THE STRAIN-ENERGY FUNCTION FOR
ANISOTROPIC ELASTIC MATERIALS

BY
G. F. SMITH AND R. S. RIVLIN()

1. Introduction. If we consider a body of perfectly elastic material to
undergo deformation in which a point initially at X/ in the rectangular
Cartesian coordinate system x/ moves to x/ in the same coordinate system,
then the strain-energy function W is a single-valued function of the quantities
gi; defined by

696,’c 6x;',
1.1 u= -
(1.1) gii X! ox!

iy

We assume (see Appendix) that W is expressible as a polynomial in the quan-
tities gf; and denote this by

(1.2) W = W(g).

We define the displacement components %/ by

(1.3) wi = x; — Xo.

Then, if the displacement gradients 0/ /d.X} are sufficiently small compared
with unity, the strain-energy function W, considered as a polynomial in
ou!/0X}, may be approximated by the leading terms of first and second
degree in du! /0X /. If we assume that the stress in the material is zero when
u{ =0, then the coefficients of the first degree terms are zero and W is a homo-
geneous quadratic expression of the form

- ( du N au;>< duy N au;>
= Cijlm
(1.4) \ox!  ax!/\ex.  oxit)’
where c¢;;1m are constants.
If the material possesses symmetry, certain restrictions, depending on
the type of symmetry, are imposed on these constants. These restrictions were

fully investigated by Voigt (1910) for the various classes of crystal symmetry.
A higher order approximation to W, in the case when du//0X} K1, is
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obtained by retaining in the expression for W as a polynomial in du/ /90X
all terms of third and lower degree in du! /dX /. Alternatively, in the expres-
sion for W as a polynomial in gj; all terms of third or lower degree in g}, may
be retained. In both cases, the coefficients of the first degree terms vanish if
the stress is assumed zero when #/ =0. Considering W to be a polynomial
of third degree in g, Birch (1947) has investigated the restrictions imposed
on the coefficients in this polynomial if the material considered has cubic sym-
metry of the hexoctahedral, gyroidal, hextetrahedral, diploidal or tetartoidal
classes. Murnaghan (1951) has considered the restrictions imposed on these
coefficients by certain basic types of symmetry, e.g. rotational symmetry
about an axis. Sheng (1955) has investigated these restrictions for the various
crystal classes(?).

In the present paper, we discuss the restrictions imposed by symmetry
on the form of the strain-energy function, for elastic materials belonging to
the various crystal classes, without in any way restricting the degree of the
expression for the strain-energy function as a polynomial in gj;. The results
are obtained by consistent use of theorems in classical invariant theory, al-
though in certain of the simple cases, e.g. materials having rhombic sym-
metry, the conclusions can be readily reached by inspection (Green and
Wilkes (1954)). It is seen that the 32 crystal classes have strain-energy func-
tions of eleven different types, which coalesce into nine types if the approxi-
mations of classical elasticity theory are made.

Throughout this paper, the nomenclature for the various crystal classes
is that employed by Dana and Hurlbut (1952).

For each of the crystal classes, a preferred rectangular Cartesian coordi-
nate system x; is chosen and the symmetry of the material is described by the
group of transformations which transforms this coordinate system into its
equivalent positions. The strain-energy function is assumed to be a poly-
nomial in the six quantities g;;, which are the quantities g% given in (1.1)
but defined in the reference system x;. This polynomial must, of course, be
form-invariant under the transformations describing the particular crystal
class considered. Hence, the problem of determining the limitations imposed
on the strain-energy function reduces to the determination of a polynomial
basis for polynomials in g;; which are form-invariant under the group of trans-
formations associated with the crystal class considered.

Such a polynomial basis I, I», - - -, I, (say) is determined for each of the
crystal classes. It has the following properties:

(i) each of the quantities Iy, Io, - - -, I, is a polynomial in g;; which is
form-invariant under the group of transformations associated with the crystal
class considered and hence any polynomialin Iy, I, - - -, I, is form invariant
under this group of transformations;

(?) Sheng (1955) considers the restrictions imposed on the expressions for the stress by the

symmetry of the material. The restrictions on the strain-energy function follow readily from
these results.
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(ii) any polynomial in g;; which is form-invariant under the group of
transformations, and hence the strain-energy function W, is expressible as a
polynomial in Iy, I, - - -, Ia.

From this knowledge of W, we can determine the stress components 7;;
in the coordinate system x; by employing the formula (see, for example,
Truesdell (1952) or Green and Zerna (1954))

1 ax,- ow
(1.5) Ty = [ ] .
ax,, Xk 6(6x,-/an)

et
X,

In this formula x; and X; are the positions in the coordinate system x; of a
particle of the material in the deformed and undeformed states respectively.
From Equation (1.5) and (ii) it follows immediately that

1 n AW dx; dl,
(1.6) Tij = :
ax,, r=1 aI,- an 3(6x,/aX,,)
det
0X,

2. Symmetry transformations. For each of the materials considered in
this paper, there exist in the undeformed state three preferred directions in
the material which may be defined by the unit vectors h; (:=1, 2, 3). Except
for the pedial class of the triclinic system, there are a number of equivalent
ways in which the triad of vectors h; may be chosen. The symmetry proper-
ties of the material may be defined by the group of orthogonal transforma-
tions which transform any of these triads into its equivalent positions.

