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1. Introduction and physical background. This paper is concerned with

the existence and uniqueness of the solutions of the following equation:

df(x, t)       1    r *
—:-= —       f(y, t)f(x - y, t)<p(y, x - y)dy

at 2 J o

(1) ~ fix, t)  f   f(y, t)<p(x, y)dy
J o

/'°°                               /Yx t) r x
f(y, ^(y, x)dy-— I    yxp(x, y)dy.

x                                                                X       J o

Here the variables x, y, t are non-negative, and the functions f(x, 0),

cp(x, y) and yp(x, y) are assumed to be known. The main result (Theorem 1) is

that under certain hypotheses on f(x, 0), cp(x, y) and yp(x, y) there exists a

continuous solution/(x, t), valid for x, /StO, which is non-negative, analytic

in t for each x, and integrable in x for each /. Another hypothesis guarantees

uniqueness.

A special form of equation (1), with yp = 0, was treated from a practical

point of view in [3]. More recently an existence theorem has been proved

by Morgenstern [4], which applies to a general class of equations including

the case ^ = 0 of equation (1). The method of proof used in the present paper

applies not only to equation (1) but also to certain other equations of the form

of(x,t) r n
-±-— = A [f(x, t), f(x, t), t] + B[f(x, t), t]

dt

where A and B are suitable bounded operators and A is bilinear and sym-

metric, while B is linear. In particular, the method yields some results of [4].

However, this subject will not be treated here.

Equation (1) arises in a number of problems in physics, meteorology and

colloid chemistry. Perhaps it might also be used to treat certain situations in

sociology and in astrophysics. Consider a non-negative scalar quantity, say

mass, and assume that some fixed volume of space contains a number of

randomly moving mass-particles. The particle-mass distribution varies as a

result of two processes, coalescence and breakdown. It is assumed that the
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total number of particles is large enough to justify the use of the density func-

tion f(x, t); f(x, t)dx is then the average number of particles of mass x to

x+dx. This average and all other averages are referred to a unit volume. The

coalescence function d>(x, y) is introduced by assuming that the average num-

ber of coalescences between particles of mass x to x+<ix and those of mass

y to y+dy, is f(x, t)f(y, t)<p(x, y)dxdydt during the time-interval t — t+dt.

Likewise, the breakdown function xp(x, y) enters through the assumption

that/(x, t)xp(x, y)dxdydt is the average number of particles of mass y to y+dy

created from the breakdown of particles of mass x to x+dx, during the time-

interval t — t+dt. Conservation of mass implies that d/(x, t)/dt is equal to a

sum of four terms which express, respectively, the rates of:

(a) production of particles x by coalescence of particles y and x—y

(0=gy=Sx),

(b) disappearance of particles x, due to their coalescence with particles

y (0^y< oo),

(c) production of particles x in the process of breakdown of particles

y (x^y < °°), and

(d) disappearance of particles x, due to their breakdown into particles

y (Ogygx).

When the various rates are expressed in terms of f(x, f), $(x, y) and

xp(x, y), one obtains equation (1). The following relations hold in virtue of

their obvious physical significance:

/(*, 0) ^ 0,

0 ^ d>(x, y) = <t>(y, x),

0 ^ \p(x, y),        xp(x, y) = 0 if y > x,

I    yxp(x, y)dy ^ x.
J o

The last inequality expresses the fact that a mass x cannot break down into

fragments of combined mass exceeding x.

Two generalizations of the above formulation suggest themselves:

(1) time-dependent coalescence and breakdown, <b(x, y, t) and xp(x, y, t),

and (2) presence of several kinds of particles. The latter case might be of

importance in the treatment of nucleation in meteorology and in colloid chem-

istry. These alternative formulations will be treated elsewhere.

The following example illustrates the applicability of equation (1).

Chandrasekhar [l] considered the problem of colloidal coagulation. He ar-

rived at an infinite system of differential equations

dxn(t)       1 n_1 °°
—~— = — £ xh(l)x„-k(t) — xn(t) £ **(/), n = 1, 2, ■ • • ,

dt 2 jb-i k-x
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which he solved by an inductive procedure. His solution may be obtained by

solving equation (1) under the assumptions cp(x, y)=l, xp(x, y)=0, f(x, 0)

= 5(x — 1); one obtains thus

00

/(*, 0 = Z xk(t)8(x - k).
t=i

In this connection, see [3]. The use of the Dirac delta-function may be dis-

pensed with by introducing Stieltjes integrals into equation (1). Another

application of equation (1) will be found in [3].

