AN ASYMPTOTIC FORMULA IN THE
THEORY OF NUMBERS

BY
H. HALBERSTAM

Introduction. Ramanujan(!) conjectured that if « and 8 are fixed positive
numbers

= T+ DB+ 1) fle+ DEB+ 1)
E'fa(”)ffﬂ(" —v) = Tavt B+ 2 (et B+ 2) Tatpr1=0(0arps1(n))

where g.(n) is the sum of the ath powers of the divisors of #.
In 1927 Ingham(?) published a similar result about the sum

2- dw)d(n — v)

yeu]l
where d(n) is the number of divisors of #, and pointed out that his elementary
method would serve also to confirm Ramanujan’s conjecture. The proof of
this was carried out in detail by the author of the present note(®), who proved,
in addition, that if the left-hand side of Ramanujan’s formula is denoted by
E(n),

E(n) {O(n”a_l(n) log ») when o = 8 < 1
O(n® log® n) otherwise;

here w=a+pB+1—min (a, B, 1) and ¢ =0 when min («, §) >1; when min («, B)
=<1, ¢ =0 if the three numbers o, B8, 1 are different, c =1 if two of these numbers,
but not all three, are equal, and c=2 if a=8=1.

If min (@, B) 21, there is a saving of 1 in the exponent of the error term,
and it appears difficult to improve this result. If, however, min («, 8) <1,
and the added restriction

(1) a+B<1

is imposed, it is possible to adapt an analytic argument which Estermann(*)
used to sharpen the above-mentioned result of Ingham, to proving the fol-
lowing:

Received by the editors April 12, 1956.

(1) Collected papers, p. 137.

(3 J. London Math. Soc. vol. 12 (1927) pp. 202-208.
(*) See Halberstam [1].

(%) See Estermann [2].
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THEOREM.

n—1

2 0a(W)op(n — ¥) = AiGarprr(n) + Aan®o_arsii(n) + AsnPoapii(n)
-]

+ An=*to_q_p11(n) + O(ne1(log n)+)

where Ay, As, As and A4 are as defined in (61), and w1 =3/4+(a+B)/2 if
a+p<1/2, wi=1/24a+B if a+B=1/2, and k=1 if a+B=1/2 and 0 other-
wise.

In the case a4+B=1/2 it is possible that the error term may absorb part
of the approximating function.

The author wishes to express his indebtedness to Dr. Estermann for hav-
ing suggested this investigation.

Notation. &, I, m, r, u are positive integers. 7 is a complex number. 8, ¢ are
real numbers. \ is a positive number less than 1.

Wherever the O-notation is used, the relations are uniform with respect to
all variables except A, a and B.

£, stands for e*il”,

Throughout @ and g are positive integers such that a <gq, (a, g) =1; these
restrictions on a are implied automatically whenever a is the variable of sum-
mation.

Preliminary results. We define, for 9(r) >0,

L

) = 2 ax(m)errinn,

m=l

Then, provided that 9(7) >0,

L

g(r) = fa()fa(r) = 2 s(m)er=in

ma=1
where
m—1
s(m) = > ke = 3 ga(v)ag(m — v).
kv uikl4ru=m ye=1
Hence
(2) s(n) = fg(.,-)e*'ltinrdr

with the integration taken over the line segment (i/n, ¢/n+1). Writing
7=0+41/n, (2) becomes

3) s(n) = e f 40 + i/mye=trintdp,
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We dissect (0, 1) into Farey arcs of order #'/2, and denote the typical arc
by M,.,. It is well known that if 8 is in My, we can write § =a/q+¢, where
—Big'n12 £ 9 S Boginl/2
with 1/2<B;=<1, 1/22B,;=<1. Then, by (3),

{ Z ¢£q—nag(a/q + 17)} e—2rim’d0

1, —12

s(n) = e D, f_q_ "

qsnlh q—ln—lli
where
(4) 7= i/n+9,
and ¢ =¢(n, a, ¢, %) =1 or 0 according as a/g+¢ does, or does not, belong to
M, q.
We define
(5) hno(n) = 2 0, 8(a/g + m),
¢ tam 2
(6) H,q= f hn o(n)e27in0d8,
gl
Then
(7 s(n) = e X Hapg
qsnllz

