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1. Introduction. In [1] R. Thom defines when a cohomology class in a
manifold is realizable for a closed subgroup of an orthogonal group. He also
defines when a homology class is realizable by a submanifold. He then shows
the following.

Let m be the dimension of a compact orientable differentiable manifold
M. Any cohomology class of dimension 1, 2, m—6, m—35, - - - , m is realiza-
ble for the orthogonal group O(1) =1, 0(2), O(m—6), O(m—35), - - -, O(m)
respectively. If a class 2EH,,_+(M; Z) can be realized by a submanifold, then
the cohomology class u € H*(M ; Z) which is dual to z satisfies

Sty " W) = 0
for all integers 7 and all odd primes p. Here S£Z®P*! denotes the Steenrod

reduced power [4] which operates on the cohomology group with integral
coefficients Z. All homology classes with integral coefficients of compact
orientable differentiable manifolds of dimension <10 are realizable by sub-
manifolds.

We consider compact differentiable manifolds which are not necessarily
orientable, and we ask whether the cup-products and the Steenrod squares
[3] of realizable cohomology classes can be realized. It was stated by Thom
[1] that cup-products of realizable classes are also realizable. We shall give
another proof of this result (see §3 below). As for squares of realizable classes
with integers modulo 2 as coefficients, we have the following result. Let u be
a cohomology class of dimension # in a compact differentiable manifold of
dimension m+n. If u is realizable for the group O(k) CO(n) (k<n), then the
cohomology class Sg¢*(u) is also realizable (see §5 below).

The author thanks Professor R. Thom and E. Spanier for their valuable
suggestions.

2. Preliminaries. In this section, we summarize the theory of Thom
[1 and 2]. Let(") G be a closed subgroup of the orthogonal group O(%). Let S
denote an (n—1)-sphere fiber space over a finite cell complex K with the
structural group G and let 4 be the mapping cylinder of the projection of S
onto K. A becomes a fiber space over K with a closed #n-cell &, as fiber. Its
projection is induced by that of S. We denote by A4’ the complement of S
in A which is a fiber space over K with fiber, an open #n-cell b,.

Received by the editors August 13, 1956 and, in revised form, October 19, 1956.
() If G is a compact Lie group, then there is an integer # such that G is isomorphic to a
subgroup of O(n).
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Throughout this paper, @ will denote the group of integers or integers
modulo 2. When dealing with the nonorientable case(?) & will denote only
the group of integers modulo 2.

By the theory of fiber spaces with open cells as fibers, we have a canonical
isomorphism ¢* of the » dimensional cohomology group H"(K; &) onto the
r+n dimensional cohomology group H™+*(4’; ®) =H*t(4, S; ®). H*(4, S;®)
is the first nonvanishing cohomology group.

We denote by Sg,» and B¢ the universal fiber space and the classifying
space respectively, for (n—1)-sphere fiber spaces over finite cell complexes
of bounded dimension with the structural group G (see [5]). We may assume
Bg is a grassmann manifold. Let 4 ¢,, be the mapping cylinder of the projec-
tion of S¢,» onto B¢ and let Ag, be the complement of S¢,» in Ag,s. In
particular, we denote So),n, Aomy,» and Apms by Som), Aom and Ay, for
the sake of brevity.

DEerINITION 1. Let M (G, n) be the space which we get from 4 ¢,, by identi-
fying its boundary S¢,, to a point. We call the space M (G, =) the cell com-
plex corresponding to the subgroup G of O(n). We denote M(O(n), n) simply by
M(O(n)).

We have the natural isomorphisms of cohomology groups,

H (AGn; ®) = H(Ag.n, Sen; ®) = H(M(G, n); )

where 7 >0. It is quite easy to see that H*(M (G, n); ®) =0 ¢¢., denotes the
canonical isomorphism in the fiber structure 4g,,

$6n: H(Bg; ®) ~ H'(An; ©) = H'(M(G, n); ©)

where 7 = n. Therefore the cohomology groups H (M (G, n); ®) of dimensions
r = n are obtained by raising dimensions of cohomology groups of the classify-
ing space B¢ by the integer n. H*(M (G, n); ®) is the first cohomology group
which does not vanish in dimension >0. This group is generated by the class,

(1) Ugn = $6a(le) € HN(M(G, n); ®)

where 1¢ is the unit class of H*(Bg; @). We call the class Ug,. the funda-
mental class of M(G, n). We denote Uogny,» simply by Uo).

