ON SINGULARITIES OF SOLUTIONS OF CERTAIN
DIFFERENTIAL EQUATIONS IN
THREE VARIABLES(})

BY
STEFAN BERGMAN

1. Introduction. Many relations occurring in the theory of harmonic func-
tions in two variables can be generalized to the case of other partial differen-
tial equations in the following manner.

The totality of (real) solutions ¥(X) of a linear partial differential equa-
tion forms a linear space £. (Here we assume that X varies in a fixed domain,
say 8B). We can also introduce a complete set ¥,(X),»=1, 2, - - - of particu-
lar solutions so that in the neighborhood 9 of a point, say of the origin, every
function ¥ & £ can be represented in the form

0 ¥(X) = 3 A%, XEN

v=1

Further, by linear transformations of ¥,(X) new systems
®(X) = a,Y,(X), v=12,---
u=1
can be obtained possessing the property that every function Y& £ can be
represented in B in the form(?)

(2) ¥(X) = ), Bd(X), Xes.
v=1

(We note, however, that the system {CIJV(X)} depends on the domain 8 while
{\I/,(X)} is independent of B.) In many instances ¥,(X), »=1, 2, - - - can
be introduced in such a way that every individual ¥,(X) is defined in a do-
main & which includes 8 as a subdomain. In this connection the question
arises as to what relations exist between the properties of the sequence {4,}
and the properties of ¥(X), e.g., (1) how ¥(X) behaves on the boundary of
B, (2) how far ¥(X) can be continued into & outside of 8 and what singulari-
ties it possesses in &, etc.

In the case of harmonic equations in two variables, many questions of

Presented to the Society, August 24, 1956; received by the editors May 25, 1956.

(") This work was supported in part by an Office of Naval Research contract at Stanford
University.

(®) E.g., if we assume that {®»(X)} is an orthonormal system. See [7; 8]. (Numbers in
brackets refer to the bibliography.)
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DIFFERENTIAL EQUATIONS IN THREE VARIABLES 463

this kind can be answered satisfactorily due to the fact that harmonic func-
tions ¥(X), X=(x, y) can be mapped onto analytic functions f(z), z=x-+1y,
of a complex variable 2. The class { f(2)} of functions represent not only a
linear space but even an algebra (i.e. not only the sum but also the product
of two analytic functions is an analytic function).

If is of interest to generalize these results to the case of other linear partial
differential equations. In the case of linear differential equations

v v d

4
(3) —t+—+ae—+b—+c¥ =0,
dx?  9y? dx y

i}

where a, b, ¢ are entire functions (when continued to the complex values of
x and y), one can introduce conveniently chosen subsequences {¥,(X)}, of
particular solutions, and show that many of the relations mentioned before
are independent of the coefficients a, b, ¢ of the equation. Many of these
results are based essentially on the fact that there exist operators P transform-
ing analytic functions of a complex variable into (complex) solutions ¢ of (3).
See [2;3;4;11;12;13; 14; 16]. If we then combine “Re” (take the real part)
with a conveniently chosen operator P generating complex solutions ¢ of (3),
we obtain new operators transforming analytic functions f of a complex vari-
able into (real) solutions of (3). It should be stressed that while in the case of
harmonic functions P is the identity operator, i.e., the operator which leaves
the analytic function unchanged, in the case of more general differential equa-
tions it is useful for different purposes to consider for the same equation
different operators P and to use different classes {¢/} of complex solutions
of (3).

In these investigations in the case of the differential equation (3) one can
go a step forward. If we introduce(®) Z=x-+1y, Z*=x —1y, as variables, then
we can choose the system {\//,(Z, Z¥)} (X =(Z, Z%) so that Y,(Z, 0) =Z", i.e.,
that in this case the sequence of coefficients 4, (see (1)) coincides with the
coefficients b, of the development

4 ¥(Z, 7% = i > b,2°7*, by = by,

v=0 p=0

of the functions element of ¢ around the origin, i.e.,
A, = by, v=20,1,2,---.

One of the problems arising when one attempts to continue these in-
vestigations is the question of generalization of this approach to the case of
linear partial differential equations in three (real) variables. The first step
in this direction is to define and study mappings, transforming solutions of

(3) We note that if x and y are real Z*=Z (the conjugate of Z). If x and y are complex, Z
and Z* are two independent variables.
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linear partial differential equations into algebras of functions of one or two
variables. In this case the mappings which in a number of instances have been
studied have a somewhat different structure, and in order to arrive at a gen-
eral theory it is useful to consider at first a number of special cases.
So far, the following linear spaces have been investigated in this connec-
tion:
(1) harmonic functions and harmonic vectors in three variables,
(2) solutions of differential equations of the form
92 92 9%
(5) AW +Fr)y =0 r=x2+y"+2, NM=-—+_—+—
dx? ay? dz?
where F(r?) is an entire function.
In the present paper, we introduce operators which transform functions
of one complex and one real variable into a class of solutions of the differential

equation oy o

(6). 2 s T g PO =0

where F(y, 2) is an entire function of two variables(*) (when continued to
complex values of y and 2).

In §2 of the present paper we define an integral operator transforming
functions g(X, Z) of one real variable (X) and one complex variable (Z) into
a class of (complex) solutions y of (6) which we denote as solutionsy & X;
(i.e., as solutions of (6) belonging to the class &,).

DEFINITION. A solution ¥ of the differential equation (6), whose series
development at the origin(®)

™ WX,2,29 = 5 5 X dunX0272%,
n=0 m=0 r=0
X = z,
1
Z=—(z+1y),
2
Z* = ——l-(z— 1),
2
possesses the property that
Anor =0 forn 20,7 =1,

(*) In the paper Operators generating solutions of certain partial differential equations in three
variables and their properties (to appear in the Journal of Mathematics and Mechanics) solutions
of equation Asy+ F(y, 2)¢ =0 are considered.

(%) Unless the opposite is stressed, Z and Z* are two independent (complex) variables. If
we set Z*=—Z, y and z become real variables.
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is said to belong to the class(®) X;.

