ON THE HOMOTOPY CLASSIFICATION OF THE
EXTENSIONS OF A FIXED MAP

BY
W. D. BARCUS AND M. G. BARRATT

1. Introduction. In considering the homotopy classification of the maps
of a CW complex into any topological space X, we are led to the problem of
enumerating the homotopy classes of extensions of a given map u: K—X
over a larger complex LDOK. We examine this for the case in which L—-K
consists only of disjoint cells, for maps and homotopies relative to a base point
kEK.

For a given map u: (K, ko) — (X, xo0), we define in §2 for each aEm (K, ko)
a homomorphism

ay: m1(F, u) = 7(X, %0)

where F is the function space of maps (K, ko)—(X, x0). If L=KUet! is
formed by attaching the cell e¢t! by a map in the class «, and if u extends
over L, then we prove that the homotopy classes (rel k) of extensions are in
1-1 correspondence with the cokernel of a,. This may easily be generalized
to a complex L=K\U{e%*1} such that the e%+! are disjoint.

The difficulty lies in computing «,, even when the group (%, «) is known.
We show how «, can be computed when K is a cluster of spheres: the result
is given in terms of «, its Hopf invariants (including the higher Hopf invari-
ants in the sense of Hilton [3]), the homotopy groups of X, and the opera-
tions of composition, suspension, and formation of Whitehead products.
This covers, for example, the case when L is a sphere bundle over a sphere
with a cross-section, such as the product of two spheres.

In §7 we give applications of the theory to two other problems; the
more important of these is a formula for expanding a Whitehead product of
the form [a o, B]. It should be noted that the Whitehead product we use
(§4) differs from that defined by J. H. C. Whitehead by a sign.

2. Homotopy groups of function spaces. Let K be a CW complex. The
function space XX of maps (=continuous functions) is given the compact-
open topology. Then the natural function §: X ¥XD— (XK)T given by

@) (k) = f(k, 1), ke K, 1€T,

is a homeomorphism if T is a CW complex such that K X T, given the product
topology, is also a CW complex (the proof is elementary; cf. [2] and [9] for
other cases in which 6 is a homeomorphism). Notice that if I is the unit
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interval, then K XI is always a CW complex. It is convenient to identify
XEXI and (XX)! by means of 6.

NortaTION. A fixed base point will always be chosen in each space, and
denoted by a subscript 0: thus, £ EK, x¢&X. The only exception is that
0=(0, - - -, 0) will be the base point in I*; the base point in K X I will be
(ko, 0). The function space, with the compact-open topology, of maps (K, ko)
—(X, x¢) will in the future be denoted by XX; no ambiguity will arise, since
no further reference will be made to the space of maps K—X. The domain
space K will always be assumed to be a CW complex, ko a vertex.

Let u: (K, ko)—(X, xo) be a map; it follows from the first paragraph of
this section that we may equally well represent elements of m (XX, u) as
homotopy classes of maps

F: I — XX such that F(0) = u = F(1),
or
F: (KXI, koXI) — (X, x0) such that F(k, 0) = u(k) = F(k, 1), k& K.
Therefore a map g: (Q, go)— (K, ko) induces a homomorphism
g*: m(XE, u) — mi(X9, ug)
by g*{F} = {F(gXl)}, where 1 is the identity map of I and
gX1:(QOXI,goXI)—=(KXI, ko XI)

is the product map.

Now a path L in XX from wu, to u;, is equivalent to a homotopy
L: (KXI, keXI)—(X, x0) from u, to u;; the path L defines an isomorphism
in the usual way from the homotopy groups based at #, to those based at
#o: we write for this

(2.1) Ly: (XX, uy) — m1( X%, ).
LEMMA (2.2). g*Li=(L(gX1))sg*: m (XX, u) >m(XQ, 1og).

Let go, g1: (Q, qo)— (K, ko), and let G: (Q X1, goXI)—(K, ko) be a homo-
topy from g, to gi. Then

LEMMA (2.3). g¥ = (uG)sgf: mi(XE, u)>mi(X?, ugo).

The proofs of these elementary lemmas are omitted; it is easy to deduce
from them

COROLLARY (2.4). If g is a homotopy equivalence, then g* is an isomorphism.

Suppose now that (Q, go) =(S?, so¢), where we consider S7=5,e? as a
CW complex with a characteristic map

39 (19, [9) — (59, )
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which is a homeomorphism of I¢—I¢ onto e? of degree +1. Let v: (S, s0)
—(X, x0), and define v": (S*X I, soXI)—(X, x0) by ¢*(s, t) =v(s), for s€S¢,
tcI. We then define

(2.5) vy (XS, 9) = mepa(X, %)

as follows: for {F}E&m(X*", v), »,{ F} is the value of the separation ele-
ment(!) .d(F, ") on the cell (e2Xe!, 50X 0) with the product orientation, where
el=T—1. It is readily verified that

LEMMA (2.6). v, is an isomorphism; and iof M is a homotopy from v to v,
then vy =v, My.
Now let g, g1: (S, s0)—(K, ko), let G be a homotopy from g, to g1, and let
uE XX, Then
* *
(ugo)sgo = (ugo)s(uG)sg1 by (2.3),
*
= (ug1)wg1 by (2.6).

Hence the homomorphism (ug),g* depends only on the homotopy class
aEm (K, ko) of g, and we may define

(2.7) ay = (ug)sg*: mi(X¥%, u) = wo41(X, %0).
LeEMMA (2.8). If L is a homotopy from uo to uy, then o, = ctu,L#.

