A HOMOTOPY THEOREM FOR MATROIDS, I

BY
W. T. TUTTE

1. Introduction. By a malroid on a finite set 3/ we understand a class M
of non-null subsets of A/ which satisfies the following axioms.

Ax1oym 1. No member of M contains another as a proper subset.

Axiom II. If (X, VYEM, aEXNY and bEX —(XNY), then there cxists
ZEM such that bCZZ(X\JY) — [a}.

Such systems were introduced by Hassler Whitney [1].

As an example let L be any class of subsets of M forming a group under
mod 2 addition, and let M be the class of all minimal non-null members of
L. Then it is easily verified that L satisfies Axiom II and that each non-null
member of L is a sum of non-null members of M. It follows that M satisfies
both axioms and is thus a matroid. Such a matroid we call binary.

In particular M may be the set of edges of a finite graph G and L may be
the class of 1-cycles mod 2 of G. Then it is found that the members of M
are those sets of edges of G which define circuits. In this case we call M the
circuit-matroid of G.

Given a matroid M let @ be the class of all unions of members of M.
Then cach element of @ is a subset of A7. We partition @ into disjoint

classes @-1, Qo, @1, @2, - - - according to the following rules.
(i) The null subset & of M, considered as an empty union, is the only member
Of Q_1.

(ii) When Q, has been determined for —1 <r <k we define Qi1 as the class of
all minimal members of

k
P,=Q- U Q.
r=—1
That is Qi1 consists of all members of P, which have no other members of
P, as a subset. The members of @ are the flats of M. Those belonging to Qg
are the flats of dimension d, or d-flats.

At the end of §2 of this paper we interpret the dimensions of the flats of a
circuit-matroid in terms of graph theory.

We shall see that the flats of a matroid M on a set A/ have some proper-
ties resembling those of the elements of a projective geometry. Because of
this analogy we refer to the 0-flats, 1-flats and 2-flats of M as its points,
lines and planes respectively. The points are simply the members of the
class M.

We have to recognize one distinction which has no analogue in projective
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geometry. A flat F is disconnected if it can be represented as the union of two
disjoint non-null subsets * and F"* of M such that each point X of M satis-
fying X C F satisfies also either X CF’ or X C F”’. If no such representation is
possible then F is connected. Thus the points of M and its (—1)-flat are con-
nected.

A path in M is a finite sequence P=(X,, - - -, Xi) of one or more points
of M, not necessarily all distinct, such that any two consecutive terms are
distinct points of M which are subsets of the same connected line. The first
and last terms of P are its origin and terminus respectively. If they are the
same point we call P re-entrant. If P has only one term we call it degenerate.

If P=(Xy, -+, Xs) and P'=(Xy, - - -, Xn) are paths of M such that
the origin of P’ is the terminus of P then we define their product PP’ as the
path (X1, - - -, X4, - - -, Xm). Multiplication of paths is clearly associative.

It is therefore permissible to write a path (PQ)R or P(QR) simply as PQR.

Suppose we have two paths PR and PQR where Q is either (i) of the form
(X, ¥, X) or (ii) of the form (X, V¥, Z, X) with X, ¥ and Z subsets of the
same plane. Then we say that each of PR and PQR can be derived from the
other by an elementary deformation. Two paths P; and P, are homotopic if
they are identical or if one can be derived from the other by a finite sequence
of elementary deformations. Homotopy is clearly an equivalence relation. A
path homotopic to a degenerate path is said to be null-homotopic.

In this paper we show that every re-entrant path in a matroid is null-
homotopic. Actually we prove a more general theorem, as the result just
stated is not sufficient for the purposes of Paper II. We first agree to call a
subclass C of M convex if it has the following property: if two distinct mem-
bers X and Y of C are subsets of the same line L then every point of M which
is a subset of L is a member of C. Given a convex subclass C of M we say
that a path P is off C if no term of P is a point of C. We then enquire into
the condition that a path P off C can be transformed into a degenerate path
by a finite sequence of elementary deformations so that all the intermediate
paths are off C. In this paper we show how the idea of an elementary de-
formation must be generalized so as to make this transformation possible
for every re-entrant path P off C.

