TRANSFORMATION GROUPS ON A HOMOLOGICAL
MANIFOLD

BY
C. T. YANG

1. Introduction. In a recent paper of Montgomery-Samelson-Zippin [1],
the following theorem is proved. If a compact Lie group acts as a topological
transformation group on an z-dimensional manifold such that the highest
dimension of any orbit is r, then the union of all the orbits of dimension
<k, 0=5k<r, is a closed set of dimension £n—r+k%—1. Hence the singular
set, i.e., the union of all the orbits not of the highest dimension, is a closed
set of dimension <#—2. The purpose of the present paper is to generalize
this theorem to a homological manifold. This generalization together with
some other results of this paper will be used in a further study [2] of trans-
formation groups on a homological manifold.

Let X be an n-dimensional manifold and let G be a compact Lie group
acting topologically on X. For each x&X, G denotes the isotropic subgroup
of G at x. It is known [3] that every point p of X has an open neighborhood
U such that there is a subset ¥ of U containing p and an open cell Q in G
containing the identity such that (i) whenever ¢&G and x€ Y, g(x)EY if
and only if g&G, and (ii) (g, x)—g(x) defines a homeomorphism of QXY
onto U. Y is called a slice at p and may be assumed to be connected. As one
can easily see, G, may be regarded as a transformation group on Y and its
orbit space coincides with that of G(Y) acted on by G. Moreover, an orbit in
G(Y) is of the same type as G(p) if and only if it intersects YV at a single
point. Therefore certain properties of the set of the orbits in G(Y) which are
of the same type as G(p), can be obtained by studying the fixed point set of
Gpin V.

If G acts differentiably on X, we may have open cells as slices [4] and
then the proof of the cited theorem can be greatly simplified by using the
remark of the preceding paragraph. For the nondifferentiable case it is not
known whether YV is a manifold, as it is still an open question whether a
topological space is a k-dimensional manifold if the product of the space and
the real line is known to be an (#n-+1)-dimensional manifold. However, ¥
can be shown to be a homological manifold. Therefore it seems more natural
to begin with a homological manifold X and then to proceed to the proof just
as in the differential case. Moreover, it is pointed out in [1] that the original
proof depends only on the local homology property of a manifold, and this
gives us another justification to deal with homological manifolds rather than
ordinary manifolds.
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By a homological #-manifold we mean a connected, finite-dimensional,
locally compact Hausdorff space which is of type P, in the sense of Smith [5],
where the dimension is defined to be the highest I.ebesgue covering dimension
of any compact subset of the space. But we can not use the group €, of inte-
gers modulo a fixed prime number ¢ as the coefficient group as Smith did in
[5], because we need the property P, with respect to various €, at the same
time. It will be seen later that we can meet this requirement by using the
group P of reals modulo 1 as coefficient group. Another reason for using P
as coefficient group is that it follows from [6] that the dimension of such a
homological n#-manifold is exactly equal to #n. Note that the homological
manifolds in our sense and the generalized manifolds defined in Wilder [7]
are alike to a great extent.

To conclude the introduction the author wishes to express his gratitude
to Professor Montgomery for his valuable suggestions and encouragement
when this paper was prepared.

2. A homology theory on ... We shall use a compact abelian group € as
coefficient group which of course can be the additive group P of reals modulo
1 or the additive group €, of integers modulo a prime number g. Let Y .¢ be
the admissible category defined to consist of all the pairs (X, 4) such that
X is a locally compact Hausdorff space and 4 is a closed subset of X, and
to consist of all the maps f of such pairs such that the inverse image of any
compact set under f is compact. Let UA¢ be the subcategory of ¢ which
consists of all the compact pairs and all the maps of such pairs. By the one-
point-compactification process, we can use the Cech homology theory on U¢
to define a homology theory on A.¢ [8]. This homology theory on ¢
satisfies the Eilenberg-Steenrod axioms and the continuity axiom [8] and
will be used throughout this paper.

Whenever (X, A)EN e, Hi(X, 4; €) denotes the kth homology group
of (X, 4), i.e., the kth Cech homology group of (X\Uw, 4 Uw) with coefficients
in €, where X\Uw is the one-point-compactification of X. d denotes the bound-
ary operator of a homology sequence and A denotes the boundary operator
of a Mayer-Vietoris sequence.

If f: (X, A)—(Y, B) is a map in ., the notation

Hu(X, 4;€) 5 H(Y, B; €)

means the homomorphism of Hx(X, 4; €) into H,(Y, B; €) induced by f. If
in particular f is the inclusion map, we write only

Hi(X, A;8) — H(V, B; C)

and call it the natural homomorphism of Hi (X, 4; €) into Hx (Y, B; §).
Whenever S is a subset or an element of Hi(X, 4; §), S[ (Y, B) will denote
the natural homomorphic image of S in H,(YV, B; €). Any arrow to which a
symbol = is attached will indicate an isomorphism onto.
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LEMMA 1. Let (X, A)ENc and let eEH (X, A; €). Let Y be a closed subset
of X. Then e| (X, Y\UA) =0 if and only if e EH,(YIA, 4; €)| (X, A). More-
over, there exists a minimal Y satisfying these conditions, and such a set Y is
contained in (X —A)~.

LeEMMA 2. Let (X, A)EULc and let Y be a closed t-cell with boundary B.
Then there is a natural isomorphism 1 of H (X, A; €) onto Hi (X X Y, (X X B)
UAXY); 6). If f: (X, A)—> (X', A") is a map in e and j: (Y, By—(Y, B)
s the identity map, then the commutativity relation (fXj)xi=1fsx holds in the
diagram

Ho(X, 4; 6) — Hoyl( X X ¥, (X X B) U (4 X ¥); 6)

Tf* ; T(f X 9+
Hy(X', A';6) > Hipo( X' X V, (X' X B)U (4’ X 7); 6).

3. The property P,. A subset of a locally compact Hausdorff space is
called bounded if its closure is compact. If X is a locally compact Hausdorff
space and x is a point of X, a neighborhood of x (in X) will always mean a
bounded open subset of X containing x.

DEeFINITION. Let X be a locally compact Hausdorff space and let # be a
non-negative integer. A non-null bounded open subset U of X and a subgroup
Sof H,(X, X —U; Q) are said to form a fundamental (€, n)-pair (U, S) if the
following conditions are satisfied.

(i) S is isomorphic to €.

(ii) Whenever W is a non-null open subset of U, the natural homomor-
phism of H,(X, X — U; €) into H,(X, X —W; €) maps S isomorphically onto
S| (X, X—Ww).

