ORBITS OF HIGHEST DIMENSION

BY
D. MONTGOMERY AND C. T. YANG

1. Introduction. Let G be a compact connected Lie group which acts on
an n-dimensional manifold X. An earlier paper [3] has discussed the excep-
tional orbits of highest dimension but for the main result it was required that
X be differentiable and that G act differentiably. In the present paper we
extend the result to the nondifferentiable case and include some additional
related material. For this extension X is taken to be a certain kind of general-
ized manifold recently studied by Yang [8] and results of this study are used
throughout this paper.

Let 7 be the highest dimension of any orbit of G in its action on X and
let F be the set of singular points, that is, points on orbits of dimension less
than 7. It is known [2; 8] that F is a closed set of dimension <#—2. The set
of points on exceptional orbits of dimension 7 is denoted by E; at a point of E
the isotropic group is discontinuous and, to speak intuitively, an orbit in E
is characterized by the fact that arbitrarily near it there are orbits which
wind around it more than once. The result shown before and here extended
is that if the (# —1)-homology of X is trivial (for example N = E=" or S*) then

dim (EUJF) = n — 2.

Homology is always Cech homology and is either for X if X is compact, or of
the one point compactification if X is not compact. Either way we use the
symbols Hy(X), Hy(X, 4), etc.

2. Definitions and preliminaries. Let X be a (B, #)-manifold [8], that is
a generalized manifold using for coefficients the group P which is group of
the reals mod one. Let G be a compact connected Lie group acting on X
with 7 being the highest dimension of any orbit. As in [8] we let

G, = isotropic subgroup of G at x,
*

G. = identity component of G,
m(x) = order G,/ G:,
Xu» = {x:2 € X, dim G(2) = u, m(x) = v},

F=U{Xu:u <r}.

As already mentioned [2; 8]

dimF £ n— 2.
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Let
s = inf {m(z): € X — F, dim G(x) = r}, E=U{Xn.:v>s}.

The set E\JF is closed and as stated above it will be shown under certain
conditions to have dimension =#n—2; therefore under these conditions
X —(EVUF) is a fibre bundle with orbits as fibres.

Let p be a point of X —F, and let K be a connected slice at p [5; 6] as
modified in [8]. Let Gx be the subgroup of G, which leaves all of K fixed;
Gk is a normal subgroup of G, containing G;. Therefore

H = Gp/Gk
is a finite group acting effectively on K.

LemMA 1. If pE(X,,,)~NE, then for every xS K, s is a factor of m(x) and
m(x)/s is equal to the order of H:. Therefore a point x of K belongs to E if and
only if H, is not trivial.

Proof. Since pE (X ,,.)~, KNX, isnot null and thereis a pointyE KNX, ;.
Then

Gk C Gy.

Suppose Gx#G,. Then there is an element g of G, not contained in Gkx. Then
gGk, as an element of H, is not the identity and a certain power of gGk,
denoted by T, is of prime order. Since K is a (B, »—r) manifold it follows
[8, Lemma 15] that the fixed point set of T is nowhere dense in K. But G,
is continuous at ¥ and therefore is constant over a neighborhood of y in K.
This means that y is an inner point of the fixed point set of gGx and of T.
This is a contradiction and proves that Gxk=G, and the assertions of the
lemma now follow. This completes the proof.

LEMMA 2. dim ESxn—1 and (X,,,)~=X.

Proof. Let p be a point of E and let K and H be as above. Suppose that
(X, #X. Then (X,,~—Int (X, ,)~ is not null and is (# —1)-dimensional
[8, Lemma 14] so that it cannot be contained in F. Hence we may choose a
point of (X, ,)~—Int (X,,)~ as p. Then K —(X,,)~ is non-null and open in K
and is contained in E. Therefore

KNE=K-X,,

is somewhere dense in K.

By Lemma 1, a point of K belongs to E if and only if it is a fixed point of
some nontrivial subgroup of H. By [8, Theorem 1], the fixed point set of a
nontrivial subgroup of H is nowhere dense in K. It follows that KNE is
nowhere dense in E. Hence we have obtained a contradiction which proves

that (X,..)-=X.
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Since EJF=(X,,)~—X,,, EJJF is nowhere dense. It follows from [8:
Lemma 14] that dim (E\JUF) £n—1 and therefore dim E=<#n—1 which com-
pletes the proof.

For any integer £>1 let

E, = {x: 2 € E, ks| m(x)}
where ksl m(x) means that ks is a factor of m(x).
LemmA 3. E=U{E;: & prime} and the set
E' = U {Ex: k an odd prime or 4}
is of dimension =<n—2.

