REMARKS ON LATTICE ORDERED GROUPS AND
VECTQR LATTICES()
I. CARATHEODORY FUNCTIONS

BY
CASPER GOFFMAN

1. Although the literature on the representation of ordered groups,
[1;2; 3](%», and in particular of vector lattices, [4; 5; 6](3), as spaces of
functions, or “functionoids,” [7], is vast, the central fact that every archi-
medean lattice ordered group has such a representation does not seem to
have been published. The first purpose here is to furnish such a representa-
tion as a space of Carathéodory functions [8; 9](*).

An important biproduct of this representation is the fact that every
archimedean lattice ordered group is abelian, a fact which was first proved
by Iwasawa [10] and then by Birkhoff [11] in different ways. The proof
given here conforms more closely to the proof for the totally ordered case, as
given by Baer [12] and Cartan [13] and, in general, seems to be appropriate.

Our main tool is a lattice of carriers (these were introduced by Jaffard
[14] under the name of filets) associated with a given ordered group. Our
preference for carriers to bands [15] is dictated by subsequent studies in the
nonarchimedean case, bands being seemingly inadequate for our needs there,
as well as being somewhat less suitable for our present purpose.

For a distributive lattice L with a minimal element, the lattice L* of
carriers is the image of L under a certain lattice homomorphism. This homo-
morphism is discussed in §2. §3 is concerned with special properties of L*
when L is the positive cone in a Banach lattice B. Under certain conditions
on B, L* is conditionally complete, ¢ complete, and relatively complemented.

The Carathéodory functions are defined in §4, and in §5 every archi-
medean lattice ordered group G is shown to be isomorphic to a subspace of
the space of Carathéodory functions generated by its lattice of carriers.

Finally, §6 is devoted to the existence of compatible semi norms in an
archimedean vector lattice. It is known that there are such vector lattices
which cannot be normed. Here we seek general criteria for the existence and
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nonexistence of compatible semi norms. A criterion is obtained for their
existence in an archimedean vector lattice, and another for their nonexistence
in the space of all Carathéodory functions based on a boolean algebra. These
criteria are in terms of properties of the carriers.

2. This section deals with the lattice of carriers. For this, let L be a dis-
tributive lattice with a minimal element 0; i.e., x=0 for every x&EL. An
example is the positive cone in a lattice ordered group. An ideal JCL is a set
such that x, y&J implies x\Jy&EJ, and xEJ, y& L implies x\y&EJ. Krish-
nan [16] has shown that, for every ideal J, the homomorphism «, for which
a(x) =a(y) if and only if there are 2z, w&J for which x\JUz=3yUw, is the
minimal homomorphism whose kernel is J. Pierce [17] has shown that the
homomorphism 8, for which B(x) =8(y) if and only if xM\z&J for exactly
those 2& L for which yM\z&J, is the maximal homomorphism whose kernel
is J. It follows from the results of Krishnan and Pierce that, for a given L
and JCL, the homomorphisms « and 3 are the same if and only if the image
of L under « is disjunctive.

Our interest is in the case J=[0]. In this case, the homomorphism f has
as its cosets the equivalence sets in L given by:

x~y fzMax=0 ifandonlyifzMy=0.

Thus, if for every x& L, we define D(x) as the set of elements in L which are
disjoint with x, then x~y if and only if D(x) =D(y). If L* is the set of equiv-
alence classes x*, ¥* - - - in L then L* is also a distributive lattice with
minimal element 0* = [0], since § is a lattice homomorphism. Moreover, L* is
disjunctive. We call the elements of L* the carriers of the elements of L.
Thus, if B(x) =x*, then x* is the carrier of x. Now, a and 8 are the same if
and only if L is disjunctive. Also, 8 is an isomorphism if and only if L is dis-
junctive. On the other hand, while L* is disjunctive it need not always be
relatively complemented. For, if L is disjunctive without being relatively
complemented then L =_L*. The lattice L whose elements are unions of finite
numbers of closed intervals and of points is an example.