The existence proof presented in this paper is constructive, and the solu-

tion/(x, /) of equation (1) is exhibited in a form allowing computation and

estimation of errors due to approximation.

2. The operators [/, g] and Lf. In the remainder of this paper <p(x, y) and

^(x, y) will be two functions defined for x, yStO and satisfying the following

hypotheses:

(Hi) <p(x, y) is continuous,

0 S 4>(x, y) = 4>(y, x) S l.u.b. cp(x, y) = A < oo,

(H2) ^(x, y) is continuous,

0 S xp(x, y) S l.u.b. xp(x, y) = C < <*>,

Jyxp(x, y)dy S x,
o

I   xP(x, y)dy S E - 1 < oo.
Jo

Let/(x) and g(x) he two functions in the class 1/(0, co). Define the operators

[f, g ] and Lf as follows:

[f(x),g(x)]= — <   I   f(y)g(x - y)cj>(y, x - y)dy - f(x)  J    g(y)cp(x, y)dy
2   \Jo Jo

- S(x) J    f(y)4>(x, y)dy\ ,

/"*                    f(x) rx
f(y)yp(y. x)dy-I    yxp(x, y)dy.

x                                                        X      J 0

It follows from these definitions that [/, g] is a symmetric, bilinear oper-

ator and Lf is a linear operator. If/ and g are continuous, so are [f, g] and Lf.

Certain estimates, essential in the later work, will now be developed.

By elementary integral inequalities
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\[f,g]\*j{f   \f(y)\ \g(x-y)\dy+ \f(y)\j   \g(y)\dy

+  \s(x)\ f'\f(y)\dy},

and therefore

l.u.b. | [/, g] |

At/ rx i     i r°° i     i   \
~ T lmin v'ub'' -^' J   'f(:y)'dy' ln'h' '?w' J   '/(:y)'dy)

+ l.u.b. I /(*) I  J     I g(y) | rfy + l.u.b. | g(x) |  J      | /(y) | dyj .

Since

min (a, b)£(a+b)/2,

it follows that

3 A f c °°
1-u.b.  | [/, *] |   g — jl.u.b. | f(x) | J     | g(y) | dy

(4)

+ l.u.b. | g(x) |  J    | f(y) | <2y| .

In particular,

3 A r*°°
(5) l.u.b.  | [f,f]\   £ — l.u.b.  |/(x)| |/(y)|rfy.

2 •/ o

Similarly one obtains

(6) I     | [/, *] | dx ̂  — I     | /(y) | dy J     | g(y) | dy.
Jo L   J o Jo

In particular,

(7) /" I [/,/] I <** ^ t(/." ' /(y) ' ̂ )2'

Similar estimates are obtained for Lf:

fx\ CO

(8) l.u.b.  | Lf\ ^ C I     | f(y) | (fy + l.u.b.  | /(*) | ,
J 0

and by an elementary transformation of a double integral,
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/i oo r* co       r\ X /* 00

11/1 dx S   I      I     | f(y) | *(y, x)rfydx +  I     | f(y) \ dy
0 J 0     J x Jo

(9) J°  J° Ja

S (E - 1 + 1)  f    | f(y) | dy
«/0

= £  f"|/(y)|<*y.
J o

It may be remarked here that [/, g] and Z/ satisfy identically the equations

/» oo /» oo

j    x[/, g]Jx = 0, I    xZ/rfx = 0.
J o Jo

From the physical formulation of the problem leading to equation (1), it

will be obvious that the above equations express the conservation of mass.

3. Local existence of solutions.

Lemma 1. Let f(x, 0) be a continuous, non-negative, bounded and integrable

function. Let 0<l.u.b. f(x, 0)=B< oo and fof(x, 0)dx = N< oo. Let <jf>(x, y)

and yp(x, y) satisfy hypotheses (Hi) and (H2). Then there exists a number

m = m(A, B, C, N, E), 0<m< oo, such that equation (1) possesses a solution

f(x, t) valid on the interval OSK 1/m. This solution is continuous, analytic in t

for each x, and integrable in x for each t.

