GENERALIZED RANDOM VARIABLES(Y)

BY
L. E. DUBINS(®

I. INTRODUCTION AND SURVEY OF THE PAPER

1. If P=[U, U, u] is a probability space(®) and ® is the o-field(*) of all
Borel subsets of the real line, S, and f is a real valued measurable function,
then the map f~! is a o-algebra homomorphism of ® into U and induces a
g-algebra homomorphism, F, of ® into the measure ring, 9, of P, where 91 is
the quotient o-algebra, U modulo the ideal, 9, of sets of measure zero. This
map F from ® into the measure ring of P does not change if we vary fon a
set of measure zero and is in some mathematical circumstances easier to
deal with than the point function f, and is more basic from some conceptual
statistical viewpoints. Consequently, following Segal [8] we make the follow-
ing

DEFINITION 1. Let ® be a Boolean o-algebra and let 9N be the measure
ring of a probability space P. Then a ® measurable generalized random variable
on P is a g-algebra homomorphism, F, of ® into M. If ® is a o-field of subsets
of a set S then F is said to be S-valued.

In the event S is the dual of a topological vector space B, and ® is the
g-algebra of weak star measurable subsets of .S (Definition 4 below) a notion
of integrable generalized random variable is definable. A theory of integration
for such random variables can be developed which is in some respects
smoother than the theory for ordinary vector valued point functions. In
particular, if B is metrizable, one can characterize the indefinite integrals of
S-valued, ® measurable, generalized random variables; whereas, if B is not
separable, it is not known how to characterize the indefinite integrals of
S-valued, ® measurable, point functions. (A point function f is 8 measurable
means f~}(b)EU for all b&®.) If B is separable, then every S-valued, ®
measurable generalized random variable is induced by a point function. Thus

Presented to the Society, September 2, 1955 under the title A Radon-Nikodym type theorem
for vector valued measures; received by the editors April 16, 1956.

(*) This is substantially the same as the author’s thesis submitted to the faculty of the
University of Chicago in partial fulfillment of the requirements for the Ph.D. degree, Septem-
ber 2, 1955.

(3) The author is indebted to Professor 1. E. Segal for suggesting this area of research as
well as for his continued interest and encouragement during its completion.

(*) A probability space is an ordered triple [U, U, u] where U is a set, U is a o-field of sub-
sets of U, and u is a non-negative countably additive real valued function defined on U such
that »(U) =1.

(9) A field is a Boolean Algebra U of subsets of a set U in which the Boolean operations
are the usual set theoretic operations. If U is a field, then it is a o-field provided that whenever
A4,E6U, n=1,2, - -+, then AEU, where 4 is the set theoretic union of the 4.
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if B is separable we do have a characterization of the indefinite integrals of
S-valued ® measurable point functions. This latter result is related to earlier
work of J. Dieudonné [2] on the Lebesgue-Nikodym theorem. A definitive
Radon-Nikodym type theorem of a somewhat different nature than ours has
been obtained by Rickart [7].

If B is a metrizable space, then our characterization of the indefinite
integrals of generalized random variables permits a natural definition of con-
ditional expectation appropriate to such variables. If B is a Banach space,
this same characterization justifies natural definitions of the Cartesian prod-
uct and sum of two generalized random variables.

We note here that every theorem in the sequel which applies to real topo-
logical vector spaces applies also to complex spaces. The reader will have no
difficulty in making the necessary modifications in the proofs.

11. GENERALIZED RANDOM VARIABLES INDUCED BY POINT FUNCTIONS

2. We first inquire: When is an S-valued ® measurable generalized ran-
dom variable, F, on a probability space P induced by a point function f as
described above? Our knowledge concerning this question is quite incomplete.
In this section we will state some relevant results of R. Sikorski and prove a
theorem of our own.

We note that there is a distinction between the question which starts this
section and the question: When is a o-algebra homomorphism % of ® into
the g-algebra U of measurable subsets of U, induced by a point function? In
the former case we are interested in knowing when a o-algebra homomor-
phism into a certain quotient o-algebra is induced by a point function (namely
the quotient algebra U/9T, where 9 is the o-ideal of sets of measure zero)
whereas in the latter case we want to know when a o-algebra homomorphism
into a certain g-algebra of sets is induced by a point function. To the latter
question Sikorski supplies a satisfactory answer, but in order to state the
answer we require a definition.

DEFINITION 2. If x €S, then the class of all sets 4 €E®, which do not con-
tain x, is a maximal o-ideal in ®. Such a maximal o-ideal in ® will be said to
be induced by a point in S.

We now state two results of Sikorski [9], namely: Fact 1. In order that
every o-algebra homomorphism % of ® into an arbitrary ¢-field U of subsets
of a set U be induced by a point function on U into S, it is necessary and
sufficient that every maximal o-ideal in ® be induced by a point in S.

As a corollary he obtains Fact 2. If S is a metric space and ® is the o-field
of all Borel subsets of S and the cardinality of S is not too great, namely if
it is less than the first cardinal inaccessible in the strict sense(®), then every

(%) A cardinal p=px>Ro is called inaccessible in the weak sense, if X is a limit ordinal, and
if the condition p:<p implies D_p¢<p provided ¢ runs over a set T of cardinality less than p.
If moreover m" <p for every m<p and n <p then p is said to be inaccessible in the strict sense.
See A. Tarski [11, p. 69].
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o-homomorphism % of ® into an arbitrary ¢-field of subsets of a set U, is in-
duced by a point function of U into S.

We now return to the question with which we commenced this section.
We know nothing for the case in which ® is not countably generated. For the
case in which ® is countably generated we state a theorem of Sikorski's and
then derive one of our own. It is convenient first to state a definition of Si-
korski’s.

DEFINITION 3. A topological space is called a Borel space if it is homeo-
morphic to a Borel subset of the Hilbert parallelotope(%).

We now state a result of Sikorski [9]. Fact 3. In order that every o-
homomorphism & of a countably generated o-field ® of subsets of a set S
into an arbitrary g-quotient algebra U/ (of a set U) be induced by a point
function on U into S it is necessary and sufficient that ® be isomorphic to
the o-field of all Borel subsets of a Borel space.

Before applying Fact 3 to prove a theorem of our own it will be con-
venient to make a definition.

DEFINITION 4. Let S be the dual of a topological vector space B. For each
xEB and ¢E S, let (x, ¢) be the value of ¢ at the point x and let (x, -) be the
linear functional on S determined by x. By the weak star measurable subsets of
S we mean the least o-field, ®, of subsets of S, such that for all xEB, (x, -)
is measurable relative to ®.

THEOREM 1. Let ® be the weak star measurable subsets of the dual S of a
real separable metrizable topological vector space B, and let h be a o-algebra
homomorphism of ® into an arbitrary o-quotient algebra U/ N (of a set U). Then
h is induced by a point function on U into S.

It is convenient to state as our first lemma, a well known theorem. We
first require two well known definitions.

DEFINITION 5. Let & be any collection of subsets of a set V. By 5(8) we
mean the smallest o-ring containing §&.

DEFINITION 6. For every class & of subsets of ¥ and every fixed subset
Z of Y, we shall denote by 8MZ the class of all sets of the form ENZ with
Ein &.

LEMMA 1. If(") & is any class of subsets of Y and if Z is any subset of Y,
s@®NZ=s(NA4).

Our next lemma is probably well known. Since we know of no reference
we supply its proof.

LEMMA 2. Let ®(Y) be the Borel subsets of a topological space Y and let Z
(%) The Hilbert parallelotope is the collection of all sequences a= {a;} of real numbers

such that I“il £1/:.
(%) For a proof see Halmos [4, p. 25].
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be a Borel subset of Y. Let ®(Z) be the class of all Borel subsets of Z, i.e., the
a-field of subsets of Z generated by the relatively closed subsets of Z. Let Q(Z) be
the class of all subsets of Z which are elements of ®(Y). Then ®(Z) = c(Z).

Proof of Lemma 2. Let & be the class of all closed subsets of ¥.8MZ is the
class of all relatively closed subsets of Z. Therefore ®(Z)=s(6MZ). An
application of Lemma 1 yields

®(Z) = s(§) N Z.
Since s(8) =®(Y) it follows that
®(Z) = ®(Y)NZ.

The lemma now follows from the observation that since Z is a Borel subset of
Y,
®RY)NZ = a2).

LeEMMA 3. Let Y be the Cartesian product of the real line with itself a counta-
ble number of times. Let ®, be the least a-algebra of subsets of Y such that each
projection mapping is measurable and let @, be the collection of all Borel subsets
of Y. Then ®;= C,.

Proof of Lemma 3. It is trivial that 8, C€,. To show that €, C®, it suffices
to show that every open subset of ¥V is an element of ®;. Since Y is second
countable it suffices to show that every element of some base for the open
subsets of Y is an element of ®;. The inverse images of open sets under the
projection mappings form a subbase and are certainly in ®;. Since ®, is closed
under finite intersections, the base generated by this subbase is a subcollection
Of ®;.

LEMMA 4. Let S be the dual of a real separable metrizable topological vector
space B and let @ be the a-algebra of subsets of S generated by the weak star closed
subsets. Then @ is isomorphic to the o-algebra of all Borel subsets of a Borel
space.