The following transformations are sufficient for the description of the
symmetry properties in the various crystal systems:

I=(1’ 1’ 1)7 c=(—1)—1)_1)y
Rl = (—1’ 1) 1)) R2 = (1v _ly 1)’ R3 = (lv 1) '—l)y

D=1, —1,—1), Dy=(—1,1,—1), Dsy= (=1, —1,1),
1, 0, 0 0, 0, 1 0, 1, 0
T,=10,0, 1|, T:=[0 10|, To=]10 0],
0, 1, 0 1, 0, 0 0, 0, 1
0,1, 0 0, 0, 1
(2.1) M,=0 01|, M=|10 0|,
1, 0, 0 0,1, 0
—1/2, 312/2, 0 —1/2, —=312/2, 0
Si=|-3"/2, —1/2, 0| and Sy=| 3v2, —1/2, 0©
0, 0, 1 0, 0, 1
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In Equaticn (2.1), the notation

a, 0, O
(2.2) (a,b,¢) =|| 0, b, O
0, 0, ¢

is used. I is the identity transformation. C is the central inversion transforma-
tion. R; is the reflection transformation which transforms a rectangular Car-
tesian coordinate system x;, the x; axis of which lies in the direction of the
unit vector hj, into its image in the plane normal to hj;. The transformation
D; transforms this coordinate system into that obtained by rotating it
through 180° about the x; axis. The transformation T; transforms a rectangu-
lar Cartesian coordinate system x;, the axes of which lie in the directions of
the unit vectors h;, into the coordinate system obtained by reflecting the
system x; in a plane passing through the axis x; and bisecting the angle be-
tween the remaining two axes. The transformations M; and M, transform a
rectangular Cartesian coordinate system x;, the axes of which lie in the direc-
tions of h;, into the systems obtained by rotating the system «x; through 120°
- and 240° respectively about a line passing through the origin and the point
(1, 1, 1). The transformations S; and S transform a rectangular Cartesian
coordinate system x;, the x3 axis of which lies in the direction of h; into the
systems obtained by rotation of this coordinate system through 120° and
240° respectively about the x; axis.

3. Form-invariance of the strain-energy function. For each of the sym-
metry classes that we consider, we shall choose as reference system a rec-
tangular Cartesian coordinate system x;, so related to the preferred directions
h; in the material under consideration that the symmetry of the material may
be described by one or more of the transformations (2.1). Let X; and x;
denote the positions of a particle of the material in this coordinate system in
the undeformed and deformed states respectively. Then, from (1.1), it is seen
that the strain-energy function W is expressible as a polynomial in the quan-
tities g;; defined by

axk E)x,,
T X, 9X;

(3.1) gis

ij.

We shall express this as
3-2) W= W(g).

Let %, be the coordinate system into which the system «; is transformed by
a transformation Htﬁ” of the group describing the symmetry properties of the
material under consideration. Then, if X; and &; are the coordinates in the
system &; corresponding to the coordinates X; and x; in the system x;, we
have
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(3.3) X: = t;X; and ; = lix;.
Defining g;; by
(3 4) i.-.a_xk__aﬁ_a..

' SR> SIS SR
we have
3.5) Zii = lipliagpa-
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Now, since the coordinate systems x; and %; are equivalent, we must have
(3.6) W(gi;) = W),

i.e. the strain-energy function must be form-invariant under any transforma-
tion of the group defining the symmetry properties of the material. It is the
object of this paper to determine the limitations imposed on W by the con-
dition (3.6), with (3.5), for each of the classes of the crystal systems. For each
crystal class, the condition (3.6) must, of course, be satisfied for every trans-
formation [|£;]] of the group describing the symmetry of the material. In
Tables 1 and 2, the values of g;;, obtained from (3.5), are given in terms of

TaBLE 1

Line No. [lel gu 25 3 g2 &1 J4t!
1 I, C £ g2 £33 ga3 g 212
2 Ry, D, I3 go2 €33 £23 —ga —f12
3 R, D, £ go2 g3 — g £a —g12
4 R;, Ds Zu g2 £33 — g3 —ga 12
5 T, CTh gu g3 g2 g2 £12 g
6 RT,, DTy gu g3 g22 g23 — g2 —ga
7 RyTh, D;T, & g3 g2 — g2 £12 —ga
8 R;Th, D;Th £u £ go2 —g2 —gi2 ga
9 Ty, CT: 233 g2 £n £12 g3 go3
10 R\ T, DT, £33 g2 £u £12 —ga —gx
11 RyT,, DT g3 g2 2u — g2 £a — g3
12 R;T,, D;Ts £33 go2 g1 — g2 —ga g2
13 T;, CT; g2 1 f£7) £a1 g2 12
14 R\ T3, D\T; g2 £u £33 £a —g — g1z
15 R,T;, D;T; g22 £ £33 —ga g23 — g2
16 R;Ts, D;T; g22 gu £33 —ga — g2 £12
17 M;, CM, 22 g33 n a1 212 g23
18 R\M,, D\M, g2 833 Zu a1 — g2 — g
19 R:M,, D-M, g2 £33 £Zu —ga £12 — g3
20 R;M,, D;M, g22 £33 £u —ga — g2 £23
21 M;, CM: g3 gn 2 g1z g2 ga
22 R\M;, D\M; £33 £1 g2 £12 — g —ga
23 R.M;, D;M, 233 £n g22 — g2 g2 —ga
24 R;M,, D;M; 233 £u g — &2 —g2 £a
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£0q for each of the transformations entering into the description of the sym-
metry properties of the various crystal classes. These transformations are
either those given in (2.1) or their products. In Table 2 the notation

Y1 = g,
(3.7)
21 = g31, %2 =

Y2 =

1 312 3 1 32 3

Zg11—7g12+Z322, y3=zgu+7g12+zg22,
1 32 1 3

—7g31+—2~gn, 23=——2—g31——2—gzs

is used. It is, of course, evident that
21+ 22 + 23 = 0.

