COMMUTATORS AND ABSOLUTELY CONTINUOUS
OPERATORS(Y)

BY
C. R. PUTNAM

1. Introduction. In this paper all operators are bounded linear trans-
formations on a Hilbert space consisting of elements x. By the (first) com-
mutator C of two operators A and B is meant the difference

(1) C=AB — BA (=BW),
Similarly one can define higher order commutators B™ by
(2) B = AB?H — Br=D 4 (n=1,2,---),

where B® =B. (The commutation operation corresponds to that of differ-
entiation; cf. [3, p. 192].)

By W= W¢ will be meant the closure of the set of values (Cx, x) where x
is of length 1. As in [8], a complex number z will be said to belong to the in-
terior of the convex set W if z is in W and if one of the following conditions
holds: If W is two-dimensional, z is not on the boundary of W; if W is a line
segment, z is not an end-point; or, finally, W consists of the single value 2
alone.

In [6], it was shown that if 4 (or B) is normal or even semi-normal, so
that 44*—A*4 is semi-definite, then 0 is in the set . (If 4 is arbitrary, 0
need not even belong to I7; [2].) In [8], it was supposed that 4 is actually
normal, with a spectral resolution

(3) A = f 2dK,

and the problem of determining sufficient conditions guaranteeing that 0 be
in the interior of W was considered.

The present paper will depend upon the methods of [8] and upon certain
consequences and cxtensions of results obtained there. The paper will be
divided into two parts; Part I will consist of general theorems on commutators
C and the associated sets W, while Part 1T will be devoted to applications of
some of these results, in particular to Toeplitz, Hankel, and Jacobi matrices.

Part I

2. It will be convenient to recall here for later use a result proved in [8],
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namely, if 4 is self-adjoint or unitary and if (for a fixed B) C is defined by (1)
and is such that H=C+C*=0, then

H‘”dex
8

for any measurable set S, the measure being the ordinary one-dimensional
Lebesgue measure. From this result it was proved loc. cit. that if 4 is self-
adjoint or unitary and if 0 is not in the interior of W, then

2

= 4| Bf||«]]* meas s,

@ |

(5) fsz<1

for every set Z of one-dimensional measure 0.

It is to be noted that the relation [2dK =1 for some zero set Z is not in-
compatible with the existence of a purely continuous spectrum (no point
spectrum) consisting of, say, a single interval. Needless to say, the closure of
such a zero set would necessarily contain the aforementioned interval.

In the present paper there will be proved results similar to the above but
for second and third commutators,

(6) D(=B®) = AC—CA and E(=B®) = AD — DA,
respectively. In fact, the following two theorems will be proved:

THEOREM 1. If A is normal with the spectral resolution (3) and if 0 is not in
the interior of Wp, where D 1s defined by (6), then (S) holds for every set Z of two-
dimensional measure 0.

Since the spectrum of a self-adjoint or unitary operator is always of two-
dimensional measure 0, one obtains the following

CoOROLLARY OF THEOREM 1. If A 1s self-adjoint or unitary, then Q is in the
interior of Wp.

THEOREM 2. If A is normal, then 0 is always in the interior of Wg, where E
1is defined by (6).

Since any nth order commutator B™ for n=4, 5, - - - is also a third
commutator (of B®=® in fact) it follows of course from Theorem 2 that,
when 4 is normal, 0 is always in the interior of Wg(, for n=3,4,5, - - - .

3. The assertion (5) of Theorem 1 can be improved to

() fsz=o

if certain additional restrictions are imposed. In fact there will be proved the
following two theorems:

THEOREM 3. Let A be self-adjoint or unitary and suppose that 0 is not in
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the interior of We. In addition, suppose that there exists a line | in the complex
plane passing through the origin, lying entirely on one side of We¢, and such that
no number (Cx, x), for ”x“ =1, lies on I. Then (7) holds for every set Z of one-
dimensional measure 0.

Of course, since 4 is normal, 0 is in the set W¢ [6], so that there exist
numbers (Cx, x) with ||x|| =1 clustering at 0; it is required however that these
numbers do not lie on /. A similar remark applies to the set Wp in the theorem
below.