Proof of Lemma 4. Let x; be a countable dense subset of B and let ¥ be
as in Lemma 3. Let T be the mapping of S into ¥ defined by letting the sth
coordinate of T'(¢) be (x:, ¢) for all ©S. Then T is easily seen to be a one-one
continuous map of S into Y. There exists a countable base for the neighbor-
hoods of the origin in B. The polars(?) of these neighborhoods are a countable
set, K;, of weak star compact subsets of S whose union is(®) S. Since T(Xj})
is compact and since

re = 7( 0 &)= 0 @,
- j=1 j=1
(%) The polar of a subset W of B is the set of all &S such that | (x, ¢)| S1.
(®) For a proof see [1].
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it follows that T°(S) is a o-compact subset of ¥ and therefore certainly is a
Borel subset of Y. Since T is continuous, every relatively closed subset of
T(S) is the image under T of a weak star closed subset of S. It follows by a
standard argument that every Borel subset of T°(S) is the image under T
of a weak star Borel subset of S. Conversely, given any b& @, we show that
T'(d) is a Borel subset of T°(S). For, since UK;=3S it easily follows that

T@®) = U (TN Kj).
j=1
Furthermore, by Lemma 2, b"\K; is a Borel subset of K;. Since T cut down
to K;is a homeomorphism it follows that T(bN\K;) is a Borel subset of T'(Kj).
Then applying Lemma 2 again, we see that T(6/N\K;) is a Borel subset of
T'(S). Therefore T'(b) is the union of a countable number of Borel subsets of
T(S), and is therefore also a Borel subset of T(S). It is now trivial to complete
the proof that the map

b— T()

is an isomorphism of the o-algebra, @, with the o-algebra of all Borel subsets of
T(S). The proof of Lemma 4 is completed by observing that ¥ is a Borel
space and any Borel subset of a Borel space is likewise.

LEMMA 5. The collection, ®, of weak star measurable subsets of the dual S
of a real separable metrizable topological vector space B is the same as the o-alge-
bra, @, generated by the weak star closed subsets of S.

Proof of Lemma S. It is trivial to verify that 8 C €. We proceed to show
"that €C®. Let T be the mapping of S into Y defined as in Lemma 4. Our
lemma will be proved once we show that T(€) CT(®). In the course of prov-
ing Lemma 4, it was shown that T(@) is the collection of all Borel subsets of
T(S). Therefore, applying Lemma 2, we see that T(€)=e,N\T(S), where
@, is as defined in Lemma 3. Then by Lemma 3, we get T(@) =®NT(S).
Then by Lemma 1, ®&NT(S) is the least g-algebra of subsets of T(S) such
that each projection mapping {a.}—a; is measurable, when the mapping is
restricted to T°(S). Since it is easy to check that each such projection mapping
is measurable relative to T(®) it follows that &,NT(S) CT(®). Therefore
T(€)CT(®). This completes the proof.

LEMMA 6. Let ® be the weak star measurable subsets of the dual, S, of a real
separable metrizable topological vector space B and let x; be a countable dense sub-
set of B. Then ® is the least o-algebra of subsets of S with respect to which all x,
are measurable.

Proof of Lemma 6. It is only necessary to show that if x& B and all x, are
measurable relative to a g-algebra of subsets of S then so is (x, -). Since x, are
dense in B, there exists a subsequence which converges to x. Therefore there
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exists a subsequence of the measurable functions (x;, -) which converges
pointwise to the function (x, -). But the pointwise limit of a sequence of
measurable functions is likewise measurable.

Proof of Theorem 1. From Lemma 6, it easily follows that ® is countably
generated. By Lemmas 4 and 5 we see that ® is isomorphic to the ¢-algebra of
all Borel subsets of a Borel space. The theorem now follows from Fact 3
above.

I1I. EXTENDING 0-ALGEBRA HOMOMORPHISMS

3. It is not in general true that a o-algebra homomorphism defined on a
field of subsets of a set into an arbitrary g-quotient algebra can be extended
to the generated o-field so as to be a g-algebra homomorphism ('°). However,
with suitable restrictions on the o-quotient algebra, the result is true. In
particular we have the following:

THEOREM 2. Every o-algebra homomorphism of a field ® of subsets of a set
S into the measure ring of a probability space possesses a unique extension to a
a-algebra homomorphism of the o-field ® generated by R.

Proof of Theorem 2. The uniqueness of the extension is trivial. We pro-
ceed with the proof of existence. Let % be a o-algebra homomorphism of ® into
the measure algebra 91 of a probability space and let m be the measure on 91.
Since the measure algebra 9N of a probability space is complete as a partially
ordered set we can first extend % to every subset 4 of S as follows.

M ) = [ Voneea |
faml
where the inf, A, is taken over all countable sequences {R;} such that R,&E®
and such that .
(2) A CUR.
=1

We first verify in a straightforward way that % is indeed an extension of 4.
Let RE®. We show that k2(R)<k(R). Let R; equal R for all 1=1,2, - - - .
Therefore VE(R;) =k(R). Thus k(R) is one of the terms over which the
infimum on the right side of (1) is taken. Therefore i(R) <h(R). We now
show that #(R) 2k(R). It suffices to show that for every sequence {R;} over
which the infimum in (1) is taken, A(R) SVA(R;). If R; is such a sequence
then RCUR;. In this event R=U(RNR;). Since k is countably additive on
®, k(R) = VR(RNR;), which in turn is clearly £VA(R;). We have now shown
that % equals & on Q.

We next show that % on ® preserves complements and countable unions.
Let A be any subset of S. We will show that

(1% For a counterexample see Sikorski [10, p. 13].
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3 k(A4) V K(4') = e

where e is the unit in the measure ring M.
By definition of %

@ ) V) = {A v h(R.~>]} v {A [y h(&-)]}

where the first inf, A, is taken over all sequences {R"} such that R;E®,
A CU [L,R; and the second inf, A, is taken over all sequences {S;} such that
S;E®, A'CU;L; S;.

Now since any complete Boolean algebra is infinitely distributive we have
from (4)

0 i Vi) = p 4 Vi | v [ Vi)

1=l J=1

where A is taken over all pairs of sequences {R;}, {S;} such that
ACUR; and 4'CUS,;.

The right side of (5) is easily seen to be equal to

©) A { v [h(R.-) v h(S,-)]} .

(%)

Since % is a homomorphism (6) equals

(7 A { V h(R; U Sj)}.

id
Further, since, % is a s-homomorphism on ® and since the unit S of ®
equals U, ; (R\US;) we have e=£k(S) =V;,; R(R\JS;). Therefore (3) is estab-
lished.
We now wish to show that for all AE®
(8) h(4) N k(4" = 0.

In order to prove (8) and the fact that % on ® preserves countable unions
we define a probability measure on S as follows:
First for each REQ® we define

® o(R) = m(k(R))

where m is the measure on the measure ring 9. It is straightforward to verify
that v is countably additive on ®. Thus as is well known » may be extended in
a unique manner to be a probability measure on ®. We now wish to show that

(10) mo k(4) < v(4) for every 4 € @®.



280 L. E. DUBINS [March

Before proving (10) we first show that (10) is sufficient to complete the
proof of the theorem. We return to the proof of (8). By (10) we get

(11) mo h(A) + mo h(4’) < v(4) + v(4") = (4 U 4") = 1.
From (3) and the fact that m is a probability measure we easily see that
(12) m[h(4) V k(4] = 1.

Since m is additive (11) and (12) are known to imply (8).

We continue to show that (10) is sufficient to complete the proof of the
theorem. We need to show that if 4; is a monotone decreasing sequence of
sets in ® with an empty intersection then £(4;) 0. From the definition of
h it easily follows that / is monotone. Therefore %(4;) is a monotone decreas-
ing sequence. To show it decreases to zero it is sufficient to show 7 [#(43) ]\ 0.
But this latter follows from (10) since v(4:) \ 0 for v is a countably additive
measure on ®. The following sequence of inequalities establishes (10)

m[ A { ; h(R;)}] <A m{ ; h(R;)}

A S moh(R) = o(4)

i=1

mo k(4)

I

IIA

where the infimum is taken over all countable sequences {R;}, of elements
R,E®, such that A CUR;. The first equality follows from the definition of 4.
The two inequalities are immediate from the fact that m is a measure. The
last equality is demonstrated in the well known proof of the existence of
an extension of a o-measure defined on a ring ® of subsets of a set to the
g-ring ® generated by ®. This completes the proof of Theorem 2.

IV. INTEGRATION OF GENERALIZED RANDOM VARIABLES

4. Discussion. In this chapter we define a notion of integral for generalized
random variables which agrees with the weak integral of Pettis(!!) in the
event that the generalized random variable is induced by an ordinary point
function into the dual of a Banach space. We then prove a Radon-Nikodym
type theorem, Theorem 5 below, which is fundamental for the theory of
generalized random' variables.

Throughout this chapter, S will be the dual of a real topological vector
space B, and ® will be the collection of weak star measurable subsets of S,
and F will be an S-valued, ® measurable, generalized random variable on a
probability space P=[U, U, «] whose measure ring is 9. We will occa-
sionally impose additional restrictions on B and F. Let f be an ordinary func-
tion defined on U into S such that for every x&B the real valued function

(1) For a discussion of various notions of integral including the weak integral of Pettis see
Hille [S5].
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(x, f(+)) is measurable relative to U. If for every x&EB
[ @ swauc)

exists, it determines a linear functional on B. If furthermore it is a continuous
linear functional of B it determines a unique element of S. It seems natural
to say that in this event, f is integrable, and to define [f to be the element of
S thereby determined. If one accepts this definition, then it seems natural to
say that for any measurable subset M &€, if for every x €B, [u(x, f(w))du(w)
exists, and determines a continuous linear functional of B then f is integrable
over M, and to define [uf to be the unique element of .S thereby determined.
It would be desirable if the set of M such that f is integrable over M formed
an ideal. If we assume that B is complete and metrizable then one can prove
that the collection of such M is indeed an ideal; however, the collection need
not, in general, form an ideal. It seems desirable therefore to modify our pro-
posed definition somewhat, so that this collection is always an ideal, and so
that the definition is not really different in the event B is both complete and
metrizable. We are thereby led to consider f to be integrable over a meas-
urable set My&U provided that for all measurable M = M,, f is integrable
over M in the sense previously defined and in this event to define [yf as be-
fore. If one examines what this concept means in terms of the mapping f~! of
® into U one is led to definitions appropriate to generalized random variables.

