ACYCLIC MODELS AND DE RHAM’S THEOREM

BY
AMASA FORRESTER

INTRODUCTION

The concept of acyclic models, developed by Eilenberg and MacLane [2],
appears to be one of the most convenient tools of algebraic topology. It is the
purpose of this paper to describe a generalization of the theory of Eilenberg
and MacLane, and to apply the theory to proving de Rham’s theorem. The
generalized theory has other applications; in particular the proof of the spec-
tral sequence theorem due to Gugenheim and Moore [4] could be slightly
simplified by the results of this paper.

The reader is assumed to know the theory of functors and categories; the
general reference for this topic will be Eilenberg and Steenrod [3, Chapter
IV, pp. 108-113].

The first two chapters are devoted to establishing the existence or unique-
ness of chain and cochain maps; the third chapter is devoted to cup products.
In the fourth chapter the singular C* cubical cohomology theory is defined,
and it is shown that for paracompact manifolds the result is independent of 7.
In the last chapter the de Rham cohomology is defined and shown to be iso-
morphic to the singular cohomology (de Rham’s theorem) by means of the
Stokes’ map [ (integration over chains); it is also shown that the Stokes’
map preserves products, i.e., that [«(aB)=([+a)\U(f+B). The relation of
acyclic models to products will be treated at length in another paper.

CHAPTER I. MODEL THEORY

In this chapter the abstract concept of a model theory and of a representa-
ble functor is defined. A general method of obtaining model theories, due to
Gugenheim and Moore [4], is described. Two points are of particular interest:
the concept of model theory is given in a natural, or functorial, form; and the
concept of semi-representability is introduced. Semi-representability is deci-
sive in the proof of the de Rham theorem developed later.

1.1. Model theories. If @ and ® are categories, F(®@, ®) will denote the
category of covariant functors from @ to ®: the objects of F(®, ®) are the
covariant functors T: @—®, and the maps ®: T1— T, of F(@, ®) are the natu-
ral transformations ® of covariant functors 7: @—®, 1=1, 2.

Rather than introduce an analogous concept for contravariant functors,
we will utilize the concept of the dual of a category. If @ is a category, then
the dual @* of @ is a category having the same objects and maps as @, but
such that order is reversed in @*, i.e., if 4 and 4’ are objects of @ and @*
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and f is a map of these two categories, then f: A—A’ in @* if and only if
fiA’>A in @; and if f, g are maps of the two categories whose composition
is defined, then the map of @ denoted by fg is denoted by gf in @*.

If @ and ® are categories, then F(@*, ®) may be regarded as the category
whose objects are contravariant functors from @ to ® and whose maps are
natural transformations of such contravariant functors.

An additive category is a category such that for every pair of objects
A, B of the category, the set of maps f: A—B in the category is assigned the
structure of an abelian group, so that if f, fi, fo: A—B and g, g1, g2: B—C are
maps of the category, then g(fi+f2) =gfi+gf: and (g1+g.)f =g1f +gof.

If ® is an additive category, then for any category @ it is possible to make
F(@, ®) into an additive category in the following way: let T3, T:: G—® be
covariant functors and ®, ¥: 77— 7T, be transformations; then ®+W¥ is to be
the natural transformation 77— T such that for each object 4 of @, (®P+¥)(4)
=®(4)+¥(4). It is clear that F(@, ®) is then an additive category.

Let now @, ® be additive categories; an additive functor R: @—® is a
functor such that R(fi+f.) =R(fi) +R(f;) for maps f1, fo: 4—4" in Q. It is
clear that R is a homomorphism of the group in @ of maps of 4 into 4’, into
the groups of maps in ® of maps of R(4) into R(A4’), or of R(A’) into R(4)
(depending on whether R is covariant or contravariant). In particular, R
maps the zero of each such group into the zero of the image group.

In what follows we will use a particular additive category, the category of
A-modules Gx; much of what will be done can be extended to more general
additive categories. Throughout this chapter A will denote a fixed associative
ring with unit, and G, will denote the category of left A-modules and A-homo-
morphisms. If ¢, Y: Gi—G; are A-homomorphisms, let ¢ +y¢: Gi—G: be de-
fined by (¢ +v¥)(g) =d(g) +¢¥(g) for g&Gy; then it is clear that G, is an additive
category, and thus that F(@Q, Ga) is an additive category for any category Q.

DEFINITION. A direct model theory on a category @ is a pair (R, I') com-
posed of an additive covariant functor R: F(@Q, Ga)—F(@, Ga) and a natural
transformation I': R—I of R into the identity functor I: F(@®, Gx)—F(Q, Ga).
An inverse model theory on @ is a pair (R, I') composed of an additive co-
variant functor R: F(@Q, Ga)—F(Q@, Ga) and a natural transformation I': =R
of the identity functor I into the functor R.

1.2. Categories with models. Before dealing with the theory of models, it
will be convenient to describe how model theories may be obtained; the
scheme described below is due to Gugenheim and Moore [4].

A category with models is a system (@, 9%, S) such that:

(i) @ is a category;

(ii) 9W is a set of objects of @, the elements of M being called models;

(iii) For each object A of @ there is given a set S(4) of maps u: M—A
in @ mapping models M in 9 into A (we will write (A, u) ES(4) if u: M—A
isin S(4));
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(iv) fuES(4) and f: A—B is a map of @, then fu & S(B).

REMARK. If each S(4) consists of all maps #: M—A4 of models M in I
into 4, then (iii), and (iv) are also satisfied ; we speak in this case of a category
with models (@, 910). This case is that originally considered by Eilenberg and
MacLane [2].

If (@, oM, S) is a category with models, we can define a direct model theory
(R,T) on @ and an inverse model theory (R*, I'*) on @*; these model theories
will be called the model theories associated with (@, 91, S). As a preliminary
we make several notational definitions.

If Gis a A-module and x is some object, (G, x) will denote the group whose
elements are pairs (g, x), g&€G, with (g1, x) + (g2, ) =(g1+ g2, x). If T: @—G,
is a functor and f: A—B is a map of @, T(4, f) will denote the module
(T(A), f). If G, is a A-module for a in a set A, then ZGGA G, will denote the
direct sum of the G, and HaeA G, will denote the direct product; an element
v of HaeA G, will be considered as a function on A such that y(a) EG, for
aEA.

