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1. Introduction. In recent years the asymptotic behavior in the neighbor-

hood of infinity of entire functions, G(z), which are defined by their power

series developments

G(z) = E gin)zn,
n-0

have been studied by W. B. Ford [2], E. M. Wright [9; 10; ll], H. K. Hughes
[3; 4], and J. H. B. Kemperman [6]. To apply their theory it is required that

the coefficient g(n) may be considered as a function g(w) of a complex variable

and as such admits an asymptotic factorial expansion in every right half-

plane. From their investigations it follows that the constants occurring in

this asymptotic expansion of g(w) are precisely the constants which occur in

the asymptotic expansion of G(z).

It is known from a lemma which appears in [2; 4; 11 ] that the function

(i. i) ,*» = n nw+a/) / £ r(W + Pj)
•'-1 ' j-0

admits the required factorial expansion. Here p and q are non-negative inte-

gers with pSq\ the o-,- and p,- denote arbitrary complex parameters. The com-

plete determination of the asymptotic expansion for large \z\ of the im-

portant class of functions

00

PGq(z) = X) pg*in)z"
n=0

is thus dependent upon a procedure for computing the constants occurring in

the expansion of Pgqiw). In an earlier paper [7] the fact that Pgqiw) satisfies

a first order difference equation was used to obtain an inductive formula for

the coefficients depending on all the previously calculated coefficients.

This paper deals with a simpler formula for calculating these coefficients.

For this purpose we introduce a function cf>(t) defined as an inverse transform

Received by the editors November 10, 1956.
0) Included in a thesis submitted to the Graduate School of Purdue University in partial

fulfillment of the requirements for the degree of Doctor of Philosophy. The work was directed

by Professor H. K. Hughes and J. H. B. Kemperman.

214



A FINITE RECURSION FORMULA 215

of pgq(w) and use the difference equation to obtain a differential equation of

Fuchsian type satisfied by <p(t). The expansion ot<p(t) about one of the regular

singular points of the differential equation will be determined and shown to

generate the constants in question. By this procedure we shall obtain a finite

recursion formula of fixed length q for the coefficients.

2. The factorial expansion. The lemma cited in §1 is now stated as a

theorem. The proof which is based on Stirling's formula is omitted.

Theorem 2.1. Let h be any real number and let 717 be any non-negative inte-

ger. Then in the half-plane Re(w) > —hwith \ w\ large, Pgq(w) admits the asymp-

totic development

PgaW = ((27r)1/2)l-«aa™+^-1/2

(2.D Tf:—-— + o(-)],
L^To T(aw + f3 + m) \T(aw + f3+ M+ 1)/J

where c0 = 1 and

(2.2) a = q+l-p;        j8 = zZ Pj - JZ <n + (1 - «)/2.
y=o i=o

In the subsequent investigation it is convenient to introduce the auxiliary

function

(x - fi + q + 3\
(2.3) 77(x) = (Wr-1*— *"6/2r(x) PgQ{-~-j,

where x is a complex argument. From the multiplication theorem of Gauss

[8, p. 240 ] it follows that 77(x) may be written in the form

(x - fi + q + 3\ °jJ    (x + r\
(2.4) Zf(*) = «-*-'rfe(-P—^—  Ilr -)•

\ Ci / r-0       \      «     /

We note that as long as x is confined to an arbitrary right half-plane,

T(x)/r(x + a) ~ x~a    for     | x \   large.

This is true for any complex number a by Stirling's formula. It therefore fol-

lows from (2.4), (1.1) and (2.2) that if x is restricted to any right half-plane

then

(2.5) H(x) ~ x-3-3   for    | x\  large.

Moreover, it follows from (2.3) and Theorem 2.1 that in any right half-plane

Re(x) > — h, H(x) has the asymptotic development

" cmT(x) / T(x) \
(2.6) H(x) = zZ -—-+ 0(-—-).

m=o T(x+q+3 + m) \T(x + q + 4 + M)>
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3. Definition of <b(t). We introduce the notation

Xo = max < 0, max Re (fi — q — 3 — ao-/) \ ,

X = any real number greater than X0.

