COMPACT HOMOGENEOUS HYPERSURFACES

BY
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The purpose of the present paper is to prove the following

THEOREM. If an n-dimensional compact homogeneous Riemannian space M
can be imbedded isometrically into the (n+1)-dimensional Euclidean space
R+ then M 1is isometric to a sphere.

By “homogeneous” we mean that the group I(M) of isometries of M is
transitive on M. By “imbedding” we mean a locally one-to-one mapping of
M into R**! of class C2.

The outline of the proof is as follows. (1) Since M is compact, there exists
a point of M in a neighborhood of which M is locally convex. (2) This neigh-
borhood is rigid if #=3. (3) Using the homogeneity of M and the rigidity of
the above neighborhood, we show that A is orientable and rigid. (4) Further-
more, the spherical map of Gauss is a homeomorphism of A onto the unit
sphere. (5) Since M is rigid, every isometry is the restriction of a motion in
R»*+! to M. (6) Therefore I(M) can be considered as a subgroup of the group
of motions in R+, Since I(M) is compact, it has a fixed point in R*!,
(7) M is a sphere with its center at this fixed point. (8) The case n=2 is
treated at the end of the paper.

In the last section we indicate other proofs of the theorem which makes use
of the theory of convex hypersurfaces. For these alternative proofs, the au-
thor owes many suggestions to Professors H. Busemann and S. S. Chern.

In the first two sections, we give, for the sake of completeness, a proof of
the classical rigidity theorem which plays an important role in this paper.
Although we make use of the connection theory in fibre bundles, our proof of
the rigidity theorem is not new but due to E. Cartan.

1. Preliminary propositions.

NoraTioNs. We denote by R" the n-dimensional real vector space (with
or without a positive definite inner product) or the z-dimensional Euclidean
space. If M is a manifold T.(M) denotes the tangent space to M at a point x.
Let f be a mapping of a manifold M’ into M. Then §f: T(M')—T (M) is the
differential of f, where T(M)=U, T,(M). If w is a differential form on M,
then f*(w) is the differential form on 3/’ induced from w by f.

ProposITION 1. Let M be an n-dimensional manifold with an R*-valued
linear differential form w which defines an absolute parallelism on M ; that is,if
FET (M) and w(x) =0, then % is the zero vector at x. Let f and g be mappings
of an n'-dimensional manifold M’ into M such that
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1) f(yvo) = g(0) for some point yo in M'.
) [*w) = g¥w).
Then f(y) =g(y) for all y in M'.

Proof. Let ¥ be any point of M’ and let ¢ be a differentiable curve from y,
to y with parameter 0 =¢=<1. Let é(¢) be the vector tangent to ¢ at ¢(¢). Then

(f*(w), &) = (w, 8f(c(1))),  (8*(w), (1)) = (w, 8g(¢(1)))-

I'rom the assumption (2) we obtain

(@, 8f(€(1)) = (w, 58(c(1))), 0

IIA
IIA
—

Put
a1 = f(o), ca = g(o).

Let ¢1(f) (resp. &(t)) be the vector tangent to ¢; (resp. ¢») at ¢i(¢) (resp. c2(8)).
Then

ail(t) = 8f(e(1),  a(t) = 8g(c(¥)).
Therefore we have
61(0) = 62(0) and (w, 51([)) = (w, 52(l)> 0 é t

Since w defines an absolute parallelism, it follows (from the uniqueness theo-
rem on linear differential equations) that

ca1(t) = c2(t) 0

I\

1.

IIA
I\
p—

Hence
() = g Q.E.D.

I.et M be an n-dimensional orientable Riemannian space isometrically
imbedded in the Euclidean space R**!. Let »(x) be one of two unit vectors
perpendicular to M at x. We choose v(x) so that v be continuous on M. This
is possible because M is orientable. Let 0 be the origin of R**! and let S be
the unit sphere in R**! with its center at 0. Let £(x) be the point of Ssuch that
the vector from o to £(x) is parallel to »(x). Thus we obtain a mapping £ of
M into S, which is called the spherical map of Gauss.

Let P (resp. Q) be the bundle of oriented orthonormal frames over M (resp.
S). Then P (resp. Q) is a principal fibre bundle over M (resp. S) with group
SO(n). Given an orthonormal frame % on A at x, we obtain, by parallel dis-
placement in R**!, an orthonormal frame %" on S at §(x). If we choose a proper
orientation on S, we obtain a bundle map &: P—Q given by ¥(u) =u'.

PROPOSITION 2. Let M be an n-dimensional orientable Riemannian space
and let f: M— R and g: M—R"t! be two isometrical imbeddings of M such
that
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(1) f(xo) =g(x0) for some point xo of M.

(2) The bundle map & above defined with respect to the imbedding f is the
same as the bundle map 7 with respect to the imbedding g. Then f(x) =g(x) for
all x in M.