5. Some elementary properties of indefinite integrals of generalized ran-
dom variables.

DEeFINITION 7. For every S-valued ® measurable generalized random vari-
able F, and every M in the measure ring of P we define a linear transformation
Fu as follows.

The domain of Fu is the set of all x& B such that the linear functional on
S, (x, -), is integrable relative to the measure uy o F where (ux 0 F)(4)
=upy(F(A))=u(MNF(A)) for all AE®.

If x is in the domain of Fj then we define Fu(x) to be that element of
Li(uy o F) determined by (x, -). For brevity we write

Fu(x) = (x, -).
PROPOSITION 1. Fu s a linear transformation defined on a subspace of B.
Proof is immediate from definition of Fa.

PRrOPOSITION 2. If the domain of Fuy is a complete metrizable subspace of B
then Fu ts continuous.

Proof of Proposition 2. By the closed graph theorem it is sufficient to show
that Fa is closed. Since metrizability implies first countability it suffices to
-show that if x,Edomain of Fy and x,—x and Fu(x.)—y then x&domain of
Fu and Fy(x) =y. Since the domain of Fy is closed it follows that x is in the
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domain of Fy. Since x, converges to x, (x., -) converges everywhere to (x, -).
Since Fu(%n) = (xn, ) converges to ¥ in Li(uy o F) it follows that y=(x, -)
almost everywhere (uy 0 F). Therefore Fuy(x) = (x, -) =y in Li(usn o F). This
completes the proof.

DEeFINITION 8. F is said to be weak star semi-integrable over M provided
that for all xE€B, (x, -) is integrable relative to the measure u3 o F and the

mapping
2= [ @ 9o D@

is a continuous linear functional defined on B.

DEFINITION 9. F is said to be weak star integrable over M, provided that
for all M < M,, F is weak star semi-integrable over M.

In the event B is complete and metrizable there is no need to distinguish
between weak star semi-integrability and weak star integrability as the
following proposition implies.

PROPOSITION 3. Suppose B is complete and metrizable. If for all xEB, (x, -)
1s integrable relative to the measure uy, o F then F is weak star integrable over M,.

Proof of Proposition 3. Let M < M,. The measure % o F is less than or
equal to the measure u, 0 F on every measurable set & ®. Therefore for all
xEB, (x, -) is integrable relative to uy o F. That is, every x B is in the do-
main of Fy. Therefore by Proposition 2, Fy is continuous. So the mapping
x—(x, +) is a continuous mapping of B into L,(ux o F). It easily follows that
the mapping x— f(x, -)d(us o F) is a continuous linear functional on B. Thus
F is weak star semi-integrable over M. By Definition 9 it follows that F is
weak star integrable over M.

DEFINITION 10. If F is weak star semi-integrable over M then we define
JuF to be that unique element in S determined by

(x, fMF> =f(x, ¢)d(uy o F)o.

DEFINITION 11. Let F be any S-valued, ® measurable generalized random
variable. We define the indefinite integral of F to be the vector valued function
v with domain the set of all M in the measure ring of P such that Fis weak star
integrable over M, and where

(M) = f F.
M

The following proposition follows immediately from the definitions and
is stated here for later reference:

PRroPOSITION 4. Let F be an S-valued, ® measurable, generalized random
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variable and M, an element of the measure ring of P. Then any one of the follow-
ing hold if and only if they all hold.

M, is in the domain of the indefinite integral of F.

F is weak star integrable over M.

For all M £ M,, F is weak star semi-integrable over M.

For all M = M,, F is weak star integrable over M.

For all M <My, M is in the domain of the indefinite integral of F.

For all M < M,, and for all xEB, (x, -) is integrable relative to the meas-
ure uy o F and the mapping x— [(x, $)d(us o F)¢ is a continuous linear func-
tional defined on B.

MR

DEFINITION 12. F is said to be weak star integrable provided that for all M
in the measure ring of P, F is weak star integrable over M. '

COROLLARY TO PROPOSITION 4. An S-valued, ® measurable generalized ran-
dom variable is weak star integrable if and only if it is weak star integrable over
the unit of the measure ring of P.

Our primary objective is to characterize the indefinite integral of a gen-
eralized random variable. An obvious property of indefinite integrals is their
countable additivity, a concept which we now define explicitly.

DEFINITION 13. A mapping v of a subset of a g-ring into S will be called
weak star countably additive provided that for every disjoint sequence M; in
the domain of v such that V2, M;is also in the domain of v, we have

v(\_/ M,-) - ngo,

where the sum, _, is meant in the sense of the weak star topology on S.

PROPOSITION 5. The indefinite integral of a generalized random variable F is
weak star countably additive.

Proof of Proposition 5. Let v be the indefinite integral of F and let M; be
a disjoint sequence in the domain of v such that M =V M; is also in the domain
of v. We need to show that »(M) = D_v(M;) where the sum, Y, is taken in the

sense of the weak star topology on S. It suffices to show that for all x€B

(x, (M) = 22 (=, o(M)).
That is we wish to show that for all x&B

(x, f F) = E(x, f F).
M M;

Equivalently, we need only show that

fFM(A?)(’(HMOF) = Z (x)d(uy'-OF).
Py,
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That is we must only show that

f(x, d(upy o F) = Zf(x, -)d(ux; 0 F).

This equality does indeed hold since the measure uy o F is the sum of the
measures #y, 0 F. Therefore the proposition is established.

6. A preliminary Radon-Nikodym theorem for generalized random vari-
ables. We are now ready to prove a preliminary theorem of Radon-Nikodym
type.

THEOREM 3. Let v be a weak star countably additive function whose domain
is the measure ring of a probability space P=[U, U, u] and with values in S.
Suppose that for all M5~0 in the measure ring of P, v(M)/u(M)EK, where
K is a convex subset of S which is compact in the weak star topology. Then v
is the indefinite integral of an S-valued, ® measurable, generalized random vari-
able h.

Proof of Theorem 3. Our proof will be accomplished as follows. First we
will define % on sets of the form x~1(J) where J is a left closed right open inter-
val of real numbers and where x~(J) is the set of @E.S such that (x, ¢) EJ.
We will then prove that % can be extended to be a g-algebra homomorphism
of the Boolean subalgebra of @ generated by sets of the form x~1(J). Then
by Theorem 2 there exists a further extension of % to ®8. We will then show
that » is the indefinite integral of z by showing, that for all M in the measure
ring of P, M is in the domain of the indefinite integral of & and [ah=v(M).

We now proceed to the details of the proof. We will use the letter x to
represent either a vector in B or the continuous linear functional on S to
which it gives rise. Thus by x o v we mean the mapping which assigns to
each M in the measure ring 9 of P, the real number (x, 2(M)). Clearly x o v
is a countably additive real valued measure defined on the measure ring 9.
Therefore by the usual Radon-Nikodym theorem, there exists an integrable
function f, defined on U into the reals, unique up to a set of # measure zero
such that

1) fo,du = xo0vow(D),

where 7 is the canonical projection mapping of U onto the measure ring 90,
and DEAL.

Let J be any left closed, right open, interval of real numbers, infinite
intervals not being excluded. Then 7f; '(J) is an element of the measure ring
and is uniquely determined by x and J. We now define % on sets of the form
x~1(J) as follows.

) k()] = =f72().
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We omit the easy proof that % is well defined on such sets. Let g be a set
of the form

3) g=art () M- M aii(Ja)

and let b be a finite union of sets of the form (3)
1

4) b=U g,

J=1

It is straightforward to check that the class of all sets of the form (4) is the
Boolean algebra generated by sets of the form x~1(J). It then follows(1?)
that a necessary and sufficient condition for % to be uniquely extended to a
Boolean algebra homomorphism of this Boolean algebra is:

If 71 (J) N - - - M x;7Y(J,) is empty then
Rlar )] A -+ - A kl21(Ja)] = 0.
We proceed to prove (5).

()

LEMMA 1. Let E be a convex set of reals and x a vector in B and f. as defined
above. Suppose 0 < M S7f;'(E). Then v(M)/u(M)Ex~'(E).

Proof of Lemma 1. From (1) we get
1 xo (M)
(6) f fdu = ———
uw(M)J i u(M)

where [uf.du means the integral of f, over any set in U which represents M.
It is well known that the left side of (6) is in the least convex set containing
the image under f, of any representative of M. By hypotheses E is such a set.
Therefore

xo0 (M)
— ' C€E
u(M)
or equivalently
D E)
u(M) |
LEMMA 2. Let E,, - - -, E, be convex sets of reals and xy, - + - , x, vectors in
B. Let fay, « - -, f, be as defined above and suppose

0<M=nfo(E) A+ A nfalEn)
then
(1?) For a proof see Sikorski [10],
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o(M)
u(M)

Ew (E)N - N, (E).

Proof is immediate from Lemma 1.

