INTERPOLATION OF OPERATORS WITH
CHANGE OF MEASURES

BY
E. M. STEIN AND G. WEISS

Introduction. This paper has two purposes. First, it is to give general inter-
polation theorems which allow one to change measures simultaneously with
changing exponents of the L? classes concerned. These theorems are general-
izations of theorems of M. Riesz [7] and Marcinkiewicz [4]. The idea of inter-
polating between measure seems to have been implicit for some time. The
general situation has, however, only recently been investigated. (See e.g.
[2] and [8].)

Our second purpose is to apply these techniques. In §3§3 and 4, we shall
prove theorems for unbounded orthonormal systems which generalize known
results for bounded orthonormal systems. These theorems are extensions of
theorems of Paley, Marcinkiewicz and Zygmund [5], and Pitt [6].

§1 will be devoted to necessary definitions and statements of needed
known results. §2 will contain the general interpolation theorems.

1. Definitions and statement of general results. Let (M, M, u) and
(N, R, v) be two measure spaces. We will consider only measurable, real or
complex-valued functions on these two spaces. In this paper we will establish
a generalization of the well known convexity theorem of M. Riesz (Theorem
(1.1) below) and give some applications of this new theorem to certain ortho-
normal series. In order to do this we will need to establish some notation and
give a few definitions.

Suppose T is a mapping of a class of functions on M into a class of func-
tions on N. T is called a sublinear operator if it satisfies the following prop-
erties:

(1) If f=fi4+fi and Tf; (:=1, 2) are defined then Tf is defined;

{ii) | T(f1+f2)| = Tf;’ +| Tf2| almost everywhere;

(iii) For any scalar &, we have | T(kf)| =| k|| Tf| almost everywhere.

Let p, g=1 be two real numbers. We say that T is of {ype (p, ¢) in case T
is defined for all functions f in L?(M, M, u) and there exists a positive num-
ber, K, independent of f such that

1Tfl| g0 < K|fll

where
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12ler = ([ I 27107) "
s = ([ 1117 au) "

We can also introduce types («, ¢), (p, ©) and (=, «) by allowing the
norms in the first inequality to be L*-norms; i.e. ||g||.. = essential supremum of

e

If & is a function defined on &V and y> 0, we will let E,&EN be the set of
all x in N such that |h(x)| >y. The distribution function, A=, of | k| will
then be defined by letting

Ay) = v(Ey) for all y > 0.

Now suppose T is of type (p, q) and set h=TF for f in L»(M, M, u). Letting A
be the distribution function of | 4| we see that

o= ( fmyqdv)”q <( | hlqdv)”q =(f hlqdv)”q < K[|l

Thus we have shown that

and

A £ Ky fll o)

We shall say that a sublinear operator, T, is of weak type (p, q) in case the
domain of T includes L?(M, M, u) and the above inequality is satisfied for
all f in this space, with K independent of f. If g= « we let weak type be the
same as type (p, «).

One form of the convexity theorem of M. Riesz is the following:

THEOREM (1.1). If T is a sublinear operator of types (po, go) and (b1, q1),
with constants Ko and K, respectively, and if p=p., ¢=q:, where 0=t<1, are
defined by

1/p = (1 = 1/po) + 1(1/p1) and 1/¢ = (1 — 1)(1/q0) + «(1/q1)

then T is of type (p, q). More precisely, for any f in L*(M, M, u) Tf is defined
and

(1.2) 171l = Ko Kol

Inequality (1.2) asserts that the norm of the operator T, as a function
of ¢, is logarithmically convex. M. Riesz [7] proved this result in a somewhat
different setting, obtaining inequalities involving certain linear forms. His
theorem, however, is essentially the same as (1.1) under the added hypotheses
that T is a linear operator acting on real-valued functions and p;=¢; (=0, 1).
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The fact that Theorem (1.1) is true for a linear operator, T, acting on com-
plex-valued functions is due to Thorin [9]. The extension to sublinear oper-
ators is due to Calderén and Zygmund [1].