Let T: @—G, be a covariant functor; we define a covariant functor
T: @—G, and a transformation I'y: T—T in the following way. If 4 is an
object of @, set T(A) = D wweswy T(M, u); if f: A—B is a map of @, T(f)
is the homomorphism 7'(4)— T'(B) defined by setting T'(f)(m, u) = (m, fu)
for mET(M). Then it is easy to see that T is a covariant functor. Let I'z(4)
be the homomorphism 7(4)—T(4) defined by T'r(4)(m, u)=T(u)m for
mEM; then Ty is a transformation 7—7T. Finally, if ®: T1—T: is a trans-
formation of covariant functors Ty, Ty: @—Gy, let $(4) be the homomorphism
defined by @(A)(m u) = (tI>(M)m u) for mCT;(M) then @ is a transforma-
tion Ty— T Setting R(T) =1, R(®) =%, and I'(T) =I'z then defines a co-
variant model theory (R, I') on Q.

Let now T: @—G, be a contravariant functor. We will define a functor
T: @—G, and a transformation I's: T— 7. Let T(A4) = [ rweswy T(M, u);
if f: A—B is a map, let T'(f) be the homomorphism T(B)—T(A) defined by
setting, for 4 an element of 7(B) and = in S(4), (T(f)y) () =v(fu). Then it
is easy to see that 7' is a contravariant functor. Let T'f(4) be the homo-
morphism T(4)—T(A) defined by (I'f (A)a)(u) =T(u)a for a&T(A) and
#ES(A); then T} is a transformation T— 7. Finally, if : T,—T} is a trans-
formation of contravariant functors Tl, Ty: @—Gy, let B(4) be the homo-
morphism T,(A)—>T2(A) defined by ®(A)7) (1) =D (M)y(u) for (M u)ES(4)
and vy an element of T1(4); then & is a transformation T,—T,. Setting
R*(T)=T, R*®) =3, and I'*(T) =T} then defines an inverse model theory
(R*, T*) on @*.

1.3. Representations. The concept of model theories is of use mainly in
connection with representable or semi-representable functors, which we will
now define.

DEFINITION. Let
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direct
(R, T) be a{_ model theory
inverse

on a category @, and let T": @—G, be a covariant functor. Then T is said to
be representable if there is a transformation

{x: T — R(T)
x:R(T)—>T

I(D)x:T—>T

such that {
xI(T): T —>T

is the identity transformation; is called a representation of 7. The functor T
is called semi-representable if for each object 4 of @ there is a A-homo-
morphism

{ x(4): T(4) — R(T)(4) & th {F(T)(A)X(A)r T(4) — T(4)
x(4): R(T)(4) — T(4) X(A)T(T)(4): T(4) — T(4)

is the identity homomorphism for each object 4 of @; the function ¥ is called
a semi-representation of T. Clearly every representable functor is semi-
representable.

ProposITION 1. Let (R, T') be a direct or inverse model theory on a category
@, and let T, T1: @—Gs be covariant functors. Let &: T—T, n: Tv—T be trans-
formations such that £n: T1v—T1 is the identity transformation. Then if T is
representable (or semi-representable) so is T1.

The reader is referred to Eilenberg and MacLane [2] for a proof which
applies to the present proposition.

1.4. Products of model theories. Let (Ry, ') and (Re, I'2) be model theo-
ries on a category @, both direct or both inverse. The product (R, I') of the
two model theories is a model theory direct or inverse with (R, T)) and
(Rs, T'y), defined in the following way. If T is a covariant functor, R(T)(4)
is to be the direct sum Ry(T)(4)+R:(T)(A) for each object 4; if &: T1—T,
is a transformation of covariant functors, R(®) is to be the transformation
which assigns to the object 4 the homomorphism R(®)(4): R(T1)(4)
—R(T,)(A) defined by R(®)(4) (a1, az) = (Ri(P)as, Re(P)as) for a; & Ri(T1)(4)
and a;ER,y(T1)(A). If the theories are direct, I' assigns to T and 4 the homo-
morphism T'(T)(4): R(T)(A)—T(A) defined by

(T(T)(4))(ay, az) = T1(T)(4)ar + To(T)(4)az
for a;ER\(T)(A) and a; ER,(T)(A4). If both theories are inverse, I' assigns to

T and A the homomorphism I'(T)(A4): T(4)—R(T)(A4) defined by (I'(T)(4))a
=T(T)(A)a, T:(T)(A)a) for a&T(A4).

PROPOSITION 2. Let (Ry, T'y) and (Ry, I's) be model theories on a category @,
both direct or both inverse, and let (R, T') be their product. If a functor T is repre-



1957] ACYCLIC MODELS AND DE RHAM'S THEOREM 311

sentable (or semi-representable) for either (Ry, I'y) or (Rs, I's), then T is represen-
table (or semi-representable) for (R, T').

The proof is trivial.

CHAPTER II. AcCYCLIC MODELS

In this chapter the concept of models is applied to homology and coho-
mology. After some preliminary definitions, the fundamental theorems of
Eilenberg and MacLane [2] are established (Theorems 5, 6 and 7). In addi-
tion, two new theorems dealing with semi-representability are established.
Theorem 9B is basically the proof of de Rham’s theorem.

2.1. Chain and cochain functors. We will first define the categories Ga
and 0Ga of chain and cochain complexes.

A chain complex is a A-module G with a A-homomorphism d: G—G such
that 82=0, and a direct sum decomposition into submodules G= Y, G, (n
running through the integers) such that dG,CG,—1; the map G,—G,—; in-
duced by 9 is denoted by 9,. A chain map f: G—G’ is a A-homomorphism such
that f0 =df and fG,C G, ; the map G,—G, induced by f is denoted by f,. The
category of chain complexes and chain maps will be denoted by 9Ga.

A cochain complex is a A-module G with a A-homomorphism §: G—G such
that 82=0, and a direct product decomposition into submodules G =[], G.
such that 0G,CG,ry1; the map G,—G,q1 induced by § is denoted by 6.. A
cochain map f: G—G’ is a A-homomorphism such that f6=46f and fG.CG, ;
the map G,—G, induced by f is denoted by f.. The category of cochain
complexes and cochain maps is denoted by 6G,.