The limitation imposed on W by the requirement that it be form-invariant
under one of the transformations is obtained from (3.6) by substituting for
#:; the values appropriate to that transformation given in the tables.

(3.8)

TABLE 2
Line i ) ) _ ~ B
_ “h;‘H £u g2 833 82 gn £12
No.

1 ) 1

1 Si, CSi Y2 3 (291 —y2+2ys) £ 3 (21—2s) 22 3 (n—vs)
1

2 Sz, CS; Y3 3 @yi+2y.—y3) 833 3 (21—22) 23 3 (y2—m)
1 1

3 RS, D\S; Ya 3 @2yn—y2+2y3) g3 3 (z1—23) | —2 3z (ys—m)
1 1 1

4 R:S:, DiS; B3 Cyn+2y:—ys) | g 3 (z1—22) | —2 s (n—y2)
1

5 R;,S:, D;S Y2 3 @yr—y2+2y3) 833 3 (21—23) 22 30 (ya—m3)
1 1

6 R;S:, D,S; B3 Cn42y—ys) | g 3 (z1—22) 2 37 (n—y2)
1 1

7 R3S, DS Y2 3 Q2y1—y24+2y5) £33 3—”'2' (B1—23) | —2 3z (y1—93)
1

8 R3S, DS Y3 3 2y1+2y2—ys) g33 3 (21—22) | —23 30 (y2—m)

4. Some theorems on polynomial bases. It has been seen that the require-
ment that the strain-energy function for a particular crystal class, regarded
as a polynomial in the quantities g;; defined by (3.1), be form-invariant un-
der the transformations associated with that class imposes on W a number of
restrictions of the type expressed by (3.6) and (3.5). It is well-known that
polynomials in a number of variables which are form-invariant under a finite
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group of transformations possess a finite polynomial basis, such that each
of the polynomials can be expressed as a polynomial in the elements of the
basis and any polynomial in the elements of the basis is form-invariant under
the group of transformations. Thus, in order to determine explicitly the limi-
tations imposed on the form of W by the requirement of form-invariance
under the group of transformations characterizing a crystal class, we have to
determine a polynomial basis for W regarded as a function of the quantities
g:;. This will be done for each of the crystal classes in §§5 to 10. It will be
seen there that for each of the crystal classes the restrictions imposed on W
are equivalent to the restriction that it be form-invariant under some sub-
group of the full symmetric group of permutations of a number of linear
combinations of the six quantities g;;. In this section we shall give some theo-
rems regarding the determination of a polynomial basis for polynomials in a
number of variables which are form-invariant under certain sub-groups of the
full symmetric group of permutations.

THEOREM 1. A polynomaial basis for polynomials which are symmetric in

the two sets of variables (y1, s, + + +, ¥u) and (21, 22, - - -, 2a) is formed by the

quantities

(4 1) If=(yf+zj)/2 (j=1ya2"'1n)r
Iﬂc= (yizk+ykzi)/2 (.77k= 1,2) vt ')n)‘

THEOREM 2. A polynomial basis for polynomials which are symmetric in
the three pairs of variables (y1, 21), (2, 22) and (ys, 23) is formed by the quantities,

Ji=yit 2ty Je=yy+ ysy1+ yiye, T3 = yi1yays,
Jo=z21+ 224 23, Js = 2025 + 2351 + 2122, Jo = 212033,
J1 = yaz3 + y3z2 + 321 + y123 + Y132 + yez,

Js = y12223 + ¥22321 + Y3212, Jo = 21y2y3 + 22¥3y1 + 23192

(4.2)

Theorems 1 and 2 follow immediately from a well-known theorem in the
theory of invariants (see, for example, H. Weyl, 1946, p. 36 et seq.).

THEOREM 3. A polynomial basis for polynomials in the variables yi, s, vs,
21, 22, 23 Which are form-invariant under cyclic rotation of the subscripts 1,2, 3 is
formed by the quantities

Ky =914+ y2+ 93 Ko= yys+ ysy1+ y1y2, Kz = y1ysys,
Ki= 21+ 204 235, Ks = 2023 + 2321 + 2122, K = 212033,
K7 = yo33 + y321 + 9122, Ks = 2295 + 2391 + 2192,

—

(4.3) 2 2 2 2
Ky = Ysy2 + y19s + y2y1, Ko = 2322 + 2122 + Zzzi,

K11 = y12225 + y22:21 + Y3212, Kiz = 219295 + 22¥sy1 + 23919,
K3 = y1y222 + y2y333 + yay121, Ku = 213292 + 2035y3 + 232191,
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This theorem follows almost immediately from the fact that the degree
of the elements of a polynomial basis for polynomials which are form-
invariant under a finite group of transformations is less than or equal to the
number of transformations in that group (see, for example, H. Weyl, 1946,
p. 276, et seq.). In this case, there are three transformations in the trans-
formation group, and hence the elements of the polynomial basis are of de-
gree three or lower. With this fact, it can readily be shown that the given set
of invariants forms a basis.

THEOREM 4. A polynomial basis for polynomials in the variables y1, ys, - - -

’

Vny 81y B2, * * *y Bny L1, e, - - -, I, which are form-invariant under a group of
transformations for which I, I, - - -, I, are invariants, is formed by adjoining
to the quantities I, I, - - -, I, a polynomial basis for polynomials in the vari-
ables y1, Yo, * * * , Yuy 21, %2, * -+, 2 Which are form-invariant under the given

group of transformations.

The validity of this result is immediately obvious.

5. The triclinic system. For a material having triclinic symmetry, there
is no restriction on the orientation of the unit vectors hj, h; and h; defining
the preferred directions. We may therefore choose any rectangular Cartesian
coordinate system x; as a reference system.

