ON A CANONICAL CONFORMAL MAPPING
OF J. L. WALSH

BY
JAMES A. JENKINS

1. In a recent paper [3] Walsh has given a type of canonical conformal
mapping for plane domains of finite connectivity which may be regarded as
the culmination of results of de la Vallée Poussin and Julia on canonical con-
formal mappings associated with level curves of polynomials and rational
functions. On the one hand Walsh allows a class of transcendental functions
replacing the rational functions of the earlier works. On the other the striking
features of his paper are, first, the completeness of the representation obtained
as compared with the results of de la Vallée Poussin and Julia and, second,
the fact that with an appropriate interpretation the canonical mapping for a
given domain is unique. It is of considerable interest that Walsh’s results can
be obtained by use of the method of quadratic differentials, indeed by a
suitable development of considerations given in a paper [2] by the author and
D. C. Spencer. The exposition of these ideas is the purpose of the present

paper.

2. THEOREM 1. Let D be a domain on the z-sphere with boundary com-
ponents By, Bs, - - -, B,; Ci, Co, - - -, Cy, uw5%£0. Then there exists a conformal
mapping of D onto a domain A on the Z-sphere where A is defined by

A(Z — a)M(Z — ap)M2 -« - - (Z — a,)Mu
(Z = b)¥(Z — by)Ve - - - (Z — b)Y

1< | T@)| <eln, T(Z)=

(1 , ,

> Mj=> Nj=1, 7>0.

j=1 =1
The exponents M; and N; are positive but need not be rational. The locus | T(Z)|
=1 consists of u mutually disjoint Jordan curves, respective images of the Bj,
which separate A from the a;; the locus | T(Z){ =el'7 consists of v mutually dis-
joint Jordan curves, respective images of the C;, which separate A from the b;.

In his corresponding statement [3, p. 129] Walsh includes the remark
that if the Bj, C;j are Jordan curves the mapping can be extended to a homeo-
morphism between D and A. As appears in his proof this follows at once from
standard results on boundary correspondence when Theorem 1 is established.

In [2, §8] is treated a canonical conformal mapping of a multiply-con-
nected domain obtained from a regular positive quadratic differential given
on the domain. (In that paper negative quadratic differentials were used but
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this is inessential.) If one uses a quadratic differential derived from the har-
monic measure of the set of curves C; with respect to the domain D it will be
found that the mapping obtained is that of Theorem 1. Here we will develop
the details from the beginning for the sake of completeness. Actually in the
proof of Theorem 1 one need introduce only linear differentials but in a more
general context quadratic differentials would intervene.

Let w(z) be the harmonic measure of Uj., C; with respect to D and let
w(2) be a conjugate of w(z). Then f(3) =w(z) +iw(z) will be analytic but not
single-valued in D while f'(z) will be single-valued. Let us join the boundary
components By, By, - - -, B, to a point P in D by a finite number of analytic
arcs such that just one arc ends on each boundary component and the
boundary components Ci, Cy, - - -, C, to a point P’ in D by a finite number of
analytic arcs such that just one arc ends on each boundary component in
such a way that on deleting these arcs from D we obtain a single doubly-
connected domain D’. Finally we join the point P to the point P’ by an ana-
lytic arc in D’ so that on deleting it from D’ we obtain a single simply-con-
nected domain D*. This is mapped by the function if(z) (which is single-
valued on D*) onto a portion of Riemann surface %’ lying, say, over the w-
plane. If we identify boundary points of R’ arising from the same point of D
we obtain a conformal model of D. Under the preceding mapping a boundary
component B; goes into a segment over the real w-axis of length say ¢/. A
boundary component C; similarly goes into a segment lying above the line
Jw=1 of length say 7/. By a well known property of the harmonic measure

I v
’ !
z gi = z T7{ = 2w7
=1 =1

where 7 is a certain positive number.

Consider now the function 7(277)~!f(2). As before it maps D* onto a por-
tion of Riemann surface ¢ lying, say, over the ¢-plane. Let B; go into the
segment Z;

SiELS s+ o;

where ;= (2r7)~'¢/ and the end points represent the same point on B,. Let
C; go into the segment T,

Je= Q)7  LER =S4+

where 7= (277)~1r, and the end points represent the same point on C;.
Now we adjoin to 9 along the segment Z;, j=1, - - -, u, the half strip F;

<0, 5 =R =55+ o5
Also we adjoin to R along the segment Tj, j=1, - - -, », the half strip G,
J¢ > (2mr)7, LENRS i+ 7a



1958] ON A CANONICAL CONFORMAL MAPPING OF J. L. WALSH 209

From the covering surface so obtained we produce an abstract Riemann sur-
face & by

(i) performing the identifications arising from the mapping <(27w7)~f(2),

(ii) identifying each two boundary points of F; for which 3¢ has a given
value, assigning there as local uniformizing parameter the parameter obtained
by covering of the {-plane, j=1, - - -, pu,

(iii) identifying each two boundary points of G; for which 3¢ has a given
value, assigning there as local uniformizing parameter the parameter obtained
by covering of the ¢-plane, j=1, - - -, »,

(iv) assigning a point P; corresponding to the point at infinity on each of
F;, j=1,- .-, u, at which we assign the local uniformizing parameter
exp(—2mio} (),

(v) assigning a point Q; corresponding to the point at infinity on each of
Gj, j=1, -+, v, at which we assign the local uniformizing parameter
exp(2mit; '¢).

