ADJOINT LINEAR DIFFERENTIAL OPERATORS

BY
WILLIAM T. REID

1. Introduction. The present paper is concerned with linear differential
expressions of the form

(1.1) L(y) = 22 pu(0)y® (), nz1,
p=0

with coefficients p,(x) belonging to &, the class of complex-valued (Lebesgue)
integrable functions of the real variable x on the compact interval ab:a £x £b.
The symbol G, (=0, 1, - - - ), will be used for the class of functions f(x)
that are continuous and have continuous derivatives of the first £ orders on
ab, and the subclass of functions f(x) of €4y with f*~V(x) absolutely con-
tinuous on ab will be designated by %, (=1, 2, - - - ); in particular, ¥; is
the class of functions absolutely continuous on ab. The symbol Uy, will sig-
nify the set of functions f(x) €, for which f®(x) belongs to &, the class of
square-integrable functions on ab. For k=1 the subclasses of functions f(x)
of €, Wi and Us,2 such that f@(a) =0=f@(b), (=0,1, - - -, k—1), will be
denoted by €3, Az, and AR, respectively. In order to avoid supplementary
comments at various places in the paper, it will be understood that the sym-
bols 9, and 93 designate the class £, the symbols %,:» and Ag,, denote the class
, and that €7 designates the class €, of functions continuous on ab. As
is customary, functions fi(x), f2(x) that are equal a.e. (almost everywhere)
are considered as equal, and we write fi=f; correspondingly, for subsets
D.CY, (a=1,2), we write D; =, if for each w(x) ED,, (=1, 2), thereis a
w(x) EDs, (B#a), such that u=w. If Lo(y)= D to0 Pu.e(x)y®, (@=1, 2),
then Li(y) = Lq(y) signifies pu1=pu2 (u=0, 1, - - -, n). Finally, if u=u(x),
v=u(x) and u? belong to  the symbol (%, v) is used for [luddx; in particular,
(u, v) exists if u, vEL,.

As p,€8, (u=0,1, -, n), if yEE, then L(y)EL The operator T, is
defined to have domain @€, and value T,y =L(y) for yEE;. If D* denotes the
totality of functions z(x) ER with z(x)p.(x)EL, (u=0, 1, - - -, n), and for
which there exists a corresponding f, =/.(x) €Q such that (L(y), 2) = (y, f.) for
all y&€@3, then the operator T;* with domain ©* and value T¢fz=f, is termed
the adjoint of T,. In particular, if p,EGC,, (u=0, - - -, n), and p.(x)#0 on abd,
then classical results provide the conclusion that D*=%,, and for 2&Y, the
value of Tz is given by the Lagrange adjoint D 7., (—1)*(p.2)®. A very
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important instance is the Hilbert space case that occurs when p, € &,
(k=0,1, - - -, n), and analogous to the above defined T, one considers the
operator with values L(y) on the domain of functions y&¥;., such that
L(y) ER,. For the considerations of the present paper, however, restriction
of attention to this case would be undesirable from the point of view of de-
sired generality.

The central purpose of the present paper is to obtain precise information
on the nature of T, and its adjoint 7,*. The main tool used is a moderate ex-
tension of the fundamental lemma of the calculus of variations and certain
related results, which are derived in §2. Some of the most interesting results
on the character of T, and T¥ obtained in §3 deal with differentiability con-
ditions that must hold for coefficients of (1.1) in case the domain D* of T} is
sufficiently large. That such type of condition on ©* can not imply that
pu(x) EC,, (=0, 1, - - -, n), or even that p,(x) EC,, is exemplified by the
case of (1.1) with L(y)=A, (v; ), where we define

Ao (35 ) = p(2)y, Asr (y; p) = (p(x)y) @,

(1.2
1
Aors (95 9) = 7 [(B(x)y D) + (p()y ) D], (r = 1,2, - )
with the understanding that p(x) &, in the definition of Ay and Ag_y. In-
deed, if for (1.1) we have L(y) =A,(y; p), (n=1), then the fact that %, CD*,
and T*z=A,(z; (—1)"p) for z2EYU,, is an immediate consequence of the
classical relation

(1.3) u Ao (03 0) — (=)™ A, (5 9) = [Ka(n, 9; )V (nz1),

for arbitrary u, v of %., where K,(u, v; p) is the bilinear concomitant
Dt wG DK (x5 p)v4D. The most important result of §3 is that of Theo-
rem 3.2, to the effect that if g.=x*/N&ED* (A=0,1, - - -, k,—1), where %,
(¢2=0,1, - - - ), is equal to 2/2 or (¢41)/2 according as 7 is even or odd, then
there exist functions m;ENy;, (=0, 1, - - -, n), such that L(y) = > 7. A;(y;
m;), while A, CD* and TFz=L*(z)= D =, Ai(z; (—1)i#;) for 2EA,; more-
over, m;&Wx;2, (7=0, 1, - - -, n), if and only if T¥nER, A=0,1, - - -,
k,—1), and p;(x)EL, (7=0,1, - - -, n—Fk,).

§4 is concerned with the case in which there is an ¢,>0 such that lp,,(x)l
=¢, a.e. on ab. In particular, for this case it is proved in Theorem 4.2 that
M(2)= D 0.0 ¢,(x)2®, with ¢,(x) ER, (#=0, 1, - - -, n), is such that (L(y), 2)
=(y, M(2)) for arbitrary 2&C,, yEG; if and only if g,(x) =(—1)"p,(x), and
for linearly independent solutions y;(x) and z;(x), (=0, 1, - - -, n), of L(y)
=0 and M (2) =0, respectively, there exists a corresponding constant matrix
A=Ay, G, j=1,-- -, ), such that 32, {3 (2)As2(x) | = baa/pa(x),
(=1, - - -, m). This result is an analogue of one obtained by Hamburger [5]
for the Sturm-Liouville operators he considered. §5 is devoted to the Sturm-
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Liouville case; from the results of the preceding sections we have the char-
acterization of Sturm-Liouville operators given in Theorem 5.1, which shows
in particular that if (1.1) is a formal Sturm-Liouville operator in the sense of
Hamburger, then L(y)= D 7. Aj(y; 7;), where T & W2 and = (—1)7;,
(7=0,1, - - -, n). Theorem 5.3 also provides a proof of the result of Theorem
1 of Hamburger [5] that is considerably simpler in detail than the proof of
Hamburger. §6 presents results on extensions of the operator T,; for the
Sturm-Liouville case Theorem 6.2 is an improvement on results of Miller [9]
and Hamburger [5], as it shows that a hypothesis of incompatibility made by
these authors is unnecessary for the result.

