LIE ALGEBRAS OF TYPES A, B, C, D, AND F

BY
MARVIN L. TOMBER()

Let ® be an arbitrary field of characteristic 0. Lie algebras of types
A, B, C, and D over ® have been described in terms of associative algebras
over ® [5; 6; 10](2). Using these results, Jacobson showed in [8] that these
algebras are derivation algebras of central simple Jordan algebras over .
By showing that any automorphism of the derivation algebra of a Jordan
algebra is induced by an automorphism of the Jordan algebra, we give a
direct proof that Lie algebras of types A, B, C, D, and F are derivation alge-
bras of central simple Jordan algebras of degree n=3. The methods W111 be
similar to those in [7] and [11].

1. Let Q be an algebraically closed field of characteristic 0. The simple
Jordan algebras over Q are divided into classes A, B, C, D, and E, [4]. The
degrees and dimensions of the algebras in these classes are respectively:
A;n,n2:B;n,nn+1)/2:C;n, 2n2—n: D; 2, 23: E; 3, 27.

For simple Jordan algebras over Q of degree at least three we may write
= > Qei+ D> N, =1, - - -, n=degree of &, <k =n. The elements of the
subspaces U;x may be taken to be in a simple alternative algebra 8B over Q.
The complete multiplication table of J in terms of this decomposition is given
n [1, §18]. The properties that we will use most are: ef =e;, e;¢;=0, 2e,a,;
=ay, ¢5EQei+e;), UiAn S, €Ap=0, and ;W =0, 1Zi<j<k<h=n
and a;EY;;. If xES, then x= Y i+ D an, w:EQ, and a;xENjx. The re-
duced trace of x, Sp x, is defined as Sp x= Y ;. The bilinear form Sp xy is
known to be nondegenerate. If we let o= {x; xE8, Sp x=0}, then the re-
striction of Sp xy to JoXJo is also nondegenerate. Since Sp xy is nonde-
generate on J(&y) we may define the adjoint A* of a linear transformation

A on () by
Sp (4*x)y = Sp #(4y), forallx, y € 3(3).

Let & be a Jordan algebra over a field ® of characteristic 0. We shall use
the notation R(x), xEJ to stand for the linear transformation R(x)y=yzx,
for all yE3. The linear transformations Y [R(x;), R(y;)] are derivations of
3. If & is semi-simple, then all derivations of & have this form. Let D(J)
denote the derivation algebra of 3. The subspace & is invariant with respect
to & and we shall use D(J) to denote the restriction of D(F) to Jo. In [3]
and [8] the derivation algebras of the simple Jordan algebras are computed.
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Over an algebraically closed field of characteristic 0 they are: § of class A
and degree n, D(J) =4,; & of class B, and degree n, D(JF) =B, for n=2p+1
and D(Z) =D, for n=2p; I of class C and degree n, D(J) = C, where n=2p;
& of class D, D(3) =B, or D,; S of class E, D(J) = Fs.

If & is simple over @ of degree at least three, the subspace & generated
by e1—es and 152, 1 the identity of 8B, is irreducible with respect to the deriva-
tions [R(e), R(112)] and [R(es), R(112)]. Thus some subspace M of I which
is invariant with respect to D(Sy) must contain &. If M contains &, then it
will contain [R(e), R(ai;)](er—e2) =a1;/4, a,;ENy;. Thus M also contains
Ny, j=2, - - -, n. Similarly 9% contains ;. Using the derivation [R(e;),
R(a;;)], we have that e;—e; is in . Continuing in this manner, it may be
seen that M=, and o is an irreducible representation space for D(J).
With slight changes in the proof the same is true for algebras of degree two.

Since S, is an irreducible representation space for D(So), by Schur’s
Lemma it follows that any linear transformation which commutes with
every element of D(J) is of the form ¢, c &2 and I the identity transforma-
tion of Jo. As in [11] it can be seen that if S is an automorphism of J, then
SSo=3 and if & is a simple Jordan algebra over ® and Z an extension of
®, then Joz=(Jz2)o.

2. If @ is a Lie algebra over an arbitrary algebraically closed field of
characteristic 0, then it is known that the irreducible representations of L
are determined by the highest weight of the representation [2; 12]. In this
section we shall determine the number of nonsimilar representations of Lie
algebras as derivation algebras of Jordan algebras. For the Lie algebra F,
this has been done in [11].