Using the method of infinite approximation in §2, a representation of
solutions Y € X, in terms of an arbitrary function g(X, Z) of the real variable
(X) and the imaginary variable (Z) is given. Applying then certain formal
transformations in §2, we obtain an integral operator transforming functions
g(X, Z) into solutions ¢ € X, of the equation (6). Using this integral operator
we introduce in §3 solutions Y &€ ¥, which possess on a given manifold ®
singularities which we denote as pole-like singularities of the class £. In §3
we establish some properties of these singularities.

In §4 we give the necessary and sufficient conditions in terms of the prop-
erties of the subsequence {A,,.,,o} of the coefficients of the series development
(7) in order that the solution ¢ = D AmX"Z"Z** €%, of (6) has along a
given curve(?)  “pole-like singularities of class £.” These relations are inde-
pendent of the coefficient F(y, 2) of the equation (6). These theorems about
solutions Y E X, can be easily interpreted as corresponding results for real
solutions ¥ of the equation (6).

In the present paper we derive certain results referring to the connection
between the coefficients or the development of a function element of a solu-
tion ¢ and the properties of y in the large. It is clear that one can use an anal-
ogous procedure to derive various other results of a similar kind (compare
e.g. [4, p. 299 ff.]) but they are not discussed in the present paper.

The author wishes to thank Dr. M. Maschler and Dr. Johannes C. C.
Nitsche for helpful criticism and various suggestions in connection with the
present paper.

2. An operator transforming functions of one real and one complex vari-
able into solutions of (2.1). Let us consider the equation(®)
al

v n aa
dx*  dy?

- - T S

(1) L) = +327+F(y, 2y =0, ¥ = Y(x, Y, z),s =1,2.
With the notation ‘¥=x, Z=(2+1y)/2, Z*=—(2—1y)/2, F(Z, Z%)

=F(y, 2), ¥s(X, Z, Z*)=¥(x, v, 2) the equation (1) assumes the form

oY, W,

(2) L(‘I’c) = axe aZa7*

+F\l/c = 0.

In this section we shall discuss properties of solutions of (2) under the assump-

(%) If we shift the origin or rotate the coordinate system the property belonging to the
class X is not preserved.

(") The solution y is multivalued in the neighborhood of the singularity line  and we have
to introduce branches Z=2Zy(X),»=0,1,2, - - -, M—1, along Qin order to make the solution
¥ single-valued.

(®) In this section we consider the equation (1) rather than (1.1) since the results of the
present section hold in the general case, s=1 or 2.
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tion that F is a function of Z and Z* alone, and continuous in its arguments
in some domain.

In the present section we derive for the solution y¥,E X, certain relations
which we shall use in §§3 and 4, namely, we shall determine the complex
solution ¥,(X, Z, Z*)=P,[g(X, Z)] of (2) which satisfies in the “character-
istic” plane, Z*=0, the conditions

3) ¥(X,Z,0) = ¢g(X,2)
and in the plane Z=0
(4) ¥i(X, 0,2%) = g(X, 0),

where g(X, Z) is a given function regular analytic in X and Z. In order to
write this solution we shall introduce the following notation: Let F,
=F(Z,, Z¥), then we introduce the abbreviations

2t pz z' pzv zd pZ2
(sk) € €y—1 €; (2k)
T, (evy €y—1y * *° '51) = f f F:f f L f Figi 9,
0 0 0 0 0 0

©)

~
\Y

5 = [] dz,dZ.,

p=1

-
v
—_

where ¢;,=0or 1,j=1, 2, - - -, », and such that

(6) atet -+ et+ k=uw
Here v is a positive integer, k=0,1,2, - - -, »; s=1, 2, and ()
ok 9**g(X,Z,)
(7) o=
aXck

We introduce the sums of T¢® by writing
sk k k
®) 1= een aq),  e=e;
here the sum is taken over all combinations of rhe ¢; which satisfies (6). For
example, for v=3,

© VAR YA z3 Z3 2% Z2
J3 =f f st f sz F1g:83,
0 0 0 0 0 0

3
* *
Fﬂ = F(Zm Zﬂ)’ 51 = g(Xr Zl)) 63 = H dzudzm
p=1
(®) For example, if k=0, s=1 or 2, then gt =gW=¢g(X, 2Z); if k=1, s=1, gk =g
=9g(X, Z2)/0X, if k=2, s=2, g =g@0=94g(X, Z)/0X", etc.

(92)
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. Z* pZ 23 Z3 z3 7,
J3 =f f Faf f sz g1 83,
0 0 0 0 0 0
z* pz z3 Z3 pz3 22
I T
0 0 0 0 0 0
Z* pZ pZi Z3 zs z
+f f f f sz Flgl 33,
0 0 0 0 0 0
zZ* pZ z3 Z3 p2Z3 Z2
R R R N A A
0 0 0 0 0 0
z* pZ z3 Z3 zs Z1
(9¢) +f f f f sz g1 03
0 0 0 0 0 0
2* pZ pZi Z3 p 23 Z2
S R A
0 0 0 0 0 0

Define J{* =g=¢(X, 2), J® = [¢[¥e(X, Z)b1, T° = [EJEF(Z,, Z}) g (X Z1)dy.
With this notation we introduce the function ¢{® (X, Z, Z*)= D> *_ D 1=0 I
and we shall show that under certain assumptions, lim,., (X, Z, Z*)
exists and is the required solution. More specifically,

THEOREM 2.1. Let in a domain(*®) D of the (X, Z, Z*)-space
d**g(X, Z)

10 FZz,z%| ¢ , o | =
10 |FZ,z9] sC< o, [gub| L

= Akley, A< o,

Here A and C are positive constants, while e, are non-negative constants.
Then
)

(11) ¥.(X, Z,Z*) = lim ¢,

n—oo

(X,Z,2*) =P,[g(X, 2)]

exists for (X, Z, Z*) €D, provided that &, are chosen so that the series
= A|zz*|
(12) 2 ——

ne0 Cn/'l

converges. Here B,(§) = 2,2 [(£/2)"+* /v!(v+n) ) are modified Bessel functions.
See [15, p. 29].

Proof. From (10) it follows that

£ Ba[2C112 | ZZ% |112]

ZVZ*V
()?