THEOREM 4. Let A be normal and suppose that 0 is not in the interior of Wo.
Suppose that there exists a line corresponding to the set Wp as | does to We
above. Then (7) holds for every set Z of two-dimensional measure 0.

Theorem 3 can be regarded as furnishing a sufficient condition in order
that a self-adjoint or a unitary operator be absolutely continuous. Here the
last term is borrowed from the terminology occurring in the treatment of real
functions. What is meant is the following: A self-adjoint or unitary operator
with a spectral resolution (3) will be called absolutely continuous if [zdK =0
for every set Z of one-dimensional measure zero. For a self-adjoint operator
A = [NE(\), absolute continuity is thus equivalent to the requirement that
“E()\)x“ be an absoutely continuous function of the real variable \ for every
fixed element x of Hilbert space; a similar remark of course holds if 4 is
unitary.

Similarly, Theorem 4 can be regarded as furnishing a sufficient condition
for absolute continuity of a general normal operator. It should be emphasized
however that the measure here is two-dimensional.

It is to be noted that a necessary, but not sufficient, condition in order
that an operator be absolutely continuous is that it possesses no point spec-
trum.

The proofs of Theorems 1-4 will be given in §§4-7 below.

4. Proof of Theorem 1. The proof is similar to that of the lemma and
theorem in [8] and will be outlined here. Multiplication of both sides of the
Equation (1) by AK(=fadK, A any measurable set) on the right and on the left
yields

(8) AKCAK = f (z — 20)dKBAK — AKB f (z — z0)dK,
A A

where 2z is an arbitrary constant. Next, choose 8 so that the set Wp e belong-
ing to

(9) Dy = ACy — CoA, where Cy = Ce?® and Dg = Deid’

lies in the half-plane R(2) 20. Thus Jy=Dy+Dg =0. Multiplication of both
sides of (9) on the right and left by AK yields AKDyAK = [s(z—20)dKCAK

—AKCyfa(z—20)dK. 1t now follows from (8) that ||AK DeAK x|| < 2d||AK CAK |
<44d?||B||||[AKx||, where d is the diameter of the set A. Since a similar relation
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holds also for Df, one readily obtains the inequality (AKx, J,AKx)
< 8|| B||||AKx||2d2, hence || J*AKx|| <8117 B||VY|AKx||d. If now {A1, Ay, - - - }
is a covering by pairwise disjoint sets of a measurable set .S and if d, is the
diameter of A,, one obtains the inequality

e fsmn < 818" ( = df>”2;

cf. [8]. If S=Z is a set of two-dimensional measure 0 it is clear that »_dZ can
be made arbitrarily small and so one obtains

(10) |

(11) Jé”de = 0.

z
If however [zdK =TI were true for some zero set Z, then J}%, hence Jo, would
be the zero operator and it would follow, as in [8], that 0 lies in the interior
of Wp, a contradiction. This completes the proof of Theorem 1.

5. Proof of Theorem 2. An examination of the proof of Theorem 1 shows
that in the present case the inequality (10) is replaced by ||L}?[sdKx||
<4||B||v¥|x|| (X @)V, where Lo=Es+Ef (Eg=Ee™®) and the sets A, and
numbers d, have the same significance as before. If the set S is chosen so that
[sdK =1, then ||L}?|| < (3 °d})V2. Since this sum can be made arbitrarily
small, Ly=0 and, as before, a contradiction is obtained. This completes the
proof of Theorem 2.

6. Proof of Theorem 3. The proof of Theorem 3 is an easy consequence
of (4). In fact, since 0 is not in the interior of W¢ there exists an angle 6
such that Hy= Cy+ Cy*=0. Moreover, in view of the assumption of Theorem 3,
it follows that (Hex, x) >0 for every x#0. Thus, 0 is not in the point spec-
trum of Hy. On the other hand, if Z is any set of one-dimensional measure 0,
relation (4) implies Hy?[2dK =0( = [2dKII}*) is valid; cf. [8]. Consequently,
relation (7) follows and the proof of Theorem 3 is now complete.

7. Proof of Theorem 4. There exists some angle § for which (11) holds.
The assumption of the theorem implies, as in the preceding proof, that 0 is
not in the point spectrum of J}%. Relation (7) then follows from (11) and the
proof of Theorem 4 is complete.