The lemma follows from (2.2) and (2.6).

3. The classification theorems. We now explain the use of a, in homotopy
classification. First, let L=KUe!, where e?*! has an attaching map
g: (S9, s0)—(K, ko) in a homotopy class aEm(K, ko). Then a map u: (K, ko)
—(X, x0) has an extension to (L, ko) if and only if

(3 1) Uxd = 0.
If this is satisfied, let f, fi be two extensions of # such that there is a homotopy

H: (LXI, keXI)—(X, xo) from fo to fi. Then H=H| (K XI, koXI) deter-
mines an element {H} Emi(XX, u): we shall prove

LEMMA (3.2). The value of the separation element d(fy, fo) on the cell (e, k)
is au{ H} Emen(X, xo).

From the lemma we deduce

THEOREM (3.3). Let u: (K, ko)—(X, x0) extend to (L, ko). Then the homo-
topy classes rel ko of extensions are in 1-1 correspondence with the elements of the
cokernel of au, t.e. of we11(X, %0)/oumi (XK, u).

The lemma leads in fact to a more general result: let L=K\U {e®+1},
where the cells e?*! are disjoint, and each possesses an attaching map

(*) Cf. Appendix.
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gt (8%, s50)—= (K, ko) in a class a;Emy, (K, ko). Set C(L, K) = Zﬂ'qu(X, X0),
the strong sum, where the homotopy groups are indexed by the cells of
L—K;amapu: (K, ky)—(X, x) extends to (L, ko) if and only if uxa; =0 for
all 2. Then the homomorphisms (a;), together define

a,: m(XE, u) - C(L, K)
such that the coordinate of a,(£) in m,41(X, x0) is (o) (£).

THEOREM (3.4). Let u: (K, ko)— (X, x0) extend to (L, ko). Then the homo-
topy classes rel ko of extensions are in 1-1 correspondence with the elements of the
cokernel of a, t.e. with the cosets C(L, K)/a,m (XX, u).

We now prove (3.2)—(3.4); we first need an elementary lemma which
will be used again later.

Let P be a finite CW complex on I* such that 0=(0, - - -, 0) is a vertex.
Let {a"} be the set of n-cells of P, and let the orientation of each, given by
the chosen characteristic map ¢,: (I*, I*, 0)—(é", 6", p.), agree with the
orientation induced by inclusion in I*. For each ¢ let T,: (I, 0, 1)—(P, 0, p,)
be a path in P. Suppose that &', &: (P, 0)—(X, x,) agree on P»~1. Then the
separation element d(%’, &) on (o, p,) has a value 6,Em.(X, hp,). Treating I
asa CW complex with just one n-cell in the usual way, we also have a separa-
tion element d(k’, k) on (I", 0) with a value §&m,.(X, x,).

LEMMA (3.5). 8= 2 (hT,)4d,, where # denotes the operation of the path on
the homotopy group, and the summation is over all ¢ & {0’" }

Since all paths T, for a given p, are homotopic in I*, (hT,)# does not de-
pend on the choice of T,. Notice that an equivalent result holds with I»
replaced by a sphere S», taking " as the characteristic map of the cell e
=S"—So.

The proof of this lemma is omitted.

Proof of (3.2). We identify (S, so) with (J¢+1,0), and write j=3j7: (S, so)
—(Ie*+1, 0) for the identity map. We first show that the triple (L, K, ko)
= (I*1, S, 0) is a universal example. Let the cell e?*! in L =K\Ue?+! have
characteristic map g: (I2+1, S¢,0)—{L, K, ko), and attaching map g= g[ (S9,0).
Let ¢ft! = Ie+1—S7 have characteristic and attaching maps j, 7, the identity
maps; and using the notation of (3.2), set f{ =fiz, fo=fog, H =H(gX1),
H'=H(gX1), «' =ug. Suppose that (3.2) holds for the universal example, so
that d(f{, fd) = Lur{H' }, where ¢ is the class of j, and the separation element
is evaluated on (&**, 0). Then if d(fi, fo) is evaluated on (e?t1, ko) we have

d(fi, fo) = d(fi, fd) = w/{H'} = wij*{H'}
uf {H'} = (ug)s{H(g X 1)}
(ug)eg*{ H} = o {HY},

from the definitions.
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We now prove (3.2) for the universal example by means of an explicit
construction. The separation element d(fi, fo) on (e&*!, 0) is represented by
the map E: (I XI)", 0)—(X, x0) given by

( fl(P)a t=1 PEIQHJEI:
E(p, 1) = {f1(p) = fo(p), 0 <t <1ip, ) € I X I)
fo(P)a t=0. J

Take a cellular decomposition of Fe+2=(I++1X )" such that Je+t1=0Ues;
[+l =[at1\Ueatl; [=0U1Ue!, Thus

T2 = (Jor1 X F\U 0 X I) U (et X 0) U (et X 1) U (e2 X eY).

Now H agrees with E on the g-section of Te+2, and also on the cells e1t1X0,
e?*1X1. Hence, by using Lemma (3.5) for a sphere, and noting that the
orientation of e?Xe! is opposite to that induced by inclusion in I¢+?, the
separation element d(ﬁl (Im+'X 1), E) on (112, 0) is equal to minus the ele-
ment d(ﬁ”q“xl, E|I"I+1><I) on (e?Xe!, 0). But maps of ([++2, 0) into
(X, xo) determine elements of m,1(X, %), so that the former separation ele-
ment is

{A| @t x D} - {E} =0 - {E} = - {E};
and since —17| JetixI=H, El T+ 1 X T=1u", the latter separation element is
d(H, w)(e2 X ¢, 0) = us{ H} by definition,
= w*{H} = {H}.