2. Auxiliary results. For brevity, if f(x) €8 set S.(x; f) =f(x) and Sks1(x;f)
=[7 Sk(t; f)dt, (a=x=b; k=0, 1, - - - ), where x, is some fixed point on
a<x<b. Moreover, for k=0, 1, - - - the symbol P; will denote the set of
polynomials Pi(x) of degree at most k; the symbol P_; will designate the class
of functions consisting of the single function P_;(x)=0. Basic for proofs of
the subsequent sections is the following result, which is a moderate extension
of the so-called fundamental lemma of the calculus of variations.

THEOREM 2.1. Suppose that ri(x)EL, (j=0,1, - - -, h=0), and for k=h
let H}, denote the condition that

b A
(2.1) I(y) = f [ Z rj(x)y(f):l dx =0 for y € €.
a =0

Then for a given k2 h the condition Hy holds if and only if there exists a Pr_i(x)
€ Pay such that Y " o (—1)iS;(x; ra—;) = Pra(x); in particular, Hy is equiva-
lent to Hy for k=2 h, 1= h. If Hy holds for some k=h and r:(x) =0 for h—g <i<h,
then there exists a function f(x)EU, such that ri(x) =f(x); also, f(x)ECU,..
whenever rh_,(x) E&. Moreover, if H; holds for some k=h then for arbitrary
yEN;, the integral I(y) exists and is equal to zero.

If yEG;, (k=h), then we have

(2.2) I(y) = fbf(x)y""dx. where r(x) = i (—=1)iSi(x; ra-i);

i=0

indeed (2.2) is identical with (2.1) if A=0, and is a ready consequence of
integration by parts in case £ >0. If there is a Py_i(x) & Ps—1such that 7(x)
= P_1(x) it follows that condition H} holds for k=#%; in fact this result is a
direct application of (1.3) with n=4h, p(x) =1, u(x) =Ps_1(x), and v(x) =y(x),
since Ax(Pr_i(x); 1)=0.

On the other hand, as Hy implies Hi1, if Hy holds for a value 2=h then

b
(2.3) 0=1I(y) = (=1 "-"“f Sk—np1(x; r)yFHdx, for y € Gpyy,
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where 7(x) is as in (2.2). Consequently, (see, for example, Huke [7, Chapter
IV]), the customary form of the fundamental lemma implies that there is a
polynomial Pi(x) € Bi such that Si_s41(x; 7) = Pi(x) on ab, and differentiation
yields 7(x) = Py_1(x) € Pp.-1, with Ph_yi(x) the (k—h+1)st derivative of Pi(x).
Finally, if r(x) = Pr_i(x) and r;(x) =0 for k —g <i<h, then r;(x) =f(x), where
flx) =Pra(x) — 2, (—1)iS;(x; ray) if g<h, f(x)=Pu(x) if g>, and in
either case f(x)E¥,; in particular, if g<k and 7,_,EQ, then the relation
f@(x) =P2,(x) — X0~ (—1)iS;o(x; ra_;) implies that f@(x) €L, and f(x)
€U,.2. In all cases the first conclusion of the preceding sentence holds for
g=1, that is, the validity of H} for some integer k=% implies the existence
of a function f(x) €, such that 74(x) =f(x). For k=0 the last statement of
the theorem is obvious. If =1 and H; holds for some k=% then the fact that
there is a function f(x) €Y, such that r,(x) =f(x) implies that I(y) exists for
yEAs, and the stated result follows from the validity of (2.2) for yEU;.

It is to be remarked that if A, denotes the condition that I(y) =0 for y(x)
an arbitrary polynomial P(x) satisfying P(®(a) =0=P(®(p), (=0, 1, - - -,
k—1), then by an extension of the fundamental lemma due to Hobson [6],
(see also Huke [7, Chapter IV]), it follows that for =% the condition H; is
equivalent to H;.

COROLLARY 1. The condition H; of Theorem 2.1 holds for some integer k=h
if and only if there exist functions v;(x) €Wy, (4=1, - - -, k) such that

(2.4  wm=n; vmtvi=r, G=1,-, k=1, =1y

moreover, if vi(x) EWy and satisfy (2.4) then v;(x) ENv,e, (6=1, - - -, n), when-
ever ri(x)EL, (=0,1, -+, h—1).

If (2.4) is satisfied by v;(x)EN; then for yEUs one has D 1o ry®
=[>h2d ;419 )’, and consequently Hy, (k= k), is immediate. On the other
hand, if for some integer k=% the condition H, is valid then by Theorem 2.1
there is a Pj_;(x) € iy such that D7 o (—1)iS;(x; 74—;) = Pa_s(x), and v;(x)
=(—=1)=iPP&(x) — DI, (—1)iSi(x; 7;-), (j=1,---, k), are absolutely
continuous functions satisfying (2.4). The last statement of the corollary is
an immediate consequence of (2.4).

Let GX denote the class of functions f(x) EG; such that f(x) =0 outside
some subinterval a; =x <b;, where a <a; <b;<b, and the values of a; and b,
are dependent on the particular function f(x). The condition that the integral
I(y) of (2.1) be zero for yEGL will be denoted by HP.

COROLLARY 2. For k=h the condition HP is equivalent to H.