If G is a chain complex we set H(G) =3-'0/dG; H(G) has an induced direct
sum decomposition H(G)= Y., H.(G) where H,(G)=G,MN30/3G 1. If
f: G—G’ is a chain map then f induces homomorphisms fx: H(G)—H(G') and
fx: H,(G)—H,(G"), where the use of the same symbol fx will cause no con-
fusion. Setting H(f) =fx or H,.(f)=fx defines functors H:3G,—Ga and
H,:9G,—Ga.

If G is a cochain complex we set

H(G)=38"10/6G and H,(G) =GnM56-10/3Gn_,

(this notation differs slightly from the customary but will be more con-
venient for the abstract portions of this paper); then there is a direct prod-
uct decomposition H(G) = []. H.(G). If f: G—G’ is a cochain map it in-
duces maps fx: H(G)—>H(G') and fx: H,(G)—H,(G'); setting H(f) =f+ and
H.,.(f) =fx defines covariant functors H: §§y—Gx and H,: §G4—Ga.

A chain functor is a functor K: @—9dGy, and a cochain functor is a functor
K: @—0dGs. The functor which to each object A assigns the n-dimensional
part (K(4)). and to each map assigns the n-dimensional part (K(f)). will be
denoted by K,, where K is a chain or cochain functor; K, is covariant or
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contravariant with K. If K is a chain functor there are transformations
0,.: K,—K,_; such that 9,_,0,=0; if K is a cochain functor there are trans-
formations 6,: K,—K,41 such that 8,419, =0.

Let K, L: @—dG4 be two chain functors, both covariant or both contra-
variant; a transformation f: K—L is called a chain transformation. A chain
transformation f: K—L induces transformations f,: K,—L, such that f, 10,
=09.f»; and if for each » there is a transformation f,: K,—L, such that
fn—10,=0,fx, then there is a chain transformation f: K—L inducing the f,.

Let K, L: @—8G, be two cochain functors, both covariant or both con-
travariant; a transformation f: K—L is called a cochain transformation. A
cochain transform f: K—L induces transformations f.: K,—L, such that
Sn416,=0.fn; if for each n there is a transformation f,: K,—L, such that
Jnt+10n=0,fn, then there is a cochain transformation f: K—L inducing the f..

The central question of this paper is that of the existence and uniqueness
of chain or cochain transformations: Let K, L: @—3dGx (or K, L: @G—08G,) be
chain (or cochain) functors, both covariant or contravariant; when is there a
chain (or cochain) transformation f: K—L? If f, g: K—L are chain (or co-
chain) transformations, when are the maps fx, g«: HK—HL the same? The
remainder of this section is devoted to setting up machinery which in con-
nection with the theory of models will enable us to give answers to these ques-

tions.
K, L:®@—9Gs chain
Let be . functors,
K,L:Q—8Ga cochain
both covariant or both contravariant, and let f, g: K—L
chain . chain
be . transformations. 4 . homotopy
cochain cochain

Dn: Kn - Ln+1,

D: f ~ g is a set of transformations {
D,:K,— L,

for each #, such that
{an+an + Dn—lan = fn — &n,
0n-1Dn + Dn+16n = fn — &n.

If a homotopy D: f~~g exists, the maps fx, g«: HK—HL are equal.

If G=)..G, is a chain complex with boundary operator 8, we define
the g-skeleton ‘G of G to be the chain complex defined in the following way:
oG is the module which is the direct sum of the G, for n<gq, G = 2 .cq Gn;
the boundary operator on 9G is the homomorphism which is 9,: Ga—Gn_ for
n<gq, and which is the zero map in dimensions >g¢. If f: G—=G’ is a chain map,
the g-skeleton of of f is the map ¢f: “G—9G’ which is equal to f in dimensions
<q and which is the zero map in dimensions >g¢; the map 9 is again a chain
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map. If K: @—0dG, is a chain functor, composing K with the functor “g-
skeleton” gives a functor which is called the g-skeleton of K and is denoted by
K.

The g¢-skeleton of a chain complex G is a subcomplex of G, and there is
thus a natural map, the inclusion map, ¢G—G which is obviously a chain map.
There thus arises a natural chain transformation 2K—XK for any chain functor
K;if f: K—L is a chain transformation, its composition with the transforma-
tion ¢K—K will be called the g-skeleton of f and denoted by 9f: ¢K—L (the
distinction between the g-skeletons of chain maps and of chain transforma-
tions must be kept in mind).

If G=]].G. is a cochain complex with coboundary operator 8, the g-
skeleton 9G of G is defined to be the direct product of the submodules G, for
n<q, ‘G=m,<,Gs, and the coboundary operator is defined analogously. If
f: G—G’ is a cochain map, the g-skeleton ¢ of f is the cochain map f: ¢G—G’
which is equal to f in dimensions <g and is the zero map in dimensions >g.
If K: @—0Ga is a cochain functor, the composition of K with the functor
“g-skeleton” gives a functor 2K which is called the g-skeleton of K.

The g-skeleton of a cochain complex G is a factor complex of G, and there
is thus a natural map G—9G which is clearly a cochain map. There thus arises
a natural cochain transformation L—¢L for any cochain functor;if f: K—L
is a cochain transformation, the composition of f with the map L—4L is called
the ¢g-skeleton of f and denoted by ¢: K—2L (again the distinction between
the g-skeletons of cochain maps and cochain transformations must be kept in
mind).

2.2. Models and acyclic functors. Let (R, I') be a direct or inverse model
theory on a category Q. If K: @—dG, (or K: @—8G,) is a covariant chain
(or cochain) functor, we define R(K) to be the chain functor @—9Gx (or the
cochain functor @—38Gs) whose n-dimensional part is R(K,) (since K,: @G—Ga,
R(K,) is already defined); if f: K—L is a chain (or cochain) transformation of
covariant chain (or cochain) functors, we define R(f) to be the chain (or
cochain) transformation whose n-dimensional part is R(f.). It is clear that
R(*K) =R(K) and R(%)=1R(f).