(iii) Whenever v is a point of U and V is a neighborhood of ¥, there is a
neighborhood W of y contained in UNV and such that

H(X, X - V;0)| (X, X —W)CS| (X, X — W)
and for k#mn,
H(X,X - V;8) | (X, X — W) =0.

ReEMARK 1. If (U, S) is a fundamental (€, #)-pair and Q is a non-null
open subset of U, then (Q, S| (X, X—Q)) is also a fundamental (€, »)-pair.

DEeFINITION. Let X be a locally compact Hausdorff space. At a point x
of X, X possesses the property P,(€) if there is a fundamental (€, #)-pair
(U, S) with U containing x. X is of type P(€) if X possesses the property
P,(€) at every point x, » depending on x. If in particular » is a constant over
X, X is of type P,(C).

For € =@, these two definitions are due to Smith [5].

REMARK 2. If X is connected and of type P(€), then X is of type P,(€)
for some integer n.
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As a consequence of these definitions and Lemma 2, we have

LeMMA 3. Let X be a locally compact Hausdorff space and let R* be the
euclidean t-space. Let U be a non-null bounded open subset of X and let V be a
bounded open t-cell in R'. Let S be a subgroup of H, (X, X—U,; €) and let T
be a matural isomorphic image of S in H, (X XR:, (X XRY)—(UXV); €);
then (U, S) 1s a fundamental (€, n)-pair if and only of (UXV, T) is a funda-
mental (€, n+t)-pair. Hence X is of type P,(C€) if and only if X X R* is of type
P.(6).

DEFINITION. A locally compact Hausdorff space X is of dimension <k il
the Lebesgue covering dimension of every compact subset of X is <&.
A characterization of the dimension is [6]

LEMMA 4. A finite-dimensional locally compact Hausdorff space X is of
dimension k if and only if k is the largest integer such that for some compact
subsets M, N of X, MDN and H(M, N; P)=0.

REMARK 3. Because of Lemma 1, the compact subsets 4/, N in Lemma 4
can be so chosen that for some nonzero element e of H,(M, N; P), e| (M,K\UN)
#0 whenever K is a proper compact subset of (M —N)~.

COROLLARY. In a finite-dimensional locally compact Hausdorff space X
there is a point x such that every neighborhood of x is of the same dimension as X .

Because of Lemma 4, we have

LemmA 5. Let X be a finite-dimensional locally compact Hausdorff space
and let R* be the euclidean t-space. Then

dim(X X RY) = (dim X) + ¢.
LEMMA 6. Let X be a finite-dimensional locally compact Hausdorff space
and let Y be a closed subset of X. Then
dim X = max (dim ¥, dim (X — 7)).
Lemma 6 is an immediate consequence of some results of [9].

LEMMA 7. Let A, be a collection of open subsets of a non-null finite-dimen-
stonal locally compact Hausdorff space X indexed by a well-ordered set {a}. If
Us Ao=X and o' > o implies Ao DA, then there is some index B such that

dim X = dim (A,; - u A,,).

a<lB
Proof. Let K be a compact subset of X which is of the same dimension as
X. Since KCX=U, 4., it follows that K is covered by a finite number of

the sets A,. But 4, is ordered by inclusion; we infer that there is some 4,
which contains K and then is of the same dimension as X. Since 4, is well-
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ordered, there is a minimal 8 such that 45 and X are of the same dimension.
Hence the conclusion of our lemma follows from Lemma 6 if we can show that
the dimension of U,<s 4. is less than that of X.

If there is an index v preceding to 3, then U,<s 4.=A4, and hence our
assertion follows from the minimality of 8. Suppose now that there is no index
preceding to B. If 8 is the first index, then our assertion is trivial. If 8 is not
the first index, then as shown in the preceding paragraph, U.<s 4, and 4,
are of the same dimension for some y <B. Hence again our assertion follows
from the minimality of S.

LEMMA 8. Let X be a finite-dimensional locally compact Hausdorff space of
type P.(C). Then for any bounded open subset Q of X and any integer k>n,

H,(X,X—-0Q;€ =0.
If in particular € =P, X is of dimension n.

Proof. Since X is finite-dimensional, there is a greatest integer m such that
for some bounded open subset Q of X

Hm(X, X - Q; @) # 0.

Let e be a nonzero element of H,(X, X —Q; €). By Lemma 1 there exists
a minimal closed set M contained in Q and such that for some ¢’ EH,,(M
UX-0Q), X-0;6),

e=¢|(X, X - Q).
Since e#0, MNQ# & and then we may take a point x of MMQ. Suppose

that m>#n; then there exists, by the definition of the property P.(€), a
neighborhood 4 of x contained in Q and such that

Ha(X, X — 0;6)| (X, X — 4) = 0.

Hn(X, X — Q; 6) Ha(M\J (X — 4),X — 4;6)

~
=

Ha(M\J (X — Q), M - HJ (X - 0);©)

Ha(M — A\ (X = 0),X = 0;6) = Ha(M\J (X — 0), X — 0;€) Huna(X, M\J (X — 4);6)

Because of our choice of M,
¢ EH((M - AHUX =0, X -0 | MUKX=0),X—0);
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therefore ¢’ | (M\U(X —Q), (M —A4)\U(X —Q))#0 and hence
e (MU (X — A4), X — 4) #0.
Since ¢’| (X, X —A) =¢| (X, X —A4) =0, it follows that
| (MU (X — A4), X — 4) € 0Hni(X, M U (X — 4); G).

Hence H,1 (X, M\J(X —A4); €)s£0, contrary to our assumption on m. This
proves that m <n.

On the other hand, there is a fundamental (€, #)-pair (U, S). For such a
bounded open set U, H,(X, X—U; €)#0. Hence m=# and consequently
m=n.

Suppose now that €=P. If (U, S) is a fundamental (B, #)-pair, then
H, (U, U—U; B)#0 as it is isomorphic to H,(X, X —U; B). Hence by
Lemma 4, X is of dimension =#.

For any compact subsets M, N of X with MDN, and any integer k>,
Hy (M, N; B)=0. In fact, let Q be a bounded open subset of X such that
M —Q=N. Then the composition

H(M, N; B) = H(M\J (X = Q), NV (X = Q); B) = Hi(X, X — 0; D)

is an isomorphism into and hence our assertion follows. This proves that X
is of dimension =u.