8. The proof of Theorem 3 makes clear the following assertion, which will
be stated as a theorem and will be of later use:

THEOREM 5. Let A be self-adjoint or unitary. Suppose that there exist oper-
ators By, Bs, - -+ such that H,=C,+C,* is semi-definite, where C,=AB,
—B.A, and such that Y NII?) is densc in the Iilbert space. Then A is ab-
solutely continuous, so that (7) holds, for every set Z of one-dimensional measure
0.

Part I

9. Letc, (n=0, £1, £2, - - - ) be a sequence of complex numbers satisfy-
ing
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(12) Cn = Cu, > e < o,
and let T denote the Toeplitz matrix defined by T =(¢;), for j, k=0, 1,
2, - - - . For references, see [4;5;10]. A necessary and sufficient condition for
the boundedness of T is that the function f(f) defined by the Fourier series
f(@)~ D7 caein® be bounded almost everywhere (Toeplitz; cf. [4, p. 360]).
It was proved by Hartman and Wintner [5, p. 868] that, if T is bounded, its
spectrum is a closed interval [m, M], where m and M denote the bounds of
f(0); furthermore, if T is not a multiple of the unit matrix, its point spectrum
is empty.

Other results, concerning absolute continuity and the spectra of Toeplitz
matrices, will be obtained in this paper.

First, define a matrix 4 = (a;) as follows:

(13) ajx = ¢k—; for k—j7=1 and a; = 0 otherwise.

Thus the main diagonal of 4, and those below it, consist entirely of zeros.
It is clear that the general Toeplitz matrix T is given by

(14) T=A+ A*+ cl.

As was mentioned at the beginning of this paper, all operators are sup-
posed bounded. As was pointed out in [5, p. 880], it follows from Toeplitz's
results on self-adjoint operators that the above mentioned necessary and
sufficient condition for the boundedness of T holds also for operators for
which the second, but not necessarily the first, condition of (12) is satisfied.
In particular, the above mentioned 4 is bounded if and only if f(8) (of class
L2[0, 27]) defined by f(8)~ D_;° cnein® is bounded (almost everywhere). It is
to be noted that the boundedness of 4 implies, but is not implied by, the
boundedness of T.

Direct calculation shows that

© | n—1 2 0 © 2
(15) [|A*x“2 - HAxH“’ = 2| X ate| — 2| D Chne
n=2| k=1 n=1! k=n+1

On the other hand, the right side of this last equality is equal to

0
Z Citm¥j

J=1

0

(16) >

m=0

2
= 0.

A proof of this claim follows, for instance, from a comparison of the coeffi-
cients of the terms x,%,. In fact, if the x; and the %, are regarded as two sets of
independent variables, it is seen that the coefficient of x,.%, (r<s) in (15) is
o Cnr1Cnsqi— D CronCan, that iS D e o CrymEepm, the coefficient of
x%,:% in (16).

10. It is of interest to note here that the matrix 4 defined by (13) is
semi-normal, thus
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(17) C= AA* — 4*4 = 0.
The following result for arbitrary semi-normal operators will be proved:

THEOREM 6. Let A be an arbitrary semi-normal operator and let C=AA*
—A*A. Then either C=0 (that 1s, A is normal) or 0 is in the essential spectrum
of C.

A point u is said to be in the essential spectrum of C if u is either an eigen-
value of infinite multiplicity or a cluster point of points in the spectrum of C
(or both). Of course, if C=0 and is not a finite matrix, then 0 is in the essen-
tial spectrum. Somewhat more than Theorem 6 is contained in the following:

THEOREM 7. Let A be normal and suppose that C of (1) satisfies H=CHC*
20. Then either H=0 or 0 is in the essential spectrum of H.

That Theorem 6 is a consequence of Theorem 7 is clear if it is noted
that C of (17) is self-adjoint and that A can be replaced by the self-adjoint,
hence normal, operator 4 +A4*.

11. Proof of Theorem 7. If A has a pure point spectrum (in particular,
if A is finite) it follows from Corollary 1 of [8] that 0 is in the interior of W,
hence, since H=0, H=0.