There are sublinear operators, however, that fail to be one or both of
the types (p;, ¢:) (¢=0, 1), but are of weak types (p:, ¢;), and, in addition, are
of types (p:, ¢:) when 0<t{<1. An example is furnished by mapping a
Lebesgue integrable function defined on (0, 27) into its conjugate function.
Kolmogoroff showed [3] that this linear operator is of weak type (1, 1) and
it is easy to check that it is also of type (2, 2). A well known inequality of
M. Riesz [10] asserts, in particular, that this mapping is of type (p, p) for
all p satisfying 1 <p=<2. An important sublinear, but not linear, operator
with exactly these properties is the mapping of a function in L1(0, 27) into
its Hardy-Littlewood maximal function [10].

Marcinkiewicz showed [4] that the above facts are special cases of a more
general situation. His theorem can be stated as follows(?):

TrEOREM (1.3). If T s a sublinear operator of weak types (pi, q:), where
pi=qs, 1=0, 1, then T is of type (p:, qi) whenever 0 <t<1.

We shall now show that both Theorems (1.1) and (1.3) can be put in more
general form.

2. Generalizations of the theorems of Riesz and Marcinkiewicz. Suppose
Ko and py are two measures on . Let u=wuo+mu, then uo and y; are each ab-
solutely continuous with respect to u. Thus, by the Radon-Nikodym theorem,
there exists two functions, oy and ¢y, such that for any set E in I

ui(E) = fE i (G=0,1).

In the following we will assume that ay and o; are never zero. This is
equivalent to asserting that the sets of measure zero with respect to u;
(j=0, 1) are the same as the sets of measure zero with respect to u. Thus, in
the various measure spaces that we will consider, the equivalence classes of
functions will always be the same (where, as is well known, two functions
are called equivalent if and only if they differ only on a set of measure 0).

If 0=<s=1 we define the measure u, on I by

(1—s) s
2.1 wo(E) = f ar ondu
E

for each E in .
The following lemma gives us a certain uniqueness result for u,.

(*) Actually, Marcinkiewicz announced this result for p;=g;. The above theorem and its
proof is given in [11]. The theorem is true for more general operators than sub-linear ones. We
refer the reader to [11] for further details.
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LeymMa (2.2). Suppose u; has the two representations

(2.3) f e = uy(E) = fE 8,8 (j=0.1).

(1—s) s (1—s) s
f oy aidu = f &y andp
E E

for each E in M and 0=s=1.

Then

Proof. From (2.3) we have, for any u;-integrable f,

(2.4) ffajd/.t = ffajdﬁ (j=0,1and all £inM).
b B

In particular, putting f=1/a;, we obtain

w(E) = fEdu - fE(O"tj/aj)dﬁ, (j=0,1).

Thus &y/co = @1 /oy almost everywhere. Or, equivalently, ao/a; = @o/a almost
everywhere.
Using this last fact and (2.4) with f=(a1/a)® we have:

fEagl_S)asldu = f (ao/cr)*aodp = f (er/a0)*@odi = f (a/ @) *aodp

(1—s) =
= f a1di
E

g

which is the desired conclusion.
We now develop some notation needed for the statement of the next
lemma, which contains the basic idea in the proof of the main theorem.
Given two distinct positive real numbers, po and pi, let { be the measure
on M defined by

(2.5) ¢(F) = f (010 al—Po 1/ (p1— po)d#'

Let s =s(t) be the number s = (¢p,)/p1, where 0= =1, Then 1 —s=(1—1)p./po,
since (1 —=1)p/pot+tpi/pr=1.
LEMMA (2.6). There exists a linear mapping, A, of the space of all measura-

ble functions on M into ifself such that its resiriction to any of the spaces
LM, M, uscry), Where 0=t =1, is an isometry onto the space Lrt(M, M, {).

Proof. We define 4 by letting Af = (ag/c;)V/Po—rVf, Then we have:
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(2.7) f | af|™d¢ =f (/) ™ P £ e P,
M M

But using the fact p,=pop1/(p1(1 —1) +pot), we obtain:

po(pe — p1)/po — b1 = pope — [pepr(1 — ) + pepot]/(po — p1) = (1 — 1)pu.