Clearly H, implies HO, since € CGy. On the other hand, suppose that
HP holds and for a nondegenerate subinterval §: a;<x <b, of a <x<b let
C(0) denote the set of functions f(x) €G; on 8, and €3(8) the subclass of func-
tions f(x) ECx(8) satisfying f(®(a;)) =0=f((b), (=0, 1,---, k—1). If
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y(x) EC5,1(8) then n(x) =y(x) on §, n(x) =0 elsewhere, is such that nEGC2,
and consequently H® implies that

b1 h
f [ Z r;(x)y(")] dx = 0, fOf y (= @:.*.1(5).
ay =0
Theorem 2.1 then implies the existence of Pj_i(x; 8) & Bs—1 such that r(x)
= > o (—1)iS;(x; 74—;) = Pr_a(x; 8) on 8. If &), 8, are two such subintervals
with 8,8, it then follows that Ps_i(x; ;) =Pj_1(x; 8)) on &, and hence
Pua(x; 8,) =Pra(x; 8). Consequently r(x) =Pj_1(x; 8) on ab, where &8 is an
arbitrary nondegenerate subinterval of a <x <b, and therefore H; holds in
view of Theorem 2.1.
For a second linear homogeneous differential expression

(2'5) M(Z) = i ql'(x)z(V)i With q"(x) e 81 (V = Oy 1; Tty m)y

v=0

and k=max (n, m), let (L, M; k) denote the condition that the functional
(2.6) (L(y), 2) — (3, M(2))

is zero for arbitrary 2§y, yEG5. The symbol (L, M; k)° will denote the con-
dition that (2.6) is zero for arbitrary z&GC3, yE&;, and (L, M; £)© the condi-
tion that (2.6) is zero for arbitrary zEGCP, yEEL.

TuEOREM 2.2. If L(y), M(2) are of the form (1.1) and (2.5), respectively,
then for each k =max (n, m) the conditions (L, M; k), (L, M ; k)°, and (L, M; E)©
are equivalent.

As G2 CG2C Gy, clearly (L, M; B)—(L, M; k)°—(L, M; k)©, and for the
proof of the theorem it suffices to show that (L, M; E)O—(L, M; k). Let k be
a fixed integer k = max (%, m), and for brevity set {y, z} =(L(y), 2) — (v, M(2)).
For 0 <e<(b—a)/2, denote by ¢¢(x) a function of class € such that ¢.(x) =1
onat+e<x=<b—e¢ and ¢p(x)=0o0ona=<x=<ate/2and b—e¢/2=x=b. If 2EC,,
yE@kG, then for € a positive number so small that y(x) =0 ona=<x=<a-+eand
b—e<x=b we have {y, z} = {y, ¢z} =0 in case condition (L, M; k)@ holds.
Now for a given z& G, the functional {y, 2} is of the form (2.1), and in view
of the above Corollary 2 it follows that for fixed z& G the condition {y, z} =0
for arbitrary yEG6L is equivalent to the condition that {y, z} =0 for arbi-
trary y&Gy. Consequently (L, M; k)© implies (L, M; k) and the theorem is
proved.

It is to be commented that with the aid of Theorem 2.1 and the above
Corollary 2 one may show that each of the conditions of Theorem 2.2 is also
equivalent to the condition that the expression (2.6) be zero for arbitrary
yECP, 2EEQ; a precise characterization of L(y) and M(2) is given in Corol-
lary 2 to Theorem 3.2.
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3. Characterization of the adjoint operator. In view of Corollary 1 to
Theorem 2.1 the following general property of the adjoint operator is im-
mediate.

THEOREM 3.1. The domain D* of the operator T} adjoint to T, is the totality

of functions 2ER for which zp,ELR, (u=0, 1, - - -, n), and there are functions
w; = wi(x; 2) €Wy, (G=1,---, n), such that w, = 2P, W)y, + w; = 25,
(G=1, - - -, n—1); moreover, if 2&D* then Ti'z=2p,—w,(x; 2) and w;CUs,s,

(G=1, .-, n), whenever Tz and 2p;, (j=0,1, - - -, n—1), belong to L.

From Theorem 3.1 it follows that in general the value of T.*z is not given
by a differential expression of the form (1.1), but by a “quasi-differential ex-
pression” in the sense of Bécher [2]. The reader is referred to Halperin [4]
for a discussion of general quasi-differential operators in a Hilbert space set-
ting and under regularity assumptions corresponding to hypothesis (H) of §4
below.

In particular, if €N, (u=0, 1, - - -, n), then zp,EU, for arbitrary
2EN,, the domain D* of T contains An, and Tz= D n_o (—1)4(25,)® for
2E¥U,. Finally, if p,EN,, (u=0,1, - - -, n), and p.(x) >0 on ab, then z&D*

if and only if z=w,/p., where w,E;, (=1, -, n), and wj,,+w,
=(pj/Pn)ws, (=1, - - -, n—1), from which it follows readily that w,E¥,,
and consequently w,/$,E,. That is, if p,EN,, (k=0,1, - - -, %), and p,(x)

>0 on ab, then A, =D* and T¥z= D " o (—1)#(25,)® for 2EN,.

Throughout the following discussion the symbol k; will be used to denote
3/2 or (j41)/2 according as j is even or odd; also, we shall employ g\(x) for the
particular polynomials g.(x) =1, gr(x)=x7/N, A=1,2,---).

THEOREM 3.2. If ex(x) ED*, \=0, 1, - - -, ky—1), then there exist func-
tions wi(x) €W,y (=0, 1, - - -, n), such that
(3.1) L) = £ Myim, for » €
also, . CD* and
3.2) Thz = L*(z) = io Ai(z; (—1)i7), for z2 € A,
i
Moreover, w;(x) ENr;p0, (7=0,1, - - -, n),if and onlyif T¥nEL, A =0,1, - - -,

ka—1), and p;(x) ER, (j=0,1, - - -, n—ky).