Hence d(fi, fo)(I*+, 0) =1, {H}, which proves (3.2) for the universal exam-
ple.

Proof of (3.3). The homotopy classes rel K of extensions of # are in 1-1
correspondence with the elements of m1(X, x,); they may be distinguished
by the separation elements of representative maps. Let fo, fi be two exten-
sions of u for which there is a homotopy H rel & from f, to f;. Then by (3.2),
the separation element on (e?+!, ko) is contained in a,m (XX, u). Conversely,
if fo, fi are two extensions of « such that d(fi, fo) =au{H}, with H: (K X1,
koXI)—(X, %), let H be an extension of H to L X I such that H(p, 0) =f,(p),
pE&L, and define f{: (L, ko)—(X, x0) by f{ (p)=H(p, 1). Then by (3.2),
a(fl, fo) =au{H} =d(fi, fo). Hence d(fi, f{)=0, and fi~f{ rel K. Since
Ji=fq rel ko, fiefy rel k.

Proof of (3.4). If L=K\U {eq"“} is formed by attaching a set of cells to
K, we may alter K within homotopy type so that the base point k, lies on
the boundary of each cell; this does not change the group (XX, %) by more
than an isomorphism. Then, if # extends to two maps fo, fi: (L, ko)—(X, X0),
the maps determine an element d(fi, fo) € C(L, K) such that the coordinate of
d(f1, fo) in mg.1(X, x0) is d(f1, fo) (e%t?, ko) (which may be defined in the sub-
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complex K\Ue?i*1), Then it is easy to show from Lemma (3.2) by the method
used in the proof of (3.3) that fo and fi are homotopic if and only if there
exists { H} €m (XX, u) such that d(fi, fo) (e%*1, ko) = (as). { H} for all 5. The
theorem then follows at once.

An alternative proof of the above two theorems can be obtained by con-
sidering homotopy sequences of the fibering X 2— XX induced by the inclusion
KCL.

4. The addition, product, and composition theorems. In this section we
give three theorems which are useful in the computation of the homomor-
phism a,.

Let a, BET(K, ko), uE XX, EEm (XX, u); and let - denote the operation
of m on ..

THEOREM (4.1) (ApDITION THEOREM). If ¢>1,
(@ + B)u(®) = au(®) + Bu(®);
if g=1 (so that uxaEm(X, xq)), then
(@ + B)ult) = () + (usa) Bu(®).

Thus if ¢>1, the transformation (a, £)—a.(£) is a pairing of m, (K, k)
and (XX, u) to m1(X, x0); if ¢=1, the transformation might be called a
crossed pairing. We shall prove the theorem later, by means of an explicit
construction.

Now let yET.(K, ko), 6ET.(K, ko) be represented by maps f: (I™, I
—(K, ko) and g: (I*, I")—>(K, ko) respectively. Then the Whitehead product
[y, 8] is defined to be the class of the map p: (Im+n, 0) = (Im X I"JIn X I", 0)
—(K, ko) given by

g), s€ I te I
Notice that because of our orientation conventions (cf. Appendix), [v, 8] is
not the same as that defined by J. H. C. Whitehead in [8]; we write the latter,
defined by using homology orientations, as [y, 8]’. The relation is easily seen

to be [y, 8]=(—1)"t1[y, 8]’
Let uE XX, tEm(XE, u).

THEOREM (4.2) (PrRODUCT THEOREM). [v, 8].(§) is given by

W) —lwey, 8.O] + (=)™ [1u(8), uad] if m, n > 1;

(i) —[usy, 8] + (— D™ [yu(®), way - usd) ifm=1,n>1;
(i) — [wad- way, 8u(8)] + (= 1) [1(8), wad] ifm>1,n=1;
(iv) = [uxd sy, 8u(®)] — (1) aad [vu(®), — (usy - uad)] ifm=n=1.

If we agree to use 7, for r>1 as a trivial group of operators, then (iv) is
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seen to include the other formulae. The proof will be given in §8.
Two simple consequences of (4.2) are the following:
CoROLLARY (4.3). If yE™M(K, ko), 6ET.(K, ko), n>1, then
(v-0)u(®) = way8u(§) — [vul®), way - uad].

This follows from (4.2) (ii) and (4.1), since y-8= [y, 8]'+8=(—1)[v, 8]
+4.

Now let a=P(8y, - - -, 8;) be a multiple Whitehead product formed from
the ordered set 6y, - - -, 8, (6;Em.,(K, ko), n:>1) by the insertion of s—1
brackets [ ]. Let P; denote the product P(uxdi, - - =, (8:)u(£), - - -, usd,)

formed in the same way, but with §; replaced by u40; if j %7, and 8; by (8.).(¥).

COROLLARY (4.4). o, (£) = D i % Pi, where the signs are determined by P and
the integers n;.

The proof is by repeated application of (4.2)(i). For example,

[81, [82, 85]]u(®) = [wady, [uado, (8)ut]]
+ (= 1)ms[uxdy, [(82)ut, usds]]
+ (=)t 1[(8)) 48, [usds, uxds]].