Thus (p:—p1)/(po—p1) = (1 —8)p:/po=1—s(t) =the exponent of ay. Similarly,
(pi—po)/ (p1— po) =tp:/p1=5(t). Thus we have shown that

[ 1 agla = [ |5l
M M

But this asserts that 4 is an isometry. That A4 is onto is clear, since it has
an inverse. This completes the proof of the lemma.

Now suppose that we are given two measures, vy and »,, on the o-ring of
measurable sets N. Then for any 7 satisfying 0 =r =<1, we can define the meas-
ure », on N. Let By and B, be the functions giving us the measures vy and »y,
respectively, in a manner completely analogous to the way a, and oy gave us
the measures uo and u;. Here, again, we assume that neither 3, nor (3, are
ever 0. If two positive real numbers, go and ¢i, are given, we define the meas-
ure £ on M by letting

(2.8) E(F) f(ﬁglﬂ’l-qo 1/(!11—:10) dv

for each F in 9N. (Where v =vo+»,.)

We shall let r(¢t) =tq./qi. Then 1—r(¢)=(1—1t)q./qo. Applying Lemma
(2.6) to this situation we obtain a linear mapping, B, of the space of all
measurable functions on N into itself, which, when restricted to the spaces
L%(N, N, v.(1y) is an isometry onto LU (N, N, &).

The main result in this section is the following theorem.

THEOREM (2.9). Let T be a sublinear operator, mapping functions defined
on M into functions defined on N, having the following two properties:

(1) The domain of T includes Lro(M, M, uo)\JLP (M, I, w).

(1) If fis in LPi(M, M, u;) (=0, 1) let

Fy = {xin NV; | k@)h(x)| > 3},
where h=Tf, k= (B¢ '81) V=" and y>0. Then, letting N\(y) = E(F,) we have
(2.10) A3) = (KA a7,

where K; is a positive number, independent of f in L"i(M, M, u;), and p;=q;.
Then T is defined on Lrt(M, M, us), for 0<t<1, and if f is in this space

” Tf” () é Kt”f” Pyabigyy

where K, 1s independent of f.
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We observe that if each of the functions ay, a1, 8o, 81 is identically 1, (2.9)
reduced to Theorem (1.3).

Proof of Theorem (2.9). We first show that the domain of 7" includes
Lre(M, M, uery). If fis in this last space, then Af is in Lr¢(M, M, §), by
Lemma (2.6). Let Af=go+g1, where, for x in M

() = {[Af](x) if |[4f)@)] = 1.
; 0 if |[4f]@] >

g1 is then defined by gi=Af—go.

Assume that po>p1 (if po<p1 the argument is exactly the same with the

roles of po and p; interchanged). Then, clearly

lgolm = [ 47l [aulm = | Af|=
Since IAf| 7t js integrable with respect to { we have that g is in L*(M, M, {)
and g is in LP(M, M, {). Thus A~'go is in L?(M, M, po) and A~ g is in
L (M, MM, w). Hence, both T(4~'go) and T(A~'g) are defined. But 4~'g,
+A-1g,=f and, thus, by the first property in the definition of sublinear
operators, Tf is defined.

Now let us consider the operator S=BTA~! that maps LP{(M, M, {) into
La(N, R, £). The above argument shows that S is well defined and, further-
more, it is easy to check that S is sublinear. Since, by Lemma (2.6) ||A“fH,,j',.j
=|[f]|p,.,; (j=0, 1), inequality (2.10) asserts precisely that .S is of weak types
(po, go) and (p1, ¢1) when we have the measures { on I and £ on N. Thus by
(1.3) there exists a constant, K, independent of g in L?¢(M, M, {), such that

1Sgllee = Kd|gll -

But, by the isometric properties of 4 and B, this is equivalent to the assertion
that

1Tf ey = Eellfll oo

for all fin L?¢(M, M, pew). This proves the theorem.
The above proof also yields a more general formulation of Theorem (1.1)
as well. More precisely, we have:

THEOREM (2.11). If T is a sublinear operator statisfying
H Tf”qi-"i é Kf”f”l’,‘v#j
for all f in LPi(M, M, u;), j=0, 1; then, for 0=t=1,

(1-¢)

II Tf”‘h'"r(t) é KO K:“fHPc"‘a(t)

for all f in LP«(M, M, ps), where pospr and qo#q are real numbers not ex-
ceeded by 1.