It is hoped that the technique here developed for the study of matroids
will be found useful in graph theory when applied to the circuit-matroids of
graphs.

2. Flats. Let M be a matroid on a set M. We refer to the elements of M
as the cells of the matroid. If S and T are subsets of M we use the symbol
SCT to denote that .S is a proper subset of T. We write (S) for the union
of all the points of M which are subsets of S. If Sis a flat of M we denote its
dimension by d.S.

(2.1) If Sis a flat of M and k is an integer satisfying —1 <k <dS then there
exists a flat T of M such that dT =k and TCS.

Proof. If the theorem fails let k be the greatest integer satisfying —1
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=<k <dS such that no k-flat T of M satisfies TCS. Clearly 2> —1 and there-
fore dS=1.

By the definition of & there exists a (k+1)-flat 7’ of M such that T'CS.
By the definition of the classes Q. we have

k k—1
'e@-U @C@—-UQ =P
r=—1 r=—1
But T7 is not a minimal member of P;_;, since dT” is not k. Hence there exists
a minimal member T of Pi_; such that TCT". But then dT =k. Since T'C.S
this contradicts the definition of k. The theorem follows.

(2.2) If S and T are flats of M such that SCT, then dS<dT.

Proof. Since T is non-null we have dT7'> —1. If dS=dT there is a flat U
of M such that UCS and dU=dT, by (2.1). But then T is not a minimal
member of Qur, contrary to the definition of this class.

It follows from (2.2) that (M) has a greater dimension than any other
flat of M.

It is convenient to say that a flat S is on a flat T if either SCT or TCS.
If S and T are distinct we can distinguish between the two cases by compar-
ing dimensions.

(2.3) If Sis a flat of M and a €S, then d(S—{a})=dS—1.

Proof. If possible choose S and @ so that d(S—{a})=dS—1 and so that
dS has the least value consistent with this.

By (2.1) there is a flat T of M such that TCS and dT=dS—1. Choose
bES—T. Then TC(S—{b})CS. Hence d(S— {b})=dS—1, by (2.2).

Suppose a & (S—{b}). Then (S—{b})S(S—{a})CS. Hence d(S—{a})
=dS—1, by (2.2). But this is contrary to the choice of S and a.

We deduce that a©(S— {b}). Hence there exists X € M such that XS,
a&X and b&EX. Since bES there exists YEM such that YCS and €Y.
It follows by Axiom II that there exists Z&E M such that ZCS, a&Z and
beZ. (Z=Y if aGY). These results imply

(2.3a) (S = {a}) = {a}yC (s - {a}) C S,
(2.3b) (s — {8}y — {a}y C (s = B} C 5.
We also have

(2.30) (S = {a}) = {8}y = (<5 = {p}) — {a}),

since each side of this equation represents the union of those points of M
which include neither @ nor &.

Since d(S—{b})=dS—1 it follows from (2.3b) and the choice of S and @
that d((S—{b})—{a})=dS—2. Hence d(S—{a})=dS—1, by (2.2), (2.3a)
and (2.3c). This contradiction establishes the theorem.

(2.4) Let S and T be flats of M such that SCT. Then there exists a flat U
of M such that UCT, (UNS)= and dU=dT —dS—1.
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Proof. Write Sy=S, Ty=7T. If possible choose ¢¢&ES, and write S,
=(So— {ao}), T.=(To—{ao}). Observe that S;CTi. If possible choose
@1 ESy and write S;=(S;— {al}), T,=(T,— {a1}>. Then S;CT,. Continue
this process until it terminates. By (2.3) this will be with S; and T}, where
k=dS+1 and Sy=. Applying (2.3) to the sequence of the T; we find that
dTv=dT—k=dT—dS—1. We note that (TWN\S)C(S—{ao, * -+, ar1})
=Sy = . Hence the theorem is satisfied with U= T}.