The result of this theorem will be established by induction. For n=1 we
have L(y) =p:1(x)y’+po.(x)y, k1=1, and the hypothesis that g,(x) =1 belongs
to the corresponding set ©* implies that g,(x) =Tz, &2 and

b
[ 126) - anlar =, for y € G
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From Theorem 2.1 for £=1 it follows that there exists a m(x) €Y, such that
m=p1, T =po—q,, and consequently L(y)=A(y; m)+A.(y; ™), with =,
=p,—m}/2. If 2EY, then 2p,EL, (u=0, 1), L*(2) =Ai(z; —7) +A.(z; %) ER,
and (L(), 2) — (y, L*(2)) =0 for &1, yEE; in view of (1.3), so that A, CD*
and (y, L*(2) — T¥z) =0 for arbitrary y&@&}. From the result of Theorem 2.1
for =0 it then follows that T*z=L*(x) for 2&%,. To establish for n =1 the
last conclusion of the theorem it is to be noted that if p,E8 and ¢,=TFg,EL
then the above defined function m has m/ €% and hence m&U;,., while
To=po—m{ /2CExL=U,,. Conversely, if m;&Us;., (=0, 1), then from (3.1)
and (3.2) it follows that TJ}z2&%, for arbitrary 2&;,» and p,ER, (1=0, 1).

Now suppose that the result of the theorem is valid for n=m—12=1, and
let L(y) = ) _n-o pu(x)y®(x) with pu(x)E®, (v=0, 1, - -, m), be such that
a(x), 3=0, 1, -, k,—1), belongs to the corresponding D*. If f(x),
g(x) €Y, it may be verified readily by induction that

gf(“) = MZ (—I)J ﬂ.i[g(i)f](“_i)’ (/-‘ = 01 1) Tty m),

7=0

where C, ;is the binomial coefficient u!/[j!(u—34)!]. In particular, for z, y EXn,

(3.3) 2L(y) = 2 (=1)L(zy),
o=0
with
(3.4) Lo(w) = 2 Cuapu(x)ut=, (@=0,1,---,m).
p=0
Now the condition that g\(x) ED*, \=0, 1, - - -, k,—1), implies that

(35) (,V, T:g)\) = (L(B’)» g)\) = Z(—I)V(Lv(g)\—dy)n 1)» ()‘ = 0’ 1’ ) km - 1)

o=0

for arbitrary y &85, If the integrable functions ga(x), A\=0, 1, - - -, kp—1),
are defined as

A—1
(3.6) qo(2) = Togoy qu(x) = Togr — 2o i(®)gi(a), G=1, -, kn—1),

=0
then in view of the fact that gy EE3, whenever y&EGE;, it follows readily by
induction that (3.5) implies

b
(3.7) L(y) Ef [Lo(y) = (—=1)7@y)dx for y ECmy (6= 0,1, kn — 1).

As L,(v) is of order at most m —a, it follows from Theorem 2.1 that
(3.8) L) =0 for u€Uny, (0=0,1,-+, kn—1).

Now if y&EGS, then y@&G;,_,, (6=0,1, - - -, kn—1), and consequently
(3.8) implies
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L(y@) =0 for yEGCm, (6=0,1,+++, kn—1).

For j=0, - - -, m the coefficient of y@ in L,(y®) is C; .p;(x). Moreover, for
0=<27 <m the (r+1) X(++1) matrix ”C,,._g,.,”, (¢, 3=0,1, - - -, 1), is non-
singular. Indeed, if A, denotes the determinant of this matrix then A, ,
=(—=1)""+D12 (0=27<m; m=0, 1, - - - ), in view of the fact that A, =1,
(m=0,1, - - - ), and the readily derivable relation A, ,=(—1)"A,_1,._1. Con-
sequently, for 7 = k, — 1 there exist unique constants e, such that
250 Cnpraba = 8g0, (B=0, 1,---, 7), and hence D 5o ea[La(y®)
—(—=1)2g.y@] is of the form D™, 7;(x)y® with 7,(x) = pm(x), and r;(x) =0
for m — k., <j<m. Indeed, from the expression for e, in terms of the cofactors
of ”C,,._g,a“ it follows that the coefficient of y™=*m in > 7 . e,L.(y®) is
equal to (— 1), (®)An-,:/Bme = (— 1)"Pm_s,(x), and hence 7, _,(x)
= (= 1)pmr,(x) if m is even, 7n s, (¥) = (— 1) [pmrp(X) — Gnr,(%)]
=(—=1)"[pm-r, (%) — Gr,—1(x)] if m is odd. From Theorem 2.1 for h=m it
follows that there exists a function 7, &, such that 7, =pn and 7,EUs,,
whenever 7,,_x, ©%. Now the condition that TJ}gsnEQ, A\=0,1, - - -, k,—1),
implies that gi,—1(x) €L in view of (3.6), and from the value of 7,,_,, derived
above it follows that w, € Ui, whenever pn i, € £ and T € L,
A=0,1, - -, kn—1).

For m, determined as above, let Tyy denote the operator with value
Ty =LY (y)=L(y) —Auly; mn) =207 p(x)y® on the domain G;._,, and
denote by Di* the domain of the operator Tz adjoint to Tyy in the sense defined
in the introduction. As the order of the lowest derivative occurring in An(z;
(=1)"#,) is kn-1=m —k,, in view of (1.3) it follows that for A\=0, 1, - - -,
km1—1wehave (L®(y), &) = (L), &2) — (An(¥imm), 2) = (0, Ter) — (v, Aer;
(=D)m#,))=(y, Tkg) if yEC,; as the order of LV(y) is at most m—1 it
follows from Theorem 2.1 that (L®(y), g) =(y, T&g) if yEE5_;, so that
a(x) EDf and T =TFg for A\=0,1, - + -, kn_1—1. The inductive hypoth-
esis that the result of the theorem is true for #=m—1 when applied to the
operator Ty, together with the relation L(y)=L®(y)+An(y; mn), yields
immediately the result that the conclusion of the first sentence of the theorem
is true for n=m.