It follows from (2.3) and (1.1) that H(x) is single-valued and regular in the

half-plane Re(x)>X0. From (2.5) we have H(x) = 0(x~9~i) for x in any right

half-plane and \x\ large. Hence for real values £ the inversion integral

1        /» X+ioo

C(|) = —: I        et*H(x)dx
2wi J \_ioo

converges. It follows from a well-known theorem [l, p. 126] that H(x) is

represented by the Laplacian integral

e-l*U(t)dl,
0

provided Re(x)>X0. Making the transformation £ = log£~\ t = e~£, these two

relations become

1 /A  X + IM

(3.2) c)>(t) = -; I t-*H(x)dx, 0 < I S 1,
2iriJ x_,M

and

(3.3) H(x) =   I    t*-l<j>(t)dt, Re (x) > Xo,
•I o

where we have replaced C(log t~l) by 4>(t).

We now derive upper bounds for cj>(t) at both t= 1 and / = 0 + .

Theorem 3.1. The function 4>(t) defined by (3.2) is 0(t~*) as t—>0 + , where

X « defined by (3.1). Moreover, cf>(t) =0((1 -t) «+2) wear ( = 1.

Proof. Let v be real and set x=\+iv, then

1   rK
4>(t) = — I   rx-»P(X + w)cfo.

2tt-'_c«j

From (2.5) there exists a constant M such that

(3.4) |P(X + w)|   < M(\2 + !,*)-(«+»/*

for |X+M>| large enough, X>Xo- Since Pf(X+ra) has no poles for X>X0 it

follows that (3.4) holds, for X^X0 + e (for any e>0) with M independent of

X and v. Thus
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M        rx
| <p(t) |   < — rx {     (X2 + »s)-<«+8>/!!<ft>.

IT Jo

We set v2=\2u and obtain

| 4>(t) |  < — X-'-2rx f   (« + l)-i***nhr1'tdu,
2ir J o

from which the first assertion of the theorem follows since the integral con-

verges. If we choose X = (1 —/)_1 in the latter inequality we see that near t = 1

<p(t) = o((i - /)9+2)

since t~x is bounded for this special choise of X.

4. A differential equation satisfied cp(t). The reader will readily note that

by applying the recurrence relation T(x+1) = xT(x) to (2.4) we immediately

obtain the difference equation

(4.1) P(x)H(x) = Q(x + a)H(x + a),

where

P(x) = fl(x-,3+<7 + 3 + curj) II (* + r),

(4.2) *•;

Q(x) = t[(x-a-fi+q + 3 + ap,).
3=0

Equations (3.2) and (4.1) may be combined to yield a linear differential equa-

tion satisfied by <p(t).

Theorem 4.1. Let 6 = t(d/dt), then the function <p(t) defined by (3.2) is an

integral of the linear differential equation

(4.3) L(y) m {t«Q(-d) - P(-6)}y(t) = 0,

where P(x) and Q(x) are defined by (4.2).

Proof. The integral (3.2) which defines <p(t) may be differentiated

m(m^q + l) times under the integral sign. To show this it suffices to show

that

(-d)mt~xH(x)dx =   I rxxmH(x)dx
X-i'oo J X-J'oo

is uniformly convergent. This is indeed true for m^q + 1 as follows from (2.5).

Observing that

p(-e)t~x = p(x)rx  and   Q(-e)rx = Q(x)rx,

we have
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P(-6)cb(t) = —; I        P(-6)t~*H(x)dx
2-jriJ \_iso

\        /» X+i«>

= -; j P(x)t-*R(x)dx
2« J x-ioo

1        /» X+ioo

= -:  I Q(x + a)rxH(x + a)dx
2iri J x-ioo

fa       /a X+or+,oo

= —: I Q(x)r*H(x)dx
2-wi J x+a-ioo

= t-Q(-d)ct>(t)

which proves the assertion.