It is easy to see that (5) above is immediate from Lemma 2. Thus % can
be extended to be a Boolean algebra homomorphism of the Boolean algebra
generated by sets of the form x~1(J).

We next wish to show that % as thus extended is a o-homomorphism. It is
sufficient to show that if &, is any monotone decreasing sequence of subsets of
S whose intersection is empty, (where each b, is of the form (4) above) then
AZ(b,) =0. We now proceed to show that this sufficient condition holds.

LEMMA 3. If wf;'(J) 50, then for any >0, there exists a closed interval, Z,
such that

ZCJ and ulxfs (2)] > ulxfs ()] — e
Proof of Lemma 3. unf, ' is a regular measure on Borel subsets of reals.
LEMMA 4. If mf"(JONA -+« - Anfs (Ja)#0 then for any €>0, there exist
closed intervals Z; such that Z;CJ; and
-1 —~1 —1 -1
wrfe(Z) N\ s AN fe,(Za)] > ulnfa(T) A - A7fe(Ta)] —
Proof of Lemma 4. This lemma follows from Lemma 3.

LEmmA 5. If v=Vi., [1rf,, (DN - /\7rf,',1, (Ji.n) 150 then for any
€ >0, there exist closed intervals Z; ; such that Z;.:CJ; i and such that

“{=[:”f 2 |} > utn) -

Proof of Lemma 5. This lemma follows easily from Lemma 4.

LEMMA 6. Let ym=Vim, Niz¥ 5., (Jm.ji) and suppose ym is monotone
decreasing. Let M =/\‘y,,. and suppose M#~0. Then there exist closed intervals
Zm,j"’cjm'j,{ such that

lm nm,j M
{A V Aﬂ'fzm,,( m;t)} u( )°

me=l je=l i=1 2

Proof of Lemma 6. Let €, =u(M)/4™. We apply Lemma 5 to y. and € to
get the existence of closed intervals Z,,;,:CJm,j,i and such that

lm fm,j
{ VoAt .m)} > u(ym) — €m.

J=1 1i=1

We easily confirm that
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uw(M) w(M) .

2 2

) lm  nm,j
{ A V A Wf’m: t(Z’” Jt')} :1: u[A‘Y"'] - ze"‘ = M(M) -

mm=1 j=1 =1

LEMMA 7. If ba is any monotone decreasing sequence of subsets of S of form (4)
above, whose intersection is empty, then Ah(b,) =0.

Proof of Lemma 7. Let M =Ak(b,) and assume M50,

lm nm,j

=U nxmu(fmi.)

j=1 =1

Let ¥m="h(bn). By Lemma 6, there exist closed intervals Z,,,;,iCJm,j,i such

that
©  lp nm,j
“{ A v A Wf:,:»m(zm.i,i} = “) .

mml jml i=1 2

In particular
N Im nm,§

=A V A sz,,.,. Zm,ji) ¥ 0 for every N.

Ml j=a1 gm=l
Then I claim

0(5 N) b nm

c n U n x,,.,,(Z,,.,.)

u(aN) M=l ol  fe=l

To see this we use the distributive law and apply Lemma 2. Furthermore
v(8x)/u(8x) EK. Thus we have proved that for every N

Im nm,j
KN n U 0 %msiZomid)
mm=ml jml 1=l
is nonempty.
For every N this set is compact in the weak star topology. These sets obvi-
ously possess the finite intersection property. Therefore

lm nm,j
KN ﬂ U ﬂ x,,.;.(Z,,.;.)

m=1 J—l i=1

is nonempty. It easily follows that

Im nm,j

n un xm 32i(Zom,3,5)
Ml j=1 g=1
is nonempty. And since Z,,;,iCJm,i,i we see that

lm nm,j

n U n xm A t(Jm i,t)

Mem]  foul =l
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is nonempty, i.e, Nm-1 b= is nonempty. This contradiction completes the proof
of the lemma.

Lemma 7 implies that % is a c-homomorphism of the Boolean algebra gen-
erated by sets of the form x~1(J). Now by Theorem 2, % can be extended to
be a g-homomorphism of the o-algebra generated by sets of the form x~1(J).
To complete the proof of the theorem we need only show that for all M in the
measure ring of P, M is in the domain of the indefinite integral of % and
Jah=v(M). By Proposition 4, it suffices to show that for all M/ in the measure
ring, & is weak star semi-integrable over M and [yk=v(M). That is we need
to show that for all x€B, (x, -) is integrable relative to the measure uy 0k
and:

(x, o(M)) = f (x, §)d(x 0 B)(@).

This is easily established via the following sequence of equalities

(x, o(M)) = fo,du = [ ituwo 50

= [ yatuwo ko) = [ @)ituso (o)

The first equality follows from the definition of f.. The second equality is
standard measure theory. The third equality is by definition of &. The last
equality is again standard measure theory. The proof of Theorem 3 is now
complete.

7. A sufficient condition for absolute continuity of the indefinite integral
of generalized random variables. It is easy to see that if v is weak* countably
additive on the measure ring 9% of a probability space, then v(0) =0; that is,
v necessarily possesses a kind of absolute continuity property with respect to
the probability measure # on the measure ring. In case S is the real numbers
the usual Radon-Nikodym theorem is therefore easily seen to imply that
every weak* countably additive function defined on the measure ring of a
probability space into S is the indefinite integral of an integrable random vari-
able. It is therefore natural to inquire whether this result is true if S is the
dual of an arbitrary Banach space, B. This however is not the case. Errett
Bishop called to my attention the following counterexample. Let the measure
space be the unit interval under Lebesgue measure. Let B be L; of the unit
interval and S its dual. Let v(M) be the element of S corresponding to the
characteristic function of any representative of M where M is any element of
the measure ring. Then v is weak* countably additive. However v is not the
indefinite integral of a generalized random variable F. For assume that it
were. Then there exists a sphere V, say the sphere of radius % in S, such that
F(V)#=0.
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Let 0< M < F(V). Then for all x& L,,

(x, fMF)l e ! f(x, ¢)duy 0 F(¢) I

< [ 1) duor@ s [ llalleldus oo

| (x, 9(M)) | =

=1l f llann o F(@) = 18-,

Now let x be v(M). Therefore u(M) = (v(M), v(M)) §”v(M)” -ku(M). Equiv-
alently 1§l|v(M)” -k. Therefore 1= (v(M), v(M))k2=u(M)k2 We arrive at a
contradiction by letting M have sufficiently small positive measure.

Therefore in order that v be the indefinite integral of a generalized random
variable we need an additional restriction on v besides weak star countable
additivity. In order to state the additional property » must satisfy, it is con-
venient to make a definition.

DEFINITION 14. Let 91 be the measure ring of a probability space P = [U,
U, %] and let S be the dual of a topological vector space B. Let v be a function
defined on a subset of 91 into S. We say that v is absolutely continuous with
respect to % provided that there exists a collection M, of elements of 9N
whose sup is the unit of 9T and such that for each @ and each ME I with
MZM,,vis defined on M and v(M)Eu(M)- K., where K, is a convex weak
star compact subset of S corresponding to M.

In the event v were a countably additive real valued function defined
on U, it is well known that v is absolutely continuous in the usual sense if
and only if the function ¥ defined on the measure ring of P by

3({4}) = o(4)

is well defined, where {A4} is the element in the measure ring corresponding
to A E€U. In order to show that for real valued countably additive functions,
our use of the words absolutely continuous is consistent with previous usage
we observe that the usual Radon-Nikodym theorem can be used to show that
if v is a countably additive real valued function defined on the measure ring
of a probability space P=[U, U, ] then v is absolutely continuous with re-
spect to % in the sense of Definition 14.

We do not know if the indefinite integral of an S-valued, 8 measurable,
generalized random variable is necessarily absolutely continuous with respect
to . We do however have the following:

THEOREM 4. Let k be an S-valued, ® measurable generalized random variable
on a probability space P=[U, U, u]| where S is the dual of a real metrizable
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topological vector space B. Then the indefinite integral of h is absolutely con-
tinuous with respect to u.

LEMMA. Let S be the dual of any real topological vector space B and let
[S, ®, v] be a probability space where ® is the collection of all weak star measura-
ble subsets of S. Suppose further that S is a measurable cover of the polar, K, of
a neighborhood, W, of the origin in B. Then the mapping

x'_)(xv )

is a continuous linear transformation of B into L,(v), the Banach algebra of
essentially bounded measurable functions on S. Furthermore it is a continuous
linear transformation of B into Li(v) and the mapping

5 f (z, $)do(9)

is a continuous linear functional, vy, on B. Also yCK.

Proof of Lemma. It is clear that for each x&EB, (x, -) is measurable (®).
We show that it is essentially bounded. K is a weak star compact subset of S,
and therefore the image of K under the continuous function (x, -) is a com-
pact interval I of real numbers which depends upon x. Let b be the set of
¢ &S such that (x, ¢) E'I. Clearly bE® and b\ K =0. Therefore v(b) =0 since
S is a measurable cover of K. Therefore (x, -) is essentially bounded by its
bound on K. The mapping x—(x, -) is clearly a linear transformation of B
into the essentiallv bounded measurable functions on S. To show continuity
it is sufficient to show continuity at the origin. In fact it is sufficient to show
that some neighborhood of the origin in B maps into the open unit sphere.
For all x&€ W and all qSEKl (x, @) |§1. Since (x, -) is essentially bounded by
its bound on K, it follows that | (x, <;b)| <1 almost everywhere (v). Therefore
continuity into L.(v) is established. Since the injection map of L,(v) into
L,(v) is continuous it follows that x—(x, -) is continuous on B into L;(v) and
the mapping x— [(x, ¢)dv(¢) is clearly a continuous linear functional ¥ on B.
We now show yEK. Assume y&’K. Then since S is locally convex in the
weak star topology there exists a continuous linear functional separating v
from K. Since the only continuous linear functionals on S in the weak star
topology are in B it follows that there exists an x & B such that

(x, ) #= (x,7) for all ¢ € K.