(2.5) If S and T are any flats of M then d(S\IT)+d(SNT)=dS+dT.

Proof. Write So=.S. If possible choose a¢&Sy— (Se/\T) and write S,
=(Sp— {ao} ). If possible choose a;&S1— (SiNT) and write S;=(S;— {al}),
and so on. By (2.3) the process terminates with S;={(SNT), where k=dS
—d(SNT). We now have T=S,UTCSLIUTC - - CSJT=SUT.
Hence d(S\UT) —dT 2 k=dS—d(SNT), by (2.2).

Many “geometrical” results can be deduced from (2.2) and (2.5). For
example any two distinct lines L, and L, on a plane P have a unique com-
mon point. To prove this we first use (2.2) to show that d(LyN\L;)<dL,=1
and L,\UL,=P. Then d(LiNLy)=0, by (2.5). Hence d(LiN\L,;)=0 and
(LiNLy) is a single point of M. We can prove in the same way that if P,
and P; are distinct planes on the same 3-flat E of M, then (P1N\P,) is a line
on E. Similarly if P is a plane and L a line on the same 3-flat E, and L is
not on P, then (PML) is a point on E.

Not all the axioms of projective geometry are valid for matroids. For
example two points are not necessarily on a common line. In general matroids
are like geometrical figures but not like complete geometries.

Suppose M is the circuit-matroid of a graph G. If SEQ we write G-S for
the subgraph of G made up of the edges of S and their incident vertices. We
see that the flats S of M correspond to those subgraphs G-S in which each
edge belongs to some circuit of the subgraph. In virtue of (2.3) dS+1 is the
least number of edges which must be removed from G-S in order to destroy
all its circuits, that is dS+1 is the rank or first Betti number of G-S. The
subgraph G- .S is nonseparable if and only if the flat .S is connected.

3. Connected flats. We begin this section with a study of the line.

(3.1) Any line L of M is on at least two points. If X and Y are distinct
points on L then L=X\JY. Moreover XNY is non-null if and only if L is
connected.

Proof. Choose a&L. Then (L— {a}) is a point on L, by (2.3). Choose
bE(L—{a}). Then (L—{b}) is a point on L, by (2.3), which is distinct
from (L—{a}).

Let X and Y be distinct points on L. Then XCX\UYCL. Hence XUY
=L, by (2.2). If XNY is non-null then L is clearly connected. If XNV is
null then either L is disconnected or there exists ZE M such that ZCXUY
and Z meets both X and Y. In the latter case XCXUZCXUY=L, by
Axiom I. This is impossible, by (2.2).
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(3.2) A disconnected line is on just two points, and a connected line is on at
least three points.

Proof. By (3.1) any two distinct points on a disconnected line L are dis-
joint and have L as their union. Hence L has at most two points, and there-
fore just two by (3.1).

By (3.1) any connected line L has two distinct points X and Y, and we
can find e €XNY. By (2.3) (L—{a}) is a point on L distinct from X and Y.

We shall need the following general theorems on connected flats.

(3.3) Let S and T be connected flats of M such that SCT. Then there exists
a connected (dS-+1)-flat U of M which is on both S and T.

Proof. Since T is connected we can find X&M such that XC7T and X
meets both S and T—.S. Choose such an X so that S\UX has the least pos-
sible number of cells. Clearly S\UX is a connected flat of M. Its dimension
exceeds dS, by (2.2).

Suppose d(S\UX) >dS+1. Choose a € (S\UX)—S. Then d{(SUX) — {a} )
2dS+1, by (2.3). Hence there exists YEM such that YC(SUX)— {a}
and ¥ meets (S\UX) —S. But YMN\S is null, by the choice of X. Hence YCX,
which is impossible by Axiom I. We deduce that d(S\UX)=dS+1. Hence the
theorem is true with U=SUX.