In order to write P(y) =0 in the usual linear form we shall need the follow-

ing lemma.

Lemma 4.1. Let 9 = td/dt and let Bm (m = 0, 1, • ■ ■ , q) be arbitrary complex

parameters. Then the constants Ak in the operator identity

q a+l (f*

(4.4) Uie+Bm) = 2ZAkt"~
m=0 (fc-0 dt"

are given recursively by the formula

(4-5) At = — II ik + Bm) - £ 7—^rr •
k ! m=0 S-0    («   — J)'-

In particular,

(4.6) ^«+i=l;        Aq = 2Z Bm + qiq + l)/2.
m=0

Proof. It is clear that such constants exist. Observing that

n (e + Bm)t* = t* n (*+Bm)

and

dh T(x + 1)
fk _.   tx   —   _   tx

dtk Y(x + 1 - k)    '

we have the identity

i                         9+1            y(x + 1)

U(x+Bm) = 2ZAk-——--,
m-0 ft-0 T(X +   1   -   k)

or
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1 « «+1 Ai

(4-7) rJ-TT^ n (^ + £„) = z —~—•
r(x + i)m_0 y=o r(* + l — j)

We put x = k in (4.7) and obtain

1 A * Aj
-II(k + Bm) = zZ--t-t:>
«!m-o y=o L(x — j + 1)

from which (4.5) follows. Relations (4.6) follow from a direct operation of

YLZZl (6+Bm) on a function y(t).

Theorem 4.2. The differential equation L(y) =0, of which <p(t) is an integral,

may be written in the form

q+1 a-l

(4.8) L(y) = £<*-*(£*<" - Ck)ym(t) + zZ Ektky^(l) = 0,
*—a k—0

where

(4.9) Ek = — TT(t3 + k-p-2-aPm)-zZ ,L   '        (Og^gg+1),
k! m=0 y=o  (« — j)!

aw<7

,„  ,™ C* = TT 5 OS + * - 9 - 3 - «am+i) fi (k + p - m) - zZ TT-~,
(4.10) klm=0 m=p j-a   (k  - ])\

(a g * g q + 1).

In particular,

(4.11) £5+i=l;        Eq=(q+l)(fi-p-2)-azZPm + q(q+l)/2,
m=0

and

(4.12) C9+1 =1;    C„ = f(fi- q-3) - a 2>-+ a(l -a)/2 + q(q+ l)/2.
TO=1

77ere a arad 0 are the quantities defined by (2.2).

Proof. The differential equation L(y) =0 may be written in the form

Q

taYl(8 + fi- p-2- aPm)y(t)
m=0

(4.13)
P—1 Q

= H(e + fi-q-3- aam+x) H (6 + p - m)y(t).
m=0 m=p

In Lemma 4.1 put Bm = fi — p~2—apm and obtain the following represents-
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tion for the left side of (4.13):

9+1 dk

(4-14) taZ Ektk~y(t),
a=o dt"

whereEk (k = 0, 1, • • • , q + 1) isgiven by (4.9). If weputBm = B — q — 3— ctam+i

for m = 0, 1, • • • , p — 1 and Bm = p — m for m = p, • ■ ■ , q, then from Lemma

4.1 the right side of (4.13) takes the form

9+1 rf*
(4-15) 2ZCkt*—-y(t),

a-o or

where

Ck = -Ti(B + k-q-3- aam+x) tl(k + p-m)-2Z /t    '"
«!m=o m=P y-o  (« —7)!

(0 ^ fc ̂  0 + 1).

By recursion Ct = 0 for k = 0, 1, • • • , a— 1 and hence this latter formula re-

duces to (4.10). From (4.14) and (4.15) we have

9+1 9+1

F £ EktYk)it) = E Ckt"y^(t)
4=0 i=or

which yields (4.8). Finally, relations (4.11) and (4.12) are a consequence of

(4.6) with the above choices of Bm.