LEMMA 9. Let X be a fintte-dimensional locally compact Hausdor[f space of
type P,(Q). Let M, N be compact subsets of X with MDN. If there is a nonzero
element e of H,(M, N; €) such that for no proper closed subset K of (M —N),
e| (M, K\UN) =0, then M~ N is open in X. Hence if €=, a closed subset of
X 1s of dimension n if and only if it is somewhere dense.

Proof. Let x be a point of M — N and let (U, S) be a fundamental (€, #)-
pair with U containing x. Then x has a neighborhood V contained in U—N
and such that for some u &S, el X, X-7) =u| (X, X —7V). By hypothesis,
e| (M, M— V)0 and then e| (M\U(X — V), X — V) 0. Since

Hn+1(X, MU (X - V); @) =0
(Lemma 8), it follows that e[ (X, X —V)£0. Hence 0.

Suppose that VM. Then W=V —M is a non-null open subset of U.

Therefore
u| (X, X — W) 0.

On the other hand,
| (X, X = W) =¢| (X, X — W) =0.
Hence we have arrived at a contradiction. This proves that x is an inner point

of AT — N. Since «x is arbitrary, it follows that M — N is open.
Suppose now that €= and let X’ be a closed subset of X. If X’ is n-
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dimensional, there exist, by Remark 3, compact subsets M, N of X’ such
that M DN and for some nonzero element e of H,(M, N; B), el (M,K\UN) =0
whenever K is a proper compact subset of (M — N)~. It follows that M — N is
open. Hence X’ is somewhere dense. Conversely, if X’ is somewhere dense,
then the interior of X’ is not null and therefore is #-dimensional. Hence X’
is n-dimensional.

LeEMMA 10. Let X be a finite-dimensional locally compact Hausdorff space
of type P,(C) and let Q be a connected non-null bounded open subset of X. Then
for any non-null open subset Q' of Q, the natural homomorphism of

into Ho(X, X—Q'; €) is one-one. If in particular there is a fundamental
(€, n)-pair (Q, S), then S=H,(X, X—Q; €) and for any connected non-null
open subset Q' of Q, the natural homomorphism of H.(X, X —Q; €) into
H,(X,X—Q'; €) is one-one and onto.

Proof. Let ¢ be a nonzero element of H,(X, X—Q; €). By Lemma 1,
there is a minimal compact subset M of Q such that for some

¢ EHMVU(X=0Q),X~0;6),e=¢[(X,X~0).
Clearly there is no proper compact subset K of (M/MNQ)~ such that
el MUX - Q),KU (X —0Q)=0.
Since the natural homomorphism of H,(M, M —Q;€) into
H.M\J (X —-0Q),X—-0;6)

is one-one and onto, we may apply Lemma 9. Therefore MNQ is open in X.
But MNQ is clearly non-null and closed in Q. It follows from the connected-
ness of Q that MMQ=Q. Hence

M= 0.

It is an immediate consequence of the minimality of M that whenever Q’
is a non-null open subset of Q,

e (X, X — Q') #0.

Since e is an arbitrary nonzero element of H,(X, X—Q; §), the natural
homomorphism of H,(X, X —Q; €) into H,(X, X —Q’; €) is one-one.

Suppose that there is a fundamental (€, #)-pair (Q, S). For any connected
non-null open subset Q’ of Q we take a point x of Q’. Then there is a neighbor-
hood 4 of x contained in Q' and such that

Ha(X, X = Q56| (X, X — 4) CS| (X, X — 4).
Since the natural homomorphism of H.(X, X —Q; €) into H.(X, X—A4; )
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and that of H,(X, X —Q’; €) into H,(X, X—A4; €) are both one-one, it fol-
lows that the natural homomorphism of H,(X, X —Q; €) into H,.(X, X—-0Q’;
€) maps S isomorphically onto H,(X, X —Q’; €). Let Q’=Q; then we have

S = H.(X, X — Q; €).

4. (G, n)-manifolds.

DeErINITION. A (€, #n)-manifold is a connected, finite-dimensional, locally
compact Hausdorff space of type P,(C).

It is easily seen that every (€, n)-manifold is locally connected [7]. .

REMARK 4. An n-dimensional manifold in the ordinary sense is a (€, #)-
manifold. The dimension of a (€, #)-manifold is not less than # and is equal
to n if €=P (Lemma 8).

On a (€, n)-manifold the fundamental (€, #)-pairs (U, S) with U con-
nected are of particular importance. As shown in Lemma 10, the group S of
such a fundamental (€, #)-pair (U, S) is equal to H,(X, X — U; €) which is
determined by U and is isomorphic to €. Therefore we may use (U, [€]) to
denote such a fundamental (€, n)-pair.

LemMA 11, Let X be a (B, n)-manifold and let € be an arbitrary compact
abelian group. If (U, [B]) is a fundamental (B, n)-pair with U connected,
then there is a fundamental (€, n)-pair (U, [€]). Hence every (B, n)-manifold
is a (€, n)-manifold.

Proof. Let X be a (B, #n)-manifold. Whenever Q is a bounded open subset
of X, we denote by H*(X, X — Q) the kth integral Cech cohomology group of
(X, X—0Q). It is known [10] that

Hy(X, X — Q; €) = Hom (H*(X, X — Q), €) ® Ext (€, H**'(X, X — Q).

Let (U, [B]) be a fundamental (P, #)-pair with U connected. Since X
is of dimension # (Lemma 8), H*+(X, X — U) =0. Therefore H*(X, X —U)
is isomorphic to the additive group of integers and hence H,.(X, X —U; €) is
isomorphic to €. Now we claim that (U, H,(X, X — U; €)) is a fundamental
(€, n)-pair.

For any connected non-null open subset W of U, the natural homo-
morphism of H,(X, X —U; B) into H.(X, X —W; B) is one-one and onto
(Lemma 10) and then so is the natural homomorphism of H*(X, X —W)
into H*(X, X — U). Therefore the natural homomorphism of H,(X,X — U; €)
into H,(X, X — W, Q) is one-one and onto. Hence for any non-null open sub-
set W of U the natural homomorphism of H,(X,X —U; Q) into H,,(X, X —W;
@) is one-one.

Let y be a point of U and let V be a neighborhood of y. Then there is a
neighborhood W of y contained in UNV and such that H,(X, X —-V; PB)

(X, X —W)CH.(X, X—U; B)| (X, X— W) and for kn, Hi(X, X—V; B)
(X, X —W)=0. Since X is locally connected, we may assume W connected.
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Therefore H,(X, X —U; (CS)| X, X-W)=H.,(X, X—W; € (Lemma 10).
Hence

H.(X,X = V;6)| (X, X — W) CH«X, X - U; §) | (X, X — W).