This theorem was proved by a different method by one of us [8] in case
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T is linear. In that proof, the assumption that p,# p; and go5%£¢; is not needed.
In fact, this assumption can also be done away with in (2.11) by combining
the methods in [1] and [8].

REMARKS. (1). It is sometimes useful in the applications of Theorems (2.9)
and (2.10) to rewrite the inequalities obtained in the following way. Let
a;=a}”i and bj=a}/%, for j=0, 1. Then

(l—t)

” Tf”ql"’r(l) = Kt”f”mm,uv “ Tf”‘h-”ru) = lllf“pl"‘n(t)
become
o1 DBt S Kol ™ol
“(Tf)b(l—t) l”q‘ , < Ko(l—l)Kl”fa(l—t) t”p‘ .
respectively.

(2). The restriction that neither ay nor ey are ever zero seems unavoid-
able. This is so since the L? spaces we consider are spaces of equivalence
classes of functions and we need the fact that these equivalence classes re-
main invariant under the changes of measures we dealt with. In fact, Theo-
rems (2.9) and (2.11) were originally proved using the measures du¢=aodu
and du; =adu; that is, the functions ay and oy were given at the outset. Dr.
L. Hérmander suggested to us that we define du =du,+du,, thereby allowing
treatment of the most general case.

3. Theorems of Marcinkiewicz and Zygmund. As a first application of
(2.9) we will establish certain generalizations of Paley’s theorems on ortho-
normal series. These generalizations are the same as those of Marcinkiewicz
and Zygmund [5], though the proofs given here are quite different. We shall
need these theorems in the next section(?).

Let {¢,.}, n=1, 2, - - -, be an orthonormal system of functions defined
on the measure space (M, M, u). We will assume that for a certain £>2

1/k
(3'1) <f|¢n]kdﬂ) SEM. <o

for each positive integer n. We also include the case k= » by assuming that,
in this case, ||¢u/|« = M. All the following assertions hold for k= «, the argu-
ments being valid after only slight changes. We will also denote by ! the num-
ber satisfying 1/k+1/l=1. We will also assume that {q&,. } is complete, though
quite a few of the following results go through without this assumption.
Given a function, f, in L?(M, I, u), IS p =2, then, for each n, [¢,fdu=c,
is a finite number. This is so because (3.1) asserts that ¢, is in L¥*(M, MM, u)
and this, together with the fact that ¢, is in L2(M, M, u), implies that ¢, is

() In [11] A. Zygmund proves the original Paley theorems by means of the Marcinkiewicz
interpolation theorem, which method is here adopted for the more general situation.
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in LM, M, p) where 1/p+1/g=1, since we must have 2=<¢=<k. Thus the
mapping carrying f into the sequence {cn} is a well defined transformation.
We have, then, the following theorem which, in the case k=« and

My=M,= -+ =M,= - - -, reduces to the original theorem of Paley.
THEOREM (3.2). If I<p =2 then
0 P p—2 1/p
(3.9 S alD) " = Kyl
n=1

where D, = (M)t ¢=Dpk=01G6=2 I*=max;., M.

Proof. Letting the operator T be the map f—>{c,.}, we can apply (2.9) in
the following way. Let (N, R, ») be the positive integers with measure 1 as-
signed to each point, and using the notation established in (2.12), set by(n)
=(MH"1. n~!, bi(n)=1, for each n in N, ao(x)=1=a(x), for x in M,
po=Il=gqo and p1=2=g¢q;. The measure ¢ then, evaluated at each » in N, is
easily seen to be

*
E("’) — (Mn)2k/(2—k)n2(lc—l)I(2—k).