DEerFINITION 2. Let A be a topological space and let # be a class of
H"(4; ®). u is said to be realizable for GCO(n) or has G-realization, if there
is a map f: A—>M (G, n) such that u=f*Ug,,.

DEeFINITION 3. Let W be a submanifold of dimension p in a compact
differentiable manifold V of dimension m and of class C®, where p is an integer
such that m=p=0. The inclusion mapping i: WCV induces a homomor-
phism x of the homology group H,(W; ®) into the homology group H,(V; ®).

(?) Orientability means that of the fiber space S, therefore, of 4. In this case, G is con-
nected.
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If a homology class z of H,(W; ®) is the image of the fundamental class of W,
then we say that the class z is realized by the submanifold W.
Now we state the following fundamental theorem [1, Chap. II]:

THEOREM 1. Let V be a compact differentiable manifold of dimension m
and of class C*, and let n be an integer such that m=n=0. A cohomology class
uECH(V; ®) is realizable for the group GCO(n) if and only if the dual ho-
mology class(®) z of u is realized by a submanifold W of dimension m —n and the
Sfiber space consisting of normal vectors on the submanifold W in V has the group
G as 1ts structural group.

Let & be a classifying map of K into B¢ for the fiber space S. Then it
induces a fiber mapping H of 4 into 4 ¢,,. Commutativity holds in the dia-
gram,

H
A4 — AG,,.

(2) ?l ) L P
K-—>BG

where p and pg,. are the projections of the fiber structures 4 and Ag..
which are naturally induced by the projections S—K and S¢,.—Bg¢. The
commutativity of (2) induces that of the following diagram of homomor-
phisms of cohomology groups,
H'* ,

H"(A'; ®) —— H*(4¢.n; ®)
3) #*1 . Téan

H'(K; @) «—— HBg; &)

where H’ is the mapping of A’ into 4§, induced by H.

Obviously, the homomorphism p* induced by p gives us an isomorphism
of H"(K; ®) onto H(4; ®). We put ¢*(1)=U,EH"(4’; ®) where 1 is the
unit class of the cohomology ring H*(K; ®). Let 8* be the homomorphism of
H(A'; ®)=H"(4, S; ®) into H"(4; ®) induced by the inclusion map 8 of
(4, 0) into (4, S). The cohomology class W,=p*"18*U, in H*(K; ®) is
called the fundamental characteristic class of the (n—1)-sphere fiber space S.
In below, we shall denote p*W,, by the same symbol W,.

The isomorphism ¢* has the following important property (%),

@ o*(x\Jy) = p*x\U ¢*y

(%) We remark the fact that if V is orientable, then duality means the Poincaré duality,
i.e., the isomorphism of the homology group Hn_.(V; Z) onto the cohomology group H*(V; Z),
and if V is nonorientable, then we take the coefficient group Z» and duality means the isomor-
phism of Poincaré-Veblen, i.e., the isomorphism of Hn_n(V; Z2) onto H*(V; Z,).

() The cup-product is defined by the multiplication among integers.
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for cohomology classes x, ¥ in H*(K; ®). If we put y=1, then the formula
(4) gives us

() ¢*(x) = p*x\J U,

for every class x in H*(K; ©). Also ¢* commutes with the Steenrod square
operations.

The Stiefel-Whitney class W; of dimension j (0 =j=<n), is defined as the
fundamental characteristic class of the associated (j—1)-sphere fiber space
over the j-skeleton K; of K.

THEOREM 2. The Stiefel-Whitney class W; of the (n—1)-sphere fiber space
S satisfies the following formula,

(6) Sq¢U, = U, JW; for0<j<n
where Sqi denotes the Steenrod square operation which raises dimension by j.

The proof of this theorem can be found in [2, Chap. II, Theorem II].

We remark that the relation (6) leads to the topological invariance of the
Stiefel-Whitney classes of compact differentiable manifolds.

In the end of this section, we mention a property of the canonical iso-
morphism for double fiber structures. Let A"' be a fiber structure over 4’ with
an open cell as fiber. ¢'* denotes the canonical isomorphism for 4" over 4.
Obviously, A" is a fiber structure over K with the open cell which is product
cell of the fiber of A’ over K and that of A’ over A’. ¢'’* denotes the iso-
morphism for 4" over K, then we have the relation

(N @' = ¢'*o*.
3. Cup-products of realizable cohomology classes.