Since H*(X, X —W) is isomorphic to the additive group of integers,
Ext (€, H*(X, X—W))=0. Therefore the natural homomorphism of
Ext (€, H*(X, X —V)) into Ext (€, H*(X, X — W)) is trivial. Let k. Since
Hy(X,X—V;B)| (X, X —W)=0, the natural homomorphism of H*(X, X — W)
into H¥*(X, X — V) is trivial. Therefore the homomorphism of

Hom (H*(X, X — V), €) into Hom (H*(X, X — W), €)
and that of Ext (€, H¥*(X, X—1V)) into Ext (€, H*(X, X —W)) are both
trivial. Hence for k=n,
H(X,X - V;8)| (X, X — W) =0.
5. G-orientability. et X be a (€, n)-manifold and let § be the totality
of fundamental (€, n)-pairs (U, [€]) with U connected. An ordered pair of

elements (U, [€]), (V, [€]) of § is called a step if either UCV or VCU.A
finite sequence of elements of §

(Ul, [@])’ R} (Ul) [@])
is called a path from (Us, [€]) to (U, [€]) if every pair of adjacent terms is a
step. For each 1=1, - - -, t—1, we have either U;C U1 or U;D U,y it fol-

lows from Lemma 10 that there is a natural isomorphism of H,(X, X — U;; €)
onto H,(X, X — U;y1; €). The composition of these isomorphisms is an iso-
morphism of H,(X, X — Us; €) onto H,(X, X — U,; €), called the isomorphism
induced by the path.

DerFINITION. A (€, #n)-manifold is €-orientable if there is a fundamental
(G, n)-pair (U, [€]) with U connected and such that every path from
(U, [€]) to itself induces the identity isomorphism on H,(X, X — U; G).

REMARK 5. The following are equivalent.

(i) X is G-orientable.

(ii) For every fundamental (G, n)-pair (U, [€]) with U connected, every
path from (U, [€]) to itself induces the identity isomorphism on H,(X,
X-U;©).

(iii) There exist two fundamental (€, #)-pairs (U, [€]) and (V, [€]) such
that U and V are connected and all the paths from (U, [€]) to (V, [€]) in-
duces the same isomorphism of H,(X, X —U; €) onto H,(X, X—V; §).

(iv) The statement (iii) holds for any two fundamental (€, #)-pairs
(U, [€]), (V, [€]) with U, V connected.

REMARK 6. Every point of a (€, #)-manifold has a €-orientable neighbor-
hood.

REMARK 7. An orientable n-dimensional manifold in the ordinary sense
is always G-orientable. A (€,, n)-manifold is always €,-orientable.
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‘LEMMA 12. Let X be a G-orientable (€, n)-manifold and let Q be a non-null
bounded open subset of X. Then there is a subgroup S of H,.(X, X —Q; €) such
that (Q, S) s a fundamental (€, n)-pair.

Proof. We first prove that, if Q is connected, then (Q, H,.(X, X —Q; §))
is a fundamental (€, #)-pair.

For each point x of Q there is a fundamental (€, #)-pair (U, [€]) with U
connected and containing x. Since Q is compact, there exist a finite number of
fundamental (€, #)-pairs

(Ula [@])y (U2’ [@])1 ] (Uh [@])

such that each Uj; is connected and U,\J - - - U U,;DQ. Since Q is connected,
we may assume that for each 7=1, - - - | t—1,

(Ui\U -+ - \JU) N Uiy # 0.

Since X is G-orientable, all the paths from (Ui, [€]) to (U,, [€]) induces
the same isomorphism % of H,(X, X — U;; €) onto H,(X, X — Us; €). There-
fore whenever e€H,.(X, X — U,; ©),

el (X, X=V)=hle)|] (X, X = V)
for all components V of UiNU; and so
e|] (X, X — (UiNUy)) — he)| (X, X — (UiN\ Uy)) = 0.

By the exactness of the Mayer-Vietoris sequence of the triad (X; X — Uy,
X — U,), there is some e/ €H (X, X — (U,\JU,); €) such that

(X, X —U) =e¢ €|(X,X— Us) = h(e).

Since U;\J Uy, is connected, it follows from Lemma 10 that the natural homo-
morphism of H,(X, X—(U,\\JU,); €) into H,(X, X —U,; €) is one-one.
Hence it is an isomorphism onto. This isomorphism followed by % is the
natural homomorphism of H,.(X, X —(U,\JU,); €) into H.(X, X —U,; €)
which is also an isomorphism onto. Then we can easily see that (U,\JUs,,
n,(X, X—(U,\JU,); §)) is a fundamental (€, »)-pair.

Repeating this process, we can finally have a fundamental (€, #)-pair
(U - - - U, H (X, X—(U\J - - - UUy); €)). Hence (Q, H. (X, X-0Q;
®)) is a fundamental (€, n)-pair.

Now let Q be any non-null bounded open subset of X. Since X is con-
nected, there is a connected bounded open subset Q’ of X containing Q. We
have just shown that (Q', H.(X, X —Q’; €)) is a fundamental (€, #)-pair. It
follows that (Q, H.(X, X —Q'; (6:)| (X, X—0Q)) is a fundamental (€, n)-pair.

COROLLARY. For any connected non-null bounded open subset U of a G-
orientable (G, n)-manifold there is a fundamental (€, n)-pair (U, [€]). Hence
for any G-orientable (€, n)-manifold X, H,(X; €) is isomorphic to €.
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6. Local separation.

LEMMA 13. Let X be a (€, n)-manifold and let M, N be compact subsets of X
with MDN. If there is a nonzero element ¢ of H,_,(M, N; €) such that for no
proper compact subset K of (M —N)~, e] (M, K\UN) =0, then every point x of
M — N has a neighborhood Q such that every neighborhood of x meets at least two
components of Q— M.

Proof. Let x be a point of M — N and let (U, [€]) be a fundamental (G, #)-
pair such that U is connected and x€ UC X — N. Let Q be a neighborhood of
x contained in U and such that

Hoo(X, X - U; 6)[ (X, X — Q) = 0.