For a lattice ordered group G, we consider the lattice G* of carriers of the
positive cone in G, but refer to G* as the lattice of carriers of G.

The carriers are like “sets” on which the members of a lattice of “func-
tions” do not vanish. Indeed, if L is the set of all non-negative real functions
on a set S, then L* is the lattice of subsets of S. If the elements of L are
equivalence classes of functions, those of L* may, instead of being sets, be
equivalence classes of sets. Moreover, we point out in the next section, that
even for a lattice of real functions, the carriers may not be sets, but are
equivalence classes of sets.

3. We wish to remark on the lattice of carriers for a Banach lattice. A
vector lattice X is a vector space which is also a lattice such that x>0,
¥>0, a>0 imply ax>0, x+3>0. Then, for every x&EX, we write x+=x0,
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x~=xM0, and | x| =x+—x~. Moreover, it is true that x =x*+x~. A compati-
ble norm for X is one such that |x| = |y| implies ||x|| =||y]|. A vector lattice
with a compatible norm is called a normed vector lattice, and if it is a Banach
space, it is called a Banach lattice. Some authors also assume X is a condi-
tionally o complete lattice, but we do not make this assumption since it ex-
cludes some interesting cases.

Let X be a Banach lattice and {x}} a sequence of carriers in X. Then
{x’f,} has a least upper bound in X*, Indeed, for every #, there is an x,&x},
%,>0, such that ||x,/| <27 (We have used the fact that (ax)*=x* for every
a>0). Now, for every #, let

Yn = Z Xm.

m=1

Then Uj,_, x} is the carrier of y,. Moreover, {y,,} is a Cauchy sequence so
that it has a limit x with carrier x*. Evidently, x*=x}, for every #, so that
x* is an upper bound for {x,’f } Suppose y* <x* is also an upper bound. Then,
since X* is disjunctive, there is a z*>0%, y*M\z*=0%*, z*<x* There is a
2Ez* such that 0<z<x—x, for every n. Then ||x—x,|| =]z, for every n.
Since z>0, this contradicts the fact that lim, .., ||* — .|| =0. We call a lattice
upper o complete if every countable set has a least upper bound, and have

ProrosiTiON 1. If X is a Banach lattice, its lattice X* of carriers is upper
o complete.

We do not know whether, for every Banach lattice X, the associated
lattice X* of carriers is relatively complemented. However, this fact is easily
established in a special case.

We suppose X satisfies:

(a) The norm is strictly increasing; i.e.,

|« > |y| implies [|af| > l5]].

(b) Every bounded monotone sequence in X is a Cauchy sequence.

Let x* and y* be carriers, y* <x*, and let x>0, y>0 be such that their
carriers are x* and y*, respectively. Let Z be the set of all 2>0, z<x, for
which z*My*=0*. That Z is nonempty follows since X* is disjunctive. For
every s€Z, ||3]| =||«]|, so that the norm is bounded on Z. Let

m = sup (4] = € Z],

and let {z,} be an increasing sequence in Z such that lim,.,, ||z.|| =m. By
Condition (b), {z,,} is a Cauchy sequence. We let { =lim,., 2.. Then H(H =m.
Suppose {*\Uy* <x*. Then, there is a w* <x* such that w*N({*Uy*) =0*,
and there is a w <x whose carrier is w*. Now, { +w&Z, and by condition (a),



110 CASPER GOFFMAN [May

[I¢ +2|| >m, which is impossible. Hence, {*\Uy* =x*, so that X* is relatively
complemented.

More is true; X* is conditionally complete. Let S be any set in X*, let
x*&S, and let x>0 have x* as carrier. We consider the set Z of all z<x,
z>0, whose carriers are lower bounds of S and then proceed as before to find
a greatest lower bound. That every bounded set in X* has a least upper
bound follows by complementation. We thus have:

ProrosITION 2. If X is a Banach lattice satisfying conditions (a) and (b),
then its lattice X* of carriers 1s a conditionally complete and o complete relatively
complemented lattice.