THEOREM 3. Suppose that K is a finite cell complex and that u, S H*(K; ®)
and u,CH*(K; ®). If uy and uy are O(k1)- and O(ks)-realizable, respectively,
then the cup-product(®) u\Jus is O(ky-+ks)-realizable.

Proof. By Definition 2, there exists two mappings, fi: K—M(O (k1)) and
fo: K—M(O(ky)) having the following properties. For the sake of brevity, we
use the notations U;, Us instead of Uowy, Uowky. Then the relations,

E 3 *
U1 =u, foUs= us

hold.

Now we shall define a mapping H of the product space M(O(k))
X M(O(ky)) into the cell complex M(O(ki+k:)) as follows: AowyXAow, 1s a
fiber space over the product space Bok; X Bowy with fiber, the (k;+ks)-cell
5 X b, and with structural group, the orthogonal group O(k;+k,). Since

(%) The cup-product is defined by the multiplication of the ring ®. Further, Theorem 3
holds generally in the case where the coefficient group is any ring.
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O(k1+k;) contains the group O(k1) XO(ks), we can take the universal fiber
space Aow,+ky OVer Bowky and a classifying map % of Bowy X Bow, into
Bo,+kp which induces the fiber space Aowp X Aok, from Aow,x,. Let H be
the mapping of Ao, X Ao, into Aok, +x, induced by the classifying map 4.
Since H maps the boundary of Ao, XAow, into that of Aow,+r,, H defines
a continuous mapping H of the product cell complex M(O(k1)) X M(O(ks))
into the complex M(O(k:+k2)).

Let j1 and j» be the projections of M(O(k1)) X M(O(ks)) onto M(O(ky))
and M(O(kz)) respectively, defined by the formulae,

jl(x’ }’) = %, j2(x: )’) =Y
for each point (x, y) E M (O(k1)) X M(O(ks)). Similarly, we define the projec-
tions j{ and j7 of 4§y X Ahxy onto Ape, and Ap, respectively. Let U{ and
U{ be the fundamental classes in the cohomology groups H*'(Ap,y; ®) and
H*(Apwxy; ®) which correspond naturally to U; and Uh.

We consider a cellular subdivision of the space 4jx, as follows: We can
suppose a simplicial subdivision of the base space Byx,) which satisfies the
condition that each simplex is contained in a coordinate neighborhood. We
take product cells of such simplexes with the k;-cell of the fiber. These cells
make a cellular subdivision of 4¢,. In the similar way, we can suppose such
cellular subdivisions of the space Ajx, and of the space 4ju,44p. Then we
have:

LEMMA 1. Under the above conditions, the relation

’ gk .
®) H Uoap=j1 Us\J js Us

holds, where H' is the mapping of Apwy XAbwy L0 A)kirky tnduced by H and
Ubky iy 1S the fundamental class in Ho" Y2 (45,4003 ©) whick correspond natu-
rally to Uoqryiy-

Proof. Apx) X Aoy has a double fiber structure, AHwyXBok,y over
Boy XBow, and Aé(kl)XA’o(k,) over At,)(kx)XBb(kz)- Let (bf, ¢2* denote the
canonical isomorphisms for these fiber structures, respectively, and let ¢* de-
note that for Ajuy X Aowy over Bowy X Bowy. (7) gives us the relation,

¢ = g1
By using the commutativity of (3), we have that(%)
H" Uowiskny = B 900000 (Lousin) = ¢ (1)
= ¢u1(1) = a1 U)
AT /A

(8) For simplicity, we denote the canonical isomorphism ¢0*("H'°2-)" by m*(g,w, ifn =k + k.
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Thus Lemma 1 has proved.

We have a diagram of the homomorphisms H*, H'*, j*Ujs, j{*\Ujs * and
if the isomorphisms of the cohomology groups induced by identifying the
boundaries, Sowx; in dogy (2=1, 2) and Sow, 4k, In Ao+, to a point, re-
spectively,

H¥(A0Gy; ©) X H*(Aoay; ©) = HH(M(0(k)); ©) X H(M(O(k:)); ®)

U L
Hivk( 4oy X Aoan; ©) — HOTR(M (O(kr)) X M(O(k2); ©)
H* 1 (R
B2 A giran; ©) = Hutk(M(O(k: + k2)); ©),

where the horizontal arrow is a canonical homomorphism of cohomology
groups which is induced by the inclusion mapping of pairs of spaces,

(Aowy;, X Aoy, 0) = (Aowy X Aok, (Aoay X Aoan)’).