We now use (4.1) and (4.4) to simplify o, when a=80 ¢, (BEm.(K, k),
O Em (S, s0)). To express the result we need certain of the higher Hopf in-
variants of ¢ (cf. [3]); the definition of these depends on a choice of basic
products w;Em, (S*\/S;, s0), n=2, as defined and ordered in [3], with
w_2=1", w_1 = iy, respectively the generators of m,(S*\/.Sj, so) represented by
maps of degree +1 of S* onto S” and S;. Then it is shown in [3] that

(4.5) "+ wos=10¢+ 100+ O w0 H(s),
0

where H(¢) Emo(S7%) is termed a higher Hopf tnvariant of ¢.

For elements v, é in the homotopy groups of any space Y, define induc-
tively ooy, 8)=[v, 8], - - -, 0,(v, 8) = [v, 0p_1(v, 8)]. Then it follows from
the ordering " <i; chosen above that ¢,(¢", ) is a basic product of weight
p+2 for p20. If o,(v*, ) =wi, write B,(¢)=H;,(¢), the corresponding
higher Hopf invariant. Let Si be the suspension homomorphism.

THEOREM (4.6) (SPHERE THEOREM). Let ¢ &7, (S™), n=2, vEXS", and
let {Emny1(X, x0). Then

$o051(§) = £ 0.Sxd + D, (—1)PHa,(vsn, §) 0 SxBy(9).
0

In particular, the sphere theorem allows us to compute any homomor-
phism of the fundamental groups of the loop spaces 7 ("X, v)—m(Q¢X, of)
induced by a map f: Se—S~,
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Let B, ¢, u, £ be as above, and let b: (S*, so)—(K, k) be a representative
map for 8. Then it follows from the definitions that

4.7 (B0 ¢)u(k) = dup(ub)i'Bu(f).
Theorem (4.6), together with (4.7), yields

CoRrOLLARY (4.8) (ComPOSITION THEOREM).
(B0 @)u(®) = Bu(®) 0Sxd + 20 (= D7Hoy(usB, Bu(§) © SxBy(e).
0

In particular, if <37 —2, then B,(¢) =0 for all >0, and Bo(¢) = H(¢),
the generalized Hopf invariant. The formula then reduces to
(4.9) (B0 ¢)u(8) = Bu(§) 0 Sxp — [uxB, Bu(§)] 0 SxH(8).

Proof of (4.1). Le‘g a, b: (S1, so)—(K, ko) represent «, 8 respectively. De-
noting by ¢=149: (17, I1)—(SY, s¢) a characteristic map for the cell e7=S57—s,
as before, we can represent a8 by ¢: (S¢, so)—(K, ko), defined by

Ci(ll» Ty fq) = ai(2[1, loy =+ [q) if = 1/2
= bz(2t1 - 1, 12, Tty 1q) lf ll g 1/2
Let F: (K XI, keXI)—(X, x,) represent £&m(X¥, u); then
(4.10) (@ + B)u(®) = d(F(c X 1), w(c X 1))(e? X ¢!, 50 X 0),

where e!=I—1.

Let the subsets I{, I{C I be determined by t4,=1/2, {,=1/2, respectively,
and define cells a1, 02 CI9X I as the interiors of I X I, I{X I, with base points
p1=0=(0, - - -,0), po=(1/2,0, - - -,0) respectively. Let T be a path from
0 to ps given by T(£) =(¢/2, 0, - - -, 0). Applying (3.5) to the separation ele-
ment in (4.10), we obtain

(o B)ul8) = d(F(ci X 1), w(ei X D)o, $)
+ (i X DT)d(F(ei X 1), w(ci X 1))(os, p2)
= a,(8) + (uci T)sB.(£).

If g>1, uciT is the constant path;if ¢ =1, it represents uxc. This proves (4.1).
In order to prove (4.6) we need the following lemma:

LEMMA (4.11). Let o € m,(S?, s0), { Emuyr(X, x0). Then

-1
bzo(x0)s (§) = § 0 Sxo.

Proof. Let F: (S*X I, soXI)—(X, x,) represent (xo); '¢ (so that F(S*X 1)
=x,), and let'r: Sk I—S*+1 be the identification map, of degree 41, which
pinches S¥XI\UsoX I to a point. Then the following diagram commutes,
where f represents ¢, and F' = Fr~:
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. X1 . F
(STX I,8¢ X I\JsgXI) (S* X I,8* X I'U sy X I)— (X, x0)
lr Lr F’
Sf
(St s0) > (S™F1, o)

Clearly
¢ = @{F} = d(F, x)(en X ¢, 50X 0) = {F'}.
And similarly
ol F) = d(E(fX 1), m(f X 1))(en X e, 50 X 0)
= {F'(Sf)} = {F'} 0S«d = ¢ 0 Sxo.

Proof of (4.6). Let g: S"—S*\/.Sy represent "+, and let u=9\/x,:
S*\V/Sg—X. We identify

m(XSVS0, ) = 1y (X57, 0) + 1 (XS, x0)

in the natural way, so that elements of the group may be written (v;'n,
(x0)5 '¢), for m, {ETu1(X, x0); and we further abbreviate this notation to
(n, ). It is easily verified that

(4.12) wm ) =1, (@) = ¢
Then

(€ + () 09)u(0, ©) = dug(ug)s (" + 0)u(0, ©)
(4.13) = uo(ug)s ¢ by (4.1), (4.12),
= ¢.05 ¢ by (2.6), (2.8) since v ~~ ug.