Since v is a probability measure, [(x, ¢)dv(¢) is an element of the closed con-
vex hull of the essential range of (x, -). It was shown above that the essential
range of (x, -) is contained in I, the image of K under the continuous function
(x, +). Therefore [(x, ¢)dv(¢) equals (x, ¢) for some ¢ EK. Therefore (x, ¢)
= [(x, ¢)dv(®) = (x, ). This contradiction completes the proof of the lemma.
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Proof of Theorem 4. Let W, be a countable base for the neighborhoods of
the origin in B, and let D, be a measurable cover for K,, the polar of W,.
Since S equals the union of the K, it follows that the same is true for the
union of the D,. Also, since % is a g-algebra homomorphism it follows that the
unit of M is the sup of M,=h(D,). Let MESM with 0% M < M, for some
fixed @. We now apply the lemma where v = (1/4(31) (upy o k). Therefore the

mapping
2= [ G 9)in(e)

is a continuous linear functional, v, on B; and yEK. That is, the mapping
x—(1/u(M)) [(x, $)d(ur o h)(¢) determines an element of K. Therefore the
mapping x— [(x, ¢)d(uy o k)(¢) is a continuous linear functional. Therefore
h is weak star semi-integrable over M. This is true for every M < M, and
therefore by Proposition 4, M is in the domain of the indefinite integral of &.
Furthermore (1/u(M))(x, [uh)=1/u(M))[(x, ¢)d(usy o k)(¢p). Therefore
(1/u(M)) [uhEK. This completes the proof.
8. A Radon-Nikodym theorem.

THEOREM 5. Let 9N be the measure ring of a probability space P=[U, U, u]
and let S be the dual of a topological vector space B. Let v be a function defined
on M with values in S which is both weak star countably additive and absolutely
continuous with respect to w. Then v is the indefinite integral of a unique S-
valued, ® measurable, weak star integrable, generalized random variable, h, on P,

Proof of Theorem 5. We first prove existence. Since v is absolutely con-
tinuous with respect to #, there exists a collection M;E9IN, where k ranges
over some set 4, such that sup M;=1€E9I and such that for each k&4 and
each M £ My, v(M)Eu(M)- K, where K, is a convex weak star compact sub-
set of S.

Let v =v cut down to M;. We observe that Theorem 3 is valid not only
for probability spaces but for any finite measure space. Therefore there
exists a collection A, of g-algebra homomorphisms of ®, into the subring of 91
consisting of the principal ideal generated by M; with the property

f hr = v(M) for every M < M.
M

Now define k(b) = VA (b) for ecach b&®. We now check that % is a o-homo-
morphism.

The fact that & preserves countable unions is trivial. We proceed to show
h preserves complements. We need to show that

V IIj(b) and V (Mh - hk(b))

are complements. The sup of these two is easily seen to be the identity in 9.
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We need only prove that their inf is zero. Their inf is
V Il,(b) /\ (M/.-, - Ilk(b)).
ik

Thus we wish to show that for each j and &
ki) N\ (M) — hy(b)) = O.

We observe that the collection of 5&® for which this latter equation holds
forms a g-subalgebra of ® and that therefore we need only show that it holds
for a generating subset of ®. In particular we need only show that it holds
for sets of the form x~1(J) where x €B and J is a left closed right open interval
of real numbers. By the usual Radon-Nikodym theorem, there exists an
essentially unique real valued integrable function f. defined on U such that

f fz = (x, v(M) for all M € M.
M
By definition of & and %; (in Theorem 3)

h(a” () = wfa (1) A Mo
and
hi(£ () = wfa () A M.
These two equations imply that
hi(x=2 (1)) N\ (M — hi(271()))) = 0.

Therefore k preserves complements. Thus we have shown that % is a o-algebra
homomorphism.
It is convenient to note here for later use the fact that

-1 ~1
hox = xf,.

For: h(x=1(J)) =sups h(x~1(J)) =sups nf; '(J) AMi=mf;'(J). Therefore for
every Borel set C of real numbers,

Kz (C) = 72 (C).

Equivalently

1

hox ' = xfs.

We now show that % is weak star integrable and that v is the indefinite
integral of . That is, we will show that for all M€ and all xEB

(x, o(3)) = f (2, §)dun 0 h(@)
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in the sense that the integral on the right exists and equals (x, 2(M)). This
follows from the following sequence of equalities

f - |EZA

= [ sauwoio ) = [ (. B0 o)

(%, o(M))

The first equality follows from the definition of f,. The second is standard
measure theory. The third follows from the fact already noted; namely
hox—'=mf;"', and the fourth is standard measure theory.

We now prove uniqueness. We observe that the function f, was determined
as that essentially unique function such that [uf.= (x, 2(M)) for all M S M.
Therefore f;' is uniquely determined by x and v. Therefore ko x! is
uniquely determined by x and ». Thus % is uniquely determined on sets of
the form x~1(C) for C a Borel subset of the reals. Therefore % is uniquely de-
termined on a generating subcollection of ®. By a standard argument £ is
uniquely determined on ®. This completes the proof.

DeFINITION 15. The unique % determined by v we call the Radon- Nikodym
derivative of v.

9. The main result: a characterization of the indefinite integral of S-
valued generalized random variables for S the dual of a metrizable space.
As an immediate consequence of Proposition 5 and Theorems 4 and 5 we
deduce our main result:

COROLLARY 1. Let 9N be the measure ring of a probability space P=[U, U, u]
and let S be the dual of a real metrizable topological vector space B. Let ® be
the collection of weak star measurable subsets of S and let v be a function defined
on M into S. Then v is the indefinite integral of a unique S-valued B measurable,
weak star integrable, generalized random variable on P if and only if v is both
weak star countably additive and absolutely continuous with respect to u.

10. A characterization of the indefinite integral of S-valued weak star-
integrable ordinary random variables for .S the dual of a separable metriza-
ble space. Theorems 1 and 5 together imply a generalization of a theorem of
Dieudonné [2, p. 132] which we state as:

COROLLARY 2. Let 9N be the measure ring of a probability space P=[U, U, u]
and let S be the dual of a real separable metrizable topological vector space B. Let
® be the collection of weak star measurable subsets of S and let v be a function
defined on M into S. Assume v is both absolutely continuous with respect to u and
weak star countably additive. Then there exists a point function f on U into S
such that f~(b) EU for all bE® and such that for each AEU and each xEB

(%, Xa(-)-f(+))
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is integrable with respect to u and
[ @ Xutw)- f@)iutw) = (2 v0w(a))

where m is the canonical mapping of W onto M and X 4 s the characteristic func-
tion of A.

Proof of Corollary 2. By Theorem 5, v is the indefinite integral of a gen-
eralized random variable k. By Theorem 1, & is induced by a point function f.
It is straightforward to check that f has the desired properties.

We observe that Corollary 1 implies the converse to Corollary 2. Thus if
S is the dual of a separable metrizable space, we have a necessary and suffi-
cient condition that an S-valued function v defined on the measure ring of a
probability space be the indefinite integral of an S-valued, weak star integra-
ble point function.

11. Conditional expectation and the Fubini theorem for generalized ran-
dom variables. Corollary 1 enables us to define conditional expectation. Let g
be a weak star integrable S-valued ® measurable generalized random variable
on a probability space P = [U, U, »] with measure ring 91 where S is assumed
to be the dual of a metrizable space B and ® as usual is the collection of weak
star measurable subsets of S. Let 9, be a g-subalgebra of 9. It is easy to
see that there exists a o-subalgebra of U, U, such that 9, is the measure ring
of the probability space [U, o, o] =Py where u, equals % cut down to U,.
Let v be the indefinite integral of g

(M) = f gdu for all M € M.
M

Then by Corollary 1 to Theorem 4, v is both weak star countably additive
and absolutely continuous with respect to %. Let v equal v cut down to 9.
It is easy to see that v, is also weak star countably additive and absolutely
continuous with respect to u#,. Then we apply Corollary 1 again, to find a
unique weak star integrable, S-valued, ® measurable generalized random
variable, go, on P, which is the indefinite integral of v,. We call go the condi-
tional expectation of g with respect to 9, and designate it by E[g| 91]. Then,
if & is any S-valued ® measurable generalized random variable on P we define
as usual the conditional expectation of g with respect to & to be E[gl h(®)].
The uniqueness of the Radon-Nikodym derivative permits one easily to show
that E{E[g|9m,]| 9} = E[g| 9m:] whenever 911 C 9. It is convenient here
to remark, that the usual Fubini theorem can be interpreted to say two
things. Firstly, if a function f(x, y) is integrable with respect to a product
measure then the conditional expectation of f with respect to the x coordinate
exists and is integrable, with the same integral as f, and secondly, the condi-
tional expectation, fo, of f with respect to the x coordinate can be obtained
as follows:
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i) = [ st auc).

It is easy to see that whenever we have a conditional expectation for general-
ized random variables, the analogue of the first part of the usual Fubini theo-
rem is valid. However there seems to be no analogue for the second part of
the usual Fubini theorem.