The closure of Q — M contains Q. Otherwise, ¢’=Q—(Q— M)~ is a non-
null open set contained in M. It follows from
Hoo(M, N;€) > Hai(X, X — U;6) > Haro(X, X — Q5 €)
l i

=

Hn—l(Mv M - Q,; @) ” H"‘I(X’ X - QI; @)

that e| (M, M—Q')=0, contrary to our hypothesis.
Suppose that there is a neighborhood of x which meets only one com-
ponent 4 of Q— M. Then

V=0-[0—- MV ]

is a neighborhood of x. Both V and V— M contain 4 and are contained in 4;
therefore they are connected and hence the natural homomorphism of
H,(X, X—-7V;6) into H.(X, M\JU(X —7V) €); is one-one and onto.

Haa(X, X — V;6) = Hoa(M\J (X — V), X — V;6) & Ho(X, MU (X — V); 6)

T Tz 1=
' H,..(M,M — V;G) H.(X,X —-V;6)

o (X, X —U; €) &—-—— H,._l(;l, N; 6)
By hypothesis, e| (M, M —V)0. Therefore ¢| (X, X —V)0. On the
other hand,
el (X, X =V)=(| (X, X —U)| (X, X =V) =0.
Hence we have arrived at a contradiction.

LEMMA 14. Let X be a (B, n)-manifold and let Y be a closed subset of X. Then
Vis (n—1)-dimensional if and only if Y is nowhere dense and there is a point
x of Y and a neighborhood Q of x such that every neighborhood of x meets at least
two components of Q— Y.

Proof. Suppose that Y is (#—1)-dimensional; then it is nowhere dense by
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Lemma 9. By Remark 3, there exist compact subsets M, N of Y such that
M DN and for some nonzero element e of H,_,(M, N; PB), e| (M, K\UN)#0
whenever K is a proper compact subset of [M — N]-. It follows from Lemma
13 that there is a point x of M — N and a neighborhood Q of x such that every
neighborhood of x meets at least two components of Q— M. Since Y is no-
where dense, no open set can be contained in Y. Hence every neighborhood of
x meets at least two components of Q— V.

Conversely, suppose that ¥ is nowhere dense and that there is a point
x of ¥ and a neighborhood Q of x such that every neighborhood of x meets at
least two components of Q— Y. By Lemma 9, the dimension of ¥V is <xn—1.
Since X is a (B, n)-manifold, there is a fundamental (B, »)-pair (U, [B])
with U connected and contained in Q. Clearly U— Y contains at least two
components. Let 4 be a component of U—Y. Let

M=[d-A4)NU]-, N=M-U.

We can easily see that M, N are compact subsets of ¥ and that the natural
homomorphism of H,_;(M, N; B) into H,_;(4A—A, A— U; B) is one-one and
onto. Since H,(4, A—U; P)=0 and H,(4, A—A; P) is isomorphic to P
(Lemma 10), it follows from

=~ _ _ 0 .
Ho (M, N;P)— Has(4 — A, 4 = U;P) —— Ha(4, 4 — 4;P)

that H,_,(M, N; B)=0. Hence the dimension of ¥ is 2n—1 by Lemma 4.
This proves that ¥ is (n—1)-dimensional.

LeMMA 15. Let X be a (€,, n)-manifold and let T be a periodical transforma-
tion on X of period q, where q is any prime number. Then the fixed point set L
of T 1s closed (and hence locally compact), locally connected, nowhere dense and of
type P(G,). Hence every component of L is open in L and is a (€4, k)-manifold,
where k depends on the component and is <n—1. The equality holds only if g=2.

ReEMARK 8. This statement, though slightly general, is essentially the
same as the one given in [5]. Firstly, the conclusion is a local property; there-
fore the compactness of X required in [5] can be replaced by the local com-
pactness. Secondly, the assumption that every bounded open set is a counta-
ble union of compact sets is not essential and then can be omitted. Finally,
the property Q used in [S] can be removed, as we can prove that a locally
compact Hausdorff space which possesses the property P,(€) at point x
possesses also the property Q(€) at x (see the Appendix).

LEMMA 16. Let X be a (Cy, n)-manifold, let T be a periodical transformation
on X of period 2 and let L be the fixed point set of T. If x is a point of L at which
L possesses the property P._1(Cy) (Lemma 15), then x has a connected neighbor-
hood Q such that Q=T(Q) =1Int Q (i.e., the interior of Q) and Q—L has exactly
two components which are mapped into each other by T.
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Proof. By hypothesis, there is a fundamental (€, #—1)-pair (U, S) of L
with U containing x. Since the natural homomorphism of H, (T, U—U; §,)
into H,y(L, L—U; @€;) is one-one and onto, there is an element e of
H, (U, U — U; §;) such that for no proper compact subset K of T,
el (T, KJ(U—U))=0. It follows from Lemma 13 that there is a neighbor-
hood 4 of x such that every neighborhood of x meets at least two components
of A—T. Since L is nowhere dense (Lemma 15), every neighborhood of x
meets at least two components of 4 —L. Let B be the component of ANT(4)
containing x and let

Q = Int B.

It is clear that Q is connected, Q=T7(Q) =Int Q and Q—L has at least two
components. We remain to prove that the components of Q—L are two in
number and are mapped into each other by T.

Let C be a component of Q—L. Then T(C)#C, since otherwise, the

periodical transformation 77: Q—Q defined by
/(z) = {T(x) ?f xEC,
x fxeEQ-C

has a fixed point set which is not nowhere dense, contrary to Lemma 15.

Now we claim that every point of QNC is contained in Int (CUT(C)).
Let y be a point of QNC and let D be a neighborhood of y whose closure is
contained in Q. In the diagram

]

(M, Ms\J N; ) >Ho((M:\J N, N; )
Ho(M\, N'\J Ni; 6) Ho (Mo, N €2)
)
H, (N Ny, Ny, Gr) 11,.1_.(M,, N"; Gy)
~\11,._.(1\1', N'; §5) A Ho1(Na, N3 §3)
=~ s H.(Ms, N'U N;; €2) ) =~
Ho i (N'\J N3, N3; §) a Hay(N'\J No, N'; G)

H,.ll wv'\J N,; Gy)

we let
Mi=(CND~, My=TM), M=M\J My
Ni=M,— D, N, = T(N)), N =N UNy;
N =M —-C=MNM,
N'=M,—(CUD)=NNN,=N NN;=NNN,.
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Since H,.(X, X —Q; ,) is isomorphic to €, ( Lemmas 10 and 12), there is
only one element u of H,(X, X —(Q; §,) different from 0. Under the natural
homomorphisms

Hu(X, X — Q;6) — Ho(X, X — (M; — (N'U Ny); €y)

; H,,(Mi, N'U N;; @2)
u| (X, X —(M;—(N'"UN)))=u| (X, X—(M;—(N'"UN,))) determines a
unique nonzero element u; of H,(M;, N'UN;; €), i=1, 2.

