZi(H). But x~x*&F(H)NZ,(H) since
H' CF(H). Thus ¢i(x)=k"%hfi(x) where fi(x)EF(H)NZi(H). Now
h=xher(x) =fi(x) for every xS H. Replace x by ¢,(x) and apply ¢, to
both sides. Then @y-1(h)x"py~1(h)d,1ky(x) =f1(dy(x)). Since ¢,ETi(H),
one can reduce the above to k= 'x~1he,—14,(x) =f1(¢y(x)). By what has already
been proved, ¢,(x) =xa and ¢i(x) =xb where a, bE F,(H)NZ,(H). Hence
Oy1ky(x) =xb=¢r(x) so that fi(x) =k x1hpr(x) =fi(d,(x)). This completes
the proof.

We should note that (H, K; ¢) of class 2 implies that H'C Fi(H) and that
¢(K) is abelian.

COROLLARY 2. Necessary and sufficient that G=(H, K; ¢) be nilpotent of
class 2 is that H and K be of class 2 and that Y1(G) be direct (¢©V =v).

10. The derivative. [(a, b), (¢, d)] =(ags()Pp.a[pala)c], [b, 2))
=(p(a, b, c, d), [b, d]). p(a, b, ¢, d) may be called a skew commutator. Now
[(e, b), (e, d)]={(e, [b, d]), so that the generators of the derivative G’ are all
(p, €) and all (e, [b, d]). Hence every element of G’ can be expressed as (s, #)
with t&€K’, and where s is a product of skew commutators, their inverses, and
the transforms of these skew commutators and of their inverses under the
automorphisms from ¢(K’). A trivial verification shows that the inverse of a
skew commutator is a skew commutator: [p(a, b, ¢, d) |"1=p(a’, ¥’, ¢/, d’)
where ¢’ =¢p,a(c), ¥’ =d®4], ! =¢y.4(a) and d’ =501, Let us denote by HS
the subgroup of H generated by the skew commutators. H' CHS AH.

TueoreMm 17. If G=(H, K; @), then G'=(HS, K'; ¢), and G/G'=(H/HS)
@ (K/K').

Proof. It is readily established that ¢x(p(a, b, ¢, d)) =p(¢r(a), kb, c, d)
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-p (ks (¢), d*?, e, k) so that ¢(HS) CHS for every k€K, and the first con-
clusion follows from the preliminary material. Since ¢y(c)c~'=p(e, b, c, e),
¢(K)CUA(H; H/HS). Let X be the direct sum (H/HS) @ (K/K’). Define a
map ¢ on G into X by {(h, k) =(kHS, kK’). It is clear that { is onto X. Since
¢(K)CAH; H/HS), {(how(he), kike) = (hi,(ho) HS, kik:K') = (hihoHS,
kikoK') = (hHS, biK')(hoHS, kK'), so that {EHom (G, X). Finally, (&, k)
Ekern ¢ if and only if hEHS and k€ K’; that is, if and only if (k, k) EG".

Observe that for [HAH] we have HS=H’, so that D@[H AH]
= [DWI) ADD(H)], j=1,2, - - -.

11. Normalizers and centralizers. Recall that B,(G) is the set of all
(h, k) with 0upr=1. Let By =B1(G) and By, =B1,(G) be the respective projec-
tions on H and on K of B, via the mappings (4, k)—h and (k, k)—k. The sets
B,; are subgroups. We shall make such abbreviations as(®) €(H*, G) =C(H, G).
Direct calculations establish that §(H, G) = Bi, that €®(H, G) is the set of
all (&, k) with ¢ EA(H; Bui) and kEE(By, K), that €(K, G)=F,(H) & Z:(K),
and that €@ (K, G) is the set of all (k, k) EG for which ¢,(h) =k for every
yEZy(K) and hEC(Fi(H), H). We have, at once, the result of Jordan [9,
p. 51] that G(H, H(H)) is the set of all (h, 0s=) EH(H). G=C(H, G) if and
only if G reduces to H@® K with H abelian. G=C®(H, G) if and only if
BuCF(I) and B.CZi(K). G=C(K, G) if and only if G reduces to HHK
with K abelian. G=C® (K, G) if and only if Fi(H)CZ(H) and Z,(K)C!. If
H is abelian, then €(H, G)=H @ so that € and ¥ are each nilpotent of the
same class or both are non-nilpotent. If H is abelian, €®(H, G) =H ®Z,(¥),
so that €® =Z;(€W). If H is abelian, and if H is maximal with respect to the
property H AG, then G is direct, or ¢ is an isomorphism and G = (H, ¢(K); ),
a relative holomorph. One can show that G=C®(H, G) if and only if €(H, G)
CC(K, G), while G=C® (K, G) if and only if €(K, G) CZ:(H) ®t(=C(H, G)
N(H®Y)).