The triclinic system contains two crystal classes. These are the pedial
class, the strain-energy function for which must be form-invariant under the
identity transformation I, and the pinacoidal class, the strain-energy func-
tion for which must be form-invariant under the transformation I and the
central inversion transformation C.

It is seen from Table 1 that neither of the transformations I and C im-
poses any restriction on the form of W. Hence, the six quantities g;; form a
polynomial basis for the triclinic system.

6. The monoclinic system. For a material having monoclinic symmetry,
the unit vectors h; and h; are not at right-angles and the unit vector h; is
perpendicular to the plane defined by h; and h;. We take as our reference
system a rectangular Cartesian coordinate system x;, the x; axis of which is
parallel to h;. The axes x; and x3 may be in arbitrary perpendicular directions
in the hph; plane.

The monoclinic system contains three classes which, together with the
symmetry transformations defining them, are: domatic (I, R:), sphenoidal
(I, Dy), prismatic, (I, C, Ry, Dy).

It is seen from Table 1 that, for each of the three crystal classes of the
monoclinic system, the limitation imposed on the form of W is given by

W (g1, g2, 833, 823, ga1, L12) = W (g1, g2z, £33, €23, — a1, — f12).
Taking
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(3’1, Y, * 0, yn) = (g3la g12)7

(zl, Zo, Z,) = (—gs1, "312)
and

(Iy, Ip, - - -, 1) = (g1, g2, £33, §23),

in Theorems 1 and 4, it follows that the quantities

2 2
g11, 822, £33, £23, §31, §12 and 812431

form a polynomial basis for W.

7. The rhombic system. For a material having rhombic symmetry, the
unit vectors h; are mutually perpendicular. We take as our reference system
a rectangular Cartesian coordinate system x;, the axes of which are parallel
to the vectors h;.

The rhombic system contains three classes which, together with the
symmetry transformations characterizing them, are: rhombic-pyramidal
(I, Ry, R;, D;), rhombic-disphenoidal (I, D, D,, D;), rhombic-dipyramidal
(I, C, Ry, R;, R;, Dy, D;, Ds).

It is seen that for each of these classes there are three restrictions on the
form of W obtained from (3.6) by giving g;; the values in lines 2, 3 and 4 re-
spectively of Table 1. We have already seen in §6 that the first of these im-
plies that

(7.1) W = W'(g11, gas, gss, Eosy Loty L1ty Erafar)s

where W’ denotes a polynomial in the indicated variables. Now,
(7.2) W'(gis) = W' (&),

where g;; is given by the quantities in line 3 of Table 1. Thus,

2 2
W'(gu, 822, £33, 23, 31, §12 gmgal)

(7.3) , PR
=W (gn, 8§22, £33, — 823, §31, §12, —g12g31)-

Taking, in Theorems 1 and 4,
1,92, +, Ya) = (823, 128a1),
(7.4) (21, 32, * =+, 82) = (—gas, —g12gs1),
(I, Iz, - - -, I;) = (g1, 822, g3, gzh giz),

we see that W must be expressible as a polynomial in
2 2 2
(7-5) 811, §22, §33, §23, 31, §12 and 823831412.

It is readily seen that any such polynomial satisfies the restriction obtained
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from (3.6) by giving g;; the values in line 4 of Table 1. Hence, the quantities
(7.5) form a polynomial basis for W.

8. The tetragonal system. For a material having tetragonal symmetry,
the unit vectors h; are mutually perpendicular. As in the case of the rhombic
system, we take as our reference system a rectangular Cartesian coordinate
system x;, the axes of which are parallel to the vectors h;. We shall take the
x3 axis to be the principal axis of symmetry.

The tetragonal system contains seven crystal classes which, together
with the transformation groups characterizing them, are:

tetragonal-disphenoidal (I, D3, D, T3, D, T3),

tetragonal-pyramidal (I, D3, RT3, R T3),

tetragonal-dipyramidal (I, C, R;, D3, RT3, R,T;, D, T3, D, T3),

tetragonal-scalenohedral (I, Dy, Do, D3, T3, D:Ts, D;Ts, D;Ts),

ditetragonal-pyramidal (I, Ry, R;, D3, T3, Ri T3, R;Ts, D;T3),

tetragonal-trapezohedral (I, Dy, Dy, D;, CT;, Ri T3, R Ts, R;Ts),

ditetragonal-dipyramidal (I, C, Ry, Rs, R;, D1, Dy, D;, Ts, CT;, RiTs, R, T3,
R3T3, D1T3, Dsz, D3T3).

It is seen that for each of the first three classes of the tetragonal system
listed above (tetragonal-disphenoidal, tetragonal-pyramidal, tetragonal-
dipyramidal), the limitations on W are thosc obtained by substituting for
Z:; in (3.6) from Lines 4, 14 and 15 respectively of Table 1. It can be shown
in a manner analogous to that adopted in discussing the monoclinic system
that the first of these limitations implies that

2 2
(8.1) W(gis) = W'(gu, gz, 833, go3, 31, 12, §23831),
where W’ is a polynomial in the indicated variables. With (8.1), the restric-
tion derived from line 14 of Table 1 yields

, 2 2

w (gu, g22, §33, §23, §31, 12, gzzgsl)
(8.2) , 2 2
=W (gn, 811, g33, 8§31, §23, — {12, —g23gal)-

Employing Theorems 1 and 4 as before and omitting redundant elements, we
see that W’ and hence W is expressible as a polynomial in

2 2 2
gu + 822, £33, §23 + g1, 812, §11822, g12(g11 - g22),
2 2
(8.3) g23ga1(g11 — g22), g23g31812, g12(gs1 — g23),

2 2 2 2 2 2
g11g23 + 22831, g23831(gs1 — g23) and gasgar.