5. Properties of the differential equation. Let the variable t in the differ-

ential equation L(y(t)) =0 be extended to the complex plane. From (4.8) we

see that P(y) =0 is of Fuchsian type [5]. If p = 0 the regular singular points

of P(y)=0 are /= °o and the a roots of unity for which t" = l. If p^l the

regular singular points are t = 0, t= °o and the a roots of unity for which

f" = l. In any case, there are no singularities for t real with 0<t<l.

The point t = l is a regular singularity of C(y)=0 for each pSq- From

(4.8) we see that the indicial equation of the differential equation at this

point is

M0t - 1) • • • (M - cj) +   U~    " m(m - 1) • • • G* - q + 1) = 0
a

which has the solutions

(5.1) ix = 0, 1, • • • , q - 1    and    p = q + 2.

Here we have used the relation Cq — Eq = 2a.

When p = 0 the point t = 0 is an ordinary point of P(y) =0. If p^l then

/ = 0 is a regular singularity of the differential equation and from (4.3) it

follows that the indicial equation at the origin is
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fl(p + 0-q-3- an) II (m - r) = 0
*=1 r=0

which has the solutions

(5.2) p = 0, 1, • ■ -,a- 1; u =  - fi + q + 3 + aak        (1 g k g p).

The function <p(t) has been defined by (3.2) for / real with 0<fgl. Since

<p(t) solves L(y) = 0 for 0 <t g 1 it follows from the location of the singularities

of the differential equation that (j>(f) is analytic for 0<t <1. Hence, <p(t) may

be extended analytically and the extension is regular except for possible

branch points at the regular singular points of L(y) =0.

If we let K denote the distance from t = 1 to the nearest of the other

singularities of L(y) =0, then it follows from the theory of Frobenius [5] and

(5.1) that the functions

yo(l) = (1 - ty+*Po,o(t) yk(t)

= (1 - t)«-k IZ [log (/ - 1)]"**.-(/)       (1 = k g q),
nt=0

form a fundamental system of solutions of L(y) =0 in the region |/ —1| <K.

Here the functions ipk,m(t) are regular for \t —1| <K and ^4,0(1)^0 for k=0,

1, • ■ • , q. Since <p(t) is an integral of L(y) =0 in the neighborhood of t = 1

(j>(t) = zZ Akyk(t), \t - 11   < K,
k=o

where the A tare constants. From Theorem 3.1 we have that <p(t) =0((1 — t)q+i)

as t—*l through positive values of t. Since \Pk,o(l) 5^0 it follows that -4* = 0 for

k = l, ■ ■ ■ , q and hence <f>(t) is a multiple of yo(0- Hence, by Taylor's theorem,

(5.3) *(/) = JZ 1    ,.]_' X* ~ D*+i+m
m=o T(q + 3 + m)

for values of t such that 11— 1 \ <K.

The results of this section may be formulated in the following theorem.

Theorem 5.1. Let the variable t in the differential equation (4.3) be extended

to the complex domain. Then L(y(t)) = 0 is of Fuchsian type. If p = 0 the regular

singular points are t = 00 and the a roots of unity for which ta = l. If p>0 then

t = 0 is also a regular singular point of L(y(t)) =0. If K denotes the distance

from t = 1 to the nearest of the other singularities of the differential equation, then

<p(t) has the Taylor series expansion (5.3) for values of t such that \ t — 1 \ <K.

6. Identification of the constants. In this section we shall see that cp(t)

acts as a generating function for the constants cm. To show this we shall first

need the following result.
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Lemma 6.1. Let m be any non-negative integer and let Xo be defined by (3.1).

Then

lim tx+mcj><-m)(t) = 0,

provided Re (x)>X0.

Proof. cp(t) satisfies L(y) =0 which has t = 0 as an ordinary point if p = 0

and a regular singular point if p>0. The assertion is trivially true for p = 0

since Xo^O. If p>0 it follows from the theory of Frobenius that <p(t) admits

the expansion

00

4>(t) = £ (log 0**" £ di,ntn idi,0 *■ 0),
i n—0

for |f| <1. From (5.2) and (3.1) we have that

Re (m) ^ — Xo for all i.