The surface © is seen at once to be simply-connected and of elliptic
type. Let it be mapped conformally on the Z-sphere. By this mapping to the
points Pj;, j=1, .-, u, correspond points ¢; and to the points Q;,
j=1, .., », correspond points b;, We may assume all the a;, b; finite (al-
though corresponding considerations would apply if one of them were the
point at infinity). As a function of Z, { is of course not single-valued but d{
is. It is thus a linear differential on the Z-sphere and is regular except at the
points a;, j=1, - - -, mwand b, j=1, - - -, v. At a; we have the expansion

i0; 1
d¢ = | — -+ regular terms) az
2r Z — aj;

and at b, the expansion

& <—4” L o requlart )dZ
= regular terms .
2w Z—b,  ®

Thus

i v
v o
u,ﬂz—% ,,Z—b

(Note that d¢ is regular at Z= «.) Moreover
¢ = 21r{£_;¢r,log (Z — @) —Z_:r,log (Z—b,)} + K
where K is constant. Take now
T(Z) = exp (—2wif)
and set ;= M;, 7j=N;, exp(—2miK)=A4. Then
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A(Z — a)M(Z — ax)™M2 - - - (Z — a,)Ms
(Z — b)NI(Z — b))V2 - - - (Z — b)Y
with D %, M;=Y._, Nj=1. On the other hand, on the curves B;
j=1, -, u, we have §¢=0; on the curves C;, j=1, - - -, v, we have ¢
=4(2mr)~1. Thus on the images of the first set of curves | T(Z)| =1 and on
the images of the second set of curves | T(Z)| =exp(1/7). It is seen at once

that these are the only points at which these equalities hold and that the
points of D go into the points for which

1< | T(2)| <exp (1/7).

This completes the proof of Theorem 1.
3. We give now a proof of the uniqueness result corresponding to Theo-
rem 1 [3, p. 137].

THEOREM 2. Let D be a domain on the z-sphere defined by the inequalities
Az — a)™ -+ - (2 — a)™

(z—0b)m - (z—b)™

m v
2omi=2 =1,
=1

T(Z) =

1< |R@)| < e, R(3) =

i=1
and whose boundary consists of mutually disjoint Jordan curves By, Bs, - - -, B,,
C{,C,, - - -, C,, where Bj separates a; from D and C; separates b; from D. Let A

be a domain on the Z-sphere defined by the inequalities
A(Z = a)™ - (2 = o)
(Z = b)m - (Z = b))

1< |Ri(2)] < e, Ry(Z)=

v

M

2mi =2 n =1

J=1 J=1
and whose boundary consists of mutually disjoint Jordan curves B{ ,B4, - - -, B/,
C{,C{, .-, Cl, where B} separates a} from A and C; separates b from A.
If there exists a (1, 1) conformal mapping of D onto A so that each B; cor-
responds to B}, j=1, - - -, u, and each C; corresponds to C}, j=1, -, v,
then the mapping is a linear transformation of the complex variable 3, defined
throughout the z- and Z-spheres. We have r=1', mj=m/, nj=n]. If arg A" is
suitably chosen we have R(z) =R\(Z).

Let Z=g(3) be the conformal mapping of Theorem 2. Define

n v
u(z)=2m,~log|z—a,~|-—anloglz-—bj|+log|A[,
=1

=1

U(Z)=im,~’long—a;| — > nflog|Z—b}| +log|A’].

J=1 j=1
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The function u(z) is single-valued and harmonic in D, takes the value 0 on
the curves Bj, j=1, - - -, w and the value 1/7 on the curves Cj;, j=1, - - -, ».
It is thus equal to 1/7 times the harmonic measure of the set of curves C;,
j=1, - - -, v with respect to D. Similarly U(Z) is 1/7’ times the harmonic
measure of the set of curves C/, j=1, - - -, v, with respect to A. Thus 7u(2)
=7'U(g(2)). Now 27m; is the period of a conjugate of #(z) about B;, —2rn;
the period of a conjugate of u(2) about C; while 2wm/, —27n} are the cor-
responding periods for U(Z). Thus

— ol ! .
™m; = TM;, ]_1!°")/")
™m; = v'nf, j=1+

Adding the first set of equations we obtain

’

T =17,
This means
m; = mj, J=1
nj = nf, i=1, , ¥
while
) u(z) = U(g(2)).