We consider now the Banach lattice C of continuous functions x =x(¢) on
the closed interval [0, 1] with

Hx” = max | x(t)l .

In the first place, this is a vector lattice of real functions. Secondly, it
satisfies neither conditions (a) nor (b). We notice, however, that its lattice
C* of carriers is a complete boolean algebra whose elements are not subsets
of [0, 1]. Indeed, x and y are equivalent if and only if the sets on which
they do not vanish differ by nowhere dense sets. The carriers are accordingly
equivalence classes of open sets modulo nowhere dense sets. The complement
of a carrier x* is the equivalence class to which the interior of the complement
of any set belonging to x* belongs. Moreover, the supremum of a set S of
carriers is the carrier to which the open set belongs which is the union of open
sets, one from each carrier in S. We thus have:

PRrROPOSITION 3. The lattice C* of carriers of the Banach lattice C of continu-
ous functions on [0, 1] is the complete boolean algebra of open sets modulo
nowhere dense sets in the interval [0, 1].

On the other hand, we know that there are archimedean vector lattices
for which the lattice of carriers is not relatively complemented. For example,
we consider the smallest vector lattice of real functions on [0, 1] which con-
tains the function x? and the characteristic functions of the intervals [0, a]
for all 0 <a <1. The complement of [0, a] with respect to [0, 1] is not a car-
rier.

Finally, if the lattice L (positive cone of a lattice ordered group G) is
conditionally complete, we shall show in §5 that its lattice L* of carriers is
also conditionally complete. Moreover, if A is the conditional completion of
L then A* is the conditional completion of L*.

4. Our version of the Carathéodory functions is a cross between the
original definition of Carathéodory and the one given by Kappos [18] and
is based on a slightly more general boolean system.
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We start with a relatively complemented distributive lattice L. Then, for
every aE L, the set

L.=[B=a|BE L]

is a boolean algebra, so that L may be called a local boolean algebra.

For every finite set (the empty set is allowed) of pairwise disjoint ele-
ments oy, ag, * * -, &y in L and real a;, as, - - -, @4, all different from zero, we
consider the form

f= a0y + @ + ¢ - -+ @,

Two forms f= Y »_, axo and g= D, bifs are considered equal if U?_, i
=UL., Bk and if @:MN\B;540 implies a; =b;. We add forms according to the rule

fHe=2 2 (ai+b)(:NB) + Zd.'(ai— v ﬁj)-i- ij(ﬂj— U a.-)
=1 j=1 =1

t=1 j=1 3 Jj=1

for f= ZZ‘,I a;and g= Z}’;l b;B;, where the sum

222 (@i + b) (e N B))

i=1 j=1
is restricted to those terms for which a;+5;7#0, and we multiply by real
scalars according to the rule af= Y r, aa;, where f= Y aa; and a
is real. If the set ai, as, - - -, a, is empty; i.e., #=0, we have the zero form.
A form f= ZLI a;a; is positive if ¢;>0,7=1, - - -, n. The set E of all these
forms is then an archimedean vector lattice and we call its members elemen-
tary Carthéodory functions generated by L. We note that E¥=1L,

We define the vector lattice B of bounded Carathéodory functions generated
by L as the conditional completion of E. Then B* is the conditional comple-
tion of L, so that B* is a conditionally complete local boolean algebra. For
f= 2" a0 €E and a € B* we define the restriction of f to a as f«
= > " ai(@Na). Now, let fEB and a €EB*. Let A CE be the lower segment
of the Dedekind cut defining f, and let 4« be the set of restrictions of ele-
ments of 4 to . We define the restriction f* of f to « as the least upper bound
of A« in B.