Our first objective is to find an approximating function for fi(a/g+7) and
to express the resulting error term in suitable form (see (39)).
By Mellin’s transformation formula

hed am 2wimy 1 i
(8) Ma/g+n) =2 axmiE, e = — I'(s)z~*Fx(s)ds
M=l 2mid 9
where
) z = — 2miy
and
(10) R(s) = X axlmym” g -
m=1

The functional equation for Fi(s). We have that

R =R =S REYT =Y 2 g
k,1

(11) b=1 k,l;1=b(mod ¢)
SEMT T = Y= M EDs b, 9)
b=1

q
b=l k=l l=1;l=b(mod q)



1957] AN ASYMPTOTIC FORMULA IN THE THEORY OF NUMBERS 341

where
(12) tsik) = Dbk
ka1
and
(13) t(s;b, @) = DI X

k=1;k=b(mod q)
We put G(s) = —i(2m)*"I'(1 —s). Then

irs/2 —irs/2

(14)  t(sib,9) =G)g (¢ (1 — s k) — € (1 — 51 6))

and

1—s, ixs/2 —irs/2

(15)  (si k) = G(s)g (e k(1 — 55 =B, ¢) — 6 " r(1 — 53 b, q)).

Equation (14) is proved in the same way as the functional equation for Rie-
mann’s {-function, and (15) follows from (14). We apply (14) and (15) to (11)
and obtain

F(s) = G(s)G(s — Nt 3 (ereDizg(1 4 X — 5; —ab, )
b=l

—ixr(s—\)/2 irs/2 —ire/2
— e

CA 4+ — 5508, 9)(e 5 — s;8) — 6 E(1 — 53 E))
=G()G(s — Ng2C,1+ 2 + 25+ 20)

where

2, = eiraenrn ,? (1 + N — 5 —ab, bt — 53 8),

By = N2 g (14N — 53 ab, (1 — s; &)
= o Z‘ S+ X — 53 —ab, F(L — 53 89,

2y = — e g: FL+ N = s ab, Q51 — 5 8),

3y = — g2 bi; {(1.+ N —s; —ab, Ot(1 — s £ )

q
= — 2 (1 4+ N\ —s; ab, Qt(1 — s; ‘é:).
b1
Thus
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F\(s) = 2G(s)G(s — N)gt+—2

1 q
. {cos (s -5 )1r Sl + N —s5; —ab, g)¢(1 — 53 Ef,)
b=1

(16)
1 g b
— cos — A Do E(1+ N — s5ab, @f(1 — S;Eq)} :

b=1
We now define a’ by

ad’ = 1 (mod ¢), 0<d =gq;

then if 7 is the least positive residue mod ¢ of —ab, we have ra’= —baa’
= —b (mod ¢), and this together with (11) enables us to rewrite (16) as

1 1 _,,,
F\(s; E:) = 2G(s)G(s — )\)qw‘ ’ {cos (s - £} k)-;r'Fx(l +N—s5;¢ )
(17)
1 . a’
— oS 7M~Im(1 + X -5 & )}

the required functional equation for F\(s).
The poles of Fi(s) at s=1 and s=1+X\. It is easily seen that

(i) = (), e E) = ¢ 5.
b==1
Further, by (11),

F(s) — 406 36 = MED) = X 60 — M ED{e(s: b g) — ¢ X)),
b=1 b=1

and, by the above, since the right-hand side is a regular function of s in the
neighborhood of s=1, the residues of Fi(s) and ¢*™~%{(s){(s—\) at s=1 are
the same, namely

(18) (1 = N).

It is clear from (11) that we can also write
2 abd
Fa(s) = 20 8(s = N b, )8 (si & )-
b=1
This, combined with the above method, enables us to prove in exactly the
same way that the residue of F\(s) at s=14Ais

(19) g1+ N).

Let R, be the sum of residues of I'(s)z~*F\(s) at s=1, s=14\. It follows
from (18) and (19) that

(20) Ry =T(1+ N1+ Nlga)™ + (1 — NgMga)™
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and from (8) that
—1/2+14

1
(21) M(a/g+ m) — Ry = F\(0) + P T'(s)z~*Fx(s)ds.