Proof. Equation (1) may be written as

of(x, t)
^77-= [f(x,t),f(x,t)] + Lf(x,t).

at

Consider the integrated form of the latter equation:

(10) f(x, t) = f(x, 0) +   f   { [f(x, 1), f(x, I) ] + Lf(x, I)} dt
J 0

and assume that

00

(11) fix, t) = Z «*(*)<*■
k—0

If this power-series is substituted for/(x, /) in (10) one obtains, on equating

the coefficients of like powers of t,

(12) a0(x) = fix, 0),        ak+i(x) =--<   Z   [at, a,} + Lak> .
k + 1 ( i+j-k )
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Let

/% CO

^4n = | an(x) | dx,       Bn = l.u.b.  | an(x) \ ,
Jo

so that A0 = N and B0 = B. The following estimates follow from the recursion-

formula (12) and from the estimates (4)-(9):

(13) Bn+X^--{     £    AiBj+   Bn + CAn},
n+1    2   {i+j=n )

(14) An+l g —— — \   £ AiAj + EAn\ .
n+1    2   \ i+j=n j

Assume that

(15) Ak ^ Nmk,       Bk ^ Bmk, k = 0, 1, • • • , n.

Then it follows, on estimating the right-hand sides of (13) and (14), that the

inequalities in (15) hold also for k=n+l, provided that

3AN /     CN\
(16) m =-h max   £, -I.

2 \       Bf

Since (15) is valid for k = 0, this completes the induction, and it follows

that (15) is valid for all k. The coefficients ak(x) are continuous functions of

x for all k; this is easily shown by induction on k in the recursion-formula (12).

Therefore, with m defined by equation (16), the power-series in (11) converges

uniformly on the interval 0^t<l/m, and it represents on that interval a

function/(x, /) satisfying all the conditions of the lemma. On differentiating

both sides of equation (10) w.r.t. t, the proof of the lemma is completed.

The following estimates, valid on the interval 0^/<l/w, will be needed

later on.

B C" , N
\f(x, 0    £--;. \f(x,t)dx£---,

1 — mt Jo 1 — ml

df(x,t) Bm C°\df(x,l) Nm
(It) -   < -j I      - dx S ->

dt (1 -ml)2 Jo   I      dt (1 -mt)2

d2f(x, t) 2Bm2 r°°|d2/(*, /) 2A%2
-■   ^ -> I      - dx g-•

dt2 (1 -mt)1 Jo   I     dt2 (1 -mt)*

4. Non-negativity of f(x, t).

Lemma 2. Under the hypotheses of Lemma 1 the solution f(x, t) of equation

(1) obtained in the last section, is non-negative on the interval 0^t<l/m.
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Proof. Consider a fixed interval OStSr, where 0<r<l/m, and a fixed

positive integer n. Define

(18)      /0„(X)   = f(X, 0),      fk+m(x)   = fknix)   +  — { [fknix),fknix)] + Lfkn(x) } ,
n

k = 0, 1, • • • ,n - 1.

Let

/» 00

(1.9) Tkn =   I     I fUx) | dx,       Lkn = l.u.b.  | /*„(x) I ,
Jo

so that r0„ = A7'and Lon = B. From the recursion-formula in (18) and from the

estimates (4)-(9) one obtains

/        tE\      3ANt    2
(20) Tk+ln  S   Tkn ( 1 + -) + -  Tkn,

\ n / 2n

/ t\      Cr 3ANr
(21) Lk+m   S  Lkn ( 1 + — ) + —   Tkn + - TknLkn-

\        n /      n 2n

Consider first the inequality (20); in order to obtain an upper bound on Tkn,

one may replace the inequality sign in (20) by an equality sign. Let

tE
a = 1 H-,

n

3ANt
lkn = -Tkn, Kx) = <z(x + x)2.

2na

Then the equation, obtained from (20) by replacing the inequality sign by an

equality sign, becomes

tk+ln  =   hitkn).

On the interval 0<x<l the function /i(x) satisfies the inequality

ax
0 < hix) < -;

1 — x

on taking Mh iterates throughout, it follows that

(22) 0 < h^ix) < akx / (l -- x),

where ¥k)ix) denotes the &th iterate of hix) and the denominator of the frac-

tion on the right is positive. Now

/         r£\"
ak < a" = I 1 -\-j   < eTE.
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Returning to the estimating of Tkn, one obtains by means of (22)

3ANerE

(23) Ttn   <   Tnn   <-  =  Cl   <    00,
3A - 2E(e*E - 1)

provided only that

1 / 3A\
7   <  — l0g(l +  -).