Since the above diagram is commutative, the relation (8) leads to the for-
mula,

—* * *
(8 H Uogyiry = j1UL\ j2Us,

which plays an important roll in the proof of Theorem 3.
Now we define a mapping fi * f» from the cell complex K into the product
cell complex M(O(ky)) X M(O(ks)) by the formula,

fi+fa(a) = fi(a) X f(a), e € K.
Then this mapping induces a homomorphism (fi*f2)* of the cohomology
group
HetEer (M (O(ky)) X M(O(k2)); &
into the cohomology group Hath(K; (). Using the property that these

induced homomorphisms and the cup-products are commutative, we have the
relation,
* ok * * *
(f1 wf2) (71U \J 52Uq) = fLUL foU,
= u; \J u,,

9

because it is easily seen that

f1 =j1(f1 *f2),
fa = Ja(f1+ /o).

We put f=T1I(fi  f»). Thisisa continuous mapping of K into M (O (ki +k2)).
Combining the formulae (8’) and (9), we obtain the relation,
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U0tk = (f1*f2)*H*Uo hytky

(10) = (fi+f2) (iU \J f2U5)
= |V Uo.

The last formula (10) means that the class #,\Ju, has an O(k1+k;)-
realization.

4. Applications of Theorem 3. When the cell complex K stated above is
an 7z dimensional differentiable manifold V of class C*, we can use Theorem 1.
Then we have the following result.

COROLLARY 1. Let V be an n dimensional differentiable manifold of class C*.
Let 21, 25 be homology classes of respective dimension n—ky, n—ky in V, where we
suppose that ki, ks =n. We take the integers or the integers modulo 2 as coefficients
and take only the latter when V is nonorientable. If the classes 21, 2. are realized by
submanifolds, then their intersection class 21- 2, is also realized by a submanifold.

Proof. The homology class z;-2. is dual to the cohomology class u;\Uu,
where the class u; is the dual of z; (:=1, 2) (H. Whitney [6]). This fact to-
gether with Theorem 1 and Theorem 3 yield Corollary 1.

Theorem 3 shows the existence of a mapping f of K into M(O(k+k2)).
We state this fact as Corollary 2.

COROLLARY 2. If there exist continuous mappings fi, f2 of the cell complex
K 1into the cell complexes M(O(ky)) and M(O(ks)) which satisfy the condition that
ffUr=wu, ffUs=us. Then there exists a continuous mapping f of K into
M(O(k1+Eks)) such that f*Uogitry =4\ Jts.

So far we have proved that in a compact differentiable manifold the cup-
product of two realizable classes is realizable. In the next sections, we shall
study the Steenrod square operations of realizable cohomology classes.

5. Squares of classes of » dimension having O(k)-realization. In this sec-
tion, we shall state theorems on the realizability of Steenrod square of =
dimensional cohomology classes which are realizable for O(k) CO(#n).

Now we denote by V a compact differentiable manifold of dimension m +#n
and denote by W a submanifold in V of dimension m. Let s&€H,,(V; Z,) be
the homology class defined by W and « € H"(V; Z,) be the cohomology class
which is dual to 2. Then the following is the main theorem of this note.

THEOREM 4. If the fiber space N(W) of normal vectors over the submanifold
W in V has a field of (n—Ek)-linearly independent vectors where we suppose that
k=mn, then the square Sq*(u) of the class u can be also realized.

The condition of Theorem 4 is satisfied if and only if the fiber space N(W)
has O(k) as its structural group. So, we can state the above fact simply as
follows:
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THEOREM 5. If u© H*(V; Z,) is realizable for O(k) CO(n), then Sqg*(u) can
be also realized.

REMARK. If the Stiefel-Whitney class W, & H*(W; Z,) is realizable, then
Theorem S follows from Theorem 3 immediately. In the following, however,
we shall give the proof without the fact.