(13) | 75 €y -+ - &) | < C "4k

€k

(see (5)). Hence, according to (8)

(*°) We assume that D has the following property: every intersection of © with the space
[X=a, Z*=c] as well as with [X=a, Z=q] is a star domain. Here cs =constant, k=1, 2, 3, 4.
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v |ZZ* |“
( )C"—"Ak! — g
k ()2

=R

IIA

(14) | 75|

Thus, if Y\ P =

Z (ll/(ﬂ) _ ‘,/.(11—1)

7=0 y=0 k=0
0 v v ) lZZ*]v
= Cr* Akl ———,
x g( k) oy
0 © [ZZ* ‘y «© 0 IZZ* ‘v
15 C—*Akle, = > Ae, (ol S N
(15) ggk( ) Eok (»)? kz=o ck,‘:: vi(v — R)!
@ | Z*|k/2
*
Z_‘(,) o A& Bi(2(C | 22* | )11,

Since the last series converges (see (12)) it follows that Yy =lim,., Y exists.

THEOREM 2.2. If Yo= D i o( D bao J&®) converges uniformly in a domain
D, and B is the projection of D on the (Z, Z*) space, then ¥,(X, Z, Z*) is a solu-
tion of (2) defined in D, which satisfies the conditions

(3) (X, Z,0) = g(x, 2), (4) ¥u(X, 0, Z*) = g(x, 0).
Proof. We have

(16) J(X,2,0) = g(X,2), Jo (X, 0,2 = g(X, 0)

and since X 5o J(X, Z, 0) = Dio J™(X, 0, Z*) =0 for »=1, (3) and (4)
follow.
Next, observe that

Z.
f f (@757 /X"y + FI1 " dzdz*
(2k)

=TS0 6, )+ D T e, ).

Here the summation Y is taken over all ¢ satisfying the relation ) & =»—Fk.
Hence

. j;z.LZ[(as(’éJ:sk))/ >+F Z]"k)]dZdZ*

(17

8 (v sk 0 »+1 (sk)
= v(+(1+1))(0 0,---,0) + ZJ:+1) + o1, 1, o1 =2 T,
k=1 k=0
because T9,(1, 1, , 1)=J9, and TE(0, 0, - - -, 0)=JE4. Thus

LTS () )+ 25

0 v+1 o m .
-E(Tan)-TEa”

r=0 \ k=0 p=1 k=0
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Hence ¥.(X, Z, Z*) satisfies the relation

z* zZ
(20) f f [(0',’,,(X, Z, Z*)/aX.) + F!l/‘(X, Z, Z*) ]dZdZ*

=¥(X,Z,2%) — ¢(X,2)

since J® =g(X, Z).
Differentiating each side with respect to Z* and Z, we obtain

(21) (09X, Z,Z%)/0X°) + FYu(X, Z, Z*) = 0%(X, Z, Z*) /0Z3Z*.

Consequently ¢, satisfies the equation (2).

In (8), (9a), (9b), etc. the expressions J** are represented in a form which
is inconvenient for certain purposes; in particular, when evaluating T it
is necessary to integrate v times an expression which involves the associate
function g or its derivatives g®. This obscures the relations between various
properties of g and the corresponding solution of the differential equation. It
is therefore of interest to transform these integrals into expressions where it
is necessary to integrate over g (or g¢®, k=1, 2, - - -, ») only once.

Under an additional hypothesis(!!) about F such a representation is pos-
sible.

HypoTHESIS A. We assume that F(Z, Z*) can be represented as a finite
sum of expressions, each of which is a product of an entire function of Z multi-
plied by an entire function of Z*, i.e., we assume that

N
(22) F(Z,7*) = 3(‘:? Hyo(2)Gyo(Z¥), N < =,

where Hge (resp. Gge), 3¢=1, 2, - - -, N are entire functions of the complex
variable Z (resp. Z*).
Under Hypothesis A, the relation

2zt pz 2z z z3 z
[ 7 [Trm [T R,
0 0 0 0 0 0

N N N z* zZ ley] te,] *
- X xo 0 j;chl(Z,)chy(Z,)

1 3C,— =1 JC,=1

Z2* Z [e1] [ed] %
“ .. Hc‘cl(zl)Gscl(Zl)g(Zl)sv
0 0

N N N 4 [ey] Z leq] (1)
- Hro (Z) - - - Hro (Z1)g(Z1)d,
> X | [ader o [Cugees

=1 IC _=1 3C,=1

A z*
X f Gyl 2y) - - f G&é,’(zf)a"’].
0 0

(1) In the remaining part of this section we assume that Hypothesis A holds.

~
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Here

=Gro,(Z)) if & = 1,

ley] = Hypo (Z)),  _1e), %
w532 { Gigan _ e e

(23)

5 =[1dz, & =]1dz, and g@) = geh(X, 2).

p=1 u=1

We consider a term

Z e 2 e M
L(Z) = HJC Z) - H:}C (Z1)g(Z1)s,
0 g 0 !

and we shall prove the following:

THEOREM 2.3. Let R,(Z) =HE;('31'(Z), v=1,2, ..., N, be analytic functions

of the complex variable Z which are regular in a (simply connected) domain D.
(D tncludes the origin.) Then there exists an analytic function P,(Z, Z,) of two
complex variables Z and Z, which is defined for ZED, Z,ED and such that

Zy o8

z Z,
Ly(Z) Ef Ry(Zy) Ry.—l(Zy—l) e f Rl(Zl)g(Zl)oS,

(24) )
= f P,(Z,2,)g(Z,)dzZ,, 2€D,2, €9,
1]
and the P, have the form
(25) P2,2) = 3 120" (2)
p=1

where p¥ and ¢® are regular in D.