On the other hand, we have the expansion of (4.5)
(4.14) (H+wop=10¢+wod+ O woHis),
0

and we may apply the addition theorem to the left-hand side of (4.13) in
this expanded form. Since usiy=0, it follows from (4.4) that the expression

(@0 Hi@))a(0, §) = (Hi(#))eo(xo)i (02)u(0, §)

is 0 if w; involves § more than once. By definition {o-,,(c", Lﬁ)}, p=-—1,0,
1, - - - consists of those basic products which involve j only once. If w;, =0,
then writing B,(¢) = H.,(¢), we have by induction

751”5 100, §) = = [ux, 751, 10)u(0, )]

= (=1 oy us”, (10)a(0, ©))

= (= 1) op(on’, 1),
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using (4.12) and the fact that ust® =v4.”. Hence

(@p(t", 16) © By(#))u(0, ©) = (Bp(@))sy(xo)n ((—=1)7 op(oa”, 1))

4.15 P+l "
( ) = (-1 * ap(vst , §) 0 Sk Bp()

by (4.11).

Applying the addition theorem to the left-hand side of (4.13), expanded
as in (4.14), and using (4.12) and (4.15) to calculate the terms, we obtain
the expression in Theorem (4.6).

5. Examples. Using the notation of (3.3), let L = K\Ue®*!, where the class
of the attaching map is aEm,(K, ko), and let u: (K, ko)—(X, x0) have an ex-
tension over L. Then to classify the extensions of %, we must compute a,;
and the theorems of the preceding section allow this to be done in certain
cases. In particular, if we know the homomorphisms (8:), for certain elements
6.Emn, (K, ko), then we may compute a, for any « formed from the 4. by
the operations of addition, formation of Whitehead products, and composi-
tion with elements of homotopy groups of spheres. In the special case K
=Sm\/ . .- \/S¥, Hilton has shown that all elements of the homotopy
groups of K can be so formed from the generators ™, - - -, ™.

As an example, let K=S57\/S", with m <#, and suppose for simplicity
that ¢ <3m —2. Let v, w denote the classes of v=u[ Sm, w=u|S" respectively.
We identify

(X%, 1) = m1(X5", 0) + m(X5", w)

in the natural way. Abbreviating (7, {)=(z'n, w;'{), 1€ET1(X, x0),
{Ema(X, x0), we compute a,(n, §)Emea(X, x0). Leaving aside the cases
m=1orn=1,

mo(K) = m(S™) + m(S") + ['-my ‘n] 0 mg(S™t1);

let a=a1+a2+[c”‘, L"]O,B, where a1 ET(S™), Em(S™), BEM(Smtr—1).
Then

au(n, §) = (@)u(n, §) + (@2)uln, §) + ([, ] 0 B)uln, ).
Now from (4.6)
(a)u(n, §) = n 0 Sxar — [v, 1] 0 SkH(ay),
(a2)uln, §) = £ 0 Sy — [0, {] 0 SxH(az)
and from (4.2) and (4.8), since B is a suspension,
([, "l 0 B)uln, §) = (= [y, ¢+ (=D)+[n, w]) 0 Sub.

This determines o, (7, {) as a sum of these expressions. If m=n=1, then a,
can be found by the addition theorem. If m=1<n, then « is a sum Z‘El-ai,
£,Em(SY), a;Emy(S"). e is then given by the addition theorem and (4.3).
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As a special case of the example, we consider maps S} X.S;—S", n=2;
here a= [i}, ). If v, w have degrees p, ¢ respectively, p, ¢=0, we say that
an extension of u is of type (p, ¢). The obstruction to such an extension is
ux [}, 3] =pq[i", ). Suppose that % has an extension: then the homotopy
classes of extensions are in 1-1 correspondence with m2,(S")/a (v "7, 41(S™),
w; 'ma11(S")). The subgroup contains only the elements 0, g[c*, 7], p[e*, 1],
if n =3, where 7 is the generator of m,,1(S"). Now Hilton and Whitehead have
shown [4] that [v", ]50 if and only if #=1 mod 4. Hence, using known re-
sults on Whitehead products,

ExaMPLE (5.1). There exist maps St X.S3—S", n =2, of type (p, q), P, g0,
if and only if # is odd, and either pq is even or m2,41(S**!) has an element of
Hopf invariant 1. Suppose that p, ¢, and # are such that maps do exist. Then
the homotopy classes of such maps are in 1-1 correspondence with the ele-
ments of m2,(S") if p and ¢ are both even, or if = —1 mod 4; otherwise they
are in 1-1 correspondence with the elements of

7"2n(S")/[‘"y 7"n+1(5n)] = 7"2n(Sn)/Z2'

Other examples are easily given; for instance

ExaMpLE (5.2). The identity map S*—S" always extends to maps
S» X S»~1—S"; the homotopy classes of extensions are in 1-1 correspondence
with the elements of 73,_1(S")/ [¢*, 7. (S™) } = Semran_1(S™).

ExaMPLE (5.3). Let # be a map of S'\/S! into the real projective plane
which is nontrivial on both circles. Then there are two homotopy classes rel s,
of extensions of # to S'X.S.

6. An application: the group of homotopy equivalences. We shall outline
an application of the above methods to the group of homotopy classes of
homotopy equivalences of a space with itself, denoted Eg.