For the attainment by the same inductive argument that m;&Uy;;,
(G=0,1, - - ., m), whenever T¥nER, A\=0,1, - - -, k,—1), and p;(x) EL,,
(G=0,1, .-, n—k,), it remains to show that these conditions imply that
T;kg)\egz, ()\=0, -, km_l—l), and p?)(x)e&, (1:=0, 1,-«+, m—1
—km-1). The first result is immediate in view of the above-mentioned fact
that Ti¥gn=TFg, W\=0,1, - - -, k,1—1). The validity of the second result
follows from the following comments: if m is even then kp_y=km, m —1—Fkp_y
=m—kn—1, and p{®=p;, (4=0, 1, -+, m—1—Fkn); if m is odd then
bna=km—1, 0=m—1—kna=m—Fkn, pP=p; (=0, 1,---, 8—1), pP®
=pg—mam /2, while from the above established results it follows that the
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stated hypotheses imply that 7, &%y, .o. Conversely, if m;&EWs;0, (7=0,1, - - -+,
m), then from (3.1) and (3.2) for n=m it follows that T f2&&, for arbitrary
ZE%M;z and p,EL, (u=0,1, - -, m).

For the explicit form of the bilinear concomitant K,(«, v; p)
= Z:,=1 G VK i (x; p)v0=D of (1.3) the reader is referred, for example, to
Kamke [8, p. 77]. The following readily verifiable properties will te em-
ployed here: for n=2r and n=2r —1 each element K j:n is a linear combination
of p, p'y -+ -, pUV with real coefficients, and thus K;;;\nEW, for pEU, and
K,'j;negll‘.z whenever PE?Ir;z; K;j;n=(—1)”_1Kji;n, (i,j=1, ey, n); K,‘j;n=0
if i+j>n+1; Kijo=(—1)71p(x) if i4+j=n-+1. From these properties of
the bilinear concomitant in (1.4), and the result of Theorem 3.2, the following
conclusion is immediate with D 7. 20-DK(x)yD=>"_ K,(3, v; m),
and 7,(x) as in (3.1).

COROLLARY 1. If x*/NED*, A\=0, 1, - - -, k,—1), then the differential
expression L*(z) defined in Theorem 3.2 satisfies with L(y) the relation()

n ’
3.9 () = yL*G) = [Z z“-“K.-i(x)y“"”] for 3,2 € Un,
i i=1

where K;; &Ny, (4,7=1, + - - ,n), Ky;=0fori+j>n+1,and Kij=(—1)"lr.(x)
or i+j=n-+1, with w,(x) as tn (3.1); moreover, K ;;EW1s, (2, j=1, - - -, n),
whenever TFHnEL, AN=0, 1, -, kya—1), and p;(x)ERX, (=0, 1, -+,
n—~kn).

COROLLARY 2. If L(y) and M(z) are of the form (1.1) and (2.5), respectively,
with coefficients belonging to R, then for a given integer k = max (n, m) a necessary
and sufficient condition for the validity of the relation (L, M; k)© is that L(y) is

of the form (3.1) with wj(x) EWs;, (=1, - - -, n), and M(2) =L*(2). Moreover,
if (L, M; k)@ holds for some k 2max (n, m) then m;(x) EAxjie, (7=0,1, - - -, 1),
if and O%Zy if qj(x)€82v (j=0v ly Sty kn'—l)v and Pi(x)€821 (j=0’ 1’ T
n—Rky.).

For k 2max (n, m) the relation (L, M; k)© implies the relation (L, M; k)
by Thecrem 2.2, so that for each 2EG; we have {y, 2} =(L(9), 2) — (v, M(2))
=0 for yEG}; in particular, {y, z} is of the form (2.1) with h=#, and from
Theorem 2.1 it follows that {y, z} =0 for 2&G:, yEE;. Consequently
CCD* and (y, TFz—M(z)) =0 for yEEC;, 2&E6y, so that Tfz=M(z) for
2E Gy Therefore gr(x) =x*/AED*, \=0, 1, - - - ), and Theorem 3.2 implies
that L(y) is of the form (3.1) with m;(x) EUi; and Te¥z=L*(2) for 2EU,, so
that M(z) = L*(z). Conversely, if L(y) is of the form (3.1) and M(2) =L*(2),
then (3.9) implies the relation (L, M; k)© for k=n. Finally, if (L, M; k)©
holds for some Ek=max (n, m), then TXg=M(g)= D suoq(%)gr—(%),

() In (3.9) the symbol_z*(z) denotes the complex conjugate of LX(z); in the following
pages the symbols M(z) and L(z) will be used with similar meanings.
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(A=0,1, - -, n), and the final conclusion of the corollary is an immediate
consequence of the corresponding conclusion of Theorem 3.2.

4. Additional results under suitable regularity assumptions. In the pre-
ceding discussion of adjoint operators no assumption was made on the non-
vanishing of the leading coefficient p,(x) of (1.1). In particular, no use was
made of the existence or character of solutions of the associated linear homo-
geneous differential equations. The results of the present section are for the
case when the following hypothesis is satisfied:

(H) pu(x)EL, (u=0,1, - - -, n), and there is an €,>0 such that [p,,(x)l
=€, a.e. on ab.

If (H) holds then for given f(x) €% and constants 5., (1=1, - - -, n), well-
known existence theorems imply that there is a unique y €%, such that

4.1 L(y) = f(x),  y¥ V(%) =, (t=1,---,m),
where x, is a fixed value on ab; such a function is termed a solution of (4.1).

In case (H) holds and gia(x) =x*/N1ED*, \=0,1, - - -, k,—1), then the
function m,(x) of Theorem 3.2 is such that either 7, =¢, or m, =< —¢, through-

out ab. As the adjoint expression L*(z) = D m_, g.(x)z™ given by (3.2) has
gn={(—1)"#,, there is also a unique solution of the corresponding system

(4.1 LXG) = f(x), 2 D(x) =, (E=1,-++,n).