A functor K: @—0dG, is called acyclic in dimension # if there are trans-
formations A,: K,— K1, Ano1: Ko1— K, such that 0,1.4,4+A,10, is the
identity transformation of K, into itself. The functor K is called semi-acyclic
in dimension # if to each object 4 there is a pair of homomorphisms A,(4):
K.(4) > K,11(4), Aua(4): Kay(A) = Ka.(A) such that 0.41(4)AA(4)
+A,_1(4)0.(4) is the identity homomorphism of K,(4) into itself.

A functor K: @—8G, is called acyclic in dimension # if there are trans-
formations A,: K,—K, 1, A.y1: K,y1—K, such that 8, 1A,+A,418, is the
identity transformation of K, into itself; K is called semi-acyclic in dimen-
sion # if for each object 4 there is a pair of homomorphisms A,(4), An1(4)
with this property.
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We shall be interested in the condition that for a certain model theory
(R,T) and a certain chain or cochain functor K, the functor R(K) be acyclic in
some dimension.

ProrosITION 3. Let (Ry, I'1) and (Rs, T's) be model theories on a category @,
both direct or both inverse, and let (R, I') be their product; let K be a covariant
chain or cochain functor on Q. If Ri(K) and Ry(K) are both acyclic (or both
semi-acyclic) in dimension n, then so 1s R(K).

The proof is obvious.

Let now (@, 9, S) be a category with models. A covariant chain functor
K: @—0G, is said to be acyclic on models in dimension # if for each model
M in 9N there is a pair of homomorphisms A,(M): K.(M)—K,.1(M),
An o (M): Ky y(M)—K,(M) such that A, 1(M)3,.(M)+0,41(M)A,(M) is the
identity map K.(M)—K,(M). A contravariant cochain functor K: @—08Gs
is said to be acyclic on models in dimension # if for each model M in 9 there
is a pair of maps A, (M): K.(M)—>K._1(M), Apy1(M): Kpa(M)— K, (M) such
that A, 1(M)6,.(M)+8,1(M)A.(M) is the identity map K.(M)—K.(M).

The following proposition is now easy to establish.

ProPOSITION 4. Let (@, I, S) be a category with models, and let (R, T') be
the associated direct model theory on @, (R*, IT'*) be the associated inverse model
theory on Q*; let K: @—AG, be a covariant chain functor and L: @—0G be a
contravariant cochain functor.

If K is acyclic on models in dimension n, then R(K) is acyclic in dimension n.

If L is acyclic on models in dimension n, then R*(L) is acyclic in dimen-
sion n.

We have defined the concept of functors being acyclic in a particular di-
mension; it is more usual that we should have this condition for all dimensions
simultaneously.

Let K: @—dGa be a chain functor. If for each dimension 7 there is a
transformation D,: K,—K,,; such that d,.1D,+D,_1,=1 then K is said to
be acyclic. Similarly the concept of semi-acyclicity can be defined; and if
(@, M, S) is a category with models, we can define what is meant by saying
K is acyclic or naturally acyclic on models.

If K: @—08G, is a cochain functor, we can again define the concept of
acyclicity and semi-acyclicity for K; if (@, 9, S) is a category with models,
we can define the concepts of acyclicity on models. We have then:

PROPOSITION 4a. Let (@, M, S) be a category with models, and let (R, T'),
(R*, T'*) be the associated direct and inverse model theories. Let K: @—dGy be
a covariant chain functor and L: @—08Ga a contravariant cochain functor on Q.

If K is acyclic on models, then R(K) is acyclic.

If L is acyclic on models, then R*(L) s acyclic,
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2.3. The existence and uniqueness theorems. Throughout this section we
will usually make one or another of two hypotheses, which will be called
Hypothesis A and Hypothesis B:

HypoTHESIS A. @ s a category, (R, I') is a direct model theory on @, and
K, L: @—09G, are covariant chain functors.

HypotHESIS B. @ is a category, (R, I') is an inverse model theory on @, and
K, L: @—8G, are covariant cochain functors.

We begin with theorems giving conditions for the existence and unique-
ness of chain or cochain transformations.

THEOREM SA. Under Hypothesis A, let f: *K—L be a chain transformation.
If K41 15 representable and R(L) is acyclic in dimension ¢, then f has an exten-
ston f': 1 K—L.

THEOREM 5B. Under Hypothesis B, let f: K—<L be a cochain transforma-
tion. If R(K) is acyclic in dimension q and Loy, ts representable, then f has an
extension f': K—+1L,

Proof. We give the proof for Theorem 5A only, since the proof of Theorem
5B is similar.

It is required to find fy41: Kop1—Lgy1 so that 0g41fi41=Ff0¢41.

Let x be a representation of K, ;and let A;: R(L;)—R(L;iyy) fori=q,¢—1
be such that d,11A,4+A,19,=1. Let then fo11=T(Le41)A;R(f94+1)Xx; then a
simple computation shows that f,41 has the desired property.

THEOREM 6A. Under Hypothesis A, let f, g: K—L be chain transformations
inducing f, ig: *K—L, and let D: =g be a chain homotopy. If Ky, is repre-
sentable and R(L) is acyclic in dimension g1, then D has an extension D':
Q+lff__\__/(1+lg'

THEOREM 6B. Under Hypothesis B, let f, g: K—L be cochain transformations
inducing %, g: K—L, and let D: if~3g be a cochain homotopy. If R(K) is
acyclic in dimensiton q+1 and Ly, is representable, then D has an extension
D’: q+1fzq+lg'

Proof (for Theorem 6A). We must define a transformation D gy1: Kgn
— L4z so that dg42Doi1=F111—ge+1— D011

Let x be a representation of K,_;and let A;: R(L;)—R(Liy1) fori=gq, g+1
be such that 84428441+A,0,41=1. Let Doy1=T'(Lg-1)A¢11R(fo1—gor1—DeBer1) X
then a simple computation shows that the desired relation holds.

As a corollary of Theorems 5 and 6 we obtain:

THEOREM 7A. Under Hypothesis A, let f: <IK—L be a chain transformation,
and let K, be representable for n>q-+1, R(L) be acyclic in each dimension n>gq.
Then f has an extension f': K—L, and if f', f'': K—L are extensions of f there is



316 AMASA FORRESTER [July

a chain homotopy D f'=~f"" with D,=0 for n<q.