A. For a Lie algebra A,, n=2, of class A the degree of the irreducible

representation as D(So) is n2—1. If A=m\+maho+ - - - +m,\, is a weight
of a representation of 4,, then my+ms+ - - - +m,=0. If the form A is a
weight, then so are A—(\;—\,), - - -, A—(m;—m;)(\;—N\;). The quantities

m;—m; are integers and the m’s are rational numbers, [2, p. 68]. The last
form in the above string implies that if A is a weight, then so is any form ob-
tained from A by a permutation of the m’s. If A is the highest weight of an
irreducible representation of 4., then mi=me= - - - Zm,.

Let A be the highest weight of an irreducible representation of 4, of
degree n2—1. We will show that A=\ —\, and thus all irreducible repre-
sentations of 4, are similar. First we consider A with m;=1 which implies
mi—ma=2. The weight A’=A—(A1—N\y) is distinct from A. If mi—1=m;
= - =ma1=m,=1, then A=\—\,. If A=\ —\,, then A or A’ must
have at least three distinct m's and the other two. Counting the weights ob-
tained from A and A’ we must have at least n? weights which is impossible
for an irreducible representation of degree n2—1 [12, p. 76]. For mi1<1 the
possible highest weights and the degrees of the corresponding irreducible
representations are given in [2, pp. 68-69]. The degrees are C,i#n?—1.
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Since there is a representation of degree n%2—1 its highest weight is \; —\,.

B. The Lie algebra B,, n=2p+1>5, of class B has two irreducible
representations as a derivation algebra of Jordan algebras. These have de-
gree n and 2p24-3p. If A=mN+ - - - +my\, is a weight of an irreducible
representation of B,, then soare the forms: A —X\;, - - - ,A—=2mA;; A—(\;+N,),

Ty, A—(m,+m,)()\,+)\,), A—()\i—)\j), sy, A—(m‘—m,)()\,—)\,) In par-
ticular, if A is a weight, so is —A and any form obtained from A by a permuta-
tion of the m’s.

If A is a highest weight of an irreducible representation, then m,=m,

- 2m,=0. First let m;>1 and m,0. The 27 forms =4 m A+ mo\,
+ + « +m,\, are weights. If all the m; are not equal, using permutations,
we get at least p27 distinct weights. If all m; are equal, a similar set of weights
generated from A—X; will give at least 27 distinct weights. For p=3,
p27>2p%43p. For p=3 it is easy to enumerate more than 27 distinct weights.
Thus there is no representation of B, as D(&o) where the highest weight
satisfies m;>1 and m,0. Next we consider the case m;=m,=1. From the
first string of weights listed above we see that the forms Y s\;, s;= +1, 0,
are 37 distinct weights. For p#3, 3»>2p24-3p which is impossible. The de-
gree of the irreducible representation corresponding to A =A;+N2+\; is given
in Cartan [2, p. 87]. This degree is 35 which is greater than 27. Let m,=0
and m;>1. If A2\, we may obtain from A the weights +2\;+X\; and
+ A+ X, Taking the permutations of these weights we get 6p(p—1) distinct
weights which is impossible. We shall see that 2)\; is the highest weight of the
representation of degree 2p243p since all other weights will be eliminated.
Finally, for m; <1, or m;=1 and m,=0 the possible highest weights are
listed in [2]. In Cartan’s notation II; corresponds to an irreducible repre-
sentation of degree 27#2p+41, 2p2+3p; II, is the highest weight of the
representation of degree 2p41; II; is the highest weight of the adjoint
representation of degree 2p2+4p+1. The system of weights for II;, =4, con-
tains the system of weights for II, which clearly has more than 2p2+4+3p
distinct weights.

C. The Lie algebra C, with n=2p2>4 of class C has an irreducible repre-
sentation as D(Jo) of degree 2p2—p—1. If A=m\+ - - - +m,\, is a weight
of a representation of C,, the forms A—2X\;, - - -, A—=2m\;; A—(N\i+N;),

crty, A—(ml-l—m,)()\,-l—)\,), A—()\i—)\j), crtty, A—(m,—m,)()\,—)\,) are also
weights and the m, are integers.