Proof. We prove our statement by induction. For s =1, we have by defini-
tion

z
Li(2) = f Ru(Z0)g(22)dZ:

so that
1
(26) PAZ,Z) = R(Z), p @D =1 a1 @ =R@.
Suppose now that our statement holds for v=1, 2, - - -, n. For the sake of

brevity we shall use the symbols

A% = [ RO (0.
(n) f © s d
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In accordance with our assumption,

zZ Zn+1
Lon(2) = f Russ(Zos) f PaZorsy Z)G(Z)dZ0dZ s
0 0

Zn+1
-3 Rn+1(zn+l>pi“’<zu+l>f 02 (282200
0

p=1
n (2 9[Aei(Za L@2)]
_ Zf [441(Zntr) — +x( )]f ,(.")(Z,.)g(Z,.)dZ Zos
p=1v0 aZn+1
(27 n + Zn+1=Z
= 3 UG ) — 452 f 0(Z)e(Z) iz
p=1 Zp41=0
> [A,Ei’«zw) — 4202042 (Zas) g Zns1) iZ i
p=1
Zz
=f Prii(Z, Zns1)8(Zn41)8Z a1,
0
where
(28) Pupi(Z,Znp1) = — [ 2 An+1(Z,.+1)qn (Z,.+1)] + Z An+1(Z)q7(t")(Zn+l)
p=1 p=1
Thus P.y1(Z, Z.41) has the form (25) where
tan@) = 402), @) = ¢ @), w=1,2-,n
(29) » n ,.
P (@) = w02 = - 3 A2 @),

p=1

If we assume that the hypothesis A (see p. 469) holds in accordance with
Theorem 2.3 each term of the form (5) can be written as

z
[ o, 2, zygenix, zyiz,
0
where P® is a finite sum of expressions each of which has the form

Zy* z
(30) f Jeiriens f f A 2 x f PAZ, Z)g (X, Z,)dZy;

here P, is the expression introduced in Theorem 2.3 and G , are defined in
(23). (Thus g% (X, Z,) occurs in (30) in one integral only) Therefore the
integral operator P, generating from g(X, Z) solutions

(X, 2) = RPg(X,2)] € %

‘of equation (2) can be written in the form
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(31) Pug) = Z( > Jf”’> = i( S [ ken@, 20, 29ge0(x, 20z,

v=0 k=0 v=0 k=00

where the K® are expressions which depend only on the coefficient F of the
equation (2) but are independent of g(X, Z).

REMARK 2.1. Provided that this is possible, one can rearrange the sum-
mation in (31) so that the right hand side of (31) assumes the form

0 Z
(32) S [ swe, 2, zygenx, zyiz,
k=0 0

where the S® are independent of g.

3. The connection between a subsequence of the coefficients of the series
development of a solution y of (2.2) and the properties of its singularities.
As mentioned in the introduction, the theory of operators permits us to use
results in the theory of analytic functions of one resp. two complex variables
to derive various properties of solutions of linear partial differential equations
of two resp. three variables.

In this section, we shall derive relations between a subsequence of the
coefficients of a series development of a solution ¢(x, v, 2) =¥(X, Z, Z*) of
the equation (2.1) (with s=1), and the character and location of its singu-
larities. We note that in the case s=1, (2.1) can be written also in the form

oy o
X 9Zoz*

¢ + Fy = 0.
The coefficient F(y, 2) = F(Z, Z*) of equation (1) is assumed to be an entire
function of y and z, in which case the relations mentioned above are com-
pletely independent of the special choice of the function F.

Before considering more general cases we note that previous results (see
e.g. [2; 3; 4]) yield solutions of (1) possessing singularities along a given
manifold:

M N

(2) g = [ 3D amaZ7Z* = 0, X arbitrary, am. = a,,.]
m=0 n=0

of the x, y, z-space. Indeed, if we write a solution ¥ in the form

(3) v(X,Z,Z% = e*1(Z,Z%)

the function 7(Z, Z*) satisfies the differential equation

4) —1z22 + (n + F)1 =0

in two variables and the singularities of the equations in two variables were
considered in the previous papers. See [2; 3; 4; 6; 11; 12; 16].

REMARK 3.1. An analogous procedure can be applied when considering
the equation
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o o

ax®  ozZoz*

(1a) +Fy=0,

in which case instead of (4) we obtain the equation —7zz*+4 (#24F)r =0,
r=7(Z, Z*).

We proceed now to the consideration of singularities along curves differ-
ent from (2).

THEOREM 3.1. Let |F(Z, Z¥)| SC< w for |Z| SCy, |Z*| =C, C suff-
ciently large, and let R be the curve

) sa[x-iam=o]

m=0

where X is a real, Z is the complex variable, Z=(2+1y)/2, and an, m

=0,1,2, -, M are (complex) constants, ay#0. Then
(6) Pl[g(Xt Z)]v

M —c
(62) g(X,2) = (X -2 amz"')

m=0

s a solution of (1) which has a singularity along the line ® and is regular every-
where else for x*+y*+22< . Here o is a positive integer. (For the definition of
Py see p. 366 and p. 367).

REMARK 3.2. It follows from (5) that the curve & has (in general) M inter-
section points Z,(X,), v=0, 1, 2, - - -, M—1 with the plane X=X, (For
special values of X, several Z,(X,) may coincide.)

REMARK 3.3. In real variables g is given by('?)

ERLE G o]

(sa) [(m—l)lﬁ)
[ =t ),,<2 + 1>zm—l—2pyl+2p]} -

am ((mi)m m
+ _[ 1 p( > T l+2p]} N 0'
AL & (=Dr|, p+1)° y

7 . 1
Am = Am + 1Gm.

(12) [k/2] denotes the largest integer which is equal or is smaller than k/2.
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REMARK 3.4. Instead of the right hand side of (6a) one can use also

(6b) tog (- X + 5 oni)

m=Q

or expressions

N M nT}—1
(6¢) [ZA,.(X—Za,,.Zm)] .
n=1 \ m=0
The considerations carried out in the following hold in general also for these
cases.
Proof of Theorem 3.1. I. We proceed first to the proof that our series
converges at every point X, Z for which |Z| =Cy, [Z*I =C; and
M
‘X—Za,,.Z"' >9>0.

m=0

Since

M —k—0
() MK, 2) = (—Drela+ 1) -~ (a4 k — 1) (X - Eam)

m=0
we have
k—1! M
(8 | gM(X, Z)I = g‘-(t—T')— n—*° for | X — Z aZ™ = n7> 0.
g —1)! 0

Using (8) and repeating the consideration on p. 368 we see that

«©

lwx,2,29] £ 3 |7

v=0 k=0

0  kway ] — | v 7%y
B Sy (k+o—1)! Sa— zz

o ko (v — R)RI (¢ — 1)! (»))?
_ 1 ic_k(k+a—1)!n_v_k = | Cczz*|

(e — 1!z k! vt V(v — k)!