Otherwise, let u denote a cluster point of points in the continuous spec-
trum of 4. Then choose an element x and sets A,, with diameters d,, such that
the A, tend to the point u, and the elements y,=A,Kx/||A.Kx]|, of length 1,
tend weakly to zero when n— . As was shown in [8] (cf. (4) of the present
paper), || HV?y,|| < const. d/*—0 as n— . Thus 0 is in the essential spectrum
of C and the proof of Theorem 7 is now complete.

12. Next there will be proved the

THEOREM 8. Let T be any Toeplitz matrix (bounded, self-adjoint, and such
that the corresponding matrix A defined by (13) is also bounded) with the spectral
resolution

(18) T = f NE().

Then, unless T is a multiple of the unit matrix I,

(19) fsz <1,

for every set Z of one-dimensional measure 0.

Proof of Theorem 8. It is seen that C=A4A4*—A*4 =0, where 4 is de-
fined by (13). Hence, by Corollary 3 of [8], either (i) C=0 or (ii) relation (19)
holds. In fact, in the corollary mentioned, it is clear that the assertion remains
true if A+A4* there is replaced by 4 +A4*+\I for any complex number A.
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It is to be noted that in view of (14), C=TA*—A4A*T (=0).
If case (i) holds, then by (16),

(20) > CipmZi =0 form=0,1,2, - - - (whenever Y I 9c,=|2 < ),
1
and so ¢, =0 for k=1, 2,3, - - - . Thus T is a multiple of I and the proof of

Theorem 6 is now complete.

REMARK. As was mentioned earlier, it is known [5] that if T is not a
multiple of the unit matrix, then its spectrum is an interval and its point
spectrum is empty. This fact alone does not seem to imply (19) however; cf.
the remark following formula line (5).

It is natural to ask whether a Toeplitz matrix (not a multiple of I) is
absolutely continuous. This question will remain undecided in the general
case; however, it will be shown that certain Toeplitz matrices do possess this
property.

13. Let T,(c) denote the Toeplitz matrix belonging to the sequence {cx}
in which ¢, =¢, c_n=¢ and all other ¢, =0. In particular, T1(1) is the Jacobi
matrix belonging to the (real) quadratic form _2x.%,.;. There will be
proved the following

THEOREM 9. Every Toeplitz matrix

(21) Talc) = f)\dE,,()\), where n = 1,2,3, - -.
for which
(22) ¢ # 0 and is real or purely imaginary,

is absolutely continuous, that is
(23) f dE, = 0,
zZ

for every set Z of one-dimensional measure 0. (See §1 of the Appendix.)

The restriction (22) amounts to restricting T,(c) to be a multiple of T, (1)
or T,(7). Whether the theorem remains true for arbitrary ¢ will remain un-
decided.

14. Proof of Theorem 9. For a fixed # consider the matrix 7T,(c). For
m=1, 2, - - - construct a (bounded) matrix B,, as follows: The first mn
rows of B.,, consist entirely of zeros. For k=0, 1, 2, - - -, m—1, and begin-
ning with the element in the (n(m+k)+1, n(m—1—k)+1) position and ex-
tending in a southeast direction, construct a diagonal each element of which
is a ¢ or a ¢ according as k is even or odd. All other clements arc zeros. For
instance, for =1, m =3, one obtains the matrix By; defined by
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00 0 0 0O
0 0 0 0 0O
00 0 0 0O
0 0 ¢ 0 0O
By = }
0 ¢ 0 ¢ 0 O
¢c 0 ¢ 0 ¢ O
0 ¢ 0 ¢ 0 ¢

It is to be noted that, in view of (22), ¢?=¢% (#0). It can be verified di-
rectly that Cum=T%(¢)Bum— B.nT-(c) is a diagonal matrix all of whose ele-
ments are zero except for a string of # elements from the n(m —1) +1 diagonal
element through the mn diagonal element each of which is ¢2.

Consequently, each matrix Cn» is semi-definite and, moreover, for a fixed
m, the range of CY/Z, that is R(CL?), is the space of vectors x all of whose com-
ponents are zero except those from the n(m —1)41 through the m#n element.
Clearly (for n fixed) the spaces R(Cy?) for m=1, 2, 3, - - -+ are orthogonal
and moreover their sum is the entire Hilbert space. Relation (19) is now a
consequence of Theorem 5 and the proof of Theorem 9 is complete.