—1/2—1%0

We proceed to evaluate the two expressions on the right of (21).
Calculation of F)(0). We rewrite (17) in the form

F)\(S; E:) _ ( ( _ i-x B 1 x F 1 )\. o
2G(s)G(s — NP2 cos\* T )1r cos— 1r) M1 — s+ N g )
(22)

1 —a’
+ cos 5 MRl —s+ N )

~ R = s+ 8]
We observe that G(0)G(—\) = —T'(1+\)/(27)*, and that, by (19),

1 1 ot
lim {(cos (s iy )\)w- — cos 0 )\‘A')F)\(l — s+ N & )}
-0

1 —a
(23) = lim (svrsin?)wr+~--)F)‘(l—s+)\;£,, )

$—0
o1
= — 7 sin Py Mg 1721+ N).

This disposes of the first term on the right of (22). As for the second, we have,
by (11), that

lim (FA(1 = 5 + X; £) =Rl —s+XE)
= lim (Ry(s + £°) =BG+ ME))

(24) = lim 3 t(s + N b, (s £ — £ 60

371 bml

=D+ N G 5T - s 8

b=1

oty —a’ b, a’b,
=X EQC1E ) =1 g ))

be=l

where, for 0<b<gq,

Ey=t14+Nbg) = 2 b+ rg) < X b1 Mr + 1)-1
(25) rem( re=0

= b1 (1 + N,
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Now if 74(m) is the least non-negative residue mod ¢ of m,

a’'b

—a’b a'd 1—-¢ 27r (a’b)
£ 6 = 101 6) = log o = log (=) = i (= + T022)
1—§" q
= 2mi (rq(a’b) iy q)/q,
so that the right-hand side of (24) can be written
27 &t 1
— 2 (fq(a'b) - Q) E,.
q =1 2
Moreover, for any integer m
1 g vm
ry(m) — —q = Z Gokq
2 el
where
1 —y -1
(26) = =7 &=1(&§ —1) 0<v<g;
for

s R CUEE I TS N (R

l=1 l=1

-—lu
q

1 -1 —W

S 1 T 5 P
2 pet 2 14
1 (g—1g 1 1

= — — -1 T (g—-1) = — — =9),
;e 5 2(q ) 5 (v=19
1 —y -1 1 —r -1

=-gtE -0+ =G -1 0<v<g.

Thus the right-hand side of (24) becomes
21t o'ty 2mi
oy Ty emgt-T 2 ( D c,E,,).
g 15bS¢-1:15v3¢ 1=l 15b8¢—1:1SvSqibv=l (mod q)

Finally,
1 1 1

1
> |l 5— <5t > — <qlog (2,
y=1 18vSgq/2 Sln ‘ll"l’/q 2 1SvSq/2 YV

so that, by (25),
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e (E le | )(g Eb> < £%(1 4 Mg log (29).

y=l

(28) > e Ey

1Sb6S¢-1;15vS¢

If now we combine equations (22), (23), (24) and (27), we obtain

RO =-1(1+ )\)(21r)‘2‘)‘{—21r sin —;— oA (14N

A

1 v
+ 4wigt cos —r ), ( > c,E.,) £ '}
(29) 2 =1 \1SbS¢-1;15rSq;bv=l (mod ¢)

ki a’'l
= Z dlEq ’
l=1

where
—24T(1 4 \) cos Am/2
dy = ( ) / i > By 1 S15q—1)
(27'-)“-)‘ 1S5b0S¢-1;1SvSqibv=] (mod q)
T'(1 4 N\)sin\w/2 2¢T(1 4 N\) cos \w/2
(o) = DUFNsinde/2  200(1+N) cosda/ DB
(27")“')\ (271')”)‘ 1S53 ¢—-1;1SvSgibv=l(mod q)
(l = Q)’

so that, by (28),

31) > | di] = 0(g log (29)).

I=1

Calculation of the integral in (21). We denote the integral under considera-
tion by Jy. By (17), (10) and the definition of G(s),

—1/2+iw 1
= f 2G(s)G(s — N) @21 (s)z~* {cos (s iy )\)r

—1/2—40

—a 1 a’
- Pl =s+NET) - cos—z—)wrF).(l — s+ N\, )}ds

L ’
em — Z ax(m)éz mem,

m=1

= amE"
M=l
where
1+2 —1/2+410 41!'27” s I‘ 1+ x —s 1
(33) em = — (_q_) f < ) ( - ) cos (s — —)\)wds
2wm —_1/2—iw0 q% sin ws 2

and

1+A 1 —1/2+i0 /422, s T'(1 A -
(34) €p = — (-——q—) COoS ‘? Mrf ( il m) ( + 8) dS.