Every group of the above diagram has an element which is corresponding
to either u; or uy or both. The one in H,_1(M.\JUN, N; €,) is 0 as

H, (N2, N"; G5) | (MU N, N) = 0.
It follows that for some eEH,.(M, N; §,),
w | (M, M;\UN) = e| (M, M;\U N).
Let K be a minimal compact subset of M such that for some ¢’ € H,(K\UN,
N; §y),
e=c¢|(M,N).
Let D’ be any neighborhood of ¥ not intersecting V. It follows from
¢ (X, X —(CND)) =e|l(X,X - (CN DY)
=uw|(X,X—(CND)=u|(X,X—(CND))#0
that y&K. By Lemma 9, K — N is a neighborhood of y contained in M. Hence

y is an inner point of C\UT(C).
As a consequence of this result, we have

0 = Int (CU T(7)).

In fact, it follows from Q=Int Q that QDInt (C\UT(C)). Suppose that our
assertion is false. Then there exists, by the connectedness of Q, a point of
QN(CNT(C)) which does not belong to Int (C\UT(C)). But such a point
clearly belongs to QNC and then belongs to Int (C\UT(C)) by our result
above. Hence we have arrived at a contradiction. This proves that Q —L has
exactly two components C and T(C).

COROLLARY. Let X be a (B, n)-manifold, let T be a periodical transformation
on X of period 2 and let L be a component of the fixed point set of T. If L is a
(8, n—1)-manifold (see Lemmas 11 and 15), then L is also a (B, n—1)-mani-
fold.

Proof. Let x be a point of L and let (U, [B]) be a fundamental (R, #)-pair
with U connected and containing x. Since X is also a (@, #)-manifold
(Lemma 11), it follows from l.emma 16 that x has a connected neighborhood
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V such that VCU, T(V)=V and V—L has exactly two components C and
T(C). (V, H, (X, X—V; P)) is clearly a fundamental (P, »n)-pair.

For any point ¥ of LNV and any neighborhood Q of y there exists, by
Lemma 16 and the definition of the property P.(®B), a connected neighbor-
hood W of y such that (i) WCVNQ, (ii) T(W)=W, (iii) W—L has exactly
two components D and T(D) with D contained in C, (iv) the natural homo-
morphism of H,(X, X —V; ) into H,(X, X — W; B) is one-one and onto, and
(v) whenever k=n,

H(X, X = V; B[ (X, X — W) =0.

Now let us observe the natural homomorphism of the Mayer-Vietoris
sequence of (X; X —C, X —T(C)) into that of (X; X—D, X —T(D)).

A d A
H(X,X — V; Bp : *Hi(X, X — W; )

H(X—C, X=V; B)XH(X—T(C), X—V; B)—> H(X—D, X—W; B)XH(X —~T(D), X—W; P)

__—

H(L L—-V;P)——> H(L,L=W;P)

= =

Hy(X—(CUT(C), X—V; P ——— > H:(X—(DIT(D)), X-W; B)
A A
Hin(X, X=-V; ) > Hen(X, X-W;B)

H
H

For k<n, the natural homomorphism
H(X —C, X — V;P) X H(X — T(C), X — V; B)

S H(X — D, X — W;P) X H(X — T(D), X — W; B)
is trivial. In fact, let e be any element of Hy(X —C, X — V; ). The image of
(e|] (X =D, X—W), 0) in Hy(X, X —W; B) is 0; therefore (e[ (X —D, X — W),
0) is the image of some ¢/ € Hy(X —(D\JT(D)), X —W; B). Since ¢’ is invari-
ant under the homomorphism induced by T, it follows that the isomorphism
of Hy(X—D, X —W; B) onto H,(X —T(D), X —W; PB), induced by T, maps
el (X—D, X—MW) into 0. Hence el (X-D, X-W)=0.

Let A be a neighborhood of y contained in W and such that whenever
kE<n—1,
Hya(X, X — W; B)| (X, X — 4) = 0.

If k<n—1and e€H,(L, L—V; PB), then
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e| (X — (DU T(D), X — W) = A¢

for some ¢ CHp (X, X—W; B). It follows from e’| (X, X—A4)=0 that
el (L, L—A)=0. This proves that whenever k<n—1,

Hy(L, L= V;B)[ (L, L — 4) =0.

Since L is of dimension Z<#n-—1, it follows that whenever >n—1,
Hi (L, L—V; P)=0 and hence

Ho(L,L—V;B)| (L, L— 4)=0.
It is clear that the natural homomorphism
Hy (X —C, X —V;B) X Hi(X —T(C), X = V;B) = Ho(X, X = V; )

is trivial. Therefore there is a subgroup S of H, (L, L—V; B) such that
A maps H,(X, X—V; PB) isomorphically onto S| (X—-(CUT(C)), X-=71).
Similarly there is a subgroup S’ of H,.(X, X—W; $B) isomorphically
S’[ (X —(DIT(D)), X —W). Therefore it is clear that the natural homo-
morphism of H,y(L, L—V; PB) into H, (L, L—W; P) maps .S isomorphically
onto S’. For any e € H,y(L, L — V; B), the image of e| (L, L — W) in
H, (X — D, X — W; B) X Hia(X — T(D), X — W; P) is 0; therefore
el(X — (DY TWD)), X — W) belongs to AH,.(X, X — W; P). Hence
e|(L, L-W)&ES'.

From this result it follows that
Hoo(L, L= V; B[ (L, L~ 4) =S| (L, L~ 4).

With W, 4 in place of V, Q we can find a neighborhood W’ of y in W. There-
fore the natural homomorphism of H,_1(L, L—W; P) into H,1(L, L—W'; B)
maps S’ isomorphically into H,.,(L, L—W’; B). Hence the natural homo-
morphism of H,1(L, L—V; PB) into H,_y(L, L—A4; B) maps S isomorphically
onto S| (L, L—A4).

Combining all these results, one can easily see that (LNV, .S) is a funda-
mental (B, n—1)-pair. This proves that L possesses that property P, _(PB)
at x. But x is an arbitrary point of L; hence L is a (8, »—1)-manifold.

REMARK 9. From this Corollary the following general question is raised.
If X is a (B, n)-manifold and T is a periodical transformation on X of prime
period, is every component of the fixed point set of T"a homological manifold
with respect to P?