REMARK. For a fixed m, choose real numbers a,, 70 such that aumCrm
=T (anmBam) — (nmBnm) Tn=0 and such that Z;,":, IanmIHB,,,,,H <o, It is
clear that B= Z,,, OumBam 1s bounded and that C= Zm ymCrm 20. In fact,
Cis a diagonal matrix with diagonal elements all positive. Thus 0 is not in the
point spectrum of C. Consequently, Theorem 9 would now follow from
Theorem 3.

Moreover, the above furnishes an example of an IT (=2C) in Theorem 7
in which 0 is in the essential spectrum but is not in the point spectrum.

15. Henceforth, only T.(c) for ¢ real will be considered. Let T, =T5(1)
forn=1, 2,3, - - ;then, of course, T,(c) =cT,. Let I = (cxy;—1) denote the
Hankel matrix associated with the elements ¢, considered in the beginning of
§9. (For results on such matrices, see [4].) FFor a fixed #, let I, (c) denote the
Hankel matrix belonging to the sequence {c:} in which ¢,=c and all other
c+=0; in particular, if ¢ is real, I1,(c) =cH.(1) =cH, is self-adjoint. The fol-
lowing will be proved:

THEOREM 10. For every n=1,2,3, - - -, the Toeplitz matrix T, can be ex-
pressed as
(24) Tn = Pn(Tl) + Hn—-l,

where po(Ty) = D v_o Tt denotes a polynomial of degree n in Ty with real
coefficients ax, and a,=1. Moreover, the polynomial contains only odd, or only
even, powers of T\ according as n is odd or cven. (See §2 of the Appendix.)
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Proof of Theorem 10. The proof, which will be outlined below, depends
upon the easily verified relations

(25) NhWin—THy =T+ Thay— Hye2— H, (n=2,3,4,---)

(26) Ti=Ty— Hi+2I, Ti=Ts— Hy+ 3T,

In order to apply an induction process, grant that

(27 Ty = Ty — Hiy + fo(TY)

holds for k=n—1 and k=#n (n=3, arbitrary), where fi(T1) denotes a poly-
nomial in T of degree 2 —2, with leading coefficient k, and containing only
powers of T3 differing from 2—2 by an even integer. By (26), relation (27)
surely holds for k=n—1, n when »=3. Multiplication by T} on the left of
(27) for k=mn yields, in view of (25), T7"' = Tpu1+ Toos— Haoa— H,+Tifo(TY).
Hence by (27) for k=n—1, one obtains

(28) T7 = Tyt — Ha+ guaa(TH),

where gn11(T1) = Tifa(T1) —faus(T1) +T77 1. Thus ga41(Th) is a polynomial of
degree #—1 with leading coefficient z+41. Since relation (28) is simply (27)
for k=n+1, the induction is now complete. The assertion of Theorem 10 now
follows from (27) valid for k=2, 3, 4, - - - .

Relation (24) shows that the spectrum of each T, is closely related to that
of Ti. Moreover, since H,_; is finite dimensional and hence, in particular, is
completely continuous, it follows that the essential spectrum of T, is identi-
cal with that of ,(7T1). Moreover, the spectrum of T, is purely continuous
and consists of the interval [—2, 2]; [5, p. 868]. It will be shown that the
following is true:

THEOREM 11. For each n=1, 2, - - - there exists a unitary operator U, such
that

(29) Tn = Uni’n(Tl) Un* (=Pn(UnT1Un*)),
where p.(T1) is defined in Theorem 10. (See §3 of the Appendix.)

Thus each T, is a polynomial in an operator unitarily equivalent to T3.
The]proof of the theorem will depend upon a theorem of Rosenblum [9,
p- 3.

16. Proof of Theorem 11. It was shown in Theorem 9 that each T, is
absolutely continuous. (See §4 of Appendix.) Moreover, since T in particular
is absolutely continuous, it follows that each operator p,(T}) is also absolutely
continuous.