7 & (E+o—1)! = | CZz* |wtE

= 2 € 2 —

(e — 1)!'io k! a0 (u+ E)lu!

1 ® |ZZ* |k (k4 ¢ — 1)!

“exp (| Czz*|) = U.

(k1)?
For o =1, the expression U (i.e., the last line of (9)) becomes

zZ*

(6 — D7 iS50 9

k

1 © 1
(10) —(exp | C22*|) X —j
7 k!

k=0

1
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which obviously converges. From now on we shall assume that ¢ =2. In this

case
20

U=(U+I)HCXP(ICZZ*|)[Z'”
(11) K =0

© kRl (R+1)(E+2)---(k - 1)|ZZ*
LoD HOENEED (o wq_

h=2ot+1 K! k!

]
The first term in the bracket consists of finitely many terms; we consider the
second term. We have

(k+1D(k+2)---(k+o—1)
k!

<1+ g—1 ><1+ cg—1 ) <1+o'—1) 1
k—o+2 k—oc+3 k (k—a+ 1!

<1+ cg—1 >"_1 1 <(1+0'—1)"_1 1
E—o+2) (k—oc+1)!7 o433 (k—o+ 1

Therefore

(12)

IIA

© (k1) (k4o —1)]|Z2%*
2z, kz o
(13) g—1 a—1 © 1 ZZ*k
§(1+ ) 2 |
o+ 3 tezot1 (R—a+ 1) 7

which obviously converges.

II. We have yet to show that the solution defined by (6) is singular at
every point of &, see (5).

Suppose that this were not the case, i.e., we assume that at a point
(Xo, Zo, Z&) of (5) the function (6) (see also (2.11)) is regular. From the rela-
tion (1) (see also (2.20)) follows that

M i Z p2r /Yt ¢, (*))
X,2,2% =X — m .
.z = (x=Tezm) + [T C{(F5)

(14)

5 TR, 00 | v
Since we assumed that ¢ is regular in the neighborhood of the point (X, Z,
Z3) we can connect the point (X,, 0, 0) with the point (X, Zo, Z¢) by a curve
lying in the plane £=X, which lies in the regularity domain of (X, ¢, {*).
Consequently the second term on the right hand side of (14) will be regular
at the point (X, Zo, Z3). The term (X — Zf,f.o a,Z™)~° is singular at this
point so that the right hand side of (14) becomes singular there. But accord-
ing to our assumption, the left hand side of (14) is regular there. This contra-
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diction shows that our assumption that ¢ is regular at (X, Zo, Zg) was wrong.

We proceed now to a more detailed consideration of the behavior of our
function in the neighborhood of a singularity & In particular, we are inter-
ested in showing that for a certain approach to g, our function or its deriva-
tive becomes infinite. We consider now the case where

M
(15) UX,Z,0) = — log (——X + ZamZ"‘>.

m=0
In this case Pi(g) (see pp. 266-268) can be written in the form
(16) ¥(X,Z,2%) = Pi(g) = Ji(X,Z,2%) + Ju(X, Z,Z%)
where(13)

Ji=—log (= X+Z“”‘Z"’)+ffo - X+za,,zm>

a2 S

S=5,

m=0

see (2.5), and

Jo = — ffFllog( X+ Y anZi)t

z pz* z; p2Z; 52
r
+fo fo 2fo fo (=X + 2 anZ%)
z z* z* Z3 F15,
[0
0 0 0 o (=X + Z amZ;n)
z pz* z2 pzi
—f f sz f Filog (=X 4+ Y. anZP)és+ - - -,
0 0 0 0

see (2.9a)—(2.9¢).
Before considering the general case it is of interest to consider a special
case, namely where

(18) >l =ay—Z

is a linear function of Z, and we shall investigate the term Ji(X, Z, Z*). If
we write

(17b)

(1) J; are terms of the series which are independent of F while J; are all remaining terms.
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(19) Y = ap — X
we have for | Z,| <| 7|

o @-armer=fie (D)@ (D ]

Thus for | Z,| Sa<| Y| one obtains for the integrand of J; a uniformly con-
vergent series. We can continue the integrand to the complex values of y
and z (i.e. assume that Z, and Z¥ are two independent variables). If for a
fixed Z} we carry out the integration with respect to Z, along a straight
line Z,=|Z,|e*, ¢ constant, we have

(21a) |dz,| =dz,, Z.=|Zz.|.
Similarly, for Z¥=|Z*| e%, ¢; constant,
(21b) |dzy | = dzp, 7. = |Z.]|.

If we develop J; for ]Z,‘| <| Y| into a power series and integrate term by
term, we obtain

VA
Ji= —log(Y —2) —Z*log(l——y)

> Z VA 1 22 1 Zr1qZz*»
E[m(-2)- -5 -

n=2

) 1 Z n Z*zoo n
— log¥ — + Z*
o8 +,.§n(y) LG 5 ELG)

(22)
Z*3 © n
- +
Z':s n Y>
0 1 Z\N L | Z\N © Z*n
v ez 5(5)(5) - 25() (5 5)
& P 1\2 N/ \Y Ivz:l N\Y n=§l~l n!
=P, — P,
Therefore if we approach Z—Y and Z*=—Z——7 (or any other values
Z*# o) then
lim J (X, Z,Z*) =
z-Y

Indeed, for Z—Y and Z*= —Z—-7Y, Py(X, Z, Z)—». For |Z/Y| S1 we
have
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P(X,2,29| |3 o B l
P2 - mf;Ln+Df+w+2ﬂ+'”]
(23) © I | |Z*|n © lZ*|n

= 2(5’17) nl | = nz:;(n—-l)!

REMARK 3.5. From the proof it follows that Py(X +a,—Z) becomes infinite
if we approach [X =a,—Z] remaining in the real space (i.e., for X real,
Z*=-27).

We proceed to the derivation of an upper bound for J,. We have (concern-
ing the notation, compare (19), (21a), (21b)),

1 —1)! — 2!
]og ‘, (P ) , p=12---, m_l] _u
Y —-2Z|' |[(Y —2)r (Y =2Z)m!

for(14) 0<| Y—Z|<p, p sufficiently small (Y=| Y|, Z= |Z|). (We use the
fact that every intersection X =const.