Let K be a 1-connected CW complex, and let K\Ue?*! be formed by at-
taching a cell e?*!, ¢>dim K, with a&Ex,(K) the class of the attaching map
and a€Ewe(K\Uert!, K) the class of the characteristic map. Let

i: K C K\ est!
be the inclusion, and define a homomorphism
d*Z 'i*Wq.,.](K) d Eq(K U 6q+l)

as follows: d*(B) is the homotopy class of an extension g of 7 such that
d(g, 1)(ee*!) =B, where 1 denotes the identity map of K\Ue?*1, Since ¢>dim K
if f is a homotopy equivalence of K\Uet!, then fea=¢(f)a, where e(f) = +1.
We also define homomorphisms

i Bg(K U et) > Eq(K),  jo: Eg(K \J ev+) — Eq(Se+Y),
by j*{f} = {f| K}, s {f} =e(f)rerr.
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THEOREM (6.1). The following sequences are exact:
* %k
ixmeni(K) —— Eq(K \J ev1) — Eq(K), if 2a 5 0;

X*

% -k

. d ¥+
1xmg41(K) — Eq(K U ett) = Eq(K) + Eq¢(S**Y), if 2a = 0.

From Lemma 7 of [6] it follows that the image of j* is the set of classes
{h} such that hsa= +«; denote this subgroup by Eg.(K). The image of
i*+js is then Eq.(K)+Eq(Se), if 2a=0. The kernel of d* is

ixmor1(K) Naim (K \J etth)E, 4)

where the base point k&K is any point of é7+1. Methods were given in the
previous sections for calculating «; if K is a bunch of spheres, so that in this
case we can find Eq(K\Ue¢*1!) up to extension.

The operations of Eq.(K), or Eg.(K)+Eq(S1"), on xmg1(K)/tsmes1(K)
Nagr are given as follows: Let yEmgy1(K), ¥ = {h} EEq(K), eett1& Eq(Setl).,
Then

(1) If 250, then - (ixy) = ixhsy;

(i1) If 2a=0, then (¥, evt) - (ixy) = eishsy.

The extension is not known to us, in general.

7. Further applications. In this section we shall show how the theory of

§82—4 can be applied to obtain information about Whitehead products.

THEOREM (7.1). If yEm (S™), then in mepn1(S"\/S*) we have [v¢y, "]
=[im, ] o Sy v+ 205 (—1)PH0eHNg, L (um, ) 0 Sy By(Y), for m, m>1,
where o,41(v, ) and B,(v) are defined as in (4.6).

Proof. Using the elementary relation

(7.2) [0, ] = o1om — m, for n € m(S™),
to expand both sides of the identity (.!-¢™) oy =1!- (1™ 0 ), we obtain
(7.3) ([, ]+ oy = [mow, ] + mon.

Now as shown in the addition theorem, if uE XX tcn (XX, u), then the
transformation (u, £):m (K, ko)—m1(X, x0) given by (#, la=a,(§) is a
homomorphism for ¢>1. Taking K =5"\/S!, X =5"\/S? u such that uu™
=" up' =0, and £ such that (£) =0, (£) =%, and applying (u, £) to both
sides of (7.3), we obtain by use of the composition theorem

(=l 2] 4+ 0) 0 Suy + 22 (= 1)7H03(0 + ¢, — [, ] + 0) 0 SuBy(y)
0
: = — [mow,2] 4+ 0;

using the definition of a,1(1™, *), this yields the equation in (7.1) for the
case n=2.
We can now prove (7.1) by induction on #. Suppose that (7.1) holds for
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n, and apply (%, &) to both sides of the equation, with K=S"\/S* X
=57\/S"*1, u such that ust™=1", usx1”=0, and £ such that ¢ (£) =0, (§)
="+ We obtain

— [Lm oY, LnH] = — [Lm, L"+l] e} S:‘y

(p+1) (n+1) p+2

nd m ntl n

+ 2 (-1 (=1 opal" ) 0 SiBy ()
0

which yields the required equation for z+1. This proves (7.1).
Theorem (7.1) may be used as a universal example to derive

COROLLARY (7.4). If vEm(S™), aCmn(X), BET.(X), m, n>1, then
l@oy, Bl=[a, B] 0 Sy v+ 225 (=1)#+00+0g, (e, B) 0 Sy B,(v).

The corollary generalizes a formula of G. W. Whitehead [5, (3.59)] for
the case in which v is a suspension.

As a further application, we give a simple inductive proof of the Jacobi
identity for Whitehead products in mpie,—2(S?\VS9VS) (cf. [3] et al.).
With our conventions for the Whitehead product, the identity is given by

THEOREM (7.5).
(=) @r[[e, ], ] + (=) +0e[er, 2y, 11]
+ (=D)@2[Lig, ] 2] =0,  pgrz2

Proof. It is elementary that the following relation holds in m3(S?\/S2\/.S1):
[, @] =[it-2, o1 &) Expanding both sides by (7.2),

(7.6) (15 ], T+ 1wl = [15 T4 & fuo, o]+ cal.

Choosing K=S2\/S;\V/S!, X=S2/S:\V/S? uEXK such that wug?=.2,
uxty =15, uxt!=0, EEm (XX, u) such that 2(§)=(2).(§)=0, (&)=, and
applying (u, £) to both sides of (7.6) we obtain — [[2, 2], &]= [, [&, &]]
+[[e2 ], ¢] which yields (7.5) for p=g=r=2.

Suppose inductively that the identity of (7.5) holds for p, g, r. Taking
K=8r\/S\/S7, X=S7\/S?\/St, u&S XX such that ustP=1?, usxt9=19,
uxt”=0, and §&m (XX, u) such that (&) = () =0, (£ =+, by applying
(u, §) to both sides of the equality in (7.5) we obtain the same equality with
r replaced by r+1. This proves (7.5).

The proof could equally well start with the relation !« [43, o} ] = [¢1- 45, ¢1- 4} ]
which can be verified purely formally.