2am —1/2—iw q’z sin s
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LEMMA 1. If ®(8) >0, then

“ztie T(14N—s
f 5e _L__) ds = O( K I—l/z),
—1/2—ix sin ws
and
“lizhie P14 N-—s 1
f 6’(—.— ) cos (s— —)\>1r-ds=0(|6|—”2+ | 8] 1He By,
—1/2—iw sin s 2

Proof. Of these two results the first is trivial. To prove the second, we
assume first of all that 9(8) £0. By expanding cos (s —A/2)w it is easy to
show that the second integral is equal to

1 —1/2+i% I‘(l + x — s) —1/2+i0
cos — )wrf 8 ———————— ¢imsds — feiMi? f 8T(1 4+ N — 5)ds.
2 —1/2—iw sin ws —1/2—io

It is clear that

“Ustie P14 N =)
f 62 ——(—— eireds = O(| 6712,

—1/2-1w sin s
and

—1/2+i% 3/2+N+ix

f BT(1+ N — s)ds = f I(w)dtt—vdw = 2ridttre,
—1/2—iw 3/24+N—ixo

Hence the result if 9(8) £0; the proof for 4(8) >0 is similar.

We apply Lemma 1 with §=4n%m/(¢%) to en and e,. We note that by
(4), (9) and because Iz?[ Sq V2 g=nll?,

4’m 8mim 2mm
®R() = & p
(9 + n?)

= 0
7)) ¢laln > O

whence

dn’m 4nim\? 2 4r'm\"!  ¢*|z|n
e® = exp| —@® <2(a <—(a& = .
g% g% Tm g% 4mim?
It follows from Lemma 1 together with these two inequalities, and equations
(33) and (34), that
| eml + l em‘ - 0(qz+x| 2 |1/2m—(3/z+x) + nq‘“*l zll—xm—a) = O(n(q| z |)1‘*m“)
where t=min (2, 3/24X\). Hence

3 ox(m){ Len] + | en] ] = O(nwl eSS ox(m)m"‘> —0(nq] 2 1.

m=] m=1

If now we put
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0 0

(36) d = > o\(m)en — > or(m) €m,

m=1;m=—[(mod q) m=1;m=[(mod q)

it follows from (32) that

37) L= g
where, by (35) and (36),
(38) > |ar | = 0n(g] z| ).

In view of equations (29) and (37) we are now able to rewrite (21) as

q ’
(39) Melg+n) — Ra= 2 jik,
=1
where
. 1 &
(40) h=d+—d 1=sl=y,
27

so that, by (31) and (38),

q
@) X 7] =0 log (29) + n(q]| 2] )™) = 0(n(g| 21> log (29)).
1=1
Calculation of g(a/q+n) —R.Rs. We note that g— R.Rs=f.fs— RaRs
= (fa— Ra)Rs+ (fs— Rs)f«; hence, by (39) and (20),

2 a’'l
(42) glalg +m) — RaRs = 20 kit
I=1
where k1, ks, - - -, k, are numbers, independent of a, such that, by (20) and
(41),
9
4 = | k| = 0 (n2(q| 5] )= log? (29) + n(q] 2| )= log (29))
I=1

= O (nl‘f‘a'f‘ﬁq—(a*‘ﬂ) 10g2 n).
The error term. We put
(44) T = RuRs 2, bt,
and

(45) V= RuRs 2 & = co(n)RaRs
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where c,(n) is Ramanujan’s function. We define

-1,-12

q

(46) lng = f Te2rinddy
_q—|u—1/z

and

(47) Do = f Verrin gy,

We have by (5), (42) and (44) that

hna(n) = T = 3 ¢lg(elg+n) — RaRe}t; "= T 0 2 kity’
¢ a =1

(48)

— Z kl Z ¢E;a'—na

1=l a

It has been shown by Estermann(®) that an estimate for the inner sum on the
right can be derived from an estimate of Kloosterman’s sum. Moreover, a
“best possible” estimate of O(g!/?) for Kloosterman’s sum was obtained by
A. Weil(®) some years ago. If then we combine Estermann’s method with
Weil’s result we find that

(49) > et " = 0(g"" log (49))
and
(50) S (6 — g = 0@ log (49)).