E        \        IE)

Now one obtains an estimate for Lkn in the same way,

/   /        3ACxN2\\
Lkn ̂ Lnn^ Bexpfrfl H-J J

(24) V   V 2      "
2CCxN      T       /  / 3ACxN2\\       "I

H-exp   t   1 + -J 1 - 1    = C2 < oo.
2 + 3ACxN2 L       V  \ 2     ))       J

The estimates (23) and (24) imply that the functions fkn(x) are bounded and

integrable. Induction on k in the recursion-formula in (18) shows that the

functions fkn(x) are continuous. When the recursion-formula in (18) is written

out in full, it becomes

t   rx t   rx

fk+m(x) = — I    fkn(y)fkn(x - y)<t>(y, x - y)dy H-I    fkn(y)xp(y, x)dy
2n J o n J x

(25)

+ An(x)|l-^-|"J  fUy)(x,y)dy + —f  y(x, y)l|.

Assume now that

n > n0 = t(ACx + 1).

Then the expression in the curly brackets in equation (25) is non-negative,

and induction on k shows that fkn(x) SjO, k = 0, 1, • • • , n. Define now

kr k + 1
Pn(x, t)   = fkn(x), —  ^   t  < - T.

n n

Let
ak = l.u.b. | f(x, t) - Fn(x, t) |   = l.u.b. | f(x, t) - fkn(x) | ,

i.*r/nSl<((t+l)/n)r

/»  00

0k =        l.u.b. J     | f(x, t) - Fn(x, t) | dx
kT/n$t<((k+l)fn)T   J 0

= l.u.b. I     | f(x, t) — fkn(x) \ dx.
J 0

Recursion-formulae will now be obtained for ak and &k. Assume that &^1,

then
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fix, t) - /*„(*) = fix, t) - fix, t - — \ + fix, t - —\ -fk-m(x)

(26)

-{ [fk-ln(x),fk-ln(x)] + Lfk-ln(x)}.
n

Since/(x, /) is analytic in /, one may apply to it mean-value theorems. In this

way one obtains

/ r\ r   6f(x, I - (r/n))       Bit2 d2f(x, t - (62T/n))
f(x,t) -f[x,t-1 =-+ —-—-

\ n I       n dt n2 dt2

(0 S Bi S 1).

After some manipulation of equation (26) one finds that

If(x,t) -fkn(x)\

S   \f(x, t  - ^~\ ~fk-ln(x) \ + ^-j I [f(x, ' - H  + fk-ln(x),f(x,  t  -  ̂ \

- /*-,n(x)] | + | L \f(X, t - ^\ - /*_,„(x) J ||

bW I d2f(x, t - (02T/n)) I

n2 | dt2

The estimates (17), (23) and (24) imply that

l.u.b. \f(x, t - —\ + fk-m(x)   S C3,

l.u.b. j  \f(x, t - ^\+fk-m(x)  dx S C4,

I d2f(x, I - (62r/n))
l.u.b.   -   s C6,

I dt2

where C3, Ct, d are finite, positive constants. On taking the l.u.b. throughout

(27) and using the estimates (4)-(9) and (17), one obtains

3 At t C&t2
(28) ak S a*-i + —— (Ctfk-i + Ciak-i) + — (Cl3k-i + «*_i) +-

4w n n2

A similar inequality is obtained for the ft by integrating (27) w.r.t. x from

0 to 00:

3 At t Ctr2
(29) ft SI3k-i + --r- C3r3k-i + — £ft-i +-

2« n n2



556 Z. A. MELZAK [July

Here the constant C6 enters through the estimate in (17),

r°°\d2f(x, 01
—-\dx£C, < oo.