Since such a polynomial satisfies the limitation derived from line 15 of Table
1, we see that the quantities (8.3) form a polynomial basis for the first three
classes of the tetragonal system.
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For the remaining four classes of the tetragonal system, the restrictions
imposed on W are obtained by substituting in (3.6) from lines 2, 3, 4, 13,
14, 15 and 16 respectively of Table 1. In the case of the rhombic system it was
seen that the first three of these restrictions implies that W is a polynomial
W’ (say) in the quantities (7.5). Introducing the limitation derived from line
13 of Table 1 and employing Theorems 1 and 4 as before, we see that W’ and
hence W must be expressible as a polynomial in

2 2 2 2 2 2 2
(8-4) 811 + 822, 833, §23 + 831, £12, 811822, §23831812, 11§23 + 822831 and 823431,

Such a polynomial automatically satisfies the limitations derived from lines
14, 15and 16 of Table 1 and hence forms a polynomial basis for the tetragonal-
scalenohedral, ditetragonal-pyramidal, tetragonal-trapezohedral and di-
tetragonal-dipyramidal classes.

9. The cubic system. For a material having cubic symmetry the unit vec-
tors hy, hy and h; are mutually perpendicular. We take as our reference sys-
tem a rectangular Cartesian coordinate system x;, the axes of which are paral-
lel to the vectors h;.

The cubic system contains five classes which, together with the symmetry
transformations characterizing them, are:

tetartoidal (I, Dy, D,, D;, My, D;M,, D;M,, D;M,, M,, D:M,, D,M,,

D; M),
diploidal (I, C, Ry, Ry, Rs, Dy, Dy, D;, My, CM,, RiM,, R: M, R;M,,
DlMly DQMI, D3Mlv M2y CMZ) R1M2y R2M29 R3M2y D1M2’

hextetrahedral (I, Dy, Dy, D3, Ty, D1 Ty, DsTy, D3Ty, Ty, DT, D: T, D3Ts, T3,
D1T31 D2T3y D3T3y Mly DlMly D2Mly D3Mly M27 DIMZy D2M2!

D;M,),

gyroidal (I, Dy, Dy, D3, CTy, RiTy, RyTh, RyTy, CTy, Ri Ty, Ry T, RsTy,
CT;, RT3, RT3, R3Ts, My, D:M,, D:M,, D;M,, M,, D, M,,
D,M,, D;M,),

hexoctahedral (I, C, Rl, Rz, Ra, Dl, D2, Ds, Tl, CT], R1T1, R2T1, R3T1, Dlle
Dng, D3le T2y CTZy R1T2y R2T2y R3T2y DITZ, D2T2y D3T2v Tay
CTs, RiTs, R.Ts, RsTs, D1 T3, D;Ts, D;T5, My, CM;, R\M;,
R:M,, RsM,, D.:M,, D,M,, D;M,, M,, CM,, RiM;, R,M,,
RgMz, D1M2, D2M2, D3M2).

(1) Tetartoidal and diploidal classes.

It is seen that for each of these crystal classes the limitations imposed on
W are obtained by substituting in (3.6) for g;; from lines 2, 3, 4 and lines 17
to 24 respectively of Table 1. As in the case of the rhombic system, it is seen
that the restrictions obtained from lines 2, 3 and 4 imply that W is a poly-
nomial W’ (say) in the quantities (7.5). It is readily seen that the restrictions
obtained from lines 17 to 24 imply that W’ must satisfy the relations



186 G. F. SMITH AND R. S. RIVLIN [May

2 2 2
W'(gu, 822, 33, §23, §31, §12, g23g31g12)
2 2 2
(9~ 1) = W’(gn, 833y £11, §31, 12, §23, gz:;gslglz)
2 2 2
= W'(gas, g11, £22, £12, £23, €31, £23€31812)-

Taking

2 2 2
(1, 2, ¥3, 21, %2, 23) = (gu1, 822, £33, £23, £31, £12)
and
([1; I2r Tty Ir) = g23431812

in Theorems 3 and 4, we see that I’ and hence W must be expressible as a

polynomial in K;, K, - - -, K14 and gagaigre, where
K= gu+ g+ gss Ky = googss + gasgn + guge,
2 2 2
K3 = g11822833, Ky = 823 + 831 + 812,

2 2 2

2 2 2 2 2 2
Ks = gangie + gi1oges + g23ga1, Ko = gasgaigie,
2 2 2 2 2 2
K; = 820812 + 833823 + £11831, Ks = 831833 + g12811 + g23822,
2 2 2 2 4 2 4 2 4
9.2) Ko = gasgae + guigss + g20811, Kio = giogs1 + g23812 T+ g31823,
2 2 2 2 2 2
K, = 811431812 + 822812823 + 833823831,
2 2 2
K12 = go3g20g3s + g31833811 T £12811829,
2 2 2
K3 = 11422831 + 822833812 + 833811823,

2 2 2 2 2 2
K, = 823831822 -+ 831812833 + g12823811.

It is evident that Ks is a redundant element. Hence a polynomial basis for
these two classes is formed by the quantities Ky to K5, K7 to K4 and gaagsigie.

(ii) Hextetrahedral, gyroidal and hexoctahedral classes.