12. A determination of the weak star distributions on the dual of a Ban-
ach space induced by generalized random variables. If F is an integrable
generalized random variable and x & B, then the real valued, Borel measurable
generalized random variable, F o x~! is induced by a real valued point func-
tion defined on U. This point function is necessarily in L;(#) and we designate
it by F(x). F(x) can easily be seen to be the usual Radon-Nikodym derivative
of the signed measure

M — (x, v(M))

where v is the indefinite integral of F. From this observation one easily
deduces that F is a linear transformation of B into L;(x). The question
naturally arises as to which linear transformations from B into L;(u) arise in
this manner.

The answer is essentially a reformulation of Corollary 1 which for sim-
plicity we state only for the case B is a Banach space. It is convenient to
have some terminology. We modify slightly the notion of weak distribution
due to Segal [8].

DEFINITION 16. Let S be the dual of a topological vector space B and let
P=[U, U, u] be a probability space. A weak star distribution on S associated
with P is a linear transformation T from B to the random variables on P.
T is said to be Ly(u) valued provided that for all x€B, T(x) EL,(u).

DEFINITION 17. Let ® be the collection of all weak star measurable subsets
of the dual S of a topological vector space B and let F be an S-valued ®
measurable weak star integrable generalized random variable on a probability
space P=[U, U, ] with measure ring 9. Let v be the indefinite integral of
F. For each xE B, we define F(x) to be the Radon-Nikodym derivative of the
signed countably additive measure

M — (x, v(M))

defined for all M EM. We say that a linear transformation T from B into
Ly(u) is induced by a generalized random variable provided there exists an F
such that T=F.

COROLLARY 3. Let 9 be the measure ring of a probability space P=[U, U, u]
and let S be the dual of a real Banach space B. Let ® be the collection of weak star
measurable subsets of S. Then a continuous, Li(u) valued, weak star distribution
T on S is induced by an S-valued ® measurable weak star integrable generalized
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random variable, if and only if, there exists a monotone increasing sequence
M, EIN whose sup is the unit of I and such that for each k and each M E I with
M= M,

[ 1) = )]
M

Proof of Corollary 3. Suppose T is induced by F. Then let M,=F(Dy)
where Dy is a measurable cover for the closed sphere of radius & in S for the
measure % o F. T'(x) is the Radon-Nikodym derivative of the signed measure

M— (x, f F)
M
for M ranging over the measure ring 9 of P. Therefore [uT(x) = (x, [uF)
= [(x, ¢)duy o F(¢p) for all ME M. Now let 05% M < M;. We use the lemma for
Theorem 4 where v is (1/4(M))(us o k), and K is the sphere of radius % in

S. By this lemma, the map x—(1/4(M))[(x, ¢)duy o F(¢) is a bounded
linear functional on B of norm =<k. Therefore

frmémmw-
M

It is easy to verify that the M} are monotone increasing with sup equal to
the unit of M.

Now suppose T has the property stated in the corollary. For each M, let
v(M)ES be defined by

uwmwﬂﬂw

Then v satisfies the hypotheses of Theorem 5, and therefore v is the indefinite
integral of a unique F. Furthermore it is clear that T'(x) is the Radon-
Nikodym derivative of the signed measure M—(x, v(M)). Therefore T(x)
=F(x). This completes the proof.

V. SPECIAL CLASSES OF GENERALIZED RANDOM VARIABLES

13. A characterization of the indefinite integrals of bounded generalized
random variables. A particularly important class of integrable point functions
defined on a probability space are the essentially bounded measurable func-
tions. We investigate the appropriate analogous classes of generalized random
variables. A point function f is bounded if and only if for some bounded set
K of real numbers f~1(K) is the unit of the probability space. This suggests
proposing that an S-valued, ® measurable generalized random variable F be
called bounded provided that F(K) is the unit of the measure ring for some
bounded set K, or equivalently provided » o F(K)=1. However bounded
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subsets of S will in general not be in ®, and therefore F will not be defined on
them.

We will therefore say that F is bounded provided some bounded subset
K of S is a thick(®®) subset of S for the measure % o F. This latter condition
is equivalent to the condition that S be a measurable cover for some bounded
set. This discussion motivates our next definition.

DEeFINITION 18. Let ® be the weak star measurable subsets of the dual S
of a topological vector space B and let F be an S-valued ® measurable gen-
eralized random variable on a probability space P=[U, U, u]. We say that
F is weak star bounded if S is a measurable cover for some weak star bounded
subset K of S (relative to the measure # o F). We say that F is weak star
bounded in the restricted semse if S is a measurable cover for the polar of a
neighborhood of the origin in B.

The lemma to Theorem 4 implies immediately that if F is weak star
bounded in the restricted sense then it is weak star integrable. An easy con-
sequence of this observation is

PRrROPOSITION 6. If B is a Banach space and F is weak star bounded then it
is weak star integrable.

Proof of Proposition 6. Suppose S is a measurable cover for a weak star
bounded subset K of S. By the uniform boundedness theorem K is bounded
in norm. Therefore S is a measurable cover of some closed sphere in S.
Every closed sphere in S is the polar of a neighborhood of the origin in B.
Therefore F is weak star bounded in the restricted sense. The observation
above completes the proof.

We wish to characterize the indefinite integrals of generalized random
variables which are weak star bounded in the restricted sense. For this pur-
pose we need a preliminary result:

PROPOSITION 7. Let ® be the weak star measurable subsets of the dual S of a
topological vector space B, and suppose that K is a convex weak star compact
subset of S. Let [S, ®, v] be a probability space and suppose KCbE®. Then
there exists a countable family x;E B such that for all i, K C [¢: (x:, ¢) 1] and,
except possibly for a set of v measure zero,

5D N [¢:(xi ¢) < 1].
[

LEMMA 1. The proposition holds in the event B is finite dimensional.

LEMMA 2. The proposition holds for the situation in which b is in the o-ring
generated by finitely many x;&B.

('3) For a definition of thick see Halmos [4].
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Proof of Lemma 2. Let b be in the ¢-ring generated by %, - - -, x, and let
V be the subspace of B generated by x1, - - -, x,. Then there exists a natural
projection mapping, p, of S onto V’, the dual of V. The image of K, p(K) is
a compact convex subset of V' since p is continuous for the weak star topology
on S and the unique topological vector space topology on V’. Let vp~—! be
the measure induced on the Borel subsets of V’. Since & is in the o-ring
generated by xi, - - -, %, it follows that there exists a Borel subset § of V’
such that d =p~1(8). Since K Cb it follows that p(K) Cb. Therefore by Lemma
1 there exists a countable family x;& V such that for all ¢

p(K) C [0: (s, 0) = 1]

and except possibly for a set of measure zero (vp—?)

bD ﬁ [6:(x; 0) < 1].

1=1

Therefore for all 7, KC [¢: (xi, ) <1] and

5D N [p:(x; ¢) < 1]
f=1
This completes the proof of the lemma.

For fixed K, the collection b for which the proposition holds is closed
under monotone limits and by Lemma 2 contains a ring whose generated
o-ring is ®. This completes the proof of the proposition.

If we apply this proposition to any measurable cover b of K we get the
following:

COROLLARY. K possesses a measurable cover which is the intersection of a
countable number of closed half spaces.

We are now ready to characterize the indefinite integrals of generalized
random variables which are weak star bounded in the restricted sense.

PROPOSITION 8. Let ® be the weak star measurable subsets of the dual S of a
topological vector space B and let F be an S-valued ® measurable generalized
random variable on a probability space P=[U, U, u] with measure ring 9.
Let v be the indefinite integral of F. Then F is weak star bounded in the restricted
sense if and only if, for the polar K of a neighborhood of the origin in B,

(M) /u(M) € K,
for all nonzero M EIM.

Proof of Proposition 8. Assume first that F is weak star bounded in the
restricted sense. Therefore S is a measurable cover for the polar K of some
neighborhood of the origin in B for the measure # o F. Let M be nonzero in
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9. Then [S, B, (1/u(M))un o F] is a probability space. S is clearly a meas-
urable cover for K relative to the measure %y o F.
The definition of the indefinite integral implies that for all x

1 1
m (x, o(M)) = —u(_JIB (%, ¢)d(ur o F)(o).

Thus, by the lemma to Theorem 4, v(M)/u(M)EK.

Now assume that v(M)/u(M)E K for all nonzero M &M, where K is the
polar of a neighborhood of the origin of B. We will show that F is weak star
bounded in the restricted sense by showing that S is a measurable cover of
K (relative to the measure # o F). We need to show that if 5&® and KCb
then %o F(b)=1. Assume b= [¢:(x, $)<1] and KCb. Therefore for all
¢EK, (x, ¢) =1. In particular,

(x, o(M)/u(M)) = 1

for all M EM. We now consider the real valued signed measure which assigns
to M the real number (x, v(M)). It is elementary to verify that since
(%, v(M)/u(M)) =1 for all MEM, then the Radon-Nikodym derivative f, is
almost everywhere <1. Therefore 7 o f;!(— =, 1] is the unit of 9 where =
is the canonical projection mapping of U onto M. In the proof of Theorem 5
it was shown that

F(b) = nf, (=, 1].

Therefore F(b) equals the unit of 9. From this it easily follows that if b is
the intersection of a countable number of closed half spaces then « o F(b) =1.
The proposition now follows from the corollary to the previous proposition.