THEOREM 7B. Under Hypothesis B, let f: K—L be a cochain transformation,
and let R(K) be acyclic in every dimension n>q, and let L, be representable for
n>q+1. Then f has an extension f': K—L, and if ', f'': K—L are extensions of
f there is a cochain homotopy D: f'~f"" with D,=0 for n<q.

The preceding theorems are essentially contained in Eilenberg and Mac-
Lane [2]. We turn now to new theorems which give uniqueness conditions
for a chain or cochain map with fewer restrictions on K and L; however the
existence of maps can no longer be established in general.

TuEOREM 8A. Under Hypothesis A, let f, g: K—L be chain transformations
inducing %, 9g: *K—L, and let D: if~9g be a chain homotopy. If K, is semi-
representable for n>q+1 and R(L) is semi-acyclic in each dimension n>gq,
then fx=gs: HK—HL.

THEOREM 8B. Under Hypothesis B, let f, g: K—L be cochain transforma-
tions inducing i, i9g: K—L and let D: if~1g be a cochain homotopy. If R(K) is
semi-acyclic in each dimension n>q and L, is semi-representable for n>q41,
then fx =gx: HK—HL.

Proof (for Theorem 8A). Let A be an object of @, and let f'=R(f)4,
g =R(g)A, K'=R(K)A, L'=R(L)A. Let x.: K.(4)—K, for n>qg+1 be
such that (I'(K.)4)xn: K.(4)—K.(4) is the identity map; and let A}:
L!—L{ for i=n, n—1 be such that 9,,A,;+A;_0,=1.

It will suffice to find maps D,: K,(4)—L,41(4) such that 9,41(4)D,
+ D, 10.(4) =f.(4) —g.(4); we will construct inductively maps D, with this
property and maps D,/ : K, —L.J; with (I'(L,41)A4)D, =D.(I'(K,)A). We
set D,=D,(A4) and D, =R(D,)A for n<q, and assume that D,, D,/ have
been defined with the desired properties for n<m. Let

' m+1, ’ '
Dni1 = Ampi(fmtr — gmir — Dm)xmt1(T(Kmi1)4)

and let D= (T'(Lpny2)A)D,; i1 Xme1. Then a simple computation shows that
the D and D’ have the desired properties. Hence the theorem follows by
induction.

TueoreM 9A. Under Hypothesis A, let f: K—L and g: 1L—K be chain trans-
formations, where f induces if: *K—L; let %: 1 K—K and 1j: *L—L be the natural
maps, and let D: g4f>~4, E: fg~] be chain homotopies. If both K, and L, are
semi-representable for n>q—+1 and if both R(K) and R(L) are semi-acyclic in
each dimension n>q, then fx is a natural equivalence of HK and HL, i.e., for
each object A, f«(4): H(K(A))=H(L(A)).

TueoreEM 9B. Under Hypothesis B, let f: K—L and g: L—K be cochain
transformations, where f induces 4 : K—L; let %4: K—K and %: L—L be the
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natural maps, and let D: gf~u, E: g~ be cochain homotopies. If both K,
and L, are semi-representable for n>q-+1 and if both R(K) and R(L) are semi-
acyclic in each dimension n>gq, then fx is a natural equivalence of HK and HL.

Proof (for Theorem 9A). Let 4 be an object of @, and set K'=K(4),
L'=L(A4), f'=f(4) and K" =R(K)A, L" =R(L)A, f”" =R(f)A. It will suffice
to show that there are maps g/ : L/ —K, such that 0.1,/ 41 =g/ ns1, and
maps D, : K/ —K, .1, El: L!—L]; such that 8,.1D. +D./10.=g/fd —1
and 0,11 E) +E;,_0,=f/gd —1.

We will define inductively maps g’, D’, E’ with the above properties and
maps g.':L./'—-K[!", D]':K]'—>K,,,, and E]’":L!’"—L;., such that
(T(Ka)A)gd" =gi T(La)4), T (Kn11)A)Di' =D,/ (I'(Kn)4),and (T'(Lay)A)Es’
=E, (I'(L.)4).

Let x.: K{—K,' and x.: LJ—L,)” be such that (I'K,)4)x.=1 and
T(L)AWa=1;let A]: K/'—>K{;,and Z: L!" —L{{, fori=n,n—1 and n>¢q
be such that 9, AL +AR_10,=1 and 9,..Z,+Z;_0,=1.

Define g =g.(4), g!' =R(g.)A, D,! =D.(4), D' =R(D,)A, E,! =E.(A)
and E,.’ =R(E,)A for n <q, and assume that these maps are defined for n <m
and have the desired properties. We define g, =Angm0miW¥m1(T(Lmi1)4)
and g1 = (I'(Kmt1)4) g s ¥ms1, then define

m+1
D1 = Bmpr(gmiifmr — 1 — Dodmi)) xmi2r(D(K mi)4),
17 m+1

4 Enir = Zopr(frr18mir — 1 = Endms)Wmir(T(Lmi)A4),
an

Doy = (U(Kmy2)A)DsrXmits Empr = (D(Lmy2)A) Epgrfmir.
A simple calculation then shows that the new maps have the desired proper-
ties, and the theorem is established.

REMARK. It is also possible to establish the existence and uniqueness of
chain transformations in yet another way. If in a category with models a
system of chain maps or chain homotopies is given on the models, satisfying
naturalness conditions similar to those in the definition of acyclicity on
models, and if the appropriate representability or semi-representability con-
ditions are satisfied, the existence of the corresponding natural transforma-
tions is assured.

2.4. Augmentations. In this section we will define the concept of an aug-
mentation, which will be used later.

Let G be a A-module. For any category @, the functor G will be the
functor @—G, which assigns to each space 4 of @ the module G, and which
assigns to each map f of @ the identity map of G. As a functor, G is both co-
variant and contravariant.

Let K: @—0dG4 be a chain functor; K is said to vanish in negative dimen-
sions if K, =0 for »<0. A similar definition is given for cochain functors.