If mi>1, use of transformations of the form A’=A—m;(\,+\;) shows
that the system of weights includes mi\; or m\;i+md No. For A’ =m\+mq \s,
changes of sign and permutations give 2p(p —1) distinct weights and permu-
tations of A’ — (A1+N\z) give at least p more which is greater than 2p2—p—1.
From A’ =m\; we obtain (m;—1)\;+N\.. Again changing signs and permuting
the coefficients we find more than 2p?—p—1 distinct weights. For m; =1 we
know II; is the highest weight of the representation of degree 2p. It is clear
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that the weights Il;, 7=3, - - -, p, may be eliminated. Thus II,=\;4X\, is
the highest weight for a representation of C, as D ().

D. The Lie algebra D,, n=2p =6, has representations as D(S) of degree
2p and 2p?+p—1. It will be convenient to make the restriction p>4. If

A=mN\+ - - - +my\, is a weight of an irreducible representation of D,, we
may obtain from A the weights A—N\;4+N;), - -+, A—(mi+m;) Ni+N));
A==\, - - -, A—(m;—m;)(\i—N\;). The rational numbers m; are either

all integers or all fractions with denominator 2 and odd numerator.

Let A be a highest weight of an irreducible representation. We consider
several cases. Let A be such that m,=0 and m;0. Permutations of the
coefficients of A, A— (mi+ms)(A1+N2), and A—mz(\s+N,) vield at least p,
p(p—1)(p—2)/2, and p(p—1) distinct weights. This is more than 2p24p—1
weights, for p>4. If the m; are all integers and m, 0, the transformation
A——>A-—]m,,| (A\p—1—N,) will give us a weight in the group just considered.
Now consider those weights with m;>1 and all m; fractions. The system of
weights obtainable in this case clearly contains a weight with m;=m¢ =m;
= ... =my_ = |m,,’ I =1/2 and it is easy to see that this will generate more
than 2p%+p—1 distinct weights. The weights II; and II,, m;=1/2, for class
D are the highest weights of the spin representations of D, of degree 27!
#2p24p—1. Finally if m3=0 and m;520, A=2X;, Ai+As, A, or A can be
transformed into a weight of the first form we considered. The weight A; X,
is the highest weight of the adjoint representation of D, of degree 2p*—3p4-2.
Thus the only possible highest weights are A; and 2XA;. The weight A, belongs
to the representation of degree 2p and 2X; is the highest weight of the repre-
sentation of degree 2p?+p—1.

Thus we have proved:

THEOREM 1. Over an algebraically closed field of characteristic 0, all irreduc-
ible representations of the Lie algebras of class An, n=2, By, p=3, Cp, p22,
D,, p=5, and Fyas D(So) of the same degree are similar.

3. This section will be devoted to the proof of the following theorem.

THEOREM 2. If D—D is an automorphism of D(J), & a simple Jordan
algebra of degree at least 3 over an algebraically closed field Q of characteristic 0,
and D(J) s not the Lie algebra Dy, then there is a unique automorpism S of I
such that D=SDS-,

Using Theorem 1, we begin as in [7] and [11] by defining a linear trans-
formation S on & such that D=SDS-!, S*S=1T the identity transformation
on &, Se=e the identity of &, Sp (Sx)(Sy) =Sp xy, and Sp Sx=Sp x, x, y& J.

We consider Jordan algebras of degree #» = 3. All subscripts shall be under-
stood to have the values 1, - - -, n, g, 1, 7, k, p, and ¢ will be used as distinct
subscripts, and Xy., @i, etc. will be used as elements of Ay, #<v and %, v
=g, 1, j, kb, p, g. The derivation D= [R(xi)), R(xi)] acts as follows: De;



1958] LIE ALGEBRAS OF TYPES A, B, C, D, AND F 103

=De,=Da,,=0, Da,; ENpk, DapwENy;, Dai;ENir, Dan&EWij, Dej, De&E Wi,
and Daj EQe;+Qe; 4 Qey.
Let f; = Se;. Since S is nonsingular we may write

f,2 = Z a,-;.fh + E Sam, s <t and Qi E Q.
To this equation we apply the derivation SDS-! and obtain
2fiSDe; = 0 = D a;SDes + Y SDa,.