(24) Max [

logy 1—Z _S_loglyiz +2W<|7_IT.Z—I—’ for lY—Z[ <p.)
Further, if the constant F is chosen so that
(25) Max [1, |F|] < F
then

l Z.fzp‘mfz:nf et sz sz 0 (= 1n

o Jo ", s Y —Zy)r
_ ¢ pZ pZh Zm (m —2)1

< fm dZdZ

S N R A =3

B Z* nZ z3 Z3 m — 3)! (m — 3)l:| m

< fm — Z dZdZ

'Jrﬁ ﬁ .ﬁ L Lv—bw- ym zg

=

0

2* gz z3 Zs  (m — 3)! i
(26) f ... f f ——(————)—— Z: H dstZ:
0 0 o (Y — Zy)m? s=2
2t L pIn Zm Z:"_'l_2 *
é me f f f dZde,,.dZm_lem_x
0 0o Yo o (m =Y = Zn)
*m—1

P z z Zm Zm *
< me [—log 1 - 2 )| dZ,dZ,
0 0 Y (m - 1)'

N 7 Z*m
=F"‘|:(Y—Z)log —-Z)+z
m!

Hence there are (27 —1) terms of Js, see (17b) involving 2# integrations, and
in each Fx= F(Zi, Z¢) appears at most n times, in accordance with (25), the

(4) This means that the inequalities hold only in a certain neighborhood of the line
=X —-Z=0.
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sum of the terms involving 27 integrations of J, will be majorized by

(27) 2nfin [(Y — 7) log (1 - -Z§> + z:l z,

n!

Consequently, Jo(X, Z, Z*) will be majorized by the sum of these terms, i.e.,
we have

(28) | 7o(X,2,2% | < [(Y — Z) log <1 - %) + z] exp (2Fz¥)

which is uniformly bounded for Z—Y, i.e., in particular in the neighborhood
of the singular line.
This completes the proof of our assertion. In this way we obtain

THEOREM 3.2. The function Y(X, Z, Z*) =Pi[—log (ao—X —Z)] has the
property that if we approach the point Z = X — a,, IZ*| = C < » 50 that
|Z/(a0—X)| <1, ¥(X, Z, Z*) goes to «.

We return now to the consideration of the general case, namely to the
investigation of the behavior of the solution (6) in the neighborhood of the
singular line =0, see (5), in the case where ¢ is an arbitrary (positive) inte-
ger.

THEOREM 3.3. Let us assume that we approach a point T = (xo, Yo, 20) lying
on (5) along a path (OT) lying in plane X =Xo=const. of finite length. Here
0=(X,, 0, 0). Then at least one of the functions
(X, Z,2%

X
M —0
g(X»Z) = (X_ Zamzm) ’

m=0

W(X,Z,Z% = P,[g(X,2)] or v |Z*] 2 ¢ < o,

(29)

cannot in absolute value on (OT) remain smaller than AD—C!P+e where € is a
positive (arbitrarily small) constant, A a constant, and

o o=l e Ee)]+ [ (]}

Proof. Let us assume that when we approach T along (OT) we have always
(X, Z, 2%

31 X,Z,Z%) | £ AD~CID4g ‘
3w )| e

< AD-GID+e > Q.

Then from (14) it follows that, for X = X,
1

— -< WX, Z, 2|

IX— > anZ™

m=0

(32)
+

.

z p2roy(X, ¢, o
f f [M + (5, WX, ¢, :*)] dyde*
o Yo X
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For every path (OT) of finite length there exist point sets T,=(y,, 2,),
ZW =z,4+1y,, v=1, 2, - - - lying on (OT) and converging to T such that
the minimum of D on each segment (OT},) is assumed at the endpoint T, (the
property B). Indeed, if D assumes its minimum on (OT,) at the point T
different from the endpoint T, we replace the segment (O7T,) by (0T} ). In
this way we obtain intervals (OT)), v=1, 2, - - - possessing the desired
property B. On the other hand, to every closed interval (OP) of (OT) which
does not include the endpoint T, there exists a constant a>0, such that
D=a>0 on (OP). Since the values of D at the points T, and therefore also
at the points T/, go to 0, the points 7, for sufficiently large » must lie out-
side the interval (OP). Since we can assume that (PT) can be made arbitrarily
small, the set 7,/ must converge to T.

In the following, we shall assume that the originally chosen set T, has the
desired property B. Then, for X =X,

—(0/2)+e¢

]—(v/2)+e < AD;

(33) |wX, 5| 24[DX, ¢,
WX, ¢ %
oxX

for (¢, {*) € (01)s,

—(o/2)+e —(c/2)+¥
] < 4D, ,

D, = D(X,Z®, Z*®),

(M)] < A[D(X, £, ©)

From (14), (32), (33) and (34) follows that

1 — /2y te —(o/2)te

(35) - - < 4D, + 4D, [1 + F]L,
X = T auzer

m=0

where F=max [F(¢, ¢{*)] on the curve OT and L= [Z[Zdtdi*].
From (35) we obtain

(36) 1< DA+ (1 + FL].

When the point (X,, Z®, Z*®) approaches T&(®=0), (X,=constant),
D—0. Since L and F are uniformly bounded, the right hand side of (36) goes
to zero for (X, Z®, Z*®)—T. But this is a contradiction since the left-hand
side always equals 1.

REMARK 3.6. The statement of Theorem 3.3 holds if we approach the
point (X, Z, Z)=(x, v, 2z) remaining in the real x, y, z-space, since we can
repeat the proof assuming that Z*= —Z.

In Theorem 3.3, we obtained a lower limit for the max [|¢/, [9¥/0X|]
when approaching the singularity curve L.

We proceed now to the derivation of an upper limit for || when we
approach €. For every X the curve &, (see (5)), has (in general) M intersection
points, say Z,(X), »=0, 1, - -+, M—1, with the plane X =const. In the
following, in addition, we shall assume that on the segment [0, Zo(X)] of the
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straight line connecting the origin 0 with Z,(X) there are no other roots

Z,(X), v=1, 2,- -+, M—1 of (5). If Zo(X) has the above property and
Zy(X) is a simple root of (5), we shall say that Z,(X) satisfies Condition C.