Proof. Let M’ be the set of all points x in M such that f(x) =g(x). Evi-
dently M’ is a nonempty closed subset of M. We shall show that M’ is open
in M. Let x* be any point of M’ and let x!, - - -, x® be a local coordinate
system in a neighborhood U of x*. Since £(x) =(x) for all x in M, it follows
that

df/dxi = dg/dx? (1=1,---,n) at every point of U.

Since f(x*)=g(x*), it follows that f(x) =g(x) for all x in U, thus proving
Proposition 2.

2. Rigidity. Let M be an n-dimensional orientable Riemannian space and
let P be the bundle of oriented orthonormal frames over M. We recall the
definition of the form of soudure (soldering) [9]. It is an Rr-valued linear
differential form 6 defined on P as follows. Let % be any vector tangent to P
at % and let % be the projected image of % onto M. Since a frame # &P is an
orthogonal transformation of R*» onto T,(M), #~'(%) is an element of R*. We
define

0(a) = u1(x).

The definition of 6 in terms of local coordinate system is given in [2; 8].

Let so(n) be the Lie algebra of SO(n) and let w be an so(n)-valued linear
differential form on P defining a connection in P. Lete,, - - -, ¢, be an ortho-
normal basis for R*. With respect to this basis, the Lie algebra so(z) can be
considered as the Lie algebra of all skew-symmetric (z —#)-type matrices.
Then 6 is considered as a set of # linear differential forms (6%)gs,...,» and w
is a skew-symmetric matrix differential form (w§)a,p=1,...,n. If

6" = — X ws N\ 6,

then we say that w defines the Riemannian connection. It is known that there
exists a unique Riemannian connection.

Suppose that M is imbedded isometrically into the (#+1)-dimensional
Euclidean space R*t%. Let S be the unit sphere in R**! and let Q be the bundle
of oriented orthonormal frames over S.

Let 8 be the form of soudure of the sphere S and let & be the so(n)-valued
form on Q defining the Riemannian connection on S. We proved in [9] that

w = E* ().

It should be noted that £*(f) is not equal to 6 in general. We shall study the
relation between £*(§) and 6. Put
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¢ = E0).
Define 82, @§ and ¢= as before. Then we have
(2) di" = — X as NP,
(b) dig = — 2oy Nas+8 NP,
(c) do” = = 3 w5 AP,
(d) dog = = 2wy N wi + 8" N ¢

Note that (d) follows immediately from (b).

REMARK. In the definition of the spherical map, we have two choices. If
£: M—S is the spherical map associated with the orientation of M, then the
other spherical map £’ (associated with the reversed orientation of M) is
given by £ =0 0 £, where is the symmetry of S with respect to the center.
It can be easily proved that .

B0 = 0,
where £ is defined similarly as £ The form ¢ is a linear mapping of Tu(P)
into R* for each # in P. The dimension of ¢(T4(P)) is called the type number
at u of the imbedded manifold M, denoted by N(u).

Consider another isometrical imbedding of M into R**!., Then we get
another bundle map 4: P—Q. Define ¢ =4*(8). Then

(e) dog = — S w3 Awp +¥ AV

PRroPOSITION 3. Consider two isometrical imbeddings of M into R"*! and
let &, 7: P—Q be the bundle maps associated with them. We define ¢ and ¢ as
above. If N(u) =dim ¢(Tu(P)) =3, then ¢ =+ at u.

Proof. From (d) and (e), it follows that
¢a/\¢ﬁ=¢a/\¢/ﬁ a,B=1,"‘,7l.
In particular
NP NAY =Y AP AP =0 a=1,,n

If ¢! and Y* were linearly independent at #, then ¢ would be a linear com-
bination of ¢! and ¢! at u for =1, - - - , n, which contradicts to the assump-
tion that N(u) 2 3. If ! vanishes at u, so does ¢!; otherwise, from

0=y AP =9 A¢' atuy,

we can conclude that ¢« is proportional to ¢! at # for every «, which contra-
dicts to the assumption that N(u)=3. Therefore there is a constant € such
that
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ol = ef! at u.
Similarly, there exist €, « - -, €, such that
¢* = ey, - -, " = e
From
PNG=YINAY, DA G =YIAY, PPN =AY
it follows that ¢, = e, =€ = + 1. Similarly we obtain that
Q===+ 1.
This completes the proof of Proposition 3.

THEOREM 4. Let M be an n-dimensional orientable Riemannian space iso-
metrically imbedded into R"*. If the type number N(u) of M at u is greater than
or equal to 3 for all u in P, then M is rigid in the sense that the isometrical im-
bedding of M is unique up to a motion in R+,

Proof. Consider another isometrical imbedding of M. Using the same nota-
tions as above, we conclude from Proposition 3 that ¢ = +y. Choosing a
proper spherical map, we may assume that ¢ =y (see: Remark). Therefore
we have

B0 = 7*0).
On the other hand, we have always

(@) = 7*(a).
Applying a motion in R**!, we may assume that two imbeddings coincide at
T.,(M) for some point %o of M. In other words,

E(uo) = 7i(uq) for some %, in P.