It follows from (43), (48) and (49) that
(51) hao(n) — T = O(nitetbgliz—a=f log3 ),
and from (20), (44), (45) and (50) that

—2—a—B 1/2

T—V=RRs 2 (¢— D& =0(g|z])" "¢ logn)

Now it is clear from our definition of ¢ that T=1V for |z?! <q V%2 so
that T— V can be nonzero only for |0| >q~n~12/2. Since, by (4) and (9),
| 2| >2m|#®|, we have that

1
(52) T—-V=0(0g I 0| )y~2-a8gl/2 log u), (lﬂl > ~ q——ln—l/2)‘

(5) See Estermann [3].
(%) See Weil [4]. The so-called Kloosterman sum is Y goem,
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By (6), (46) and (51)
(53) Hpy — ta,g = O(nli2tatbg1i2—a—b Jog3 y),

Furthermore, our definition of ¢(#, a, ¢, #) implies that

= f Te~rinady,

Hence, by (47) and (52),

bug = Ung = 0<f (g9)~*=Pg' % log n~d0)
g—1n-12/2

(54)
= O(n(+at®2g-112 Jog ) = O(nl/>+e+bg—(a+B+11D log u).

It follows from (7), (53) and (54) that

s(n) — et* D v, = O(nll2+a+ﬁ logtn Y, q—l/z—a—a)
gSnll2 gSnl/2
(53)
= O(n*i(log n)***)

where wy=1/2+a+8if a+B821/2, mi=1/4+1+a+p)/2 if «+B=1/2, and
k=1 if a4+B8=1/2 and 0 otherwise.
Finally, it is well known that

c(n) = #(‘g-> d,

dl(q.n)

so that by (47), (45), (20), (9) and (4)

D tag = 2 co(n) f RoRge~rinsdy =0<n1+"+" > 'c,(n)]q’”“"")

q>"l/! g>nll2 g>nll2

= O(nl+a+ﬂ > gt Y ,1)

¢>nl/2 d|(g,n)

=0 (n‘*"“’ > d q-z—a—s>
11>n”2 dlq

d|n

= Q| pitets Z d-1—a—8 Z m—z—a—ﬂ)

din m>nl/2/d

= O(n(1+a+ﬂ)/2 > 1) = O(ne).

din

Hence, by (55),
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(56) s(n) — e?* i ¥n,q = O(n*1(log n)3+e),

g=1

The dominant term. By (20)

(57)  RaRs = a1(g2)™27 %% + a20%(g2) 2?4 as¢%(g2)~%* + asq*+f(gz)?
where

| a=T(1+ (1 + B + )f(1 +B), a2 = T(1 4+ B)¢(1 + Bl — @)
a3 =Tl + a)s(1 + &)¢(1 — B), a = {(1 — a)i(1 — B).
LEMMA 2. If z is as defined by (9) and (4), and if k> 1, then
fwz-—-lce—%n‘nodl’ = e~ n*1/T (k).

Proof. The integral on the left is equal to

© /) —k %0
f (— — 27ri0> eTIFINIIY = pk f (27 — 2wing) ke tredr—irinddy
—o \ H —o0

ey k—1 f2f+i°° e~y k-t
2

e?w kdw =
i T(k)

271

In view of (45), (47) and (57) v,,, involves four integrals of the type con-
sidered in .Lemma 2, and an application of the lemma gives

@ nitatsd as nlts
ey, , = cq(n){ — +
(59) 2+ a+B) ¢2t=tt  T(2+ ) g*ba
) + as nlte n 7 }
a .
[(2 + a) g¥es 4 grob
LEMMA 3.

o 1
2 cln)gt = oi-i(n), (k> 1).
- ¢(k)

Proof. The sum on the left is equal to

2’ 2 “(%)dq_k =2d i l‘(’%) gF =2 d* i#(m)m—"‘

¢=1 d|n,dlq din  g¢=1;d|q din m=1

0'1-1:(")
(k)
It follows from (56), (59) and l.emma 3 that
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s(n) = Ammttetbg_y_, s(n) + AntPo_1_pra(n) + Asniteo_y_..8(n)
+ Amno_iiars(n) + O(n1(log n)+v),
where, by (58), (59) and Lemma 3,
=F0+aﬁﬂ+ﬂ)ﬂb+wﬁb+m,A2= 1 A +8)(l —a
I+ a+p) {2+ a+B) 1+8 (2+8-a
_ 1 (14 a)¢(l —8) 4 =§(1—a)§'(1—ﬁ)‘
Clte (Qta—p) ke —a-p)

Since n¥o_x(n) =0r(n), (60) implies our theorem.

(60)

’

(61)
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