Proof. Let p be a point of £ and K a slice at p as above. It follows from
(X, )~ =X, that KNX,,, is non-null. If y is a point of KNX, ,, then

(a) G,CGy,

(b) m(p) is the order of G,/G,

(c) s is the order of G,/Gy.
Therefore s is a factor of m(p). Since pEE, s#m(p), and for some prime num-
ber k, ks is a factor of m(p) so pE E;. Hence

E = U {Ex; k prime}.

Suppose that E’ is of dimension >n—2. It follows from Lemma 2 that
the dimension of E’ is n—1.

By [8, Lemma 7], there is some 2> 2 such that X, 4, is (# —1)-dimensional.
Therefore there is a point p of X, such that every neighborhood of p in
X, ks is (n—1)-dimensional [8, Corollary to Lemma 4]. Let K be a connected
slice at p and let Q be an open r-cell in G which contains the identity and is
such that Q(K) is a neighborhood of p and that (g, x)—g(x) defines a homeo-
morphism of QXK onto Q(K).

Let Gk be the subgroup of G, which leaves every point of K fixed and let
H=G,/Gxk. It follows from Lemma 1 that H is a finite group of order k.
Since k>2 and K is a (P, n—r) manifold, it follows from [8, Theorem 1]
that KMNX, i, the fixed point set of H is of dimension =#n—r—2. Hence by
[8, Lemma 5] the dimension of X, Q(K) is of dimension <#—2, contrary
to the result above. This contradiction completes the proof.

Let X* be the orbit space of X. Whenever S is a subset of X, the image of
S is X * is denoted by S*.

LEMMA 4. The set X}, is connected and hence X, , is a fibre bundle with
orbits as fibres. If G is connected then X, is connected.

Proof. Let A7 be a subset of X, , such that G(M) =AM and M* is a com-
ponent of X},. Suppose that M X, ,. Then

M —Int M= I.
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Since M —Int M is an (n—1)-dimensional subset of E\JF and since E'\UF is
(n—2)-dimensional, it follows that there is a point p of M —Int M belonging
to E—E, =Xr,2s-

Let K, H be as before. It follows from Lemma 1 that H is of order 2. De-
note by T the nonzero element of H. Then there exists by [8, Lemma 16] a
neighborhood 4 of p in K such that 4 —E has exactly two components C
and T(C). Since pE M, we may assume CC M. Therefore

M = GM) D G(C) D T(C)

and hence pE€Int M contrary to assumption. This proves the lemma.
3. Existence of a nontrivial relative cycle in E.

LeEmMMA §. If dim E=n—1 then there is a nonzero element 2’ of
Hn_l(E, E -_ E; @2).

Let p be a point of E and let K, H be as above. Let Q be a small open cell
in G which is a local cross-section of the cosets of G, in G at the identity and
such that

QU QG (Q U Q)N G, = Gy,

and (g, x)—g(x) is a homeomorphism of Q XK onto Q(K).

Let U be a neighborhood of p satisfying the following properties:

(i) UCQ(K).

(i1) If T is an element of H of order 2 and Ly is the fixed point set in T
in K, then LN\ U is contained in a component of Ly.

By hypothesis dim E=#z—1 so dim KNE=n—r—1. We consider ele-
ments T such that dim UNLr=n—r—1, and we shall show that for any
such T, Ly has the property P,—,_1(€,) at some point of ULy and hence at
all such points. By [8, Lemma 14] there is a point x&LrN\ U and a neighbor-
hood Q of x in KN U such that every neighborhood of x in KM U meets at
least two components of Q — (LzMU). There is a fundamental (€,, n—7)-pair
(W, [€:]) with W connected and contained in Q, and W— (LyN\U) contains
at least two components. Denote one of these components by 4. Let (as in
the proof of [8, Lemma 14])

M=[A-4ANW]-, N=M-W.

Then M, N are compact subsets of L\ U and the natural homomorphism
of Ho_,y(M, N; &) into H,_, ,(A—A, A—W; §,) is one-one and onto.
Since H,_,(4, A—W, €,)=0 and H,_,(4, A—A; ) is isomorphic to G, it
follows from

Hoora(M, N G) = Hyy (A — A, A — U:Gy) L Ho (A, T — A; Gs)
—H, (4,4 - U, Gy
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that H,_,_1(M, N, €,;)=0.

It follows that at a point p of M — N, Ly has the property P,_,_;(€,).

It follows from [8, Lemmas 11, 12, and Remark 3] that there is a funda-
mental (€, n—r—1)-pair (LU, S’). Then there is a fundamental (@,
n—1)-pair (Q(Lr)NU, S). Now let

B={x:x € E,dim Eatxisn — 1}.

For any p in B, there is a slice at p and a corresponding cell Q and for some
T, p€Q(Lr) and Q(Lr) has the property P,_i1(C,). Observe that B is the
union of these sets of the form Q(Lr) and that B—BC E—E.