Jo    I      dt2      \

Applying the mean-value theorem, one obtains

T

ao ^ Ci — >
n

(30)
n

0o ^ Cs —)
T

where

I °f(x, t)
l.u.b. \jDlJJ.   ^c7,

I     dt

l.u.b.   I- Jx^C8.
Jo    I      &

The constants C7 and Cg are finite by the estimates in (17). For the purpose

of bounding ak and 0k from above, the inequality signs in (28) and (29) are

replaced by equality signs. Then one obtains, in the same way as in deriving

(23) and (24), the estimates

Co
(31) 0k^0n1*-

n

r>

(32) a*rga„;g—,
n

where

/   /        3ACA\\ ( 4-r2Ci + C9(4C + 3AC3)\

*■*'«*('(» + — ))(c> +-jtt^-)'

It follows that lim,,^ \f(x, t)-F„(x, t)\ =0. Since Fn(x, t)^Q, it follows that

f(x, /)^0. Lemma 2 is thus proved on the interval O^t^r, where t<(1/£)

•log (1+3.4/2E). However, this bound on t depends on absolute constants

only, and the whole construction may now be repeated for the interval

r g/^2r, 2t^t^3r etc. In this way one shows that f(x, ()^0on the interval

0 ^t^ 1/m. It will be observed that new values of N and B must be used on

each partial interval. The estimates in (17) guarantee that these values are

finite.
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5. Global existence of solutions.

Lemma 3. Under the hypotheses of Lemma 1 equation (1) possesses a solution

f(x, t), valid on the interval 0^£<oo. This solution is continuous, bounded,

non-negative, analytic in tfor each x, and integrable in x for each I.

Proof. The local solution /(x, t), valid on the interval 0St<l/m, was

constructed in §3 on the hypotheses of continuity, boundedness, non-negativ-

ity and integrability for f(x, 0). According to Lemmas 1 and 2, all these

hypotheses hold also for/(x, I/2m). Therefore one may construct a new local-

existence interval starting at t = l/2m, and the whole process may be con-

tinued. In this way one obtains a sequence of local-existence intervals:

0StSAi,AiStSA2, ■ ■ •   where

A* S Am,        A0 = 0,

1
(33) Afc+i — Ak = -;-r-

3AN(Ak) + 2max{E,CN(Ak)/B(Ak)}

The functions N(t) and B(t) are defined by

/% 00

N(t) =   I    f[x, t)dt,        Bit) = l.u.b. fix, t).
Jo 1

Since the sequence {A*} is monotone nondecreasing, it follows that either

A*—> oo or A*—>A, 0 < A < oo. If A*—> co, the lemma is proved. Assume therefore

that A*—»A, 0<A< =o. By the recursion-formula in (33)

T I      CNiAk)) 1
(34) lim     3AN(Ak) + 2 max<E, -}     = oo.

Afc^A L ( B(Ak)  ) A

It will be shown that this leads to a contradiction. Integrate both sides of

equation (10) w.r.t. / from 0 to oo . All the integrals are absolutely convergent

on the interval §St<A, and the result of integrating (10) may be rearranged

to yield the equation

Nit) = N -- f    f     f   f(x, t)fiy, t)cp(x, y)dydxdt
2 J o  J o   J x

C r" rx f(x'1)
—   I      I       I      -yyp(x, y)dydxdt

J o   J o   Jo X

ft     /% oo     /»oo

+ }   \    I   fiy> 0*(y. x)dydxdt.
J 0    J 0     J x

The contribution of the first two integrals (signs included) is nonpositive by

Lemma 2. Therefore
i
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/» t      f* 00       /* 00

#(<) ̂  ^ +       I /(y, fl*(y, x)dydxdt
Jo    Jo      J x

(35) = N+  f    f     f   /(*, /)*(*, y)dydxdt
J 0     *^ 0      *^ 0

/» (      /» oo y» (

^ 2V + (£ - 1)  I     I    /(x, /)i«ft = N + (E - 1)  I   N(t)dt.
J n   Jo Jo

By a well-known inequality [2, Chapter l], this implies

C e(B-l)t _  u

(36) N(t) ^NlA +    £-1   [•

In equation (1) the first and the third integral are non-negative, by Lemma 2.

Therefore

df(x t) /*°° f(x t)    Cx
—-— ^ - f(x, t)  I    f(y, t)d>(x, y)dy-—   I    yxP(x, y)dy.

dt Jo x      Jo

By the hypotheses (Hi) and (H2), this implies

of(x, t)
(37) ^—-£ - f(x, t)[l + AN(t)],

dt

and therefore

(38) f(x, t) ^ f(x, 0) exp (-t - A f N(t)dt\

and finally,

(39) B(t) ̂  B exp (-t - A  f N(t)dt\

The estimates (36) and (39) show that on the interval 0^t<A the function

N(t) is uniformly bounded from above and B(t) is uniformly bounded away

from 0. This clearly contradicts (34). Therefore, the local-existence intervals

cover the whole interval 0^t< oo, and the proof of Lemma 3 is completed.