Consequently, for any non-negative integer m,

0<»>(O = o(t-^~m) (X > Xo)

as t—*0, which proves the assertion.

Theorem 6.1. The constants cm (m = 0, 1, ■ • • ) occurring in the asymptotic

factorial expansion of pgq(w) are precisely the constants which occur in the Taylor

series expansion of 4>(t) about t=l. In fact,

(6.1) cm = (-l)«+<ty<«+H-«>(i) (m ^ 0).

Proof. Integration of (3.3) by parts 7V+1 times yields

n      (—l)T(x) i        (—l)N+1T(x)    C1
h(x) = z-; / ]J\d>M(t)t*+»]o+"   ' A " . [ r+w+vm,

n=0   r(0J + M +   1) T(X +   N +   1) J 0

provided Re(x)>X0. From Lemma 6.1 we have that

[<£<»> (/)/*+"] J = *<">(1)

for Re(x)>X0. Since 0<">(1) =0 for w = 0, 1, • ■ • , q + 1, by (5.3), we may

set n = m+q + 2 and obtain

M (-l)9+2+mr(a.)

(6.2) P(x) = £    ;    / "       0(^»-H-)(l) + PM,
m=0 r(x + q + 3 + m)

provided Re(x)>X0. Here M is any non-negative integer and
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(-iy+3+Mr(x)    ( rl )
RM = —-—-Ute+s+MHl) -   |    tx+"+3+M<p'~''+i+Mnt)dt\ .

r(x+q + 4 + M)\ Jo )

Let x tend to infinity along the positive real axis. Then the integral is of 0(1)

and consequently

Rm = 0(T(x)/T(x + q + 4 + M)).

The relation (6.1) now follows by comparing (6.2) with (2.6). For, the coeffi-

cients in (2.6) are already uniquely determined if we require (2.6) only for x

real and positive.

7. The recursion formula. We substitute (6.1) into (5.3) and obtain

» (_l)m+Qc

(7.1) <b(l) = zZ J    ,  ,  ,     At- l)q+2+m \i-l\<K.
m=o T(q+ 3 + m)

Since <p(t) is an integral of the differential equation L(y) =0 we may deter-

mine a recursion formula for the constants cm by substituting (7.1) into (4.8).

The formula provides a method of computing the constants since we know

that Co = 1.

Theorem 7.1. Let the constants Ck (k=a, a + 1, • • • , q + 1) and Ek

(k = 0, 1, • • ■ , q + 1) be as defined in the formulation of Theorem 4.2. The con-

stants cm (m =0, 1, • • • ), defined by Theorem 2.1, satisfy the following recursion

formula of length q:

Co = 1

and

Q

(7.2) cm = (m + 2)\(am)~1 zZ amiCm-i,
»=i

(c_i = c_2=  • • • =0), where

e+i    /     k    \
(7.3) ami = (-I)'-1   zZ  ( . )Ek/(m + q + 2 - i - k)\

k-q-i \q — I I

if p = i^q, while

ami=(-iy-1 \Z {( k )Ek
(7.4) *=e-<lV?-J

-(_~_! )Ck\ /(-m+°+2 - *- k)]

if 1 =i^p — 1. Note that the last formula and, hence, the Ck are of no importance

if p = 0 or p = l.
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Proof. Let us transform the independent variable in (4.8) by the relation

t = t' + l and then drop the prime. We obtain the differential equation

9+1 a-1

£ {Ek(t + l)k - Ck(t + 1)*-} ?<»(') + £ Ek(t + l)ky{k\i) = 0
k=a k=0

which is satisfied by

°=       (_l)m+ic

(7.5) y(t) m cb(l + 1) = £ -f     '       "    t^+«>
m=o T(q + 3 + m)

in the neighborhood of / = 0. Employing the binomial theorem, we may write

the differential equation in the form

a-l 9+1 / f\ \ 9+1 i+1 (/ k\ /k — a\      1
£ £   . ) Eki"-Yk)(i) + £ £i     ) Ek -   .      ) ck\ tk-Yk)U) = o.
y=o k~j\J / j-a k-j \\J / \J — a/      )