THEOREM 3.4. If the root Zo(X) of (5) satisfies Condition C, the function

1
[L(x,2))

2 odZ. dZ} #* FdZ,dZt
[ f f [L(X, Z) f fo [L(x, Zl)]]
2t r2 02 o(¢ 4 1)dZ,dZ¥dZ.dZ5
L e e
21 2 GdZ,\dZ ¥dZ.d7 %
f f f f [Lx, z
20 n2v 20 FogdZ,dZ¥dZ.d7
f f f f [L(X, Zy) ]+
+f f Flf le deZlel*dZ@] .
0 0 0 0 [L(Xv Z2)]’ ’

M
F,=FZ,Z¥, LX,2)=X-—> anZn™

m=0

WX, Z,2%) =

(37

(see also (17a) and (17b)) has the property that

(38) lim | (Z = Zo(X))¥(X,Z,2¥) | < Pexp (2| Z#X) | PF).
Z-ZyX)
HereP=1/ I aMluM‘l where u is the minimal distance between the remaing zeros
Z(X), v=1,2,---, M—1 of L=0 and the segment [0, Zo(X)]=connecting
0 with Zo(X). Further, F=max [| F(Z, Z%)|, 1], (Z, Z% €0, Zo(X)].
REMARK 3.7. We assume here that |Z*| remains always bounded. In
particular, (38) holds if we approach Zy(X) in the real plane (i.e. assuming
that y and z are real).
Proof. For an X, satisfying the conditions of the theorem, for all
Z& [0, Zo(X)], the inequality
M
(39) | X — X anZm| 2 P1|Z - Zy(X) |, >S=3,
m=0
holds, where P is a positive conveniently chosen constant. Indeed, according
to the hypotheses of the theorem on the segment [0, Z,(X) ] there are no more
zeros Z,(X), v=1,2, .., M—1 of (5). Therefore, if we denote by u the

minimum distance between the points of [0, Z,(X)] and the nearest root
Z,(X),v=1,2,::-, M—1, then
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1Z = Zo(X)| |Z — Zy(X) | 4 1
| X — 3 anZ™]|

A

lax| | Z = Zo(X) | ﬂff |z — 2,x) | | as] w

=1
and therefore we can choose
P = (| ax] w

When integrating along the straight line [0, Z,(X)] from 0 to an interior
point Z of [0, Zo(X)], we have

(40) fZ O'dZ f z 0’dZP’+l Pot+1
o (X — anZ ™)t 0 IZ — Zo(X) Ia+l = lZ — Zo(X) Ia
Similarly, we obtain
z Zn— e . f— o e o+n
(40) f o f 1g(o + 1) (e +n—1)dZ, az, < P
0 0 (X — D anZmyotn |Z —ZyX) |
and
fZ‘ fZ;—x fZ Zn—1
o B I R j; r
oo+ 1) (c+n—1)dZ, - -dZ:dZ} - - -dZ¢ Potn| 2%

=

(X — 3 anZm)otn n|Z —Zo(X) |

Since in the nth bracket [ - - - ] of (37) there are 2" terms involving 27
integrations, the nth bracket [ - - - ] is equal or smaller than

2npa+nﬁn| Z*ln

nl| Z — Zo(x) |° '
Consequently
©  QnPotnfin IZ* ln P

42) |y(x,z,2%| = 3

Sz -Z(X) " |Z—Zo(X) ‘Vexp (2| z*| PF)

from which (38) follows.

4. Conditions for the coefficients of a series development of a solution
YE X, of (2.2), s=1, in order that ¢ has singularities of a certain type. In the
case of functions of one complex variable there exist various results about
connections between the properties of the sequence {A,.}, n=0,1,2, - of
the series development D n o A,Z" of an analytic function g(Z) and the loca-
tion and properties of its singularities. These relations can be formulated also
as the corresponding relations for harmonic functions. In this form they can
be generalized for the equations
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(1.3) AY + Ay + Bdy, + CY = 0,

where 4, B, C are entire functions of x and y. Many of these relations are
either completely independent of the coefficients 4, B, C or depend only upon
some properties of 4, B, C. See [2; 4].

As we stressed in the introduction, one of the problems of modern analysis
is to generalize theorems of this type to the case of differential equations in
three variables. In the present paper, we investigate the conditions for the
subsequence { ,,,,,o} of the series development Z,,_o Z,,,_OZ,,OA,,,,.,X nZmz*r
of a solution of (2.2) of the class(*®) X; and for s=1, in order that the mani-
folds Z=2Z,(X) where ¢ becomes infinite of the first order in a certain simple
way which depends on X.

If we assume that

M1 g (X) 1
1 = ’ 0,
W X% & ou
> aZr—X
y=0

where(®) a, are constants, and if we denote by %,(X) the elementary sym-
metric functions of the Z,(X), i.e., if

1 M—-1 M-—1
(2) hua(X) = — EZ.(X>, hua(X) = — 25 2 ZAX)Zu(X), -, v Ep
y=0 p=0
then
(28,) hr(X) = av/an forv=M — 1) ) 1’ hO(X) =

am

Multiplying (1) by XX, n2'=(— X+ XY, 0.2")/au, developing
(Z—Z,(X))"" into the power series — ) .-, Z;'~*Z” and comparing the coeffi-
cients on both sides of the new expression, one obtains the relation:

M—-1

B T a® X @E)¢hLX) =0, fory=1,---, M ~1,
p=0 k=0
M—1
(3a) ax 2 (X)) (Z(X)) T h(X) = —

p=0

In this case we have

ah(X dho(X 1
()=Oforv=M—1,M—2,-o-,1, ;;)=__.
am

(2b)

(1%) For the definition of the class X, see p. 264.
(1) We note that in the general case the a, depend also on X.
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THEOREM 4.1. Let

0 o0

4) > Zﬂ Apme X"Z7Z*"
n=0 m=0 r=|
be a series development around X =Z=2%*=0 of a solution Y(X, Z, Z*) E K,
of the differential equation (3.1) (p. 272) where (as mentioned before) F(Z, Z*)
is an entire function.
A. Suppose that for 3=[— o0 <X < =, |Zl < o, |Z*| <o, ¥(X, Z, Z%)
has M singularities of the type discussed previously. More exactly,

o M-1 a”(X) .
(5) \b(XrZ’Z ) - Pl[ g 7 —Z,(X)] + ¢<X,Z,Z ))
(5a) 0< |ZoX)| < |Z:X)| < -+ < |Zua(X)| < o

where ¢(X, Z, Z*) is regular in 3, the h,(X) corresponding to the Z,(X) (see (2))
satisfy the relation (2a), and the a,(X) are connected with the h,(X) by the rela-
tions (3), (3a). Then for every integer s=1,