This implies, because of the linear independence of the subspaces involved,
that (1) aijDe;j4auer=0, (i) Da,yj=Daipw =0, (i) Da;ij=Da;x=0, and (iv)
Da;j=0. If x;;=1,;; and x4 =14, 1 the identity of 8, then from (i) we have
ai;=aix. In the same manner (ii) implies that ap; =a;»=0. From [9, Lemma
1, p. 31] we see that Dai;;j= (xaXi;)@.; and Dagy= — (x:i%a)a:x. The same
choice of x;; and x4 shows that (iii) implies ai;;=a:x=0. The element Da;
is in the subspace Qe;+Qe;4Qex. From (iv) we know that the component of
Da;ji, in Qe is 0. Suppose a;; #0, then we may choose x;; so that the product
@i E i is different from 0, otherwise B would not be simple. Further-
more, since Qe;+ Qe+ N is a simple Jordan algebra, we may choose x
such that (exx:;) 2% #0. Since (aijxx:;)xa EQ(e;+ex), we have a contradiction
and @ =0. If this is done for each pair j, £ we get all Sa,;x» =0 and a:p =a;,.
Thus ff may be written as

f?= aifi+6€e
since Zf;.=e. Spfi=Speé=Spe;=1, Spfi=Spe;=1, and Sp e=n, thus

2

(1) fi= (1 — nB)f: + Bue.
To equation (1) we apply the derivation S[R(e;), R(ai,)]S~! and obtain
(2) 2fiSaiy = (1 — nB:)Say,.

Applying the same derivation to (2) and to (2) with 7 and g interchanged we
have

3) 20fi(fo — f2) + (Sai)? = 6(1 — nB)(f, — f9)
and
3" 20fo(fo — fi) — (Saip)? = 6(1 — nBe)(fo — f2)

where a},=0(e;+e¢,). The quantity a;, may be chosen so that 0. Now we
add (3) and (3’). Since e, f;, and f, are linearly independent we may equate
the coefficients of e on each side of the equation and obtain 8;=4;. Thus (1)
and (2) may be written as
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(4) fi=(1— nB)fi + Be
and
(5) 2fiSai, = (1 — np)Say,.

For n=4, let fif;= D cinfit+ 2 Saie. If we apply the derivations
S[R(xi;), R(xix)]|S~! and S[R(x,;), R(x,1) ]S~ to fif,, then in a manner sim-
ilar to that for ff we obtain fif, = Saigi,+ D tighfr, Qigp = tig. Now, use of the
derivation S[R(es), R(xi,) ]S~ gives aiyi =,y and Saigi,=0. Thus, the prod-
uct fif, may be written as fif,=vi(fi+f,) +0i4e. For n=3, the equation
(fi+f.)?= (e —fx)? gives the same result. Since Sp fif; =Sp eie; =0, 2y, +nd;
=0 and fify = —ndi(fi+£,) /2 +dse.

Since X fa=e, fi=fi( 22fi) =fi+ 2fifu or

fi= A — uB)fi + Be + (22 due — n( 2 da)(fi + fu)/2.

Comparing coefficients of f; we have 0=8+4 >_'8,—n8;;/2, which implies
that all §;; are equal and §;;=28/(2—n). Thus

(6) (n — 2)fifg = nB(fi + fo) — 2Be.
For any a,E N, the derivation S[R(e,), R(ag)]S! applied to (6) yields
(7) (n — Z)fisauk = nBSagr.

For arbitrary a;,E¥;, and a;;EN;; the derivations S[R(e;), R(as) ]St and
S[R(es), R(ai;) ]S~ applied to (7) give

(8) (n — 2)(Sai)(Sap) = (n — 2 — w?B)Sau,
where @i =a;,a.:, and
) (Sai)(Sagp) = 0.