In order to prove this last assertion, note that if T:7=/NdE;(\), then
pn(T1) = [pa(N)AE1(N) = [NdF(N), where the last integral is the spectral resolu-
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tion of the self-adjoint operator p.(73). Let Z denote an arbitrary set of one-
dimensional measure 0. Then

(30) fzdF(A) = fz‘dEl(A),

where Z* denotes the set of values N for which p.(\) belongs to Z. Since p.(\)
is a (nonconstant) polynomial the graph of its inverse function g consists of a
finite number of (open) monotone, smooth arcs, the ends of which correspond
to A values at which dp,(\)/d\=0. Thus g, or rather each of the single-valued
functions corresponding to each of its branches, is an absolutely continuous
real-valued function and therefore Z* is a set of one-dimensional measure 0.
Since T is absolutely continuous, it follows from (30) that p,(7}) is also.

Since H,_; occurring in (24) is a finite matrix the trace condition of Rosen-
blum’s theorem in [9, p. 3], is surely satisfied and the existence of the unitary
operator U, of (29) now follows from his result. (Incidentally, Rosenblum
requires even a weaker form of absolute continuity in his theorem than
actually prevails in the present instance.)

17. It follows from (24) that

N N
(31) 2 aTa = Py(T) + 2 caHasy

n=0 n=1
where the ¢, denote real constants and Py (T3) =col+ Zﬁ"_l cnpa(Th) is a
polynomial of degree N (assuming, for N=1 fixed, that cy#0). As in the
preceding proof, Py(T}) is absolutely continuous and thus one obtains the
result:

THEOREM 12. If T is the self-adjoint Toeplitz matrix associated with the real
sequence { ---0,0, ey, €N1y -+, €1, Co, €1y * * *, CN, 0, O, - - - }, where
cy#0, N=1, then there exists an absolutely continuous self-adjoint operator G
and a finite-dimensional self-adjoint Hankel matrix H such that

(32) T=G+ H.

Whether T itself is also absolutely continuous will remain undecided. In
fact, it will remain undecided whether or not such a simple Toeplitz matrix
as T+ T, for instance, is absolutely continuous.

18. If it is assumed that

(33) the series Y | ckl is convergent,
k

it is seen that ||[T— 2%, c.Tu|| =0 and ||[H— 2N, caHues|| >0 as N>
where T is the (real) Toeplitz matrix belonging to the sequence {c;} and H
is a completely continuous Hankel matrix. (That H is completely continuous
follows, for instance, from the criterion of [4, p. 365].) If, in addition, it is
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assumed that the series of (33) converges rapidly enough to guarantee that
F(Ty) =col + D1 capn(Th) is a power series in Ty (more precisely, that f(\)
=co+ D capa(N) is a power series in A convergent at least for I)\I = “ T1|| =2),
then a theorem valid for the infinite sequence {c:} and similar to Theorem 12
also holds. (H of course must now be allowed to be infinite dimensional.)

It should be noted that f(7}) is a multiple of I only if ¢,=0 for k=1, 2,
3, -+ - . In fact, if ¢x 520 for some k=1, E:-o ¢ Tx is not a multiple of I and
possesses a purely continuous spectrum ([4] or [S]). Hence, if f(T}) were a
multiple of I, then T=f(T,)+H would have only one point in its essential
spectrum, a contradiction.

Clearly that portion of the proof of Theorem 11 relating to the inverse of
the polynomial p,(\), now corresponding to the inverse of f(\), is still valid if
it is noted that, on any finite interval, df(A\)/d\ =0 holds for at most a finite
number of values.

Lastly, it can be remarked that (33) is surely enough to guarantee that
the polynomials Py(\) =co+ D i cxpx(\) converge uniformly to a (con-
tinuous) function g(\), so that (cf. (31))

(34) T = f gNEE,(\) + H,

where H is completely continuous.

19. In this section there will be considered another connection between
Toeplitz and Hankel matrices. Let the numbers ¢, of (12) be real and suppose
that 4 defined by (13) is bounded. Then T of (14) and also [4, p. 365] the
Hankel matrix

(35) J =2 cHa

n=l
is bounded. If C=A4A*—A*A4, relations (15) and (16) become (Cx, x)
=|Jx| 220 and hence, if 0 is not in the point spectrum of J, (Cx, x) >0 for
every x#0. Since C=TA*—A*T, Theorem 3 now implies the following

THEOREM 13. Let the numbers c. of (12) be real and let T satisfy the same
assumptions as in Theorem 8. If, in addition, O is not in the point spectrum of
the Hankel matrix J of (35), then the assertion (19) of Theorem 8 can be sharp-
ened to [2dE =0, for every set Z of one-dimensional measure 0.