(6) Lurs(X) = 0,
(6a) Ige(X) = lim (| Dm,ge(X0) [''7).
Here
bu(X)  bmia(X) - bmag(X)
Do y(X) =1 - . e ,

(7) im+3c(:X')bm+3c+1(X) : : : bm+2GC(X)

b#(X) = Z AnpOX"-

n=0

Further, in this case the relations

. Dm,O(X)
0< lim |—————
m— o Dm+l,0(X)
®) Do, yt—1(X) D1, 1—2(X)
< -+ lim < o(X) < o,
m— o Dm+1.M—1(X)Dm.M—2(X)
and
1
) Zy(X) = —lim ¥ (X) |7 [T(X) + i1 — T2(X))M2],
(9a) Y (X) = bu(X) = 2 AumeX”,  lim = lim,

n=0 m— o
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1 li ApmeX ™ |H™
I(X)=—— ” im | 2% AumoX"| Y~
<lim Z(S>2A",0X"(—t)'-"' )
—_ \m
(9b) .
— tli ApmoX™ (U™,
lim [ 3 AumoX ™| 1m + thim | 35 AumoX " |
=2,
n=0
(10) ao(X) = lim (Zo(X) — 2)W(X, Z,Z%)
Z—Zy(X)

hold. Further, if we determine successively the power series

) m =, S wlX) R
an Zotoor” = Z[ato0 - L Gl e - na

then the expressions formed analogously to (9) and (10) with y>(X) = D_ A rmeX™
replaced by Y® (X) yield Zi(X) and ar(X), k=2, - - -, M.

B. Vice versa, the conditions (6), (8), (3), (3a) [with Z,(X) and a,(X)
determined in a way described above| are sufficient in order that for — o <X©
SXESXWM <L o the solution Y E Xy has the form indicated on the right hand side
of (5).

Proof. A. According to our definition in §2, the associate function g(X, Z)
of the solution Yy E X, of (2.2) is given by the relation

(12) 8(X,2) = ¥(X,Z,0),

and according to the Theorem 3.1 the singularities of Y(X, Z, Z*) and g(X, Z)
=y(X, Z, 0) coincide.

For every fixed X, g(X, Z) is a function of a complex variable Z. Ac-
cording to the classical results (see [9: 10; 17]) the necessary conditions that
for every — oo < XO=ZX=<XW <, Y(X, Z, 0) has the representation

M1 g (X)
(13) g Z——Z,(X) + ¢u(X, 2)

where ¢1(X, Z) for X@® =X <X® is an entire function of Z, is that the
Im++(X) vanish for s = 1. In this case, for the absolute value |Zk_1(X)| of the
kth pole, we obtain the relation

Do k1(X) D1 k-2(X)

(14) lim | D) | = | Zea(X) | .
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We proceed now to the determination of the argument 6,(X) of the pole
Zy(X) nearest to the origin. If we write { =Z—t, t real, then from the relations

(15) |Z0| sin 6y = lgol sin 3, —t 4+ lZo| cos fy = |§'o| cos B

we obtain It
1 (1 ¢
cosfy = — —{—[——SO—— - {ZOI]— —},
2 Lt L|z| | Z |

171 2 2 1/2
e =228 - 20)- i}
4Lt \|Zz| | Z,|

Since (X, Z, 0) has a pole of the first order at Zo(X) it follows that

l/m} —1

If we then subtract from Y ;oD ro_o A wmoX"Z™ the function ao(X) /(Z — Zo(X))
then we obtain the expression

(16)

Z AanX”

n=0

(17 |ZyXx)| = {lim

) 2)
Y (X)Z™

m=0

and using the coefficients of the series development of ¥ (X) we determine

in the same way the 6,(X) and a;(X). In the same way, using the expressions
(11) we can successively determine all Z,(X) and a,(X), v=2, 3, 4, - - -,
M —1. If we substitute the values which we obtain from (2) and (2a) for
har_5e(X) into (3) and (3a) the relations (3) and (3a) follow.

Using a similar method, one can consider the more general case of singu-
larities, namely, when the coefficients a, in (3.6a), p. 373 are not constants
but functions of X. The results of the present section are valid also in this
case. (Of course, now instead of (3), (3a), we have more complicated rela-
tions.) On the other hand, the proof of the convergence of the series which
one obtains for Pi[(2Y,a.(X)Z*)~!] for the values of Z for which
| > ¥, a,(X)Z*| Z9>0 (see Theorem 3.1) is more difficult. (The same holds
for some other theorems of §3.) We obtain for the nth derivative of

M -1
L= < > a,(X)Z") the expression

v=0

(L) = (—1)"[n!L(1>"L-"'1 — { }L(l)"‘”L(nL—n

(18)

n—2,

+ { " }L(n>""3L<a>L—n+1
n—3,3

n LOP LML=t 4 ...
{n — 3,2, 1} :l
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L®=>M (dkq,/dX*¥)Z%, and

fommtinf
n—avﬁ)')/y"'

are certain constants which we do not determine here. The main difficulty
which arises now consists of determining upper bounds for the right hand
sides of (18) and showing that the series analogous to (3.9) converges. We
note that in a number of special cases this proof can be easily carried out in
the same way as in the present paper.

E.g., if we assume that the a,(X) are linear functions of X, all terms
except (—1)"u!LM"L-"=1 on the right hand side of (18) vanish. If in this
case (for the sake of simplicity) we assume that ¢ =1, in (3.6a), we obtain for
g® (X, Z), see (3.7), the expression (—l)kk!L(l)kL"‘“. For points (X, Z, Z*),
for which | L| Z9>0and | L®| <a, | Z*| Sc<w,wehave |g® | Skla—te* 1,
where 7= (/) and we can repeat all considerations used in the proof of
Theorem 3.1.
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