Since the condition that 7, does not vanish on ab implies that the matrix
||K:'j(x)|| of (3.9) is nonsingular, it follows from (3.9) by classical methods that
the system

(4.2) L(y) = f(x), 3% P(a) =0 = y(=(p), (i=1,--+,m),
with f(x) €R has a solution if and only if (f, z) =0 for arbitrary solutions z of
L*(z)=0.

It is to be remarked that under hypothesis (H) a solution y(x) of (4.1) is
such that y(x) EUa.: in case f(x) EL and p;(x) ER,, (j=0,1, - - -, n—1). If

(H) holds, ga(x)=x*/AcD* with TrnE, \=0, 1, -+, k,—1), and
pi(x)ER, (7=0,1, - -, n—k,), then by Theorem 3.2 we have that ;(x)
ENy;iz, (7=0, 1, - - -, n). In this case all coefficients of L(y) and L*(z) be-

long to &, and for a given «x, on ab all solutions of (4.1) and (4.1’) belong to
A,:» whenever f(x) EL,.

TrEOREM 4.1. If hypothesis (H) holds and x*/N!ED*, A=0,1, - - - ,k,—1),
then D*=U,.

To establish this theorem, let z,(x), (=1, - - -, n), be linearly independ-
ent solutions of L*(z) =0 which are orthonormal in the sense that (2., )
=0du, (a, B=1, - - -, n). Now if 2,ED*, and w,(x) is a particular solution of
L*(w,) = T#z,, then w(x) =w,(x)+ 2 "1 (20—, 2.)%«(x) is the solution of
L*(w) = T3z, such that (2,—1w, 2) =0 for arbitrary solutions z(x) of L*(z) =0.
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In view of (3.9) and the definition of Tz, it follows that (L(y), z,) = (y, T*z,)
= (y, L*(w)) = (L(y), w), and consequently (L(y), z,—w) =0, for arbitrary
y&C€;. By Theorem 2.1 it then follows that (%, —w®)$, is equivalent to an
absolutely continuous function, and (L(y), z,—w)=0 for arbitrary y&l;.
Finally, since (z,—w, 2) =0 for arbitrary solutions of L*(z) =0, the above
statement on the solvability of (4.2) implies that there is a y €Yy such that
L(y) =2,—w, and hence (z,—w, 2,—w) =0 and z,=wEA,.

The following theorem presents an extension of a result of Hamburger [5]
for the Sturm-Liouville case; this latter case will be considered specifically
in the next section.

THEOREM 4.2. If L(y) satisfies (H) and M(z)= D", q.,(x)2®, with

¢(x)EL, (v=0,1, - - -, n), then a necessary and sufficient condition that
(4.3) (L(9), 2) = (3, M(2)), Jor s €G,, y €C,,
is: (@) gn(x)=(—=1)"p.(x); (b) for linearly independent solutions y;(x) ‘and
zi(x), G=1, - - -, n), of L(y) =0 and M(z) =0, respectively, there exists a cor-
responding constant matrix AE”Aij”, (2,7=1, - - -, m), such that
i a—1

(4.4 S [H @80 | = suaf i, =1

1,7=1

In particular, (L(y), 2) =(y, M(2)) for 2EN,, yEA; whenever (4.3) holds.

In view of Theorem 2.2 and Corollary 2 of Theorem 3.2 condition (4.3) is
equivalent to M(z) = L*(2), so that (4.3) implies immediately conclusion (a).

If y=y;(x) and z=3z;(x), (j=1, - - -, n), are linearly independent solutions of
L(y)=0 and L*(z) =0, respectively, then the Wronskian matrices Y(x)
=y ()| and Z(x) =||z¢ P (x)||, (4, j=1, - - -, #), are nonsingular on ab

and from (3.9) it follows that there is a constant # X#n matrix D such that
Z*¥(x)K(x)Y(x)=D. In the preceding matrix identity, as well as in subse-
quent occurrences, the exponent * on the symbol for a matrix denotes the
conjugate transpose matrix. Since hypothesis (H) implies that K(x) is non-
singular the matrix D is nonsingular, and A=D"! is such that Y(x)AZ*(x)
is the reciprocal of K(x). The relations K;;(x)=0 for 14+j>n+1, and K,;(x)
=(—1)"17,.(x) for 2+j=n-+1, imply

E [y:a—l)(x)Aiiﬁ(f_l)(x)] =0,
¥ B @i @] = (=0 pal),
e (azlr"°rn_ﬁ;ﬂ=1y"'»”)»

which provide relations (4.4) for =1, a=1, - - - , n—1. In connection with
statement (b) of the theorem it is to be commented that this condition is