14. Absolutely and strongly integrable generalized random variables. If
f is a real valued measurable function defined on a probability space, then f
is integrable if and only if |f| is integrable. If f has values in Euclidean »
space then the same assertion holds provided | f(w)] is the Euclidean norm
of the vector f(w). In the event f has values in the dual of a Banach space
and possesses the requisite measurability, then the integrability of ” f” is a
sufficient condition for the weak star integrability () of f. If f has the requi-
site measurability and ||f] is integrable then one might say that such a func-
tion f is strongly integrable. In the event f is only weak star measurable it is
not immediately clear how to define strong integrability. However, the con-
cept of measurable cover permits us to define a related notion. We are thereby
led to

DEFINITION 19. If F is an S-valued, ® measurable generalized random
variable on a probability space P = [U, U, u] where S is the dual of a Banach

(M) See Hille [5] for a discussion of various notions of integrability.
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space B we define | F [ to be the real valued function of a real variable deter-
mined as follows:

|F|(y) = woF(C{s:[l¢] = 3})

where for any subset v of S, C(v) is any measurable cover of v for the meas-
ure u o F.

It is clear that | F| is a monotone nondecreasing non-negative real valued
function of a real variable and | F [ (—1)=0 and | F | (y) converges to 1 as y
goes to + «. It follows that I F | determines a unique probability measure on
the real line. We may therefore make

DEFINITION 20. If F is as described in Definition 19 we say that F is
absolutely integrable provided the probability measure determined by IF I
possesses a mean.

We remark that it is straightforward to verify if B is a Banach space and
F is weak star bounded then it is absolutely integrable.

Our purpose in introducing the concept of absolute integrability is the
following:

PROPOSITION 9. If F is absolutely integrable then F is integrable.

Proof of Proposition 9. By Proposition 3 we need only show the existence
of

M [ @ ouor
for all x€B of norm 1. Equivalently we need only show that

(2) 2 uoF(by) < »

k=1
where by is the set of .S such that l (=, qS)I > k. Clearly b is a subset of c,
the set of $E.S of norm > k. If v, is a measurable cover of the complement of
¢k, then u o F(bxMyx) =0. It follows that w o F(bx) <1—wu o F(y:) =1— | F[ (k).
Therefore

(3) > uoF(b) = 2 (1 — |F| (k).

k=1 k=1
Since | F | possesses a mean, the right side of (3) is finite, and thus (2) is
established. This completes the proof.

We now inquire as to the relationship of absolute integrability and strong
integrability. That is, an ordinary point function f on a probability space
[U, a, u] into the dual S of a Banach space B is said to be strongly integrable
provided (1) f~1(b) EU for every subset b of S which is open in the norm
topology and (2) [f]|f(w)||du(w) <.
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It is easy to see that if f is strongly integrable then the generalized random
variable F=m o f~! induced by f is S-valued and ® measurable where ® as
usual are the weak star measurable subsets of S. Further F is necessarily
absolutely integrable. For since “ f|| is integrable, the probability distribution
on the real line induced by I f|| possesses a mean. That is the real measure
determined by ”F][ where ||F](y) =u of‘1[¢:”¢” <y] possesses a mean. It is
trivial to verify that || F || = | F ] (). Furthermore any probability distribu-
tion which lives on the positive reals and whose distribution function is
everywhere greater than or equal to the distribution function of a probability
distribution with a mean also possesses a mean. Therefore F is absolutely
integrable.

We do not possess an example of a strongly measurable f which is not
strongly integrable and which induces an absolutely integrable generalized
random variable. However in the event B is separable it is easy to show that
strong integrability is also a necessary condition to absolute integrability.
For one can then show that ||F|| = | F|. In order to show || F|| =| F| it is cer-
tainly sufficient to show that the set of ¢S such that ||¢|| <y is an element
of ®. That is it is sufficient to show that the closed unit sphere is an element
of ®. To see this latter fact we observe that the closed unit sphere is weak
star closed and apply Lemma 5 of Theorem 1. That which we have just proved
can be stated in terms of generalized random variables. First we need two
definitions.

DEFINITION 21. Let .S be the dual of a Banach space B and let $ be the
g-algebra generated by the subsets of S which are open in the norm topology.
Suppose F is an S-valued, $ measurable generalized random variable on a
probability space P = [U, 4, u]. We define || F|| to be the real valued function
of a real variable determined as follows:

IFll(y) = woF(s:]|¢]| = ).

It is easy to see that || F|| is the distribution function of a unique probabil-
ity measure on the real line.

DEeFINITION 22. If F is as described in Definition 21 we say that F is
strongly integrable provided the probability measure determined by || F || pos-
sesses a mean.

If Fis an S-valued, 8§ measurable generalized random variable on a proba-
bility space then it determines a unique S-valued ® measurable one, by re-
stricting the domain of F to ®. There will be no confusion in the sequel if we
also designate this random variable by F.

That which we proved above can now be summarized by

ProposITION 10. If F is strongly integrable then F is absolutely integrable.
Furthermore if B is separable, then F is ® measurable if and only if F is §
measurable, and (consequently) F is strongly integrable if and only if F is abso-
lutely integrable.
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VI. THE COMPOSITION OF A GENERALIZED RANDOM
VARIABLE WITH A LINEAR TRANSFORMATION

15. If f is an S-valued integrable point function defined on a probability
space [U, U, %] and if T is a reasonable linear transformation on .S then
Tof is also integrable and T'(ff)=/(T of). Our next proposition shows
that an analogous result holds for integrable generalized random variables.

ProPOSITION 11. Let ®; be the collection of all weak star measurable subsets
of the dual S; of a topological vector space B; for i=1 and 1=2. Let F be an
Si-valued, ®; measurable generalized random variable on a probability space P.
Suppose T is a continuous linear transformation on B; into By and let T* be its

adjoint. Then G is an S;-valued, ®y measurable generalized random variable on
P where

G(by) = Fle1:T*(¢1) € ba]
for all boE ®,. Furthermore if F is integrable then so is G, and

()

for all M in the measure ring of P.
Proof of Proposition 11. We first show that for all 5,E®,
[¢1:T*(¢1) € b2]
is an element of ®;. For suppose b, is of the form
(@21 (22, ) < a].
Then
[61:T*(¢1) € b2] = [$1: (x5, T(¢1)) = @] = [¢1:(T(22), ¢1) = <]

which is an element of ®; since T (x;) € B;. We now make the usual observation
that the set of b&®, for which the assertion holds is a o-algebra and includes
a generating collection of b;E®,. It is now clear that G is an S;-valued, ®;
measurable generalized random variable on P. Now suppose F to be integra-
ble. To complete the proof we need only show that for all Jf in the measure
ring of P, G is weak star semi-integrable over M, and

fo-r(f2)

Equivalently we need to show that for all x,&B,,

f (22, p2)duy 0 G(¢2) exists and equals (xz, T*( f F))
M
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The following sequence of identities completes the proof.

f (xz, ¢2)duy0G(¢2) = f (xz, ¢2)duM oFo T*—l(tﬁz)

- f (2, T*(é0))dtag 0 F(ghs) = f (T(22), ¢2)duac 0 F()

- (T(xz), [ MF> - (xz, T*( [ MF))

This completes the proof.

VII. OPERATIONS ON GENERALIZED RANDOM VARIABLES

16. The existence of the cartesian product of two generalized random
variables. If f; is an ordinary real valued random variable on a probability
space P=[U, U, «] for 1 <{<2 then there is an obvious notion of the car-
tesian product fiXf: of fi with f,. Namely fiXf; is the function defined on P
into the plane by

(i X fa)(w) = (fi(w), fa(w)).

The inverse mapping g=(fiXf:)~! is determined uniquely (up to sets of
measure zero) by the requirement

g(4y X As) = f1 (A1) N f7 (4s)

for A; a Borel subset of the reals =1 and 7=2.

Therefore, if F;is an S;-valued, ®; measurable generalized random vari-
able on a probability space P where S; is an arbitrary set and ®; is an arbi-
trary o-field of subsets of S; it is natural to attempt to define the cartesian
product of F; and F, to be a g-algebra homomorphism F of ® = ®,;X®; into
the measure ring of P, determined by the condition

F(Al X Az) = Fl(Al) /\Fz(Az).

It is easy to see that there exists at most one such generalized random vari-
able. However there may not exist any such F. For Kakutani has constructed
a bimeasure (where a bimeasure is a non-negative finite valued function ¥
defined on all measurable rectangles 4,X 4, in the cartesian product of two
measurable spaces such that for each fixed 4,, ¥(4:X4,) is a countably addi-
tive measure of the first variable and for each fixed 41, y(4:X4,) is a count-
ably additive measure of the second variable) which cannot be extended to
be a measure. A modification by Halmos(*) of Kakutani’s construction can
be used to exhibit generalized random variables F; such that for no general-
ized random variable F does

(%) The construction of P. Halmos has not been published.
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F(A;1 X A3) = F1(4)) X Fa(4,)

for all A;&EB; and all 4,EB,.

In at least one important special case, however, the cartesian product
can be defined. This is the case in which S; is the dual of a Banach space B;,
and ®; is the g-algebra of all weak star measurable subsets of S;. For in this
case we let v; be the indefinite integral of F; and define for each M in the
measure ring of P which is in the domain of both #; and ,, an element v(M)
in S]X52 by

(M) = (2(M), v2(M)).

There exists a natural isomorphism of S;X.S; onto S, the dual of B;X Bs.
Because of this isomorphism we can view v as a mapping into S. Then by
Theorem 6 below, which is a slight strengthening of Theorem 5, so as to char-
acterize the indefinite integrals of all generalized random variables, it follows
that this mapping into S is the indefinite integral of a unique S-valued, ®
measurable generalized random variable on P, where ® is the g-algebra of
all weak* measurable subsets of S. Then we again use the natural isomor-
phism of S;1X.S; onto S to obtain a unique o-algebra homomorphism of
®; X ®; into M. This latter e-homomorphism we define as the cartesian prod-
uct of F; with F; and designate it by F1X F.