We now define the vector lattice C of all Carathéodory functions generated
by L. For this, let «€B* and let {a.} be a countable decomposition of a
such that a=U,_, o, and @.Na,=0 for ns<m. Then, for every #, let f,&B
have carrier a,. We let f be the formal sum

f=gn

C consists of all these forms f. Two forms f= Y =, f., with carriers a =U;"., a,
and g= Y »_, g, with carriers 8=U,i_, Bn, are considered equal if a=8 and
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if c;MB;#=0 implies ffiNfi=gN8i, If f= Y =  f., with carriers a=U;_; an,
and g= Z;';:l gm, with carriers 8=U,,_, Bn, then f+g is defined as

TR R0 MUARE AL RS D AR VPl
=1 j=1 =1 J=1
and f=g if ffiN6i = g%N6; for every 4, j. If f=D o, fa and a is real, then af
= > 2 | afn. It is then an easy matter to show that C is a conditionally com-
plete vector lattice, and that C*=B*.

A related vector lattice associated with L was used by Carathéodory
and will also be needed in this paper. For this purpose, we suppose L is a
relatively complemented distributive lattice endowed with a completely addi-
tive, non-negative, possibly infinite valued, real function u. We now consider

the elementary functions f=ajoa+ass+ - - - +a.a. for which u(a;) <,
i=1, - - -, n. These form a vector lattice I which is a subspace of E. Now,
the norm

il = 3 1wl e

is compatible with the order relation in I. The Carathéodory space of summable
functions on L is the Banach space completion of I.

5. We now proceed to the proof that every archimedean lattice ordered
group G is isomorphic to a subgroup of a vector space C of Carathéodory
functions. It is clear that we may suppose G to be conditionally complete.
We consider a generalized weak unit » associated with the group G whose
existence is assured by:

PROPOSITION 4. There is a set ef, a © ¥, contained in G* such that
(a) if a=p, then eiMes =0%*,
(b) for every x*EG*,

Uzs'Ne=x.
acd
The existence of this set follows by a standard application of Zorn's lemma
or of transfinite induction.
For every a &, we consider an e,E&G, e, >0, whose carrier is ei. The col-
lection e., « &S, we designate by %, and call a generalized weak unit for G.
We now give several statements which we shall need.

ProPosITION 5. If xNy =0, then x+y=x\Jy so that, since x\Jy=yUx,
we have x+y=y+x.

For the proof, see [11, p. 220]. (It is convenient to use the additive nota-
tion even though G is not assumed to be abelian.)
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PRroOPOSITION 6. If x>0 and y*EG* then x=w+v=v+w, where w*=y*
and v*M\y*=0%*. In particular, G* is relatively complemented.

Proor. We let
w=sup [z]22= 0,35 =< x 2% < V¥
and
v=sup [z] 320,z =< x 2% y* = 0%,

Then w=x, v=x, and wMNv=0, so that xZw\Jv=w4v=v+w. Suppose
x>v+w. Then x—(w+v)>0. There is then a t<x—(w-+v), £>0, so that
either t*<y* or t*My*=0* Now (+w=x and t+v=x and either ((t4+w)*
Zy*or (t+v)*MNy*=0%* so that one of w and v is not the specified supremum.

The decomposition of Proposition 6 is unique, and w is called the projec-
tion of y* on x. This will be designated by

w = (x, y%).
COROLLARY 1. If G is conditionally complete then so is G*.

ProorF. Let x%, €9, have an upper bound y* in G*. Let y have carrier
y* and consider the set of all (y, x¥), 4. This set has y as an upper bound.
Let x=sup (y, x%). Then x <y. We show that x,=sup x¥%. In the first place,
x*2x% for all € g. Suppose z* <x* and z* =¥ for all « & 9. Since G* is dis-
junctive there is w* <x*, w*M\z*=0* and there is w <x whose carrier is w*.
It follows that x—w>(y, x}), for all € g, so that x>sup (y, x¥). But this
contradicts our assumption regarding x. That G* is relatively complemented
follows from Proposition 6 with y* <x*.