In order to prove Theorem 5, we state some preliminary results. By
Treorem 1 there exists a mapping f of V into M(O(k), n) such that the
homomorphism f* of H*(M(O(k), n); Z,) into H*(V; Z;) induced by f satisfies
the condition that

Uu = f*UO(k),n-
Next we consider the structure of the fiber space Aow).» over Bow,.

LeEMMA 2. The fiber structure Aowy,. decomposes into the product of a closed
(n—Fk)-cell by and Aow.

Proof. We can choose a system of coordinate transformations for the
fiber space Aoy, any transformation of which leaves certain #—#% coordi-
nates fixed in the fiber, a closed n-cell b,.

6. The proof of Theorem 5. By Lemma 2 we can define a mapping of
Aowy,» onto Aow which collapses the closed (n—k)-cell of fiber into a point.
Let g be such a map. On the other hand, we denote the identity mapping of
Aoagy,» onto itself by e. We can define a mapping a®q of Aowy.» into the
Whitney sum Aowy @ Ao (see Wu [7]) in such a way that

(11) a ® g(x) = (a(x), 9(x)),

for each point x of Aow.n. Aowy.»®Aom is a fiber space over Boyy with
5. X by as its fiber. Let H denote a fiber mapping of Aom..®Adow into the
universal fiber space over Ao which is induced by a classifying map. We
denote by M the Whitney sum Aowy,.PAowx the boundary of which is
identified into a point. Let H be the mapping of M into M(O(n+k)) induced
by H. Since a®q maps Sow),» into the boundary (Aowy..®Aow) ", it induces
a mapping [a®q] of M(O(k)), n) into M. Then we get the following diagram
of mappings of spaces,

a®qg
Aow).n — Aogyn ® Aowy — Aom+r)
12 il il — il
(12) f [« ® q] H
V— M(O(k), n) —> M — M(O(n + k)

where the vertical arrow 7 shows the respective identifying map. In each
square, commutativity holds.

The diagram (12) induces the following diagram of homomorphisms
of cohomology groups and commutativity holds in each square;
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* £ 3
H*(A0ym; Z2) ® 9" H*(Aowm D Adw; Z2) <H—' H*(Abomiiy; Z2)
as) I e _—
BY(V; 23 = H*(H(O®), w); Z) ———— B*(M; Z) — HY O + B); Z2),

where H’ is the mapping induced by H.

Let Ui, i=k, n, n+k, be the fundamental classes of Apw, Aown
Apnsr respectively and let U; be the fundamental classes of M(O(k)),
M(O(k), n), M(O(n+k)) which correspond canonically to U; respectively.
Let ji, j¢ denote the projections of Aju P Apw onto Ajw.. and onto Agju
respectively.

By the same argument as Lemma 1, we have the relation,

(14) B ULy = ULV 53 UL
From definitions of a®gq and of j/, we get the formulae,
Ma®g) = a,

joa ® ¢) = q.
They lead to the relations,

(« ® q)*ji* = the identity isomorphism,
* % *
(@®q g2 =q.

Using these formulae together with (14), we obtain the result,
(@® Q) H Ui = (2 ® 9 (UL U 55" UD)
= @@ U (@@ 9 Ui
= ULV UL
By definition of the Stiefel-Whitney class of dimension %k, we have W;
=B*¢*U{ . Hence we obtain the following,

U.U UL = ULV B UL

=U,UW,
= Sq"U,’..
We have, therefore, the relation
(15) (« ® q)*H'*U,'.-,.k = S¢*U..

(13) and (15) show that
(16) {a ® q]*ﬁ*Uﬂ+’= = quUﬂ)
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where

+ H
v Lo, w20 0 E 0w + w.

If we take the composite mapping H[a®q]f of V into M(O(n+k)), we
obtain, by (16), the result that

H[a ® ql)*Unsr = f*la & ¢[*H*Upis
= f*quUn
= S¢*Ua
= S¢*(u).

Thus the result of Theorem 5 is completely proved.

7. A general result. Combining Theorem 3 and Theorem 5, we have a
general result on the realizability of cohomology classes generated by cup-
products and Steenrod square operations of realizable classes:

THEOREM 6. Let U;, 0=51=r, be cohomology classes of dimension n; which
are dual to homology classes determined by submanifolds in a compact differenti-
able manifold V. Suppose each U; is realizable for O(k;) CO(n;). Then the
cohomology class

SgUL\J Sg2U, \J - - - \J Sg+U.,
can be realized by a submanifold in V.
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