For each of these classes the restrictions imposed on W are obtained by
substituting in (3.6) for g;; from lines 2 to 24 respectively of Table 1. The
restrictions derived from lines 2, 3 and 4 imply that W must be expressible
in the form

2 2 2
(9.3) W = W'(gu, g22, 833, 823, £31, 812, L23831812),

where W’ is a polynomial in the indicated variables. The remaining restric-
tions leave gasgsig1: unaltered and imply that W’ is unaltered by interchange
of the pairs of variables (gu, g3), (g2, g31) and (gu, g52). Taking
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2 2
(y1, 21) = (g1, g23), (92, 22) = (822, g31),
9.4) 2
(¥s, 23) = (gss, g12) and (I, g, -+ -, I,) = gasgaifre

in Theorems 2 and 4, we see that W’ and hence W must be expressible as a

polynomial in gesgaigiz and Jy, Jo, - - -, Jg where
J1 = gu + g2 + g3 J2 = googss + g33gn1 + guges
2 2 2
Js = 811822833, Jy= 823 + 831 + 812,

2 2 2 2 2 2 2 2 2
Js = 831812 -+ 812823 + 823831, Jo = 823431812,

9.5) 2 2 2 2 2 2
Jr = 822822 + g33431 + 833423 + 811412 + 811431 + 822823,

2 2 2 2 2 2
Js = gugsigie + 22812823 + g33823831,

2 2 2
Jo = 823822833 + 831833811 + g12811822.

Since J;s is a redundant element, we see that the quantities J; to Js, J7 to Jy
and gegagiz form a polynomial basis for the hextetrahedral, gyroidal and
hexoctahedral classes.

We note that the elements of the polynomial bases of first and second
degree in g;; are the same for all the classes of the cubic system. Consequently,
if the displacement gradients, and hence the quantities g;;, are sufficiently
small so that terms of higher degree than the second in the expression for
W as a polynomial in g;; can be neglected, then W takes the same form for
all the classes of the cubic system.

10. The hexagonal system. For a material having hexagonal symmetry,
the unit vectors h; are situated so that h; is perpendicular to the plane de-
fined by h; and h,, and so that h; can be made to coincide with h; by a rota-
tion of 120° about the direction of h;. We take as our reference system a right-
handed rectangular Cartesian coordinate system x;, the x; and x; axes of which
are parallel respectively to h; and hs.

The hexagonal system contains twelve crystal classes which, together
with the transformation groups characterizing them, are:

trigonal-pyramidal (I, S1, Sy),

rhombohedral (I, S5, Sy, C, CS, CS,),

ditrigonal-pyramidal (I, Si, Sz, Ry, RS, R1S,),

trigonal-trapezohedral (I, Si, Sz, D1, D1Si, D;Sy),

hexagonal-scalenohedral (I, Si, S, C, CSi, CS:, R, RiSi, RSz, D, D,S;,
D.S:),

trigonal-dipyramidal (I, Si1, Ss, R3, R3S, R;S)),

hexagonal-pyramidal (I, Si, Si, D;, D;S;, D;Ss),

hexagonal-dipyramidal (I, S, Si, C, CS;, CS:, R;, R3Si, R;S:, D;, D;S,
D;Sy),
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ditrigonal-dipyramidal (I, Sl, S2, Rl, R,S;, Rlsz, Rs, Rssl, RsSz, Dz, DzS],

D,S:),

dihexagonal-pyramidal (I, Sl, Sz, R[, R1Sl, Rls2, Rz, RzS1, RzSQ, D3, Dssl,
D3SZ)7

hexagonal-trapezohedral (I, Sy, S;, Dy, DiSi, D1S;, Dy, D.Si, D»S,, D;, D;Sy,
D3S2),

dihexagonal-dipyramidal (I, Si, S;, C, CS;, CS;, Ri, RS, RiS:, R;, R,S,
RZS27 R3y R3Sly R3827 Dly Dlsly DlSZ, D?) D2sly
D,S;, D;, D;S,, DsS,).

(i) Trigonal-pyramidal and rhombohedral classes.

For each of these classes, the restrictions on W are obtained from (3.6) by
assigning to g;; the values given in lines 1 and 2 respectively of Table 2.
They may be written as

W (g1, 822, g33, 823, &1, &12)

1 1 1
= W[yz, 3 (2y1 — y2 + 293), gs3, ———= (31 — 23), 22, == (y1 — ys):|

(10.1) 312 3

1 1 1
= W[ys, ? (291 + 2y2 — ¥3), gas, m (31 — 29), 23, m (y2 — yl):l,

where the notation of Equations (3.7) is used. From (3.7), we see that

1
g = yu g = = (2y2 + 2y3 — y1),

1
(10.2) g12 =3T/2— (ys — 2,

gn =21 and gy = 173 (22 — 23).
Introducing (10.2) into (10.1), and noting that we may regard W as a poly-
nomial W’ (say) in y1, y2, V3, 21, 22, 23 and gi3, we see that (10.1) may be re-
written as
Wl(yh Ve, Y3, 21, %2, 23, g33)
(10.3) = W'(y2, ¥3, ¥1, 22, %3, 21, g33)
= W'(ys, y1, y2, 23, 21, %2, g33) -
Employing Theorems 3 and 4, we see that a polynomial basis for W’ and
hence for W is formed by g3 and K, K, - - -, K, where Kj, K, « -+, K14
are obtained from Equations (4.3) by substituting for yi, ¥, ¥s, 21, 22, 2; from

(3.7). It can be shown that if W’ is expressible as a polynomial in gs3, K,
K,, - - -, Ky4 it is also expressible as a polynomial in
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gan, §11 + g2, guge — gro, gul(gn + 3g22)’ — 12¢12),

g1 + gas, gua(gn — 3g23), (611 — ga2)gm — 2g1sgen,

(go — gu)ges — 2gaagan, 3gua(gu — g22) — 4gu,
(10.4) goa(gss — 3g51), Easgor + Euigas — 2g2agnigu,

gorl(g + g22)” + 4(giz — g22)] — Bgugiogas.

gasl (g + g20)” + 4(g1z — g22)] + 8guigista,

2 2
(gu - gn)gzsgsl + glz(g23 - gal)

and that any polynomial in the quantities (10.4) may be expressed as a poly-
nomial in g3 and K;, Ko, - + -, Ki1s. These results can be readily obtained by
inspection if we express each of the quantities gs3, K1, K3, - - - , Kigas a poly-
nomial in the quantities (10.4). Thus, the expressions (10.4) form a poly-
nomial basis for the trigonal-pyramidal and rhombohedral classes.