Thus, in order that our definition of cartesian product make sense, it only
remains to establish:

THEOREM 6. Let 9N be the measure ring of a probability space P=[U, U, u]
and let S be the dual of a Banach space B. Let ® be the o-algebra of weak star
measurable subsets of S and let v be a function whose domain is an ideal in IM
and whose range is contained in S. Then v is the indefinite integral of a unique
S-valued, ® measurable, generalized random variable on P if and only if (1) v is
weak star countably additive and (2) there exists a monotone increasing sequence
of elements MiEML =k < oo such that (a) the sup of the My is the unit of M
and (b) for every ME I with M < My, v is defined on M and |[v(M)|| < ku(M),
and (c) if for every M < My, limy., v(MMNMy) exists in the weak star topology,
then M, is in the domain of v.

Proof of Theorem 6. If v is an indefinite integral then, by Proposition 5, v is
weak star countably additive, and by Theorem 4 there exists a sequence
M EM such that VM, is the unit in 9N and such that for every M &9 with
M= My, v is defined on M and “v(]l[)”éku(M). Suppose that, for every
M £ Mo, limy ., v(MM My) exists in w* topology. We wish to show M, is in the
domain of v. That is, we wish to show that F is weak star integrable over M,
where v is the indefinite integral of F. It is sufficient to show that F is weak
star semi-integrable over M,. Let x& B.

It is sufficient to show that (x, ¢) is integrable with respect to uy,0 F
and that



1957] GENERALIZED RANDOM VARIABLES 305

f(x, ¢)dury,0F(¢) = (x, lim an qu).
L nded oMy

Let Q. be the set of < .S such that (x, ¢) =0 and let Q; be its complement. It
is well known that (x, ¢) is integrable with respect to #a, o F if and only if
both fq_(x, ¢)dum, o F(¢) exists and [o:(x, ¢)duwm, o F(¢) exists and in this
event its integral is the sum of these two integrals. Also we have fo (%, ¢)dun,
o F(¢) exists if and only if [(x, ¢)dr. o F(¢) exists and then they are equal,
where 7. =uu,nr,). Since (x, ) is a non-negative function of ¢ almost every-
where with respect to the measure r. o F it follows that

) f (5, 9)r:0F(@) = lim [ (3, 8)dr..00F(@)

where 7.,k =um,nr@yna, The right side of equation (1) is easily seen to be
equal to

(2) lim (x, f F)
L MoNF Q)N My

The expression (2) clearly equals

lim (%, y(Mo N F(Q2) N\ My)) = (x, lim o(Mo, N F(Q.) N Mk)).

k—o

This latter quantity exists by hypothesis. Therefore

fo (2, $)diun, 0 F() = (x lim (3 M F(Q) N M,,)).
Likewise ’
(%, ¢)dux,0F(¢) = (x lffl s(MoNFQ.) N Mk)).

Qx

From these latter two equalities it easily follows that
f (%, ¢)dur, o F(¢) exists and equals | (x, lim s(M. N\ My)).
k—ro0

Thus indefinite integrals necessarily possess the properties mentioned in
Theorem 6.

For the converse we merely mention that if v possesses the properties
stated in Theorem 6, then one defines an S-valued ® measurable generalized
random variable, F, as in Theorem 5. One needs then to show that 9 is the
indefinite integral of F. As in Theorem 5 one shows that if M is in domain
of v then F is weakly semi-integrable over M and [y Fdu=v(M). Since the

[ 1D
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domain of v is an ideal it follows that F is weakly integrable over }{. We need
now only show that if F is weakly integrable over M,, then M, is in the
domain of v. To show this we use property 2¢ of v. If F is weakly integrable
over M, then for every M < M,, F is weakly semi integrable over M. For
kE=1,.--,n, --- let F; be the generalized random variable defined in the
proof of Theorem 5. For every x in B we have the following equalities

© (o [r) ([ ran)= (o fra)- (o [, ru)

@ = [ G otusor@) = [ = odpoFie
where px =uumnn,. It is easy to see that (4) equals
(®) [ @ orunor® - [ oapore.

Since M converges to the unit of 91, one sees that (5) converges to zero. That
is

(6) f Firdu converges to f Fdu in the weak star
MNOM; M

topology. It is easy to see that
(7) f deit = vk(M N M;,) = 'IJ(M N 11.[)\:).
MN M

From (6) and (7) we conclude that (MM M;) converges in the weak star
topology. Therefore by hypothesis M, is in the domain of ». We conclude
the proof by remarking that the uniqueness of F is proved in a manner similar
to that of the proof of uniqueness in Theorem 5.

17. The existence of the sum of two generalized random variables. The
set of all ordinary real valued random variables on a probability space forms
a vector space under the usual definitions of sum and scalar product. Theorem
6 enables us to define the sum and scalar product for certain generalized ran-
dom variables so as to form a vector space. For, if v; and v, are any two
vector valued functions defined on subsets R; and R, respectively of the
measure ring of a probability space then we define v,4v, on RiN\R; in the
natural way

(v1 4 v2) (M) = v:(M) + v2(M)
fOl‘ all J‘IEleRg

And if « is a scalar we define

(av))(M) = avi(M)
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for all M ER,. It is straightforward to verify

CoROLLARY 1 To THEOREM 6. The collection of all indefinite integrals of S-
valued, ® measurable generalized random variables on a probability space
P=[U, U, u] form a vector space.

Now we can define scalar multiplication and addition for generalized
random variables. Namely if F;, F, are generalized random variables and «
is a scalar, we define Fi+ F; to be the Radon-Nikodym derivative of v;+v,
where v, is the indefinite integral of F;. Likewise aF; is the Radon-Nikodym
derivative of av;.

COROLLARY 2. The collection of S-valued, ® measurable generalized random
variables on P form a vector space.

Theorem 3§ is easily seen to imply that the sum of two integrable general-
ized random variables is likewise integrable. Similarly the scalar product of
an integrable generalized random variable is integrable. Therefore we have:

COROLLARY 3. The collection of S-valued, ® measurable integrable generalized
random variables on P is a subspace of the S-valued, ® measurable generalized
random variables on P.

We mention without proof that the notion of cartesian product enables
us to give an alternative but equivalent definition of the sum of two general-
ized random variables. Namely let F; X F: be the cartesian product of F; and
F.. For any two vectors x and y in S there is a unique vector x+y in S.

This operation of addition in S induces a o-homomorphism s of ® into
®X®. We then define Fi+F, to be the composition ¢-homomorphism
(F1X F,) o's. In a similar manner one can define scalar multiplication. These
definitions however leave one with the problem of establishing the associative
and distributive laws in order to prove that the generalized random variables
form a vector space. These laws are however trivial to verify in the case of
the indefinite integrals. We remark in conclusion that the existence of the
sum of two generalized random variables, for either definition, appears to
require the Radon-Nikodym theorem.

VIII. A REPRESENTATION OF BOUNDED LINEAR TRANSFORMATIONS
OF L; INTO THE DUAL OF A BANACH SPACE

In this section .S will be the dual of a real Banach space B, ® will be the
collection of weak star measurable subsets of S and 9% will be the measure
ring of a probability space P = [U, U, #]. L, is the Banach space of classes of
real valued summable functions defined on U. A function g defined on U into
S is said to be weak star measurable provided g-'(b) €U for all bER. It is
strongly bounded provided ” g(w)|| is a bounded function of w. The validity of
the following theorem is open.
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THEOREM A. Every continuous linear transformation of the Banach space L,
into S is of the form

(1) 7= [ fwgwan

where g is a weak star measurable and strongly bounded function defined on U
into S. (The second element of (1) being the unique element in S defined by

(x, f /‘(w)g(w)du> = f Sf(w)(x, g(w))du(w)

for all xE€B.)

This theorem is known if B is a separable Banach space (theorem of Dun-
ford-Pettis, see [12]) and has been analyzed by Dieudonné, see [13] and [14].
We will show that Theorem A is equivalent to Theorem C below.

Let H be the real Banach space of all finite real valued signed measures
which are absolutely continuous with respect to #. Each m & H determines a
unique signed measure on the measure ring. There will be no confusion if we
also designate this induced measure by m. For any bounded ®-measurable
generalized random variable G, and any m&H, m o G is a finite signed meas-
ure so that [S, ®, m o G] is a signed measure space. By /m o G we mean the
unique element in .S determined by

(x, fmoG) =f(x, ¢)dm o G(¢)
for all x&EB.

Theorem A is equivalent to the conjunction of the following two theorems,
the first of which is a representation theorem for bounded linear operators on
L, of a probability space into the dual of a Banach space.

THEOREM B. Every continuous linear transformation of the Banach space H
into S is of the form

(2) m-—+fmoG

shen G is a bounded weak star measurable generalized random variable.

THEOREM C. Every bounded S-valued, ®-measurable generalized random
variable G defined on ® into M is induced by a point function.

Theorem C is open. Theorem B is an easy consequence of Theorem 3.

Proof of Theorem B. Let T be a bounded linear transformation of H into
S. For each ME M let uy be the measure # cut down to M. Define v(M)
=T '(ux). It is easy to see that v satisfies the hypotheses of Theorem 3. There-
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fore v is the indefinite integral of a unique generalized random variable. It
is now elementary to verify that this generalized random variable G is
bounded and that T(m) = fm o G. This completes the proof.
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