I.et us define a sequence of sets {En(H) } by E(H)=F\(H), - - -, E,.(H)
=all & such that (a) hEN(E.(H), H) and (b) ke, (k1) EE,.(H) for every
yEK. An inductive proof shows that the E,(H) form, under set inclusion,
an ascending sequence of subgroups of H, each of which is ¢x-admissible for
every k€K, E,(H) AE.n(H), n=1, 2, - - - . Let Eo(H)={(e). E:(H) is the
set of all hE H such that h—'¢,(h) EZy(F1(H)) for every y& K.

LEMMA 15. NO(K, G)=(E;(H), K; ¢) so that (a) G=N(K, G) if and
only if H=E;(H); (b) G=ND(K, G) if and only if $(K) CUH; H mod Z,
-(Fi(H))); (c) if (H, K; @) s of class c, then there exists j<c with H=E;(I1);
(d) if ¢ is ample and if G=NP(K, G), then H is of class 2.

Proof. (d). By (b), h~'¢,(k) EZ\(Fi(H)) = F1(H). But each §,=some ¢,,
whence h~1h*€ Fi(H) for every x and h€H. Thus H' CF,(I1) CZ\(H).
Note that ¢ ample or ¢(K) CZ,(H) implies that E,(H) AH for all natural
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n. Under such normality, the subgroups R of H such that E,;; DRDE, are
characterized by the property ¢(K) CUA(H; R/E,).

If A, B AH with ACB, then(®) (e) + 34 =6(4, B). Let §;(4, B)=6(4,B).
If €.(4, B) is defined as a subgroup of B, let €,;1(4, B)=€.(4, B)+354.
€.(4, B) is a subgroup of B normal in H. If B AH, BCV AH, then €,(4, B)
CG.(4, V). In particular, Z,(4)=C,(4, A)CE€.(4, B) for every 4, B AH,
ACB. €,.(4, B)=(e)(+)34.

THEOREM 18. If G=(H, K; ¢) where each E,(H) AH, then for each n,
E..1(H) is the set of all h&€ H for which h~'¢,(h) EC.(Fi(H), E.(H)) for every
yEK.

Proof. We saw above that E,(H) is the set of all & such that all t =4"¢,(h)
EZ\(F(H)) =C(F1(H), E:(H)). Now suppose that the theorem is valid for
the index #n. Since E,.(H) AH, y&K, h&€H and x € E,(H) imply the existence
of 21, 2.EC,_1(Fi(H), E,_1(H)) such that ¢,(x") =xtz, =¢,(h)x2:0,(h*). Hence
(A) x~ (b Py (h))x22(B Py (B)) P =h~'ah. Cus(Fi(H), Enca(H)) AH so that (A)
implies that [x~1, t]EC,_i(Fi(H), E,_1(H)). That is, tEC,—1(Fi(H), E._1(H))
+yE,(H) where t=h"'¢,(h), h€E,..(H). tcE,(H) so that +x can be re-
placed by + g, . Since E,_1(H) and Fi(H) are both included in E,(H), and
since f(4, B) =4 + B is monotonic up in 4 and down in B, h€E,1(H) im-
plies that tEC,_(Fi(H), E.(H)) + g,unF1(H). By the definition of the €, it
follows that each tEC,.(Fi(H), E.(H)). The converse is immediate.

LemMa 16. (K, G)/C(K, G) =3I (K).

The specific homomorphism on N to & is v(f, k) =0; for fE Fi1(H). This
quotient group is independent of H. Cf. [9, p. 47]. Note that the normalizer
and centralizer of K coincide if and only if K is abelian.

Let R be a ¢r-admissible subgroup of H for every kK. W= (R, K; ¢) is
a subgroup of G=(H, K; ¢). (a, b)) EC(W, G) where a€ H, bEK, if and only
if ago(r) =r¢r(a) and bEZ(K) for every rER and for every kE K. Choosing
r=e, we have a=¢;(a), so that aEF:(H). Then a¢y(r) =ra so that on R,
¢, =1. Conversely, aEFi(H), b&Z1(K) and ¢f,=¢ on R imply (e, b)
EGC(W, G). Likewise, (a, b)) EC(W, G) implies that a EN(R, H). €(W, G) has
the “least possible value” Z;(G) if and only if R has the property (P) if
aEA(R) can be extended to ¢, EP(K), where bEZ(K), and if a can be ex-
tended to 0,~E S (H), where a € F1(H), then ¢f, =1 over all of H.