PRroPOSITION 7. If x>0, y>0, and x*=y*, then

y = sup (nx M y).

PRrROOF. Suppose y—sup, (nxMy) =2>0. Then z*>0* But this implies
that n(x, 2*) <y, for all n, which contradicts the fact that G is archimedean.

ProrosiTION 8. If 0 <w<wv, then for every >0 there is k such that kw2
P ko.

The proof, which uses the archimedean character of G, is left to the
reader.

Let C be the space of Carathéodory functions generated by G*. We define
a mapping ¢ of the positive elements of G into C which is one-one, order
preserving, and operation preserving. Then ¢ may be extended to all of G by
letting ¢(x —y) =¢(x) — ().

For every pair m, n of positive integers and every « let
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Yo = [(mea — 270)*]"
and let

*

*
Ymn = SUP [Ymn,a| & € U
Then

*
Ymt1n =

*
= Yon, for every m,
and, for every #,

*
% = SUP Ymn,

m
for, evidently, x* Zsup,, ¥k, and if £*>sup, ym,, an

d we write
*

4

*
X — SUPm Ymn,
there is an &Y such that

Za

z N e: > 0.
This implies that

sup (me, M 27x) < (27x, e:),

which contradicts Proposition 7.
If we let

* *

*
Xmn = Ym+1,n — Ymn, m = 1) 27 et
then
* 2 %
2 = U xma
m=1
where the xF, m=1, 2, -

* —
Ny, Xmat+1s m_ly 2, .

, are pairwise disjoint. Moreover, for every
, is a refinement of %, m=1, 2, - - - . The forms

0
f,.=2m2‘”x:m, n=12 ...,
m=1
belong to the vector lattice of all Carathéodory functions generated by G*
and

f"g-fﬂ+l7 n=12.--.
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We let
f=1inff,

and define the mapping
¢:x—f.

In order to show that this mapping is one-one, we suppose x>0, y>0,
x7y. Then there is a z* such that (x, 2¥) > (y, 2*) or (3, 2*) > (x, 2*). Thus we
need only show that xM\y=0 implies ¢(x\Jy) =¢(x)+¢(y) and that x<y
implies ¢(x) #¢(y). We omit the easy proof of the first statement. For the
second statement, there is an a € such that (x, eX) <(y, e¥), so that there
are m, n such that

* * %* *
Zmn,a = ¥mn,a — Ymn,a >0 y

since, by Proposition 8, w<wv implies, for every 2z, the existence of a k such
that kw23 kv. It follows that

$(9) — 6(x) Z (6(3), 2mna) — (D), Zmnra) Z 2 Zmn e

thus completing the proof.
In similar fashion, we may show that if 0 <x <y then ¢(x) <¢(y) and
that if x, >0, then

(x\Jy) = ¢(x) Y ¢(y)

where the last operation is in all of C.
It remains only to show that

o(x +y) = ¢(x) + ¢(y).

We may restrict our attention to the case x*=y* We write h=¢(x+y),
f=¢(x) and g=¢(y), and consider the x}, and v}, which correspond to x and
y, respectively, according to the above description. For every m;, m,, and n,
we let

* * *
Zmymon = Xmn N Yman«
Then x*=y*=Up, ,.,_1 Zhmm for every n. It follows that for all mi, ms, n
— * * _ *
2 n(ml + me — z)zmxmw é (hy Zmlmzn) é 2 n(ml + m2)zm1m2n
and
* * *
2—”(m1 - l)zmww é (f’ zm1m2n) § 2_”mlzm1m2",

* * *
2—n(m2 - l)zm1m2ﬂ é (g> Zmlmﬁn) é z_anme&gn
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so that, since
*

% * ) *
x =y =(x4+9y) = U Zmmm LOreveryn,
my,mo=1

we have
| (f+ &) — k] <27
Hence f4g=~h. This proves

THEOREM 1. Every conditionally complete lattice ordered group G is iso-
morphic, as a lattice ordered group, to a subgroup of the vector lattice of Cara-
théodory functions generated by its lattice G* of carriers.