7. Theorem 1.

THEOREM 1. Let X be a (B, n)-manifold and let H be a finite group acting
effectively on X. If H is not trivial, the dimension of the fixed point set of H is
S<n—1. The equality holds only if the order of H is 2.

Proof. Let T be an element of H of prime order ¢. Let L be the fixed point
set of T and let L’ be the fixed point set of H.
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Since a (B, n)-manifold is of dimension #, L is of dimension <#. By
Lemma 11, X is also a (€,, n)-manifold; it follows from Lemmas 15 and 9
that L is of dimension =n—1.

|Since L'CL, the dimension of L' is <n—1. Now we assume that L’ is of
dimension »—1; then L is also of dimension #z—1.

By Lemma 14, there is a point x of L’ and a neighborhood Q of x such that
every neighborhood of x meets at least two components of Q— L.

Let (U, S) be a fundamental (B, #)-pair with U containing x. Since both
X and L are locally connected, there is a connected neighborhood V of x
contained in QN U and such that LNV is connected. It is clear that (V, [B])
is a fundamental (P, #)-pair and that V—L has at least two components.

Let B be a component of V—L. Then (B, [B]) is a fundamental (B, #)-
pair. By Lemma 11, (B, [€,]) is a fundamental (€, #)-pair; therefore
H,(B, B—B; §,) has a nonzero element %. Let M =B—B; then VN\M is
not null and is contained in L. Let y be a point of VMM and let N=(VN\M)-.
For any neighborhood 4 of y contained in V there is a unique element e4 of
H, (N, N—A4; §,) such that

ea| (M, M — A) = du,

where 9 is the boundary operator of the homology sequence of the triple
(B, M, M—A).

Ho (L, L—A4; §,) ¢ Hoa(L, L-V; G,)
m,(L, NU(L—A);QV)——'II,._l(AIU(L—A), LeA;6) «— H,_\(N\J(L=V), L-V; §,)
(N, ;—A; Q) — H..(N, ;—V; €
H, (M, ;;—-A; G, — Haoi(M, ]l;— V; €

a a

H.(B, M;C,)

Since the dimension of L is n—1, H,(L, NJU(L—A4); €,)=0. Therefore
e =es| (L, L — 4) = 0.
Now ey is an element of H, (L, L—V; €,) such that for every neighborhood
A of y contained in V,
ev| (L, L — A) = €4 0.

It follows that L possesses the property P,_i(€,) at y (Lemma 15). Since
LMYV is connected and contains both x and y, L possesses the property

P,4(€,) at x (Lemma 15). Moreover, ¢ must be equal to 2 (Lemma 15).
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By Lemma 16, there is a connected neighborhood W of x contained in V
and such that W=T(W) and W— L contains exactly two components C and
T(C).

Since W is contained in Q, W— L’ has at least two components. Therefore
WAL =WNL and then W—L’ has exactly two components C and T(C).
Let Q' be a neighborhood of x invariant under H and contained in W. Then
every element of H maps Q'"\C into Q'\T(C) or itself.

Suppose that the order of H is >2. Then there is an element other than
the identity maps Q' C into itself. Certain power of this element, denoted
by T7, is of prime order q. Just as we have seen above, ¢=2 and there is a
neighborhood W’ of x contained in Q’ and such that 7/(W’) =W’ and W' —L’
has exactly two components C’ and T’(C’). C’ is contained in either C or
T(C); we may assume that C’'CC. Since T'(Q'\C)=Q'NC, it follows that
T'(C")CC. Therefore C\JL’ contains W’ and then contains x as an inner
point. This is clearly impossible.

8. Slices.

DEeFINITION. Let X be a Hausdorff space and let G be a compact Lie
group acting topologically on X. Let p be a point of X and G, the isotropic
subgroup of G at p. A slice at p is a subset ¥ of X containing p and satisfying
the following conditions:

(i) Whenever g&€G and x€Y, g(x)E Y if and only if g&EG,.

(ii) If Q is a small open cell which is a local cross-section to the cosets of
G, at the identity of G, then (g, x)—g(x) defines a homeomorphism of QX YV
onto Q(Y). Moreover, Q(Y) is open in X.

LemMA 17. If X is completely regular Hausdorff space and G is a compact
Lie group acting on X, then at every point of X there exists a slice.

This Lemma was first proved by Montgomery-Yang [3] for complete
metric spaces and then extended to completely regular spaces by Mostow
[12].

9. Theorem 2.

THEOREM 2. Let X be a (B, n)-manifold and let G be a compact Lie group
acting topologically on X such that the highest dimension of any orbit s r. Then
for any integer b, 0 Sk <r, the union of all the orbits of dimension <k is a closed
set of dimension Sn—r+k—1.

Proof. Let X be a (B, #»)-manifold and let G be a compact Lie group acting
on X. For each point x of X, we denote by G, the isotropic subgroup of G at
x and by Gj the identity component of G;. Then the order of the quotient
group G./Gy is finite and will be denoted by m(x).
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For any integers #=0, =1 we let

Xuo = {212 € X, dim G(2) = u, m(x) = v}, X.= U Xy

v=1

Since every point x of X has a neighborhood U such that whenever yU, G, is
conjugate to a subgroup of G, [11], it follows that whenever #=0 and v=0,

Zuw=X, UX, ., U - - UX,12UX,1UX,U---UX,,

is open. Hence all Z,,, and consequently all X, , are locally compact Haus-
dorff.

Each X,,, intersects X,— X, at a set of dimension <n—2. In fact, let p
be a point of X,,,N(X,—X,) and let ¥ be a slice at p. Clearly ¥ may be
assumed to be connected and then is a (B, » —u)-manifold (Lemma 3). Since
pEX,, there is a point x of ¥ belonging to X,. It follows from dim G,>dim G,
that there is a finite subgroup H of G, in which the index of HNG, is >2.
Making use of Theorem 1, one can easily show that the fixed point set of H
is of dimension <n—u—2. Hence X, ,/\Y is of dimension <n—u—2, as it
is contained in the fixed point set of H. Let Q be an open u-cell in G which
contains the identity and is such that (g, x)—g(x) defines a homeomorphism
of QX Y onto Q(Y) and that Q(Y) is a neighborhood of p. Then Q(X,,,N\Y)
is a neighborhood of p in X,,, and is of dimension <#—2 (Lemma 5). Since
p is an arbitrary point of X,,,N\(X,—X,), the dimension of X, ,\(X,—X,)
is <n—2 (Corollary to Lemma 4). From this result and Lemma 7, it follows
that the dimension of X,—X, is <n—2. Hence X,=X and consequently
X —X,, i.e., the union of all the orbits not of the highest dimension, is a closed
set of dimension <#—2, since otherwise X,— X, would be of dimension n—1
by Lemma 9.