Let EN(K, G) be an abbreviation for §N(K, G), G).

THEOREM 19. If G=(H, K; ¢), and if C(Fi(H), H)CF\(H), then
NA(K, G)/CN(K, G)=(N(F(H), H)/C(F(H), H)) & J(K).

Proof. Let R=F(H). Suppose that ¢,0, =1 on Fi(H) where b&Z;(K) and
aEF(H). ¢»=1 0n Fi(H). Hence a €Z,(F1(H)). Conversely, if aEZ,(F\(H))
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and if b&€Z,(K), then fEF,(H) and k€K imply that (a, d)(f, k) =(af, bk)
=(fa, kb)=(f, k)(a, b) so that (a, b)ECN(K, G). We have proved that
EN(K, G)=(Z\(Fi(H)), Z\(K); ¢)(=Z.(Fi(H)) ®Z:1(K)). Let us define a
mapping v on N?(K, G) into (N(F(H), H)/C(F(H), H))®J(K) by
v(h, k) = (0*, 0x) where 05 is 0 restricted to Fy(H). Here hEE,(H) and kEK.
For hl, thEg(H—), kl, kgEK, hl¢k1(h2) =h1h22, where zEZl(Fl(H)). NOW
6F =1 on Fy(H) so that 0},, =6%0x, and 7 is a homomorphism. Since €(F:(H),
H)CFi(H) by hypothesis, it is clear that kern y=(Z\(Fi(H)), Z:(K); ¢)
=EN(K,G). Hence NP /EN=T & F(K)where TCR(F\(H), H)/C(F:(H), H).
hEN(Fi(H), H) if and only if ¢,(k) =hc, c€C(Fi(H), H). Suppose that
REN(F((H), H) and that k€K. Then ¢,(h) =he(y), c(y) EC(F(H), H)
CFi(H). Hence hE E,(H), and y(k, k) = (6}, 0x) so that v is onto the required
direct sum.

For a subgroup K of a group G, let ©:(K, G) = 9i(K), the inner normal hull
of K in G, be the largest subgroup of K which is normal in G. Let o(X, G)
=9o(K), the outer normal hull of K in G, be the smallest normal subgroup
of G in which K is included. .=, if and only if K AG, whence 9;=H,=K.
As generators, §o(K) has all (e, k)@= ¥ = (x¢p(x71), k¥); that is, all (x¢,(x71),y).
In [HAK] or [HDK], the generators of ©o(K) are all ([, k], k) where
h&EH, RE K. The inner normal hull of K in (H, K; ¢) s L. If a group K can be
represented faithfully as a group of automorphisms of a group H, then one
can minimize the inner normal hull by forming the relative holomorph
(H, K; ) of K over H. Here :(K) =f=(e). We write, “by abuse of language,”
G (t, G) rather than G(f*, G). (x, y) is in the latter if and only if y&E(¥, K)
as a short argument shows, and G(f, G) = (H, G(¥, K); ¢). If, as in [K AK],
fCZ.(K), then C(f, G) =G so that tCZ:i(G).

Let K now be a group in which the ascending central series breaks off
for some index # such that Z,(K)=#K. Then K/Z,(K) is a centerless group
and is thus representable faithfully as a subgroup of its group of automor-
phisms. Form the product G=(K/Z.(K), K; ¢) where ¢ is the natural map-
ping on K onto K/Z,(K). l.et a’, for aEK, be the coset aZ,(K). For a, b, ¢
EK, (¢, 0)@' = (a'b'c'b'1a’~ (b c'b'~1)1, ) = ([acta=1(®) ), ¢&) =([a, ],
¢®) so that $o(K) has for a complete set of generators all ([%, k]’, k). Since
KC9(K), all ([k, k], e) are included among the generators. Recall that
groups K for which K =D(K) are called perfect [9]. If we take G as indicated,
we have proved

THEOREM 20. Let K be a group for which the ascending central series termsi-
nates with Z,(K)#= K and for which K/Z.(K) is perfect. Then there exists a proper
extension G of K such that the outer normal hull of K in G is G.

Since any homomorphic image of a perfect group is perfect, we can have
K rather than K/Z,(K) perfect in the hypothesis.
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