CoROLLARY 1. Every archimedean lattice ordered group has a representa-
tion such as the one described in the theorem.

COROLLARY 2. Every archimedean lattice ordered group is abelian.

As an example, let X be an abstract L space. By this, we mean a Banach
lattice for which x>0, y>0, implies

[l 4+ il = llall + 1]l

We notice that X satisfies conditions (a) and (b) of Proposition 2, so that
X* is conditionally complete and ¢ complete.
We fix a generalized weak unit u= [e,, «€U] in X. For every a, we let

m(ex) = [lea],
and for every x*€X*, we let

m(x*) = Z;[ [ (e 2¥)||

where the sum is infinite if an uncountable number of summands differ from
zero.

We thus have a completely additive measure on X* which is not neces-
sarily ¢ finite. Thus, X is isomorphic to a subspace of the space C of Cara-
théodory functions generated by the measure algebra X*. In order to deter-
mine precisely which functions in C are in the image space, we observe first
that the elements

* * *
f=aw: + axs + - -+ 4 aatn

of C for which m(x}) < =, i=1,2, - - -, n, are surely there. This is the sub-
space I of C. It is not difficult to see that the image of X in C is the Banach
space completion S of I with the norm
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Il = 2 | o] -mih).

t=1

In order words, X is isomorphic with the Carathéodory space S of sum-
mable functions generated by the measure algebra X*. This is Kakutani's
theorem, [19], for the general case; i.e., the nonseparable case.

We remark that the measure algebra X* is ¢ finite if and only if X has a
weak unit or, equivalently, if X* has a maximal element so that it is a
boolean algebra. Whether or not the measure for X* is finite depends upon
the choice of the weak unit.

6. We turn now to a slightly different, but related, topic in which the
Carathéodory functions are involved. A difficult problem in the theory of
vector lattices is that of determining when compatible norms exist. Not so
well known, but perhaps equally difficult, is the existence of a set of compati-
ble semi norms p., « S, for a vector lattice X such that for every x>0 there
is an €Y for which p.(x) #0. By a compatible semi norm we understand
a semi norm p such that |x| = |yl implies p(x) = p(y).

Our purpose now is to discuss the existence of compatible semi norms for
the space of Carathéodory functions generated by a local boolean algebra.
Our results are in the form of two criteria, the first for the existence of
compatible semi norms and the second for their nonexistence.

CRrITERION 1. Let X be an archimedean vector lattice, x & X, x>0, and
x*, the carrier of x, such that if D= [D] is the set of all countable subdivi-
sions of x* then, for every DE D, there is an x5ED such that for every D,
D’'E D there is a D" €D for which xpM\xp Dx}. There is then a compatible
semi norm p on X such that p(x)=0.

REMARK 1. It is the second criterion, not this one, in which the Cara-
théodory functions are involved.

REMARK 2. By a countable subdivision of x* we mean a countable set
{x¥} of pairwise disjoint carriers whose union is x*. Then x} is a member of
the countable subdivision D = {x}}

Proor. Let x>0 have carrier x*. We show there is a compatible semi
norm p on X such that p(x) =1. It is necessary only to define p for all y>0.
For every DED, let

c(y, D) = inf [¢| ¢ (%, xp) > (3, xp)]
and let
p(y) = inf [c(y, D)| D € D].

It is evident that p(x) =1.
Moreover, for every y>0, p(y) < »«. For, if we let

=(”x_y)+’ n=1,2,---,
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*) . . . Lo
then {y}} is an increasing sequence of carriers whose union is x*. We con-
sider the subdivision D whose members are

* * *
Xn = Ynt1 = Yny n=12 -

Then x}=xY, for some #, so that

() £ ¢y, D) £ n.

That p(ky) =kp(y), for every k>0, is obvious.
We finally show that p(y)+p(z) 2 p(y+2). For, if €>0, we may choose
D and D’ so that

c(y, D) < p(y) + ¢/2 and ¢(z, D) < p(z) + ¢/2.