By (7.5) the coefficient of tm+2 in tk~'ywil) is equal to

(-ir+'cm+j^q/(m+2-j-k)\,

mplying that, for each integer m,

£ (- l)m+^+y-9 2Z( .) Ek/im + 2+j-k)\
y-o k-j \ J /

+ £ (-1)»+Wh £J( . ) Ek - (. ~ ") Ct| / (« + 2 + j - A)! = 0,

provided we make the agreement that cm = 0 for m<0. From (4.11) and (4.12),

the coefficients of cm+x and cm in the latter formula are 0 and

(-l)m+"am/(m + 2)\

respectively. Hence,

(m + 2)! f ^ «+» / A \
ft. =-     £ (-l)'-+«+'cm+y_4 £ (   . ) Ek/(m +2+j- k)l

am       L y=o k-i \ J /

+ £ (- l)'+8+IWy-9 £ {( * ) Ek - (* ~ ^ C*j / (m + 2 + j - k) IJ .

This formula reduces to (7.2) if we set i = q—j and introduce the notations

(7.3) and (7.4).
8. Several examples. As a first illustration let us consider the coefficient

function ogi(w). In the special case where p0 = l ogi(w) reduces to the coeffi-

cient function of the Bessel function. Here p = 0, 3 = 1, a = 2 and /3=p0+pi

-1/2; (7.2) reduces to
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cm = cm-i (m+1)! (2m)-1 JZ Ek/(m + 2 - k)!, (m^l).
k—o

From (4.11) we recursively calculate

£o = (pi-Po- 5/2)(po-pi- 5/2);    Ei = - 4;    £2 = 1.

Hence,

cm = — [(„ + !)(,- + 2) _ 4(m + 2) - (pi - po)2 + 25/4]
2m

= — [(2w - l)2 - 4(Pi - po)2], (m 2: 1).
8m

Since c0 = 1 it follows that

1 m

(8.1) C™ = ^T— II[(2*- D2 - 4(Pi - p„)2] («^0).
2dmw! k=i

When po = 1 this reduces to the familiar expression for the coefficients in the

asymptotic expansion of the Bessel function [8, p. 368].

Theorem 7.1 also yields the explicit expression for the constants in the

factorial expansion of igi(w). In this case one obtains

J    m-l

(8.2) cm = — zZ (po ~ *i + k)(Pi -0-1 + k), (m S; 0).
ml k=Q

It we set po = 1 these reduce to the coefficients which occur in the asymptotic

expansion of the confluent hypergeometric function [8, p. 342].

As a final illustration let us consider the coefficient function 2gi(w). In

this case p = q = 2, a = l and & = po+Pi+Pi— ai— c2; (7.2) reduces to

(m + 2) ! r »
Cm = —-   cm_i 2^ {kEk — Ck\/(m + 3 — k)!

m        L        i_i
(8.3) 3

- cm-i JZ Ek/(m + 2 - A!)   , (m 5; 1).
4=0

Here the constants Ek and Ck are given by Theorem 4.2. The recursion for-

mula for cm thus depends on the last two previously calculated coefficients since

q = 2. Consequently, we cannot write the general explicit formula for cm. For

specified values of py and <r,-, however, there is no difficulty as may be illus-

trated by a numerical example.

Suppose po = l, pi = 2.2—0.57, p2 = 2.2+0.57, tri = 0.6 and <r2 = —0.2. Then

0 = 5 and Theorem 4.2 yields £0=1, Ex = 0.29, £2 = 0.6, £3 = 1, Cx = 0.48,

Ca = 2.6 and C3 = l. From (8.3) we calculate
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Co = 1,

Ci = 7.61 Co = 7.61,

c2 = 9.105 a - 8.98 co = 60.30905,

cz = 10.9367 c2 - 24.4833 a = 473.2816, etc.
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