If we can then show inequality (2.10), the conclusion of (2.9), for this
case, is easily seen to be (3.3) (letting ¢ be that number satisfying 1/p
=(1=8)/poF+t/pr=1—=8)/1+t/2). But if p=g=2 (i.e. t=1) (3.3) is just
Bessel’s inequality. Hence we clearly have (2.10) for this case (see argument
in §1 that shows that type (p, ¢) implies weak type (p, ¢)). The case p=q=1
reduces to showing that A(y), the distribution function of

| [bo(n)]”“‘”cnl = {(M:)l“—’“)nl/(?—l) | ca } = {(M:)k/(k—mn(k—l)/(k—z)]C"|}
with respect to the measure £, satisfies

(3.4) A3) = Koy lIf]] 1)

for all fin LY{(M, M, u), and y>0.
Let E,= {n; (M,’f)"“"‘“’)n("‘l)/("‘”lc,.l >y }, then A(y) =£(E,). On the other

hand,
|l =lf¢nfd#

by Hélder’s inequality and (3.1). Thus if

é M:“f” lu

F, = {n:[(M:)"/("_Z)n("—”/U“”]M:“f”,'” > )
we have E,CF, and, consequently, N(y) < £(F,). Thus, it suffices to show that
E(Fy) = (Koy ! fl )

Let 7, be the first integer in F,. We then have, since My < My if no=<n,
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> (M:)zk/(2—k)n2(k—l)/(2—k) < (M:o)%/(z—k) > 2tk

n€Fy n=ng

*
= K(M,)% @Rkl

E(Fy)

where K is independent of #,. But since #, is in F, we have

(Hfl)" ) < ({(M:0)1+k/(k 2)}{no(k—1)/(k—2)}) (M:o)z(k—l)z/(k—z) (k—1)1/ (k—2)
Ly

_ (M:o)%/(k—z) I;/(k—z).
Thus, taking reciprocals, and using the above inequality involving £(F,), we
obtain (3.4) and, thus, the theorem is proved.

By considering adjoint transformations we can obtain, from this last theo-
rem, another generalized Paley theorem. We proceed as follows:

If (R, ®, r) is a o-finite measure space and 1/p+1/g=1, p=1, the F.
Riesz representation theorem asserts that if we are given a bounded linear
functional, £, on L?, there exists a g in L¢ such that £(f) = [rfgdr for all f
in L7 and, furthermore, ||£|| =|/g|¢.-- From now on we will restrict ourselves
to o-finite measure spaces (the following theorems are valid in more general
settings but we shall not deal with such problems here). We put [zfgdr
=(f, g) for fin L? and g in Le.

Let {qb,,} be the orthonormal system of Theorem (3.2) and /<p=2. Con-
sider the linear transformation 4: L?(M, I, u)—I? (I? is the class of all se-
quences {a,} with Z| a.|?< ) that assigns to f the sequence

{ (M) G=2) (1=21) 5 (=13 ] G6=2) a-2/mg |

where d,= [ufp.du. Theorem (3.2) asserts that A is bounded. Thus the
adjoint, A* of A must be a bounded linear transformation, with the same
norm as 4, defined on /¢ with range in L«(M, M, p). If fisin L?(M, M, 1) and
s={a,} is in 19, we must have (4f, s)= (f, A*s), and, in particular, (4¢, s)
= (¢, A*s) for each n. But we see from the definition of A4 that (A¢,, s)
=D{"*7q,. On the other hand, since 4* is bounded we must have

@9 Jatsar s K( ] aale) "

n=1

Letting ¢,=(A¢n, s)=D{*"qa,, we see that (3.5) is equivalent to

la
“A*s”q,, < K< Z I l (2G/P—q))

But 2¢/p—qg=g—2. We thus have the following theorem.

THEOREM (3.6). Let 2=<q <k and suppose that the series
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E | I (4—2) < w,

n=1

then there exists a unique function, f, in LI(M, IN, u) such that

f f¢ndﬂ = Cn
M
for all n, and furthermore,

6. lar = 5( Z alp7)

The best constant, K, in (3.7) is the same as the best constant in (3.3) forthe
index p satisfying 1/p+1/q¢=1.

Now let us suppose that the measure space (M, I, u) is an interval in the
real line with Lebesgue measure. We shall assume for simplicity that the inter-
val has the form (0, «). It can easily be shown that the following theorems,
with appropriate modifications, hold for any real interval.

We again suppose that {¢,.} is an orthonormal system satisfying (3.1).
If we interchange in Theorems (3.2) and (3.6) the role of f and the coefficients
¢, we obtain generalizations of two more Paley theorems that were also ob-
tained in [5]. Theorem (3.9) below can be obtained from Theorem (2.9) in
a manner completely analogous to the proof of Theorem (3.2). (3.8) is just
the adjoint of (3.9).