Let K: @—3G,4 be a chain functor which vanishes in negative dimensions.
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An augmentation (¢, G) of K consists of a A-module G and a transformation
e: Ko—G such that the transformation €d;: K;—G is zero, €3;=0. If K is
deﬁned by K.=K, for n#—1, K_,=G, 3,=0, for n#0, —1 and d,=¢,
91 =0, then K: @—0G, is a chain functor, covariant or contravariant with
K, called the augmented chain functor.
If K: @—08G, is a cochain functor, then an augmentation (¢, G) of K con-
sists of a A-module G and a transformation e: G—K, such that 8pe=0. The
augmented cochain functor K of K is defined in the obvious way.

CuAPTER III. Cup PRODUCTS

In this chapter a special case of products in cohomology is dealt with,
as a foundation for the treatment of the exterior product in the de Rham
theory. A general theory of products will be developed in a later paper.

3.1. Tensor products. We assume the concept of the tensor product
G1® 4G, of two A-modules G; and G, as given in Bourbaki [1]. The subscript
A will be omitted when no confusion can result.

If G and G’ are cochain complexes in §Ga, a cochain complex GQG’ is
defined as follows:

GQRG).= 2, G, ®rG/, the direct sum;

pta=n

(u®v) =u®v+ (—1)Pu by, foruEGyvEG,.

If f: G—H, g: G—H’ are cochain maps, then f®g: GRG'-H®H’ is a co-
chain map.

If K, L: @—08G, are cochain functors of the same kind, a cochain functor
KQ®L: @—8G, is defined by (KQL)(A)=K(A)®L(A) and (KQL)(f)
—K()SL().

Let X and L vanish in negative dimensions; and let ex: Gk—Ko, €r:
Gr—L, be augmentations of K and L; then ex®er:Grk®@GL—Ki®Ly
=(K®L), is an augmentation of KQL.

ProposITION 10. Let K, L: @—8G, be cochain functors of the same kind,
vanishing in negative dimensions, and let ex: Gi— K, €1: Ga—Lo be augmenta-
tions of K and L; let ex Qey, be the induced augmentation of KQ®L, and let
K, L, (K®QL)" be the corresponding augmented functors. Let (@, 9, S) be a
category with models.

If K and L are acyclic on models, so is (KQL)".

Proof. We need only prove the following: Let C and C’ be cochain complexes
vanishing in negative dimensions with augmentations e: G—Go, € : G'—=C{, in-
ducing the augmentation e®€: GG —Co®CJ =(CRC')o, and let C, C'" and
(C®C')" be the corresponding augmented complexes; if C and C' are acyclic, so
is (CQC')". Let Dy: C,—C._1, D.!:C!—C,_; be the cochain homotopies
making C, C’ acyclic. We have 8,_1D,+Du418,=1, 8,00D,) +D,/118,=1; we
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must define D,/’: (C® ("), —(C®C(C’),_, so that §,4D,)' + D, ,8,=1.
First observe that for g&€G, g’ ©€G’ we have DoEg=g and Dy E’g’' =¢’.
If a€C,, b€C/, p+q=n, define

D)’ (a®b) = (Dya) ®b forp > 0,¢ >0,
= eDoa ® DJb forp =0,¢g>0,
= Doa @ DJb forp=0,¢g=0

and let D/’ =0 for #<0. Then for p= —1, g= —1 we have

52D 1(a ® b) + Dy6_1(a ® b) = Doea ® Dieb = a ® b;
for p=0, ¢=0 we have
6_1DJ"(a ® b) + Dido(a ® b) = eDoa @ €Dy b+ D,1(60a @ b+ a ® 5¢d)
= eDya @ D¢ b+ Didoa @ b+ eDoa @ D 53b
eDoa @ (¢DJ + D{68)b + Didoa @ b
= (eDo + Didp)a @ b = a ® b;

for p=0, ¢>0 we have

(3-1Dq + Dgy1d,)(a ® b)
= 80eDga ® Db + €Doa ® 5,_1Dyh + Didoa ® b + eDoa @ Diy16gh
= eDoa ® (8g-1Dy + Doy18)b + Didoa ® b
= (eDy+ Di18g)a @ b = a ® b;

finally for p>0, ¢>0 we have

(32-1D% + D16.)(a ® b)
=0p1D,6 @b+ (—1)7"'Dpa @ 6,0 + Dpy16,6 @ b+ (—1)?D,a ® 6,0
=a®bd

3.2. Cup products. Let K’, K/, K: @—d8Ga be cochain functors of the
same kind, and f: K’®K"”—K a cochain transformation. Then f defines a
transformation fx: H(K')@ H(K")—>H(K) as follows: If 4 is in @ and
uc K, (4), vEK]' (4) are cocycles (6u =0, dv=0), then »®v is a cocycle of
K, (A); and if a€EKJ11(4), bEK],,(4) then

(u=200) @ v+ ) =u®v+6a® [v+6]) + (—1)?5(u @ b)

so that the cohomology class of # ®v depends only on the cohomology classes

of # and .
The map fs: H(K') @ H(K"")—>H(K) will be called a cup product, as will
the map f: K’ K""—K.
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From Proposition 4A and 10 and Theorems 7B, 8B and 9B we obtain the
following:

THEOREM 11. Let (@, I, S) be a category with models, and let (R*, I'*) be
the associated inverse model theory. Let K', K/, K: @—08G, be cochain functors
of the same kind vanishing in negative dimensions with augmentations ¢ : G'—KJ ,
€:G"—>K{", e G—K,, inducing the augmented functors K', K", K. Let
¢: G'QG"—G. Assume further that K' and K"’ are acyclic on models.

If K, is representable for all n, there exists a product f: K' @ K"’ —K such
that f(€ ®¢€'’) =€, and f is unique up to cochain homotopy.

If K, is semi-representable for all n and if there are products f;: K' @ K''—K
such that f;(¢ X€')=¢ep, 1=1, 2, then fix=fox: H(K') X H(K"")—>H(K).

As a corollary we have:

CoroLLARY. Let K', K", K, L', L", L: @—8G, be cochain functors of the
same kind vanishing in negative dimensions and let € : G'—>K{, n': G'—LJ,
¢ G'—>K{', 7 G'—>L{", e: GoK,, n: G—L, be augmentations inducing the
augmented functors K', K", K, L', L"", L. Let ¢: G' ® G""—G, and let (@, M, S)
be a category with models. Let K', K'' be acyclic on models, and L, be semi-
representable for all n. Let f': K'—L', f": K""—L", f: K—L be cochain maps,
such that fi € =v', f{' €’ =n", foe=n¢; and let g: K'QK"—K, h: L'QL"—L
be products such that g(€ @€’) =ep, h(n’ Xn'") =n¢. Then the diagram

H(K") ® H(K") 53 1K)

LI @ fi! L L fx
H(L) © H(L") =3 H(L)
1s commutative.