20. This last section will deal with Jacobi matrices. Given a bounded
sequence of complex numbers b;, define, as in [8], a matrix 4 = (a;;) by put-
ting a;,i11=>0; and a,;;=0 for j=#i41, so that D=4+ A4*=(d;;) is the self-
adjoint Jacobi matrix with d; 1=, di11,:=5; and d;;=0 otherwise. Then
C=DA*—A*D is the diagonal matrix with diagonal elements |b,|2, |b.|?
—|b1]2, |bs|2—|82]2, - - - . It was shown in [8] that if the inequalities
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(36) 0< |b:] = |bs] = |bs] =--- (<const)

hold, then the Jacobi matrix D = [AdE(X) is such that [2dE < I holds for every
set Z of one-dimensional measure 0. If the strict inequalities of (36) prevail,
then a refinement of this assertion is contained in the following

THEOREM 14. Suppose that the inequalities
(37) 0< |b] < |bs] < |bs] <-+-  (<const.)

hold. Then the Jacobi matrix D is absolutely continuous, so that [2dE=0 for
every set Z of one-dimensional measure 0.

The proof follows immediately from Theorem 3 if it is noted that, in view
of (37), the number 0 is not in the point spectrum of the positive semi-
definite diagonal matrix C.

Suppose, for instance, that the b; are real and positive. Then the matrix D

is absolutely continuous in either of the “extreme” instances of (36), namely
(37) or

(38) 0<b=0by=0by="---(=b).

In fact, in case (38), D =5T). It is of interest therefore to inquire whether (36)
alone is enough to ensure absolute continuity, even in the case where all
b; are real and positive. This question will remain undecided.

ArPENDIX (ADDED IN PROOF).

1. The late Professor Wintner called the author’s attention to the refer-
ences Hilbert [11, p. 155] and Hellinger [12, pp. 148 ff.], wherein are given
explicit formulas, in matrix form, for the resolution of the identity belonging
to Ti(1). The absolute continuity of 71(1) can be immediately inferred.
Furthermore, from [12], it is clear that for any integer =1, the basic Hilbert
space I can be expressed as the sum of # pairwise orthogonal spaces I1,,, each
of which is invariant under T,(1), and on each of which T, (1) acts like T3(1)
on H. The absolute continuity of 7,(1) can then be deduced from that of
T1(1). (Similar results can probably be obtained in this way for T:(z) and
T.(3).) The proof of Theorem 9 as given in the present paper involves no
explicit formulas for the spectral resolution of 73(1) however.

2. Under the assumptions that the ¢, satisfy ¢_,=c, and v <o, put
T=(cj—t), H=(cjsx), F(0) =2 D 7 ¢, cos nf and dp;x(6) =27~ sin j8 sin kBdf.
If A\=2 cos 6, it can be shown from the calculations of §15 that p.(\)
=2 cos n8 (p.(\)/2 is the nth degree Tschebyscheff polynomial N/2) and that

(39) T = e + ( [ F@inue )+ .

Actually however a simple and immediate proof of (39) is obtained by direct
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verification. The matrix (dp,x(0)) is the differential of the spectral matrix, in
the angular coordinate 6, of the Jacobi matrix belonging to 2 X .7 %u%.4
(cf. [12, loc. cit.]), the usual spectral parameter N being related to 8 by
A =2 cos 0. Furthermore, it is to be noted that the restrictions on ¢,, namely
C-n=Cn and Y c2< o, used to ensure (39) are not even sufficient to imply
that T or H be bounded. The relation (39) is to be compared with (34)
wherein the heavier restriction (33) is assumed (guaranteeing, in particular,
that H be completely continuous).

3. In view of the discussion of [12, loc. cit.], it is clear that T\, is unitarily
equivalent to the direct sum of # copies of the matrix 7. Consequently, the
unitary equivalence relation (29) is at least suggested, but, in view of the
explicit form of (29) (the polynomials p,(\) satisfying p.(2 cos ) =2 cos 78,
cf. Appendix 2 above), apparently not directly implied.

4. See Appendix 1 above.
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