(3.4) Let S be a connected d-flat on a connected (d+2)-flat T of M. Then
there exist distinct connected (d-1)-flats U and V of M such that S=(UNV)
and T=UUYV.

Proof. By (3.3) there is a connected (d-+1)-flat U which is on both S
and 7. Choose a&U—S and write W=(T— {a}). By (2.3) W is another
(d+1)-flat on S and T. By (2.4) there is a line L on T having no point in
common with S. It meets U and W in points X and Z respectively, by (2.5).
(See Figure I.) By (2.2) we have SUX = U and S\UZ = V. Hence Z is not on
U and therefore U\JZ =T, by (2.2).

Assume W is not connected. Then SNZ = .

Suppose UNZ = . By the connection of T there exists Z’& M such that
Z'CT and Z’ meets both U and Z. Then UCUUZ'CU\UZ=T, by Axiom 1.
This is impossible by (2.2). We deduce that UNZ = . A similar argument in
which X, S and U replace Z, U and T respectively shows that XNS= .
Choose b&ZNU and c€XNS.

Write V=(T— {b}) By (2.3) Visa (d+1)-flat. It is on S since b&Z and
SNZ=. By (2.5) it has a common point ¥ with L. Clearly V is distinct
from U and W and therefore Y is distinct from X and Z, since V=SUY by
(2.2).

Now cESNXCTSNL=SN(YUZ)=SNY, by (3.1). Hence V is con-
nected.

If instead W is connected we write V=T,

We now have two connected (d+1)-flats U and V of M each of which is
on both S and T. Hence SC(UNV)CUCUUVCT, since U and V are
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distinct and, by (2.2), neither is a subset of the other. In view of (2.2) this
is possible only if S=(UNV)and T=UUV.

(3.5) Let S, T and U be flats of M such that S and T are connected, S\DUCT
and (SNU)=F. Then there exists a connected flat R of M such that SCRCT,
(RNU)=& and dR=4dT —dU—1.

Proof. If possible choose S, T and U so that the theorem fails and dU
has the least value consistent with this. Then dU > —1 since otherwise the
theorem holds with T=R. Let W be a connected flat of M of greatest pos-
sible dimension such that SCWCT and W does not contain U. Then dW
=dT —1 since otherwise, by (3.3) and (3.4), there exist distinct connected
(@W+1)-flats K and L of M on T such that (KMNL)= W, and these cannot
both contain U. By the choice of S, T and U there is a connected flat R of
M such that SCRCWCT, (RN\U)= and dR=dW—-d{UNW)—1. But
then dR=dT—dU—1, by (2.2), and therefore dR=dT—dU—1, by (2.2)
and (2.5). This contradiction establishes the theorem.

The foregoing results can be applied to circuit-matroids to obtain rather
simple theorems about graphs. Thus from (3.5) with S= we find that if a
nonseparable graph G has rank » and a subgraph G- U has a rank s then
there is a nonseparable subgraph G-R of G of rank 7 —s having no circuit
in common with G- U.

4. The disconnected line. By a separation {Si, S:} of a disconnected flat
S of M we mean a pair of complementary non-null subsets of S such that
each X € M satisfying X C.S satisfies either XCS; or XC.S,.

(4.1) If {Sl, Sz} is a separation of a flat S of M and X, and X, are
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points of M such that X:C.S, and X2 CSs, then X1\JX, is a disconnected line
of M.

Proof. Suppose Y is a point on X;\UX, distinct from X; and X.. Since
YC.S we have YC.S5; or YC.S5,. Hence YCX,; or YCX,, contrary to Axiom
I. Thus the only subsets of X;\UX,; which are flats of M are &, X, X, and
X1\UX,. Hence, by the definition of dimension, X;\UX, is a line of M having
{ X1, X,} as a separation.