(4.5)
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clearly equivalent to the validity of (4.4) for any one particular set of linearly
independent solutions y;(x), 2;(x) with a corresponding constant matrix A.
Now suppose that (H) holds for (1.1), and conditions (a) and (b) are satis-
fied by L(y) and M(z) = 2_"_, ¢,(x)2®, with ¢,(x)EL, (»=0, 1, - - -, ). It
follows readily that relations (4.4) imply the extended set of conditions (4.5);
indeed, if for a given v satisfying 1 <y <# the n —v conditions of (4.5) speci-
fied by B=v, a=1, - - -, n—+ hold, then upon differentiation of the first
n—vy—1 of these conditions one obtains the conditions of (4.5) specified by
B=+v+1. Now conditions (4.5) imply that H(x) = V(x)AZ*(x) has H;(x)=0
for i+j<n41, and Hij(x)=(—1)7"1/p,(x) for i+j=n+1. In particular,
H(x) is nonsingular a.e. on ab and thus a matrix A satisfying (4.4) is non-
singular. Now for y&€, the function 7(x) = L{y) €%, and in view of (4.4) it
follows by the method of variation of parameters that y(x)=1v;(x)k;(x),
where 2:(x) €U, and k{(x) =A;;Z;(x)r(x); for simplicity of notation, in the ex-
pressions for y(x) and %;(x), and also in subsequent expressions of this para-
graph, we employ the tensor analysis convention so that repetition of sub-
scripts 4+ and j in a given expression denotes summation over the range
1, - - -, n. Indeed, if n; and ki(x) are determined by y(—Y(a) =3{""(a);,
hi(x) =444 [32;(Or()dt, (=1, - - -, n), then (4.4) imply y{~(x)h)(x) =0,
G=1, -, n=1), pu(0)3f" > (¥)(x) =7(x), and hence u(x) =y;(x)h;(x) €A,
u=V(x) =9y 7P (2)hi(x), w7V (a) =y (a), (i=1, - - -, n), and L(w) =r(x),
so that u(x) =y(x). Correspondingly, if 2EG€, then s(x) = M(2) €L, and from
the n relations of (4.5) given by a=1, =1, - - -, #n, it follows that z(x)
=1z;(x)g;(x), where g;(x) EU; and g/ (x) = —A;;5:(x)s(x). If D is defined as the
reciprocal of the nonsingular matrix A then 2L(y) —yM(z) =g;3;r — 5y:h:
=g;Dsih! +8/ Dyshi=[g;D;ihs]’ = [ 2 %5-1 2670 (x) Kij(x)yi=D(x) |/, where
K(x)=Z*Yx)DY~(x), and therefore (L(y), 2) =(y, M(2)) if 2EE,, yEGE..
Consequently from Corollary 2 of Theorem 3.2 it follows that L(y) has the
form (3.1), M(z) =L*(z), and the equality in (4.3) holds for zE%,, yEAL.
5. Sturm-Liouville operators. A formal differential operator (1.1) with
pu(x) €8 will be said to be a Sturm-Liouville operator (SL-operator) if

(5.1) (L(y), ) = (9, L(2)), for arbitrary z € €, y € co.

This definition is a slight modification of that of Hamburger [5], who intro-
duced this terminology for the case when $,E%,;, (u=0, 1, - - - , 1), the con-
dition of hypothesis (H) holds, and the equality of (5.1) holds for arbitrary
2E W52, yEUzye. In view of Theorem 2.2 condition (5.1) is equivalent to the
condition that (L(y), 2) = (v, L(2)) for arbitrary z, y& &3, or indeed for arbi-
trary z, yEGL. The following criterion is a ready consequence of Corollary 2
to Theorem 3.2.

THEOREM $.1. The formal differential operator L(y) is an SL-operator if and



458 W. T. REID [July
only’ifL(y)= Z;’=0 Aj(y:ﬂ-f) whereergrkjandﬂ.f:(—l)iﬁjs (j=0)1y Tt )n);
moreover, ;Wi if and only if p;(x) EL, (7=0,1, - - -, n—k,).

The following result is an immediate consequence of Theorem 4.2,

THEOREM 5.2. If L(y) satisfies hypothesis (H) then L(y) is an SL-operator
if and only if the following conditions hold: (a) pn(x)=(—1)"p.(x); (b) for

linearly independent solutions y;(x), (j=1, - - -, n), of L(y) =0 there exists a
corresponding constant matrix AE”A,-,“, (¢,7=1, - - -, m), such that

= (a—1) ) .
(5.2) 2 [ T(@)A55i(2)] = na/pa(x) (a=1,-++,n).

i j=1
The criterion of the following theorem is that of Hamburger [5], with the

modification of terminology mentioned at the beginning of this section.

THEOREM 5.3. If L(y) satisfies hypothesis (H) then a necessary and sufﬁcient
condition that L(y) be an SL-operator is that for linearly independent solutions

yi(x), (G=1, - - -, n), of L(y) =0 there exists a corresponding constant matrix
A=Ay, G, j=1, - - -, n), that is skew-Hermitian and such that the relations
(5.2) hold.

If L(y) is an SL-operator then in view of Corollary 1 of Theorem 3.2 there
is a matrix K(x)E”K,-j(x)H with absolutely continuous elements satisfying
K;;=0 for i4+j>n+1, K;j=(—1)"'7,(x) for i+j=n-+1, such that

zL(y) — yL(z) = [ > ﬁ(i'l)K;j(x)y(f‘”:I for y, 2 © Un.
1, 7=1

It follows readily that > 7,_, [2¢-D(K;;+K;:)y~?] is a constant for arbi-
trary y, 2E%, and consequently that K(x)= —K*(x). As in the proof of the
first part of Theorem 4.2 hvpothesis (H) implies that K(x) is nonsingular and
(5.2) holds for A=D~!, where D is the constant #» Xz matrix such that a given
set y;(x), (j=1, - - -, n), of linearly independent solutions of L(y)=0 with
Wronskian matrix ¥(x)=||y{'""(x)|| satisfies ¥*(x)K(x) ¥(x) =D. The skew-
Hermitian character of K(x) implies that A= —A* and consequently the
necessity of the stated condition is established.

On the other hand,if A= —A*and (5.2) holds foraset y;(x), (=1, - - - ,n),
of linearly independent solutions of L(y) =0, then as in the proof of the second
part of Theorem 4.2 it follows that H(x) = Y(x)AY*(x) has H;;(x)=0 for
i+j<n+1 and Hy(x)=(—1)7"1/pa(x) for i4+j=n-+1. Then the condition
A= —A* implies that H(x)=—H*(x), and, in particular, that pa.(x)
=(—1)"p.(x). The conclusion that L(y) is an SL-operator then follows from
Theorem 5.2.