Notice that if we apply homomorphisms (%, £) to both sides of (7.6) with
u and £ appropriately chosen to raise the dimensions of ¢ and ¢, but leave
! fixed, then we obtain a generalization of the Jacobi identity for the case
in which one factor is of dimension 1; this can be written
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(=7 [, o], ] + [[, 2], o]
+ (_l)(q+l)p[[‘q9 "l]’ "p] + [["17 "P]) [‘q7 ‘1]] =0.

Equation (7.7) also follows directly from the properties of the operation of
w1, in the manner of (7.6)

Theorem (7.5) is a universal example for the Jacobi identity in the
homotopy groups of any space.

8. Proof of the product theorem, We shall now prove Theorem (4.2). As
universal examples for K, v, and § we take S™\/.S*, v, and " respectively.
Then if K, v, and & are arbitrary, there is a map 4: S™\/S*—K such that
hxt™ =+ and hgt” = 4. Since

(7.7)

[‘y, 5],, = (h*[cm, L”])u = [l.m, L”]uhh*,

and y.=yh*, 6,=u,k*, one verifies immediately that Theorem (4.2) for the
general case follows if we have proved it for the universal example.

Let w:S"—X, v:5"—X define u=w\v:S"\VS*—X,; we identify
m(XS"VS" u) =m(X5", w)+m(XS", v) under the natural isomorphism, so
that there is a natural isomorphism (w;', 2;"): Tmp1+Tap—m(XS"VE", u),
where T, =m,(X, x0). Let

k= [‘m, ‘"]u(w*rl, V) Mgt + Tagt = Tomgn

let w, » denote wxt™, v41”, and let NEmpy1, pEmrs1. Then Theorem (4.2) for the
universal example can be written

(i) kO, p) = = [w, p] + (=1)"+[x, 5] ifm,n>1,

() kO, p) = — [0, o] + (=), w-v] ifm=1,n>1,
(8.1) | .

(iii) (A, p) = — [V""7 P] + (—1)"+1[A7 "J ifm>1,n=1,

@iv) kA, p) = — [v-w, p] — v [\, —(w-p)] fm=mn=1.

We write the fundamental group additively, and shall first deduce (8.1)
(iv) from the addition theorem. In this case S™\/S"=S'\V/S!, and we set
v=", ' =1". Then for

£ = (wr\, wlp) € m(XSVS, w),
it is clear that t,(£) =\, t. (§) =p. Now [¢, '] =(/+¢) —(t+¢'), and
(4 0u®) = W/ (®) + ux - w(l) = p+ v\
Since
(=4 )+ + D@ = (= + Nu®) + (=@ + )+ @),
(=@ +Nu@® = = (=v = )N+ wp).

Therefore
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kA, 0) = [4 V]u® = (V40 =+ D)u(®)
ptrvA— (4w ((—v—w)-\+wp)
=rA—(w—v—w)N)F+p—(@+w—7vp
==\ w (=] = [p, o]
This proves (8.1)(iv).
We can now suppose that m+#n>2; if we prove that
(0, p) = — [w, o] ifn>1,
— [v-w, p] ifn=1,

Il

(8.2)

(8.3)

it will follow that
K, 0) = [7 CLuGwn, 910) = (=)™, " ]uln A, 5 0)
= (_1)mn+l[v’ )‘] or (_1)n+1[w,v’ )‘]
= (=)™ 5] or (=) -]
according as m>1 or m=1. Then (8.3) implies that «(\, p) =«x(\, 0) +«(0, p)
is given by (8.1)(i), (ii), or (iii), and we need only prove (8.3).
Consider the case (X, x0) = (S™\V/.S**1, 50), w=jm, the identity map of S™,

v=s¢, p=1"*1, where m, n=1 and m+n>2; we prove by considering repre-
sentative maps that

LEMMA (8.4). In this case k(0, «"+1) = — [vm, (n+1],

Proof. [u, 1*] is represented by p: I™*+»= (ImX ") —S5m\/S*,
p(y, ¥) = i"(y) ify € Imy € I,
= i"(y") ifyeciny eI

Define maps E, F: ((S™\/S*) X I, so X I)—(S™\/ S*t1, s0) by

E(z,t) = 3, zEeESMted,
= So, FASINGH
F(z,t) = 2, z & S,
= () 7(2), 1), LS

Th.en F(pX1), E(pX1): (I XI, 0XI)—(S™\/S**1, s0) agree on Im»
XI\U0XT; and since F represents ((j™)y'0, sg5 ")) Em(X5"VS", u), we have

k(0, 1) = d(F(p X 1), (E(p X 1))((I™ — 0) X I, 0 X 0).

Extend F(pX1), E(pX1) over I""+"+1='I""+"><IUI'"+"><I' to F, E respec-
tively, as follows: for y&I™, y' €1, tE1 define

E(y, y', 1) = i(y) if y € I,
= gty ) = 5 ify €& I,
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and the same for E. F and E are readily seen to be the canonical maps repre-
senting [v», t*+] and [, 0] respectively; also, F and E agree on Im+* X [\J0

XI. Setting emtntl=[n+r+1—0, and applying Lemma (3.5) as in the proof
of (3.2), it follows that d(F(pX1), E(pX1)) =d(F| [+ XI, E|I"XI) on
((Im*»—0) X I, 0X0) is equal to —d(F, E)(emt*1, 0). Thus

k(0, ) = — d(F, E)(emt+1,0) = — ({F} — {E}) = — {F} = — [, o]
which proves (8.4).
The space S™\/.S*+! in (8.4) is a universal example for the case v =x,; for,

given any (X, %), w, p, there exists g: (S*\/S", s9)—(X, x0) such that
gl (Smy SO) =W and {g] S"+1} =p'

COROLLARY (8.5). (0, p) = — [w, p] if v=1x, with X, w, p arbitrary.