THEOREM (3.8). Let ¢=2 and suppose that f is in L0, ) with respect to
the measure du=x"2/'dx. Let c,= [y fd.dx be the Fourier coefficients of f with
respect to {¢n}. Then

(Ztara) s ko 1 "ar)

THEOREM (3.9). Suppose 1 <p =2 and that both Z[ c,.| PME? and Zl c,,! 2
are finite. Then there exists a function f with Fourier coefficients c. satisfying

( f | ) " )”"gch.,(i |cn|"Mf:">””.

It is interesting to note that these two theorems do not involve the con-
stants M} of Theorems (3.2) and (3.6). It is still an open question if these two
latter theorems hold when the D.,’s are defined with the constants Af, in
place of the M}'s.

4. A generalization of a theorem of H. R. Pitt. From now on, if p=1,
p’ will denote the number satisfying 1/p+1/p'=1.

Let f(x) be defined on (—m, m) and suppose that f(x) is in L(—m, m); let
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G, = f— Tf(x)e""”‘dac.

H. R. Pitt has proved the following [6]:

THEOREM (4.1).

<Z el a] + 1)_“>w = A(f_:lf(x)|p|xlardx>l/p

whenever 0Sa<1/p’, g=p and N\=1/g+1/p—1+a=0.

The following special cases are noteworthy:

(i) when aa=A=0 then ¢=7»' and we have the Hausdorff-Young inequal-
ity.

(ii) when ¢=p and aa=0 then we have the inequality of Hardy and Little-
wood; similarly for ¢=p and A=0.

One of us [8] has shown that (4.1) can be generalized to a theorem involv-
ing Fourier coefficients with respect to an arbitrary, uniformly bounded,
orthonormal system defined on a real interval. It is our aim to extend this
last theorem, and, hence, Pitt’s theorem, to include orthonormal systems
satisfying (3.1).

Let us, then, suppose that {¢n(x)} is an orthonormal system satisfying
(3.1) with respect to Lebesgue measure on the interval (0, 1). We then have
the following

THEOREM (4.2). Let f(x) be a function on (0, 1) with Fourier coefficients c,
with respect to {¢.}. Then

o e a\1la 1 o 1/p

(4.3) (Z | oo "D 2)> < A<f | 1) °] ] p“dx)
n=1 0

where 1<p, q=p, 0=5a<1l/p’'—1/k, N=1/p+(2—-1)/g—1+a=0 and A de-

pends on 1, a, p and q.

We observe that if in (4.3) we put p=¢ and A\=0 we obtain Theorem
(3.8). For p=¢g, a=0 (4.3) becomes (3.3). When a=A=0 and /=1 we obtain
a generalization of the Hausdorff-Young theorem. The interval (0, 1) is not
essential, any interval in the real line would do. If the interval is of the form
(0, @), (4.3) is unchanged provided [} is substituted for [}. For other intervals
the measure x(2—?/!dx has to be slightly altered.

Proof of Theorem (4.2). We simplify the argument by breaking up the
proof into several special cases, as was done in [8]. These special cases are
the most interesting ones included in (4.3).

The proof will involve various applications of Theorems (2.9) or (2.11)
(either of these will do). The chief “end points” results are (3.3) and (3.8),
which we rewrite here for handy reference.
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o) (Z | D ) < Kou( / e Ipdx>”p

where [<p =<2, and

@ (Zlalnr) " s dn( [ e )

where ¢=2.

Case 1. p=q=2.

Here, and in the following cases, we shall always apply Theorem (2.11)
(or (2.9)) to the operator T mapping f into its Fourier coefficients ¢, when
we are given two inequalities asserting that T is of types (po, go) and (p1, q1)
with possibly different measures. We shall refer to this application by saying
that we interpolate between these two inequalities.

Let I<p=2 and a=(2—p)/2p, then 0=a<1/2—1/k. Also let ¢=2 and
interpolate between (1) and (2) with be(n) =DP 2/, by(n) = M2, a,(x)
=1, and a,(x) =x‘e=?/¢*, For t=1/2 we obtain

I T

for 02a<1/2—1/k and A=a, which is (4.3) in the case p=¢g=2.
Case 2. 1<p=¢q=2.
Rewrite (3) in the form

@) (S lalos 1) s ([ )

with 0=8<1/2—1/k.