Now, let D be such that x}CxpMxp. Then c(y, D) <p(y)+e/2 and
c(z, D) <p(3)+¢€/2. We thus have

p(y+2) = oy + 3, D) = c(y, D) + ¢z, D)
< p(y) + p() + e

We give two examples in which this criterion holds.

(a) Suppose x* contains an atom e*=<x* Then every subdivision D of
x* has a member which contains e*. We let x} be this element. It is clear
that this selection satisfies Criterion 1.

(b) Let H be a totally ordered abelian group for which the interval
topology [20] does not have a countable base at the identity 0. We consider
a fixed interval I and consider finite unions of subintervals of I, modulo
finite sets, as the elements of a boolean algebra 4. Now, for every subdivi-
sion D of I one of the members of the subdivision must contain an interval
with 0 as left end point. For, otherwise, the left end points of all the inter-
vals of the members of the subdivision would form a countable set with 0 as
limit point. We let this member of the subdivision be Ip. It is obvious that
this selection satisfies Criterion 1. Hence, for every Carathéodory function f,
with carrier I, there is a semi norm p on the space C(4) of Carathéodory
functions generated by 4, such that p(f) #0. It is evident that I may be re-
placed here by any element in 4.

PRrOPOSITION 8. The vector lattice of Carathéodory functions generated by an
algebra every member of which contains an atom admits compatible locally con-
vex Hausdorff topologies. The vector lattice of Carathéodory functions generated
by the algebra of finite sets of non degenerate intervals, modulo finite sets, in a
totally ordered abelian group for which no countable sequence converges to 0,
admits compatible locally convex Hausdorff topologies.

Our second criterion assures the nonexistence of compatible semi norms
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in certain Carathéodory spaces.
CRITERION 2. Let X be a space of all Carathéodory functions generated
by a local boolean algebra, let x&€X and let x*, the carrier of x, be such that
it may be split as follows:

* * * * *
x =x1Ux,, where xMNaxy =0,

* * * * * * .
%, = xa\J %2, where x;MNx=0, 1=1,2
* * *
Xipereipog = Xipeeviyl V) Xipe o oin_12y
where
* * * . )
Xipevevipg1 N Xiperig2 = 0 ) 11, * * *y Ip—1 = 1, 2
so that, for every sequence 71, %3, - * * , %a, - * +, 4, =1, 2, we have
* * * *
x;lf\ x,-lizf\ AR f\x,-liz..‘,-”f\ e = O .

There is then no compatible semi norm on X with p(x) 0.
ProOF. Suppose there is a semi norm p such that p(x) >0. Then there is
a chain

Xip Xigigy "5 Figeeviny * 0 °
such that, for every =, the carrier of x;,...;, is «}...;,, and such that
p(xil. . .,‘”) > 0.

For, otherwise, there would be x, y with p(x) =p(y) =0 and p(x+y)>0. We
consider the function

b n * *
f = ngl m (x.'l...,‘"_l et x;l...;n).
It then follows that p(f) >n, for every n, which is impossible.

As an example, we consider the boolean algebra of measurable sets,
modulo sets of measure 0, on the interval [0, 1]. The space of Carathéodory
functions is then the set of all equivalence classes of measurable functions.
Clearly, every carrier satisfies Criterion 2, so that we have:

CoroOLLARY 1. The vector lattice of equivalence classes of measurable func-
tions on [0, 1] admits no nontrivial compatible semi norms.

It would be interesting to know whether there are carriers which satisfy
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neither criterion, but we have not been able to settle this matter.

Added in proof (April 11, 1958): The question posed after Proposition 1
has been answered by M. Henriksen. If C(S) is the Banach lattice of con-
tinuous functions on the ordered set S=w-+1-+Q* with the interval topology,
the lattice of carriers of C(S) is not relatively complemented.
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