The relations (3) through (9) allow us to compute both sides of (fiSas,)
«(Sai) = (fi(Sai,)?)Sai,. If ay is chosen so that af, 0, then this straight-
forward computation will give a cubic equation for 8. The roots of this equa-
tion, the only possible values for 8, are 8=0, (n—2)/n? and 2(n—2)/n% For
B = (n — 2)/n* we have; f} = 2uf; + (n — 2)e)/n?, fiSai, = Sai/n, fif,
= (nfi + nfy — 2¢)/n? fiSag = Sag/n, (Sai,)(Sag) = (Sai;)(Sag) = 0,and
(Sa;)2=40e¢/n. Since every element of & can be written in the form > aufn
+ Y_Sa,. it is easy to see that every element of J satisfies a quadratic equation
when 8= (n—2)/n2 This is impossible for a Jordan algebra of degree greater
than 2. Hence, 8=0 or 2(n—2)/n2

Sx was defined as yed-o~V2Sixy for x=vye+x,. Let S'x=vye—0"12S1x,.
Then S’ has all the properties we have derived for S. Sp x =Sp (Sx) =nvy and
Sx+S'x=2ve imply Sx+Sx=2(Sp x)e/n. Calling S'e;=f!/, we have f!
=(2/n)e—f; and
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(fi)r=pe+ (1 —up)fl = (=B + 2/n)e + (—1 + n')fs
= ((2/n)e — f)t = B+ 4/n%e + (1 — nB — 4/n)f..

Comparing coefficients we get 8’ =(2n—4)/n*—B. Thus if B=(2n—4)/n?
B’ =0. Therefore (by replacing S by S’ if necessary) we may assume that
B=0.

By placing 8=0 in (3)—(9) we see that .S is an automorphism of &.

To see that S is unique, let R be an automorphism of & such that D—D
=SDS 1=RDR! In §1 we saw that RS,= . Thus on &y, R~LS commutes
with all D. Hence R—1S=0¢1, 050 in Q, on Jy; that is, S=oR on J,. Choose
a1.E Wya, a13E N5 such that a0a13=a23%0 in Wss. Sai2 =0 Rais, Say3=0Rays, and
Sass = (Sarz) (Saiz) =0?(Raiz) (Raiz) =02Rass. Hence o=1. Since Re=Se, R=S
on &.

4. In this section we assume merely that the base field ® is of character-
istic 0. A Lie algebra g is said to be of type A, B, C, D, or F if &g is the Lie
algebra 4, B, C, D, or F, over Q where Q is the algebraic closure of ®. Our
determination of the Lie algebras of types A, B, C, D, and F is given in
terms of the central simple Jordan algebras over ® of degree at least three.
The restriction to Jordan algebras of degree at least three is made because
the automorphism of the preceding section is not unique for algebras of
degree two.

In [7] Jacobson characterizes Lie algebras of type G as the derivation
algebras of Cayley algebras over ®. The first three theorems in this section
are restatements of analogous theorems for algebras of type G. The proofs
of these theorems shall be omitted here. The statements made in §1 together
with known results about Jordan algebras allow us to use Jacobson’s proofs.

THEOREM 3. Let 8y and 3y be central simple Jordan algebras of degree at
least three over a field ® of characteristic 0 such that D(F1) =D () where D(Sh)
is not of type Dy. Then there exists a unique isomorphism S between 1 and S

such that the given isomorphism between D(S1) and D(Ss) has the form D—E
=SDS-L

The requirement D(81)=D(Se) ensures that J; and . have the same
split algebra and the proof in [7] goes through.

THEOREM 4. If & is a central simple Jordan algebra of degree at least three
over a field ® of characteristic 0 and D(J) is not of type Dy, then the group of
automor phisms of D(J) is isomorphic to the group of automorphisms of 3.

THEOREM 5. A necessary and sufficient condition that a Lie algebra Q over
a field ® of characteristic 0 be of type A, B, C, D, or F with the exception of type
Dyisthat R=D(S), S a central simple Jordan algebra of degree at least three over .

From [4] it can be seen that the Lie algebras of type Ay are the derivation
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algebras of the Jordan algebras of class Ar and that the Lie algebras of type
Aq are the derivation algebras of the Jordan algebras of class Ap.

THEOREM 6. A Lie algebra & over a field ® of characteristic 0 is simple with
multiplication center P and of type A, B, C, D, or ¥ with the exception of type
Dy over P if and only if L=D(N) for some simple Jordan algebra N of degree
at least three with center P.

The proof of this theorem is similar to the proof of Theorem 5 of [11].
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