Now suppose p, @, X are given with I<p =2, a<1/p'—1/kandN=2/p—1
+a=0. Put in (1) the index py, where 1/po=1/p+a. Then we must have
1/1>1/poz1/2. In (3') let B=1/p+a—1/2=1/po—1/2. We thus have
B<1/l—1/2=1/2—1/k, since 1/p,<1/l, and, also, 3=0, since 1/po=1/2.
Thus the conditions on 8 in (3’) are satisfied. Let t=a/(1/p+a—1/2) =a/B,
then, clearly, 0 <¢{=<1. Interpolating between (1) and (3’) we obtain:

<,.§::1 |Cn| {D M, D(po_z)/lio(l—a/ﬂ)} )lp <4 (f T )l . a/l » )up

But —ap+p(1—a/B)(po—2)/po=—Np and —ap=—Ap+2—p. Thus the

last inequality becomes
(f |f( )l” ap/ >1/p

1/p
o (larm)
for l<p=2,a<1/p'—1/kand A\=2/p—14+a=0.

lI/\

n=1
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Case 3. 1/p+(12—-1/q=1,1<p=2.

Here we make use of

® sop (| al /a0 = ( [ 1700 10s)

If p and ¢ are given and satisfy the above conditions, let ¢ be such that
1/p=(1—t)/l+41t/l, then 0<t=1, and let ft=a. We now interpolate between
(3’) and (5) obtaining:

O ) R VT A

n=1

where I/p+(2—0)/g=1,1<p=2and 02a<1/I—-1/p.
But, since 1/¢=¢/2, (1 —t)g=¢—2. Thus we have:

© (gi LA >wé Ap,a(follf(x)l”f"%x)w

where I/p+(2—1)/q=1,1<p=2,0=2a<1/p'—1/k and A=qa.
Case 4. I<p=2.
Rewrite (4) as follows:

% < E | ‘. lp Ned —#p+(2—p)>1/p < Ap_a< f 1 [f(x) |,,xap/1dx>1/p
0

for I<p=2, 0=a<1/p’'—1/k and u=2/p—1+4a=0. Let ¢.=(1—18)/q+t/p
for 0=t=1 and interpolate between (6) and (7). We obtain:

1/q¢
—()\+1—2/4)(1—t) —a(1—t) . —(u+1-2/p)t__ —pt @t
(Z | cu| (M D, M, D) )

n=1
1 1/p
ap/l
Ap'q"a<f |f(x) Ipx P dx) .
0

Let A\=1!/p+(2—1)/q:—1+c. Then it can easily be checked, using the rela-
tionship I/p+(2—1)/q=1, that
[(@+1—2/90 =) + (w+ 1 —2/p)tlge = Nge + g0 — 2

and a(l —t)Qg'l‘Mtqt =)\qt.
Thus we have:

1/q¢ 1 1/p
(8) <Z Icnlqz -—M: -—Xq:—(tu—2)> < Ap,q,,a(f |f(x) |pxpa/ldx>
0

for I<p<2,0Sa<1/p'—1/k, N\=1/p+(2—1)/q.—1+a=0, and ¢, = p.
The last condition follows from the fact that since I/p+(2—1)/g=1 we
have ¢=((2—1)/(p—1))p, thus ¢=p, and it follows that g, = p.

IIA
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Inequality (8) is (4.3) in case [<p=2. To obtain the case p=2 we can
deduce a parallel sequence of inequalities. Instead of (4) we can obtain the
analogous inequality for p=¢=2 by interpolating between (2) and (3). We
can then use this result and (5) to obtain the remainder of the theorem in a
way similar to that yielding (8). This completes the proof of (4.2).

By taking the adjoint operators to the ones occurring in Theorem (4.2)
we obtain another interesting theorem relating the Fourier coefficients and
their associated functions. Such a theorem would contain Theorems (3.6)
and (3.9) as special cases. We shall, however, let the matter stand here.
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