Setting now

B d nJ
ds = ( -2 ————) ds,
=1 &% — a; =1 2 — bj

O

Jj=1 Z_a] Z b

we have at once that d{ and d{’ are corresponding differentials under the
mapping g. Defining on D and A the respective metrics |d¢| and |d{’| the
mapping g becomes isometric.

Let now I" and I be a pair of corresponding boundary components of D
and A; let ¢ and ¢’ be the distinguished points they separate from D and A.
Evidently I" and I are closed trajectories respectively of the quadratic differ-
entials —d¢? and —(d¢’)2 Let O and Q be the domains bounded respectively
by I' and IV in the complements of D and A. Since O() contains no pole of
—d{?(—(d¢’)?) other than ¢(¢’), by the Basic Structure Theorem [1] O(Q)
is a subdomain of a circle domain associated with —d¢2(—(d¢’)?). Consider
z on I' and the corresponding point g(z) on I'. The portion of orthogonal
trajectory of —d¢?(—(d¢’)?) entering O(Q) at 2(g(z)) is a half-open arc
A.(A]) with limiting end point at ¢(¢’). We extend the mapping g to the set O
by mapping the point of A, at a given distance from g in the metric ] d§‘| onto
the point of A at the same distance from g(z) in the metric |d§"| and map ¢
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onto ¢’. This clearly gives a (1, 1) mapping of O onto Q. At all points of O

but ¢ the mapping is isometric for the metrics |d¢|, |d¢’| thus conformal.

Finally by the Riemann theorem on removable singularities the mapping is

conformal at ¢. Carrying out this construction for all corresponding pairs of

domains complementary to D and A we extend g to a conformal mapping of

the z-sphere onto the Z-sphere which is thus a linear transformation.
Finally by Equation (2) we have

| R@) | = | Rulg(a)) | .
Thus for a suitable choice of arg A’ we have
R(z) = Ri(g(2)).

This completes the proof of Theorem 2.
3. Walsh gave also an analogue to Theorem 1 when the boundary com-
ponents Bj, j=1, - - -, u, are allowed to shrink to points [3, p. 140].

THEOREM 3. Let D be a domain on the z-sphere with boundary components
Ci, Co -+, C,, let o, oz, - - -, @, be arbitrary distinct points of D and let
My, M,, - - -, M, be arbitrary positive numbers which satisfy Sk M=1.
Then there exists a conformal mapping of D onto a domain A on the Z-sphere
where A is defined by

A(Z — a)M(Z — ag)M2 - - - (Z — a,)Ms
(Z = bVY(Z — b))V - - - (Z = b))V

l72)| <1, T@=

N; >0, > N; = 1.

j=1

The a; are the respective images of the oy, the locus IT(Z)| =1 consists of v
mutually disjoint analytic Jordan curves, which are respective images of the Cj;
and which separate A from the b;.

A remark on boundary correspondence holds as for Theorem 1.
Theorem 3 is proved just as Theorem 1 except the harmonic measure is
replaced by the function

Mgi(2) + Mags(z) + - - - + M,g.(2)

where g;(z) is the Green's function of D with pole at o, j=1, - -+, p.
4. The uniqueness result corresponding to Theorem 3 is [3, p. 143]

THEOREM 4. Let D be a domain on the z-sphere defined by the inequality
Az — a)™(z — a)™ -+ - (2 — @)™

(@ — b)™(z — b)™ - - - (5 — b)™

| R(z)‘ <1, R(z) =

B v
mi>07 Zmi=znf=1:

je1 j=1
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and whose boundary consists of mutually disjoint Jordan curves Cy, Ce, - - -, C,
which separate the b; respectively from D. Let A be a domain on the Z-sphere de-
fined by the inequality

ANZ — a{)Y™(Z — ad)™ - - - (Z — a))™
(Z — bll)nxl(Z — bz’)nz' .. (Z — b,’)",' ’

v
E n{ =1,
j=1

|Ri(2)| <1, Ri(2)=

and whose boundary consists of mutually disjoint Jordan curves C{, Cs, - - - ,C/
which separate the b} respectively from A. If there exists a (1, 1) conformal
mapping of D onto A so that the a; correspond respectively to the af , then this
correspondence can be continued beyond D and A as a linear transformation of
the z-sphere onto the Z-sphere. We have n;=n], and if arg A’ is suitably chosen,
R(z)=Ry(2).

There is no essential difference in the proof of Theorem 4 from that of
Theorem 2.
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