As in [3] we associate with B a new space R in the following manner.
The points of R are of the following kinds:

(1) points of B—B,

(2) the points p of B which are “essentially” on only one set Q(Lr);
that is for such a p there is only one T leaving p fixed so that the Q(Lr) in-
cluding ¢ is unique in the sense that any two such coincide in a neighborhood
of pv

(3) the points p of B which are “essentially” on more than one Q(Lr),
(the number is always finite). For such a point p there are a finite number of
sets of the form Q(Lr), call them Yy, - - -, Yy such that

Peyia i=17"'1k

and if p is in any set of the form Q(Lr) this set coincides with some V; ina
neighborhood of p. In this case p is replaced by & points, py1, - - -, px. The
set R is topologized by the following neighborhoods:

(a) A point of B— B has the same neighborhoods as before except that
if the original neighborhood included a point p of type (3) above, then the
new neighborhood is to include py, - « «, ps.

(b) For a point ¢ of type (2) we choose the same neighborhoods as before
which are connected and small enough to have property P,_:1(€,) throughout.

(c) For a point p of type (3) we choose as a neighborhood of p; any open
set in ¥; which includes p;, is connected, and has the property P,_.1(G,)
throughout.

In R the points of type (2) and (3) constitute a set .S at each point of
which the property P,_1(€,) is valid. There is a natural map f which satisfies

f: R— B, f:S—B

and the space R is compact (at least if X has been compactified).

In S choose a component S;. Then S, carries a relative (n—1)-cycle mod 2
which does not bound. In order to see this we refer to [8, Lemma 12] where it
has been shown that if U is any bounded subset of S; then I7,_,(S;, S1— U, G,)
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~@,. By representing (S;, S1—.S)) as an inverse limit we get the result stated
above.

It follows that f(S;) carries a relative (z—1)-cycle mod 2 which does not
bound in B, nor in E.

This completes the proof.

4. Existence of an (n —1)-cycle. The following theorem applies to a space
X whether or not it is a manifold.

We prove the following theorem for X compact although, as usual, it
will apply to the locally compact case by our standard device of adding a
point at infinity.

THEOREM 1. Let G be a compact Lie group acting on a compact Hausdorff
space X with a singular set F. Let B be an invariant open subset of X — F
satisfying

(a) Bd BCF (Bd B=B—B),

(b) dim B=n—1, dim Bd B<#n—2.

Then the natural homomorphism of H,_1(B; €s) into H,_1(B, Bd B; §,) is onto.

For the proof suppose the theorem false. Then the boundary operator
d: H,—1(B, Bd B; €y) — H,_5(Bd B; €,)
is not trivial. Therefore for some z&H,_,(B, Bd B; §,),
9z # 0.
Let Y be a minimal compact subset of Bd B such that
(9z)| (Bd B, ) = 0.

We wish now to prove the following: if x € Y and V is any open set includ-
ing x, then

(82)| (Bd B, Bd B — V) 5 0.

Of course Y is also minimal with respect to the following property: the
map H, »(Y; €)—H, »(Bd B; §,) takes some homology class into 9z.
There is a wy€EH,_»(Y; &,) such that

™ w,| Bd B = 9z

and assuming the statement above is false there is a w, € H,_2(Bd B—V; €y)
such that

(**) wz| Bd B = 93.
Applying the Mayer-Vietoris sequence [1, p. 39] to (YU(Bd B—7V); 7,
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Bd B — V) and recalling that YN(Bd B—V)=Y -V, we get

H,._.g(Y ) (Bd B — V), @2) i Hn_Q(Y; @2) + Hn_g(Bd B — V; @2)

i Hn_z(y -_ V; @2)

Since Y is minimal the element (w, w,) is not covered by ¥ so it is sent by ¢
to a nonzero element of H, »(Y\U(Bd B—V); €,) which however bounds in
Bd B by (*) and (**). This shows [8, Lemma 4] that dim Bd BZ#—1 which
contradicts the hypothesis. This contradiction completes the proof of the
desired fact stated above.

Let C be the totality of points x of Bd B such that whenever V' is an open
set including «x,

(3z) | (Bd B, BA*B.— V) 0.

Then C is closed and as shown above is nonvacuous. Therefore there is a
point p of C and an open neighborhood U of p such that whenever x&CNU,
G. is conjugate to G,.

Let K be a slice at p and let Q be an open cell in G containing the identity
and such that Q(K) is an open neighborhood of p contained in U and (g, x)
—g(x) is a homeomorphism of Q X K onto Q(K). Let HCK be an open neigh-
borhood of p in K (make the choice so Q(H) is open) and let & be the dimen-
sion of G(p). Then Q is k-dimensional and therefore we have a diagram as
follows (we omit €, as understood for the remainder of the proof):

H, 2(Bd B) — H, »(Bd B, Bd B—Q(H))= H i_»(K(\Bd B, (K—H)(MBd B)

_ - I _
la H,._z(BT(Q(H)f\B), B_Q(H))an-k—z((IT(mB)_(HmB)» (KMB)—H)
| o ’

Ho (B, Bd B) — H, (B, B—(QUE)N\B)) = Ho_+ (KB, (KMB)— (HMB))

The isomorphisms from the second column to the third come from the
fact that the spaces in the second column are obtained from those in the
third column by multiplying by a k-cell [see 8]; the groups involved are taken
modulo the appropriate boundaries.