(ii) Ditrigonal-pyramidal, trigonal-trapezohedral and hexagonal-scaleno-
hedral classes.

For each of these classes, the restrictions imposed on W are obtained from
(3.6) by assigning to g;; the values given in line 2 of Table 1 and lines 1, 2, 3
and 4 respectively of Table 2. As in the case of the trigonal-pyramidal and
rhombohedral classes, we regard W as a polynomial W’ in y1, ¥s, ¥3, 21, 22, 2
and gi; defined by (3.7) and obtain the limitations imposed on W’. We then
employ the notation

Yi=y, Ye=y9, Vs=y9; 2Z,= m (22 — 23),
(10.5) )
Zy = 31—,; (23 — 21), Z3= m (21 — 22)

and consider W’ and hence W as a polynomial W'’ (say) in Y3, Y, Vs, Z1, Zs,
Zs and gs3. The restrictions on the form of W’ then take the form that it is
unaltered by interchange of any pair of the variables (Y1, Z)), (¥, Z,),
(Y3, Z5) while the dependence on gz; involves no restrictions; i.e.,

W”(YI) Y?) Y3) Zl) Z2! 237 g33)

(106) = W"(Yl, Ya, Y2, Zl, Z3, Zz, g33)
= etc.
Then we see from Theorems 2 and 4 that the quantities ggs, J1, Jo, -+, Jo
form a polynomial basis for W, and hence for W, if we replace y1,ys, * - - , 23

by V1, Yy, - - -, Zsin the expressions (4.2) for Jy, Ja, - - -, Jo. By expressing
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each of the quantities gz, Ji, J2, - - -, J so obtained as a polynomial in g;;
¢ nd then as a polynomial in the quantities

2 2 2
£33, §11 + 822, 11822 — £12, gu[(gu + 3g22) - 12g12],

2 2 2 2
831 + 823, gza(gzx - 3g31), (gll - g22)g23 + 2g12g31,

(10.7) 2 2
g11431 + 822823 -+ 2g23g31gn,

2 2 2
g2s[(gun + go2)” — 4(g22 — g12)] + 8guguagsy,

it can be readily seen that any polynomial in g, J1, Jo, - - -, Jy can be ex-
pressed as a polynomial in the quantities (10.7) and conversely any poly-
nomial in the quantities (10.7) can be expressed as a polynomial in gs,
Ji, Jo, + -+, Jo. Thus, the expressions (10.7) form a polynomial basis for
the ditrigonal-pyramidal, trigonal-trapezohedral and hexagonal-scalenohedral
classes.

(iii) Trigonal-dipyramidal, hexagonal-pyramidal and hexagonal-dipyram-
idal classes.

For each of these classes, the restrictions imposed on W are obtained
from (3.6) by assigning to g.; the values given in line 4 of Table 1 and lines
1, 2, 7 and 8 respectively of Table 2. It can be shown in a manner analogous
to that adopted in discussing the monoclinic system, that if W satisfies the
restriction derived from line 4 of Table 1, it must be expressible in the form

2 2
(10.8) W = W'(gu, g2, £33, 23, 31, f12, &23831)

where W’ is a polynomial. We now employ the notation

2 2 2
(109) Y] =Yy Yg = Yo, Y3 = Y3 Z1 = 21, Zz = 29 and Zg = 23

in (10.8), where y1, v2, - - -, 23 are defined by (3.7). It is then seen that W’
may be considered as a polynomial W (say) in Vi, Vs, - - -, Z; and ga.
Introducing into W” the restrictions derived from lines 1, 2, 7 and 8 of
Table 2, we obtain

W”(Yh Y2> Y37 Zl) Z?; Z3, g33)
(1010) = lV”(Yz, Ys, Yl, Zz, Z;;, Zl, g;;;;)
= IV”(Y:;, Y], Yg, Z:;, Zl, Z2, g:;;;).
Employing Theorems 3 and 4, we see that gs; and the quantities K3, Ky, - - -,
K14 defined by (4.3), with Y1, V,, - - -, Z; substituted for yi, ys, - - -, 2,
form a polynomial basis for W’ and hence for W. Each of the quantities

gs3, K1, Ko, - - -, K14 may be expressed as a polynomial in the quantities g;
by substitution from (10.9) and (3.7). Then, by expressing each of the quan-



1958] ANISOTROPIC ELASTIC MATERIALS 191
tities g3, K1, Ko, - - -, K14 as a polynomial in the quantities

£33, §11 + 822, 11822 — g212, gn[(gu + 3g22)2 - 12g212],

g+ gos, g(gs — 3gos) , gugss + gugsr — 2gnsgaigue,

gualgnn — gm) + (g2 — gu)gages, 3g1a(g — g2)” — 4g,

2 2 2 2 2
g31g23[3(g31 - g23) - 4g31g2:;],

(10.11) 2 2 3
gu(g;l + 3333) + 2g22g§1(gu + 3823) - nggzsgm,

2 2 2 2 2
gzx[(gu + gzz) - 4(g22 - gxz)] - 2g11[(311 + 3g22)(g31 +g23) - 4g23g31312],
2 2 2 2 2
g23g31[(g11 + g22) - 4(g22 - gxz)] + 4gugm(gzs - g:n),

2 2 2 2 2 2 3
gm[(gm + g23) + 4g23(g31 - 823)] - 4331g23(311 - 822),

we see that the quantities (10.11) form a polynomial basis for W for the
trigonal-dipyramidal, hexagonal-pyramidal and hexagonal-dipyramidal
classes.