6. Uniqueness. Let g(x, t) be a function satisfying the following hypothesis

g(x, f) is continuous for x, / ^ 0,

(H3) g(x, t) is integrable in x for each t,

|     | g(x, t)\dx g K < oo on any interval 0 ^ / ^ T, T < oo.
J 0

By Lemma 3 the solution/(x, /) of equation (1), constructed in §5, satisfies
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the hypothesis (H3). Moreover, the following result holds:

Lemma 4. f(x, t) is the only solution of equation (1) which satisfies the

hypothesis (Hi) and which assumes the initial value f(x, 0).

Proof. Assume that there are two such solutions,/(x, /) and g(x, t). Then

f(x, t) = /(*, 0) +  f   {[/(*, 0, /(*, D] + Lf(x, t))dt
J o

and

g(x, t) = f(x, 0) +  f  {[g(x, t), g(x, t)] + Lg(x, t))dt.
Jo

Therefore

| f(x, t) - g(x, t) |

=  f  {\ [/(*- 0 + *(*. 0, /(*■ t) ~ g(x, 0] I   +| L[f(x, t) - g(x, t)]\ }dt.
J o

Integration w.r.t. x from 0 to oo, yields

/OO

I /(*, t) ~ g(x, t) I dx
0

^ f rii[f(x,t)+g(x,t),f(x,t)-g(x,t)]\
Jo   Jo

+  \L[f(x, t) - g(x,t)]\ )dtdx

(40)       =   f    f   { | [f(x, t) + g(x, t), f(x, I) - g(x, t)]\

+ \L[f(x,t) - g(x,t]\ } dxdt

- i XT)   'f{x' ° + g{x' l)\dx)   Ifix> ° ~ g{x'i)dx

+ eJ   \f(x,t) - g(x,t)\dx\dt.

The interchange of the order of integration is justified by Fubini's Theorem,

and the other steps follow from the estimates (4)-(9). Let

hd) = f  I /(*, t) - g(x, t) I dt.
Jo

By the hypotheses of the lemma there exists a constant Cn such that
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I     | /(*, 0 + g(x, t)\dxS Cu < oo
dd

on any fixed interval OStST (0<T< oo). Then (40) implies that

/04C„        \   r'
h(t) S I-+ Ej I   h(t)dt (OStS T).

Also, by definition, h(0) =0. Therefore h(t) =0 on the interval OStS T. From

the continuity of/(x, t) and g(x, t) it follows that/(x, t) =g(x, t) lor OStST.

Since T is arbitrary, the proof is complete.

Theorem 1. Under the hypotheses of Lemma 1, equation (1) possesses a

solution f(x, t), valid for x, /StO, which is continuous, bounded, non-negative,

integrable in x for each t, and analytic in t for each x. Under the hypotheses of

Lemma 4, this solution is unique.

The proof follows immediately from Lemmas 1 to 4.

Acknowledgments. The author should like to express his gratitude to Profes-

sor N. Levinson of Massachusetts Institute of Technology, who supervised the

writing of the author's Ph.D. thesis (Massachusetts Institute of Technology,

March, 1956), the material of which overlaps considerably the content of this

paper; to the Office of Naval Research on whose research assistantship that

thesis was written; and to the Air Force Office of Scientific Research (Air

Research and Development Command) on whose grant (Summer 1956) the

work was continued.

References

1. S. Chandrasekhar, Stochastic processes in physics and astronomy, Reviews of Modern

Physics, vol. 15, no. 1 (1943).

2. E. A. Coddington and N. Levinson, Theory of ordinary differential equations, McGraw-

Hill, 1955.

3. Z. A. Melzak, The effect of coalescence in certain collision processes, Quart. J. Appl. Math,

vol. 11 (1953).
4. D. Morgenstern, Analytical studies related to the Maxwell-Boltzmann equation, Journal

of Rational Mechanics and Analysis, vol. 4 (1955).

Massachusetts Institute of Technology,

Cambridge, Mass.

University of Michigan,

Ann Arbor. Mich.