From Proposition 1 and the fact that § and & define an absolute parallelism
on Q, it follows that £=4. Now our theorem follows from Proposition 2.

We shall give the geometrical meaning of the type number. Let £: M—S
be the spherical map and let 6¢: T(M)—T(S) be its differential. Then N (%)
=dim 8¢(T.(M)), where x is the image of # under the projection . This can
be seen as follows. Let # €T ,(P), 6w (%) =% and E(u) =«'. Then ¢ is given by

o) = u'1(8¢(2)).

Now our assertion follows immediately.

3. Compact homogeneous hypersurfaces. Let M be a compact n-dimen-
sional Riemannian space isometrically imbedded in R**! (n>3). Let d(x) be
the Euclidean distance between x& M and the origin o of R*+!, Since M is com-
pact and d is a continuous function on M, there exists a point %o in M where
d attains its maximum. Let U, be a small neighborhood of x, such that U, is
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orientable and the spherical map &: Uy,—S is a differentiable homeomorphism
of U, onto an open set £(Uy) of S.

Let P, be the bundle of oriented orthonormal frames over U,. Then the
type number N(%) is n for all # in P, as we saw at the end of §2. Since n=3,
U, is rigid by Theorem 4.

Suppose that the group of isometries I(M) of M is transitive on M. First
of all, we shall show that M is orientable. The tangent space T.,(M) divides
R**! into two parts, say Ei(x¢) and Es(x,). Assume the origin o to be in
E;(x). Then, in a neighborhood of x¢, M is also in Ei(x,). Let v(xo) be the
unit vector normal to M at x, whose end is in Es(x;). Let x be an arbitrary
point of M. Since M is homomogeneous, there exists a neighborhood U of x
which is isometric to U,. Such an isometry is the restriction of a motion in
R»+1 because U is rigid. Therefore, a neighborhood of x in A is one side of
T.(M), say Ei(x). Let v(x) be the unit vector normal to M at x whose end is
in the other side Ex(x) of T.(M). It is easy to see that the normal vector field
v, thus chosen, is continuous on M. Hence M is orientable.

Since M is orientable, the spherical map £&: M—S is defined in the large.
We have seen that £ is a differentiable homeomorphism of U, onto £(U,).
Since U, is rigid and M is homogeneous, £ is a differentiable homeomorphism
in a neighborhood U of every point x of M. Therefore £(M) is open in S. On
the other hand, §(M) is compact. Therefore £(M) =S. It can be seen easily
that M is a covering space of S with the projection £. Since S is simply con-
nected, { is a differentiable homeomorphism of M onto S in the large.

Since U, is rigid and M is homogeneous, M is rigid. Every isometry of M
is, hence, the restriction to M of a motion in R*+1, Therefore, the group of
isometries (M) of M is a subgroup of the group of motions in R**+!. Since
I(M) is compact, it has a fixed point, say y, in R**!, Let x; and x; be any
points in M. There exists an element of (M) which sends x; into x;. Since
such a transformation of M is the restriction to M of a motion in R**! which
leaves the point y fixed, the Euclidean distance between x; and y is the same
as the distance between x; and y. Hence M is a sphere with its center at y.

REMARK. In this proof we do not use the fact that the spherical map
£: M—S is a differentiable homeomorphism in the large. However this fact
is necessary for other proofs which will be presented later.

4. Compact homogeneous surfaces. So far, we have assumed that z»=3.
Consider now the case n=2. Let I(M) be the group of isometries of M and
I°(M) is connected component of the identity. Then

dim I°(M) < 3.

Since I°(M) is transitive on M, dim I°(M)=2. Consider first the case
dim I°(M)=2. Since I°(M) is compact, it is necessarily abelian. (Note that
there is no simple Lie group of dimension less than 3.) As I°(M) is abelian
and effective on M, its isotropy subgroup consists of only the identity. Hence
I°(M) is simply transitive on M and M is a flat torus, which can not be im-
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bedded into R3. Consider finally the case dim I°(M) =3. Then the space M is
of constant curvature. Since M is compact and is in R?, it has to be a sphere
in the large.

5. Alternative proofs. It is known [3; 4; 6; 10] that a compact convex
hypersurface M is isometric to a sphere if the sum of principal radii of curvature
is constant on M. In §3, we proved that every compact homogeneous hyper-
surface is convex and rigid. (The convexity follows immediately from the
fact that the spherical map is one-to-one). From the rigidity and the homo-
geneity of M, it follows that all the elementary symmetric functions of prin-
cipal radii of curvature are constant on M. M is hence isometric to a sphere.
This reasoning may replace the last part of §3.

For n even, we have another proof due to Busemann. The Gaussian curva-
ture is the product of principal radii of curvature if # is even. Since it is in-
trinsic and M is homogeneous, it is constant on M. By the compactness of M,
it is, moreover, positive. By the Hadamard’s Theorem [5], M is convex. The
Brunn-Minkowski Theorem [11] tells us that the sphere is the only convex
hypersurface with constant Gaussian curvature. This proves our theorem
for n even.
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