Let X* be the orbit space of X and let f be the natural map of X onto X*.
Then all f(Z,,.) are open in X*. Hence all f(Z,,) and consequently all
f(X,,.) are locally compact Hausdorff. Let

dim f(Xu.v) = Ry, 0=su<r.

Let p, Y, Q be as in the preceding paragraph. Then f maps X,,,N\Y onto a
neighborhood of f(p) in f(X.,,). Therefore X, ,NY is of dimension £k, ,.
Hence Q(X.,,N\Y) is a neighborhood of p in X, , whose dimension is <k, ,
+u. Since p is an arbitrary point of X,,,, it follows that the dimension of
Xy is Sky,+u. Hence our conclusion that X,\J - - - UX,, 05k<r, is a
closed set of dimension =n—r-+k—1 follows from Lemma 7 if we can show
that

kup En—r—1, 0su<r.
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Suppose that our assertion is false. Then there is some X, s such that
(i) 0Za<r, (ii) k=keg>n—r—1 and (iii) if #>a or if u=a and v<B, then
k.o,=n—r—1. By Remark 3, there exist compact subsets M, N of X, such
that M DN and for some nonzero element ¢ of H,(M, N; B), e| (M, K\UN)#0
whenever K is a proper compact subset of (M — N)~. Let p be a point of
f~Y(M —N) and let Y be a connected slice at p. Clearly G, acts as a trans-
formation group on Y with f(V) as the orbit space. Let 4 be a neighborhood
of pin Y such that G,(4) =4 and f(A)N\N = . Clearly for any neighborhood
B of pin ¥ contained in 4, eg=e| (M, M —f(B)) =0.

H(f)YO\N M, (F()N M) — f(A); B—————>H(f(1)N M, (f(V)\ M) — f(B); B)
= He(M, N;B) =
Hy (M, M — f(4); B)——————H(M, M — f(B); })
Hk(f“(M),ff':(ﬂ;) —4; %)——’Hk(f"(M{,*f[;M) - B;9)
Hy (Y, Y — A;B)——>Hy(Y, ¥ — B; P)

s A
H(f(¥), f(¥) = J(4); B)—————Hu(f(¥), J(F) — /(B); B)

Let e§;=f;1(e3)l (Y, Y—B); it is clear that e};zeﬁl (Y, Y—B). k is
S<n—u—2,as X,, is of dimension £n—2. Since Y is a (B, n—u)-manifold,
B can be chosen such that ez=0. Moreover, we may assume that G,(B) =B.
Let eg be the element of'Hk(f(Y)ﬂM, (f(YNM)—f(B); ®) such that
ei| (M, M—f(B)) =eg. Then

L’Z #Z ()
and

en| (J(V), f(Y) — f(B)) = fa(er) = 0.

Since f(Y) is contained in f(Z,.5) which is of dimension k& by Lemma 7, it
follows that the natural homomorphism of IL.(f(Y)YN A, (f(Y)NAT) —f(B);B)
into IL(f(Y), f(¥)—f(B); P) is onc-one. Hence we have arrived at a con-
tradiction. This completes the proof of Theorem 2.

10. Appendix.

DEeFINITION. Let X be a locally compact Hausdorff space and let € be a
compact abelian group. X is said to possess the property Q(€) at x if for every
neighborhood 4 of x there is a neighborhood B of x contained in 4 and with
the property that whenever ¥ is a point of B and C is a neighborhood of v



1958] TRANSFORMATION GROUPS ON A HOMOLOGICAL MANIFOLD 281

contained in B, there is a neighborhood D of y contained in C and such that
for every k&,
H(X—-C, X—4;6)|(X—- D, X - B) =0.

PROPOSITION. Let X be a locally compact Hausdorff space and let x be a point
of X. If X possesses the property P.(C) at x, then X possesses the property
Q(€) at x.

Proof. By hypothesis, there is a fundamental (€, #)-pair (U, S) with U
containing x. Let A be a fixed neighborhood of x. Then there is a neighborhood
B of x contained in ANU and such that

(1) Hu (X, X - 4;6)| (X, X — B)C S| (X, X — B)
and for every k#n,
(2) Hy(X, X — 4;6)| (X, X —~ B) = 0.

Let y be a point of B and let C be a neighborhood of y contained in B.
Then there is a neighborhood D of y contained in C and such that

(3) H.(X,X —C;6)|(X,X — D) CS|(X,X — D)

and for every k>n,

4) H(X,X - C;Q)|(X,X — D) =0.
/H"(X' oo G)\
Hi(X, X 4; 6) »H(X, X — B; €)
Hpy(X — CX A;€) *H, (X — C,X — B; )

\Hk“(X X —B;6) &
Hi(X < B,X — 4;6) Hen(X, x C; ©)

e o NG
— 4;6)

»H(X — D, X — B;6)

Hy(X — D, X

Let e be an element of Hi(X—C, X—A4; §); then
el (X, X — B) =0.
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In fact, if k>#n, our assertion follows from (2). If k==, it follows from (1)
that for some ¥ &S,

el (X, X — B) = u| (X, X — B).
Since e| (X, X —C) =0, u| (X, X —C) =0 and then % =0. Hence ¢| (X, X — B)
—Oi*‘rom this result, it follows that for some ¢ EH, (X —B, X—4; €),

el (X, X — 4) =¢| (X, X — A).
Let

a"=e—e’|(X—C,X—A).
Then
(X, X —A)=¢| (X, X —4) =] (X,X - 4) =0.
Therefore for some ¢/ €H,1(X, X—C; §),
e’’’ = ¢".
Now we claim that
ae”| (X, X — D)) =0,

where 9 is the boundary operator of the homology sequence of (X, X —D,
X —B). If k#n—1, then e”’l (X, X—D)=0 by (4) and therefore our asser-
tion holds. If k=n—1, then by (3) there is some #&.S such that

¢''| (X, X — D) =u|(X,X — D)

, , = (u| (X, X - B)| (X, X — D).
Hence our assertion again holds.
From this result, we have

0=a("| (X, X — D))
¢'| (X — D, X — B)
e| (X — D, X — B).

This proves our proposition.
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