(iv) Ditrigonal-dipyramidal, dihexagonal-pyramidal, hexagonal-trapezohe-
dral and dihexagonal-dipyramidal classes.

For each of these classes the restrictions imposed on W are obtained from
(3.6) by assigning to g;; the values given in lines 2, 3 and 4 of Table 1 and
lines 1, 2, - - -, 8 of Table 2 respectively. It can be shown in the manner
adopted in discussing the preceding three classes of the hexagonal system
that if W satisfies the restrictions derived from line 4 of Table 1 and lines
1,2, 7 and 8 of Table 2, it must be expressible as a polynomial W’’ in gs and
the quantities Yy, Vs, Vs, Z1, Zs, Zs, defined by (10.9) and (3.7), which satis-
fies the relations (10.10). In a similar manner it can be shown that the re-
strictions on W derived from lines 2 and 3 of Table 1 and lines 3, 4, 5 and 6
of Table 2 impose three further restrictions on W’’. These are

W'(Vy, Yo, Vs, Z1, Zo, Z3, g33)
= W' (Y1, Vs, Vs, Z1, Z3, Z, g33)
= W'"(Yy, Y1, Vs, Zs, Z1, Zs, gs3)
= W' (Vs, Yo, Y1, Zs, Zs, Z1, g33).

The relations (10.10) and (10.12) together imply that W’ must be sym-
metric in the three pairs of variables (Y3, Z1), (Y2, Z;) and (Y3, Z3). We see

(10.12)

from Theorems 2 and 4 that gs and Jy, Jo, - - -, Jy, defined by (4.2) with
Y1, ¥2, -+ -, 23 replaced by Y1, Vs, - - - | Z;, form a polynomial basis for W’
and hence for W. Expressing g, Ji, Jo, - - -+, Jo as polynomials in g;; and

then in the quantities
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2 2 2
833, 11 + 822, 11822 — £12, gu[(gu + 3g22) - 12g12],

2 2 2 2 2 2 2 2
831 + 823, gal(gxl - 3g23) y 811823 + 822831 — 2g23g31g12,

(10.13) 4 4 2 2 2 3
g11(g31 + 3g23) + 2g22g31(g31 + 3g23) - 8gug23g31,

2 2 2 2 2
ga[(gin + g22) — 4(ge2 — g12)] — 2gul(gi + 3g22) (g1 + g:a) — 4gysgsigis)

it is readily seen analogously with the previous cases, that the quantities
(10.13) form a polynomial basis for the ditrigonal-dipyramidal, dihexagonal-
pyramidal, hexagonal-trapezohedral and dihexagonal-dipyramidal classes.

We note that the elements of first and second degree in g;; of the poly-
nomial bases for the crystal classes discussed in (iii) and (iv) are the same.
Consequently, if the displacement gradients, and hence the quantities g;;,
are sufficiently small so that terms of higher degree than the second in the
expression for W as a polynomial in g;; can be neglected, then W takes the
same form for all the crystal classes discussed in (iii) and (iv).

11. Appendix. In the introduction it is assumed that if a body of the
material considered is deformed so that a particle initially at X/ in the rec-
tangular Cartesian coordinate system x/ moves to x/ in the same coordinate
system, then the strain-energy function W, defined as the strain-energy per
unit volume measured in the undeformed state, may be expressed as a poly-
nomial in the quantities g;; defined by equation (1.1). It is the purpose of
this section to discuss this assumption further.

If we assume initially that W is expressible as a polynomial in the gradi-
ents dx/ /0X/, then W is unaltered if the deformed body is subjected to an
arbitrary rigid-body rotation in which the particle at x/ moves to x!’, where

(11.1) x) = aaw,
with
(11.2) aijax = 8 and det ay; = 1.

We therefore have

(11.3) W(9%/0X;) = W(dx:/9X}) = W(audx:/dX}),

where W is a polynomial function of the indicated variables, for all a;;
satisfying the relations (11.2). It follows from a well-known theorem in the
theory of invariants (see, for example, H. Weyl, 1946, p. 53 et seq.) that W
must be expressible as a polynomial in the quantities g;;+6;; defined by (1.1)
and det dx/ /0X,. Now, it is easily seen that

(11.4) det (gi; + 8;5) = (det dx7/0X;)?
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and, since for any deformation which is possible in a real material det dx/ /0 X/
is positive, we have

(11.5) det dxi/0X; = [det (gi; + 8:5)]V2.

Also, since for any deformation which is possible in a real material
det (gj; +98:;) cannot be zero, [det (g;;+8:;)]*/2 may be approximated to any
desired accuracy by a polynomial in det (g;+98.;). Thus, W may be ap-
proximated to any desired accuracy by a polynomial in the quantities
¢i;+8;; and hence in the quantities gj;.

We have already noted that it follows from our initial assumption that
W must be expressible precisely as a polynomial in the quantities gj;+9;;
and det dx//dX/. Hence, it must be expressible precisely as a polynomial
in the quantities gj; and det dx//0X/. If such an expression is made the
starting point for the discussion of the various crystal classes, then we have
only to add to the basic invariants in terms of which W is expressed in each
case the expression det dx/ /dX/, since the latter is invariant under each of
the transformations considered.
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