CHAPTER IV. SINGULAR HOMOLOGY THEORY

In this chapter the singular Cr homology theory of C7 manifolds is de-
scribed. The independence of the result of the class 7 is established, as an
application of acyclic models.

4.1. The singular functor. Let @, be the category of paracompact mani-
folds of class r (r=0, 1, - - -, ©, w), and maps of class r. For 0<s<r, we
define a C* n-cube ¢ of a Cr manifold M to be a map ¢: I"—M of the unit
n-cube into M, such that ¢ can be extended to a C* map of an open neighbor-
hood of I" (in n-space); clearly every C* n-cube is a C® n-cube (in the future,
a C° n-cube will be called simply an n-cube).

If ¢ is an n-cube, €e=0, 1 and 1<i<#n, then we define an (n—1)-cube
Fio by

(F:U)(ll' Tty t"—1> = O'(tl, T, ti—lr €, ti’ Tty tn~l);
if 1<i<n+1 we define an (n+1)-cube Do by
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(Did)(tly ) tn+l) = o'(tly R ti—lr ti+ly ctty, tn+l)-

JIfois of class s, so are Fio and D,o. The operations F; and D; satisfy the rela-
tions

FiF; = FiFi i >,
DiD; = D;.\D; i> 7,
F:D; = D;iF: > 7,
FiD; = 1,

FiD; = D;Fey i <j.

If G is an abelian group, the C* singular chain and cochain complexes
with coefficients in G of a C* manifold M(s<r) is defined as follows: Let
C.(M) be the free abelian group generated by the C* m-cubes of 7, and
DC.(M) the subgroup generated by C* n-cubes of the form D,r,7a C* (n—1)-
cube; let 3: Co(M)—Cryi(M) be defined by

do = Z (—1)‘+‘F:a.
Then 32=0and § DC,(M)SDC,_1(m). Define C.(M)=C,.(M)/DC,(M), and
C(M) = C.(M) as the direct sum of the C,(}M); let 3: C(M)—C(}M) be the
map induced by 3. Then {C(M), 6} is a chain complex. We define C(M; G)
as C(M)®G and C*(M; G) as Hom (C(M), G); then C(M; G) is a chain com-
plex and C*(M; G) is a cochain complex called respectively the C* singular
chain and cochain complexes of M with coefficients in G.

If f: M—N is a C" map of C* manifolds, and ¢ is a C* n-cube of M, then
f oo is an n-cube of N; further

fo (Fie) = Fi(fo o),
fo (Do) = Di(foo).
Thus f induces chain maps
f1:C(M;G) > C(N;G), ff:C*(N;G) - C(M;G).

The pair {C(M; G), f+} defines a covariant functor @,—dGs and {C*(M, G),
f*} defines a contravariant functor @,—8G,, which will be called respectively
the C* singular chain and cochain functors with coefficients G.

Mapping Co(M) =Ci(M)—Z (the integers) by D ni— D n; defines an
augmentation of C(A). If K and K* denote the C* singular chain and cochain
functors with coefficients G, augmentations

e: Ky —G, ::G—»K:

are defined by the augmentation of C(M); e and e* will be called the natural
augmentations.
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It is known that the C* singular theories all determine the same homology
and cohomology theories for all s; a proof of this fact will be sketched here.

Let K and L be the C" and C*, singular chain functors on @,, r>s (a dual
proof will apply for the cochain functors); since every CT n-cube is a C*
n-cube, there is a chain transformation f: K—L,

Let @ be the subcategory of @, formed of all paracompact C* manifolds
and inclusion maps 2: M—N of an open submanifold M of N into N. Then
K, L and f are defined on G.

Let L be the functor on @ defined by letting L(M) be the subcomplex of
C(M; G) generated by n-cubes contained in some neighborhood of M; in
particular, for r=s, K is also defined. The inclusion maps k: K—K and
I: L—L are then chain transformations, and f: K—L induces a chain trans-
formation f: K—1L, so that

EA

_
N R
2

~l

is a commutative diagram.

By the usual process of subdivision it is easy to see that kx: H(K)—H(K)
and ly: H(L)—H(L) are isomorphisms. It remains to show that fix: H(K)
—H(L) is an isomorphism; it will then follow that fx: H(K) ~H(L).

A model theory on @ is defined by taking as the set of models 9 the set
of open cells, and S(4) as the set of coordinate maps 7: M—A4 defining the
Cr-structure of the n-manifold 4, where M &9 is any #n-cell.

By the definition of K and L, both are representable in the model theory
derived from (@, 9%, S); by the usual proof of the Homotopy Axiom, K and L
have acyclic models in all dimensions >1; as Ko=L,, f has an inverse in
dimensions <0 and thus by Theorem 7 it follows that fx is an isomorphism.

We state this result as

ProposITiON 12. If K and L are the C™ and C* singular chain or cochain
functors on @, the natural inclusion map induces an equivalence

H(K) ~ H(L).

4.2. Models for the singular theory. In @,, let 91, be the set of interiors of
n-cubes, n=0, 1, - - - (note: Int I°=19); if 4 is a C" paracompact manifold,
let S(A4) be the set of maps ¢: Int I»—A4 which can be extended to C* maps of
some neighborhood of I». The ¢ ©€S(4) are in one-one correspondence with
the Cr singular cubes of 4.

PROPOSITION 13. Let G be an abelian group, K the C' singular chain (or
cochain) functor on @, and K the augmented functor of K. Let (R, T') be the
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direct (or inverse) model theory associated with (Q,, M,, S). Then K is acyclic
on models and K, is representable for all n.

The proof that K is acyclic on models is the standard proof of the Homo-
topy Axiom. The proof of the representability is taken from Eilenberg and
MacLane [2].

Let L be the functor which to 4 &€ @, assigns the complex generated by all
cubes. Then there is a natural map &: L,—K, (or ¢£: K,—L, for the cochain
functor) which is onto (or one-one, respectively).