Now let all of X, w, v, p be arbitrary. Define h=j"\/k': (S*\/S", s,)
—(S™\/ST\/S3, s0), where A': S"—>ST\V/.S; is such that k¢ =+, Let
5= (xo\/0)h'; then h*:m(XS"VSIVS, w\/x\Vo)—m(X5"VS", w\/5). We
identify the second group with m(X5", w)+m(X5", 9), and treat the first
similarly. Then it is clear from the definition of 4§ as a separation element,
and from the definition of #*, that

—1 —1 -1 -1 —1
I (w8 N, %on p1, 08 p2) = (ws N, B (p1 + p2)).
Let M be a homotopy rel S™ from w\/3 to u=w\/v; under the above identi-

fication Mg = ((M|S™)s, (M| S")4). Since v, = (M| S*)43, by (2.6), and (M| S™);
is the identity,

Mi(wi \, 55 (o1 + p2) = (5 X, 04 (1 + o).
Setting r=w\Vx,\V7,
[" 44 el = Gl CDe = [ Lk = [, M
and hence
K0, p) = [, " Ju(awi 0, v )

(8.6) = [", "M sh*(wn 0, onp, va 0)

= [", & + (s 0, xon p, s 0).

If m=1, n>1, then it follows from the addition theorem that [em, g+4].

=[e», &],4 [vm, &],. The first term yields [v™, ¢ ].(w;'0, 25’0, v570) = — [w, o]
by (8.5), while the second term yields 0. Hence

(8.7 (0, p) = — [w, pl form=1,n> 1.
If m>1, n=1, then

n o m n m  n
ta].

[Lm, L'; + L;] = (L'1‘+ L;)'Lm - = [‘2" d “] + [L ’
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Applying the addition theorem, and noting that the second term again gives
0,

m n n — - — n m n — — -1
(8.8) [¢, o + eo) (wn l0, xoulp, vy 10) = [eare, 1), (wn lO, xohlp, vy 0).
Let k=1\V/j1: (5" S", 50)—(S"\/ STV S3, s0), where | represents ¢;-1™, so

that 7k represents »-w on S™ and 0 on S». Then k*: 7 (X5"VSivSyy)
—m(XS"VS" rk) is clearly such that

E*(wy 0, %ok p, v5 0) = (5 0, %ot p).
Since k«[vm, o] = [, ],
[i0", 2l (ws 0, %o p, w5 0) = [, "Juk* (s 0, xgh p, v8 0)
= [", "0, w3k p) = — [, o] by (8.5).
Equations (8.6), (8.8), and (8.9) yield
(8.10) (0, p) = — [r-w, p] ifm>1,n=1.

Equations (8.7) and (8.10) together prove (8.3), and hence Theorem (4.2).

Appendix. Separation elements

Let I be the subset of Euclidean n-space consisting of n-tuples of real
numbers (y1, * -+, ¥.), 0=9,=<1, oriented by the generator of H,(I*, i")
represented by the identity map of I* in the cubical singular theory. Let
J»—1 be the closure of the subset of I for which ¥.<1, and let I?"* be the sub-
set of I for which y,=1. If x,€A CX, then elements of m.(X, 4, xo) are
represented by maps f: (I*, I, J»=1)—(X, A4, x,), and the boundary operator

a: 7r,,(X, A, xo) - 7r,,_1(A, Xo, xo) = 7r,,_1(A, xo)

is defined by d{f}={f|I7"'}. If we identify (S*1, so)=(i", 0), where
0=(0, - - -, 0), then the specification of the boundary operator determines
an orientation of S*! (cf. [7, §4]). It is to be noted that this is not the
orientation given by the homology boundary.

Let h.: (I*, I», J»1, 0)—(I", I, J*=1, 0) be a homotopy such that %,
=identity, k1 (J*1) =0. k: determines a 1-1 correspondence between the sets
of homotopy classes of maps g: (I, I*, 0)—(X, A4, x,) and the elements of
m.(X, 4, %) by {g}——»{ghl}, and similarly between the homotopy classes of
maps g': (I, 0)—(4, xo) and the elements of m,_1(4, x9). Using this cor-
respondence, we may represent elements of 7,.(X, 4, x0) and 7,_1(4, x0) by
maps of (I*, I*, 0) and (I, 0) respectively.

We define separation elements as follows (cf. [1] for the original defini-
tion). Let K be a CW complex(?) and let s €K be an n-cell with characteristic
map ¢,: (I*, I*, 0)—(5, ¢, p,), where p,E¢ is a point. If f, g: (G, a)—(X, x0)

(*) A fixed choice of characteristic map for each cell is implied in the definition of a CW
complex.

(8.9)
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agree on ¢, they d?termine a separation element d(f, g)(o, p.) Ema(X, x0),
represented by F: (I, 0)—(X, x),

fea(ys, + =+, ¥m) if yupr = 1,
F(yy, = oy Yagr) = fe(yy, = =+ ¥n) = 86a(y1, * * + 5 ¥n) 0 < yn41 < 1,
gcv(yl) Y yn) if Vgl = 0.

Thus d(f, g)(e, p.)=d(fc,, gc.)(I*, 0) (we shall not bother to distinguish
between the open and the closed cell, provided this causes no confusion).
It follows from the orientation convention that if f(¢) =x,, g(¢) =x,, then

d(f, 2)(0, ps) = {fe.}.
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