Let 2’ be the image of 2z in H,_+y(KNB, (KNB)—(HNB)) and let v
be the image of dz in H,_;(KMNBd B; (K—H)N\Bd B). Then 2z’ and v
have the same image, that is

0z = v| (KN B) — (HN B), (KN B) — H).

Let ¥ (not the same Y as above) be a minimal compact subset of KMBd B
such that for some v EH,_ (Y, YN (K — H)),

| (KN BA B, (K — H)NBdB) =
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It will now be shown that YCC. Let x be a point of YNH and let W be
an open neighborhood of x. There is an open neighborhood H’ of x in K, and
an open neighborhood Q’ of the identity in Q such that H'CH, Q' is an open
k-cell, and Q/(H') CW. By the minimality of ¥V

V| (¥, YN (K — H')) 0.

This can be seen [1, p. 25] from the homology sequence of the triple
(Y, Y(K—H"), Y"\(K—H)). Since KNBd B is (n—k —2)-dimensional,

v'| (KN Bd B, (K — H') N\ Bd B) 0.

By properties of the homology of a topological product of a space and a cell
it follows that

(3z) | (Bd B, Bd B — Q'(H’)) # 0.
Hence
(92) | (Bd B, Bd B — W) 5 0.

Since W is an arbitrary open neighborhood of x, it follows that x&C.
Hence YNHCC and since Y Cclosure (YMNH), it follows that YCC.

The group G, is a transformation group of K. Let f be the natural map
of K into its orbit space. Then we have the following diagram:

Hooa¥, YO\ (K — 1) HoaaJ0), SOV O\ (K — )
Ha(KN Tsi _@N B, &kNB -m Hﬂ_k_zg«mj B) — (N B)), f(KMB)— &)

|a )
H. (KM B, l(Kf\ B) — (HN B)) J — Ho,_e1(f(K M\ B), f(KM B) — (HM B))).

Since YCCNU, f is a homeomorphism on ¥ and then fx(v") #0. Therefore
Afe(2') #0 as f(KNB)— (HNB)) is (n—k—2)-dimensional. But f(KNB) is
(n—k—2)-dimensional ([8, Theorem 2]) and then fix(z') =0. Hence we have
arrived at a contradiction which proves the theorem.

For the following theorem we return to the assumption made at the be-
ginning that X is a manifold. If X is not compact we compactify it by adding
a point.

THEOREM 2. If G is a compact Lie group acting on a (B, n)-manifold X and
if dim E=n—1 then there exists %0,

2 C H,1(E; €,).

Proof. This is a corollary of the preceding theorem and Lemma 5.
5. Statement and proof of main results.
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THEOREM 3. Let G be a compact connected Lie group acting on a (B, n)-
manifold X where H,_1(X; €,) =0. Then

dimE<#n—1.
Proof. Assume the theorem is false. Then there exists z, 20,
V4 E H,._.x(E; (S.,z)

Our assumptions on X and results on E give us the following exact
sequence (the coefficient group €, is understood and omitted):

0 H, (E) « H,(X, E) «— H,(X) < 0.

By [8, Remark 7 and Corollary to Lemma 12] H,(X) is cyclic of order 2
and we have just mentioned that H,_;(E) is not trivial. Hence H,.(X, E)
contains more than two elements and therefore X — E is not connected be-
cause if it were, H,(X, E) would be cyclic of order 2 [8, loc. cit.].

Now let W be one of the components of X — E. Since G is connected,

GW) =W.
Now select a point p in
EN (W — Int W)
where G, taken on
EN(W —1Int W),

is continuous, and take a slice K at p. Then G,/Gk is cyclic of order 2
and by [8, Lemma 16], EN(W —Int W) divides K, locally into two domains
which are interchanged by the nontrivial element of G,/Gk. Hence both these
domains are in W, since, clearly at least one of them contains a point of W
(and so is in W) and W is invariant under G. But then p is not in W —Int
W. This contradiction proves the theorem.

THEOREM 4. Let G be a compact connected Lie group acting on a (B, n)-

manifold and let x be fixed for every gEG. Then there is an open set V including
x such that

dim(ENV)=n—2.

The proof can be made by localizing the proof of the preceding theorem
so it applies to a neighborhood of x. Of course use must be made of the fact

that if V is small enough, a compact subset 4 of V must separate V if
H,_,(4)0.
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