Let o be an #-cube. Then define 10 = (1 — D1 F))(1 =Dy F3) - - - (1 =D, Fda;
then 0 =0 if ¢ =D;r for any 4, 7; hence n induces a map 5: K,—L, and &y
is the identity.

Clearly L, is representable; hence by Proposition 1, K, is representable.

4.3. Cup products. It follows from Proposition 13 and Theorem 11 that
if K® is the Cr singular cochain functor on @,, with coefficients in G and
¢: GV RGP —-G® is given, a unique product

éx: HKW) @ H(K®) — H(K®)

is defined; if uC H(K®(A4)), vEH(K®(4)), the image ¢«(u ®v) will be de-
noted by #\Uv.

Since the product KV @ K(®»—K® must commute with maps f: A—B it
is easy to see that it must be given by a formula; and that it is independent
of the class 7.

The associativity and skew-commutativity of the cup product can be
readily established by the methods of acyclic models.

CHAPTER V. THE DE RHAM THEOREM

In this chapter the complex of differential forms on a differentiable mani-
fold is described, and the de Rham theorem is established. For the concept of
exterior algebra, see Bourbaki [1].

5.1. The de Rham functor. For the statements of this section, see Gugen-
heim and Spencer [5].

Let M be a C* manifold; by T(M) is denoted the tangent bundle of M,
which is a C* manifold. A cross-section of T'(M) is called a vector-field of M ;
the set of C* vector fields will be denoted by Vi, and the set of C* functions
on M will be denoted by R(M). Then R(M) is a ring containing the real field
R (as the constant functions), and Vy is an R(M)-module. A bracket product
[, w] is defined for v, wE Va; each v& Vy is a differentiation operator on
R(M). The dual tangent bundle T*(M) has associated a bundle T*(M) whose
fibre is the exterior algebra A(R*) (where M is n-dimensional); a cross-section
of T*(M) is called a differential form of M. The set of differential forms of
class « will be denoted by ®(M); (M) has a direct sum decomposition
®(M) =D nd»(M), where ®7(M) is the set of differential forms of degree p
(and ®°(M) =R(M)).
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It is known that there is a natural isomorphism
®7(M) ~ Homgar(A?(Vir), R(M)).
The set ®(M) is an associative ring with product A such that

dAY=(-1Dry N\ ¢
for g c®2(M), Yy €Pq(M).
An operation d: ®?(M)—P?+1(M) is defined by

p+1

@) A\ - Avppr) = 2 (=D A -+ - 50 A vp)

=1

+ 2 (=0 HG([os 0] Avn 5T A vp).

i<i
The operator d is characterized by:

(1) (df)(@) =v(f) for fEP (M),

(2) d*=0,

(3) d@NY) =dp \Y+(—1)7¢ \ay for pP?(M).

If f: M—N is a C® map, then f defines a map ff: d(N)—®(M), and
fta=dft, flio \y) =flo \fHY.

The {®(M), d} and f# define a contravariant functor

®: @, — 6Gr (R = real field)

which will be called the de Rham functor. The inclusion RC®°(M) defines
an augmentation e: R—®°, which will be called the natural augmentation.
If o is a C* singular p-cube of M and ¢ EP?(M), an integral

ﬁ o= [ o)

is defined; this integral has the property that

fLomo
Do

so that [,, as a function of ¢, defines a linear map C,(M)—R, that is, [¢
is a cochain of M, so that [ is a map

f: &?(M) — C?(M; R).

The classical theorem of Stokes states that

Joo= S
dc c
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so that [ is a cochain map, which then defines a cochain transformation
(called the Stokes map)
f 1 d—-C*

where C* is the C* singular cochain functor with coefficients in the real
field R; if €*: R—Cy, e: R—®° are the natural augmentations it is easy to see
that fe=e*.

The exterior product A defines a product m: ® @P—®, and the product
in the real field defines a map m;: RXR—R; then we have mi(e®e¢) =em.
Thus A is a cup product associated with R® R—R. The product H(®) @ H(®)
—H(®) induced by A will also be denoted by A.

5.2. Models for the de Rham functor. We define 9z to be the set of all
open cells, considered as C* manifolds; and for a C® n-manifold 4, Sg(4) is
to be the set of all inclusion maps ¢: M—A of n-cells M as open submanifolds
of A. Then (@, Mg, Sg) is a category with models.

PROPOSITION 14. Let & be the augmented functor of . Then & is acyclic on
models for (Q, Mg, Sk).

For a particularly elegant proof of this fact (sometimes called the Poincaré
Lemma), see Gugenheim and Spencer [5, §4].

PRrRoOPOSITION 15. Each &7 is semi-representable for the inverse model theory
assoctated with (Q,, Mg, Sk).

Let R be the associated model theory; then R(®?)(4)= D ,ecs)®?(M,)
where M, runs over the open coordinate neighborhoods of 4. Let { U.,} be a
locally finite covering of 4 by coordinate cells (which exists since each 4 €@,
is paracompact), and let {¢.} be a partition of unity carried by {U.}, each
¢« being a C* function on 4 vanishing outside U,, with Y ¢,=1. Then if
w= {w,} is avector of R(®7)(4), let x(A)w= D ¢owe. It follows that x(4)T'(4);
=1, so that ®» is semi-representable.

REMARK. ®7 is not representable, so that the concept of semi-representa-
bility is essential in the treatment of ®.

5.3. de Rham’s theorem.

THEOREM 16. Let C* be the C* singular cochain functor with real coefficients
on Q. and P be the de Rham functor, where Q. is the category of paracompact C*
manifolds. The Stokes map [: ®—C* induces anisomorphism [«: H(®) ~H(C*);
if o, BEH(®(A)), then

Jieno=([)v(f2)

It follows from Proposition 2 and Proposition 3 that for some model
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theory (R, T') both ®? and C? are semi-representable for all p, and that
R(®), R(C*) are acyclic where &, C* are the augmented functors of ®, C* (R is
the product of the model theories described in §5.2 and §4.2). The map
J: &—C* is an isomorphism in dimension —1 (i.e., [: R~R), and thus [ is
an isomorphism by Theorem 9B. By Theorem 11, [i preserves products.
Hence de Rham’s theorem follows.
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