6. Extensions of the operator T,. It will be supposed throughout this section
that L(y) is of the form (1.1) with p,EL, (u=0, 1, - - -, n), and ¥*/N'€D¥,
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A=0,1, - -, k,—1), sothat L(y) is of the form (3.1). For D, a linear subspace
of U, containing Uy, let T, denote the operator with domain ®©, and value
T,y=L(y) for y&D,. If DF is the totality of functions z(x) EQ for which
2P €L, (u=0,1, - - -, n), and there exists a corresponding f,(x) €L such that
(L(y), 2) =(y, fz) for all yED, then the adjoint of T, is the operator T with
domain DF and value T}z=f,. If the linear subspace B, of complex 2#-
dimensional space composed of the end-values (y¢=V(a), yU1(b)),
(G=1, - - -, n), for yED, has dimension 2z —r, and M=|| M|, N=||N,|,
(¢=1, .. .,7r;j=1, ..., m), are such that B, is characterized by

(61) Sﬂ(y) = Z [Mﬂfy(j_l)(a) + Nﬁ'y(i_l)(b)] = O) (a’ = 11 R r)l

j=1

i=

then the r X 27 matrix “ M,; N,j| is of rank » and D, is the totality of functions
y €U, satisfying (6.1). If P=||P,|l, 0=|Q.l|, ==1, - - -, 2n—r;j=1, - - -,
n), are such that the (2#—r)X2#n matrix ”P,,- Q,,“ is of rank 2n—r and
MP*—NQ*=0, then in view of Theorem 3.2 and its Corollary 1 the domain
D.* of the adjoint contains all 2&¥, satisfying

(6.2) 2 [PriKii(@)z67D(a) + Q. Kui(®)zD@®)] =0, (r=1,---,2n—1),
i =1
and T¥*z=L*(z) for such z.

For the remainder of this section it will be supposed that the hypothesis
(H) holds for (1.1). Then m.(x) does not vanish on ab, K(x) is nonsingular,
and in view of Theorem 4.1 and the fact that DFCD* it follows that if
wED,* there is a zEA, satisfying (6.2) such that z=w. It is to be remarked
that the conditions (6.2) on the end-values (¢~ (a), 2(:-D (b)) are equivalent
to

n

(6.3) () = X2 [Regt™0(a) + S,z D) =0, (r=1,--,2n—7),

j=1
if and only if the (2#n —7) X 21 matrix HR,,- S,;H is of rank 2%z —r and
(6.4) MEK-(a)R* — NK1(b)S* = 0.

The consideration of adjoint systems where 7n dates from Bécher [2].
In Chapter 11 of [3] Coddington and Levinson treat in detail the problem of
such systems for L(y) =0 under the assumption that p,E6,, (u=0,1, - - - n),
and state explicitly the criterion for adjointness in the form (6.4). A discus-
sion equivalent to that of Coddington and Levinson, but one that seems
simpler in detail to the author, is afforded by a procedure similar to that of
Bliss [1, §1], since (6.3) is clearly equivalent to the condition imposed on
¢i(a) = 201 290 (a)Kisa), §i(b) =200, 20~V (0)Ky(b) by the restriction
that 37, [F,(@)y4(a) = §;(b)y = (b) | =0 for all y(=1(a), y(-D(b) satisfy-
ing (6.1).
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If y,(x)EN,, (j=1, - -+, n), and Y(x)=|]y2(x)|/, the symbols s(¥),
s(Y) are employed for the rXn matrices s(Y)=MY(a)+NY (), s'(y)
=MY(a)—NY(). Correspondingly, if z;(x)EW., (=1, -, n), we set
Z(x) =||2#""(x)|| and define the (27—r)Xn matrices (Z), t'(Z) as t(Z)
=RZ(a)+SZ(), t'(Z) =RZ(a) —SZ(b).

THEOREM 6.1. Suppose that L(y) satisfies (H), and T, is the operator with
T.y=L(y) on the domain D, of functions yEN, satisfying (6.1), where the
r X2n matrix |[M.,,~ N,,jH is of rank r. If y;(x), z;(x), (j=1, - - -, n), are linearly
independent solutions of L(y) =0, L*(2) =0, respectively, and A is the correspond-
ing constant matrix satisfying (4.4), then (6.3) defines the manifold of end-values
20—V (a), 20-D(b), (1=1, - - -, n), of elements zEN, in the domain D} of the
adjoint operator TF if and only if the (2n —r) X2n matrix ”R,,- S,j” is of rank
2n—r and

(6.5) s(NA[r@) [* + s'(maluz) I* = o.

As shown in the proof of Theorem 4.2, if A is the constant matrix satisfy-
ing (4.4) with linearly independent solutions y; and z; of L(y) =0 and L*(z)
=0, respectively, then A is nonsingular and Z*(x) K (x) Y(x) =A=' The result
of the theorem is then an immediate consequence of (6.4), and the fact that
by direct computation the left-hand member of (6.5) is found to be equal to
2[MK-1(a)R*— NK-1(b)S*].

The operator T, is self-adjoint if Df =D, and T}y=Ty. If T, is self-
adjoint then r =# and, in particular, (L(y), 2) = (3, L(2)) for 2z, yEU;. In view
of Corollary 2 of Theorem 3.2 it follows that if T, is self-adjoint then L(y) is
an SL-operator as defined in §5. Now if L(y) is an SL-operator satisfying
hypothesis (H), and A is a constant matrix satisfying (5.2) with linearly
independent solutions y,;(x), (j=1, - - -, n), of L(y) =0, then by Theorems
5.2 and 5.3 the matrix A is skew-Hermitian. The following result is then an
immediate consequence of Theorem 6.1.

THEOREM 6.2. Suppose that L(y) is an SL-operator satisfying hypothesis (H),
and let T, be the operator with T,y =L(y) on the domain D, of functions y&U,
satisfying (6.1), where r =n and the n X 2n matrix H]l{f,,- N.,,“, (o,7=1,---,n)
is of rank n. If y;(x), (j=1, - - -, n), are linearly independent solutions of
L(y) =0, and A the corresponding constant matrix satisfying (5.2), then T, is
self-adjoint if and only if the n Xn matrix s'(Y)A[s(Y)]* is Hermitian.

This result corresponds to the Main Theorem of Miller [9] established
for systems in which p,E€6,, (u=0,1, - - -, #), and Theorem 5 of Hamburger
[5] for systems in which p,ER, (u=0, 1, - - -, #). In the proofs of both
Miller and Hamburger, however, in addition to hypothesis (H) the assump-
tion is made that the system L(y) =0, s(y) =0 is incompatible; the above proof
shows that this assumption of incompatibility is unnecessary.
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