(4.2) Let L be a disconnected line on a connected d-flat S of M, where dS> 1.
Then there exists a connected plane P of M such that LCPCS.

Proof. Let the two points on L be X and Y. Let P be a connected flat of
M of least possible dimension such that LCPC.S. Assume dP >2.

Suppose first that there is a disconnected line L’, distinct from L, on X
and P. Let its point other than X be Z. By (3.5) there is a connected (dP —2)-
flat U on Y and P having no point in common with L’. By (3.4) there are
distinct connected (dP —1)-flats V and W of M on P such that (VNW)="U.
By (2.2) and (2.5) V and W meet L’ in distinct points. Since there are only
two points on L’ we may suppose X is on V. But then L is on V and the
definition of P is contradicted. A similar argument applies if there is a dis-
connected line distinct from L on ¥ and P.

In the remaining case we choose a € P — L and write R=(P—{a}). Then
LCR. Moreover dR=dP —1, by (2.3). By the definition of P the flat R is
disconnected. But there is no disconnected line on R, other than L, which is
on either X or V. Hence, by (4.1), the only possible separation of R is {X, Y} .
Accordingly R=L and dP =2, contrary to assumption. From this contradic-
tion we deduce that P is a plane.

(4.3) Let L be a disconnected line on a connected plane P of M. Let X and
Y be the two points of L and let Z be any other point on P. Then X\JZ and
Y\UZ are connected lines. Moreover they are the only lines of M which are on
both Z and P.

Proof. Any line on Z and P has a common point with the line X UY.
Hence, by (3.1), the only flats on Z and P which can be lines are X\UZ
and YUZ. By (3.4) both these flats must be connected lines.

(4.4) Let L be a disconnected line on a connected plane P of M. Then every
line on P other than L is connected.

Proof. Let L’ be any such line. By (3.1) it is on a point Z distinct from
X and Y. Hence, by (4.3) it is one of the connected lines X\UZ and Y\UZ.

5. Convex subclasses. Convex subclasses of a matroid M were defined in
the Introduction. As an example we may take the class of all points of M
on a given flat. The convexity of this class follows from (3.1).

Consider any path P=(X,, X, - - -, X&) of M. We say P is a path from
X1 to X Any two consecutive terms of P have a non-null intersection, by
(3.1). Hence the flat X;UX,\U - - - UX} is connected. We denote this flat
by F(P). If Sis any flat of M such that F(P) C.S we say that P is a path on S.

(5.1) Let C be any convex subclass of M. Let S be a non-null connected flat
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of M and let X and Y be points on S such that Y& C. Then there exists a path
P from X to Y on S such that no term of P other than the first is a point of C.

Proof. If possible choose S, X and Y so that the theorem fails and dS
has the least value consistent with this. Clearly dS>1. By (3.3) and (3.4)
there is a connected (dS—2)-flat U and two distinct connected (dS—1)-flats
Vand Won Ssuch that XCU=(VNW). Now Yisnoton Vor W, for other-
wise there would be a path from X to Y on V or W of the kind required. By
(3.5) there is a connected line L on Sand Y such that (LN U)= . This meets
V and W in distinct points Z(V) and Z(W) respectively, by (2.2) and (2.5).
At least one of these, say Z(V), belongs to M — C since C is convex. By the
choice of S, X and Y there is a path Q from X to Z(V) on V such that no
term of Q other than the first is a point of C. Adjoining Y to Q we obtain a
path P from X to Y on S of the kind required. This contradiction establishes
the theorem.

We now distinguish four kinds of re-entrant paths of M as elementary
with respect to a given convex subclass C of M. The first kind consists of all
paths off C of the form (X, YV, X). The second consists of all paths off C
of the form (X, ¥, Z, X) such that d(XUYUZ) 2.

Suppose P is a plane of M on which there are two distinct points 4 and B
of C such that each connected line on P is on either 4 or B. Then any path
off Con P of the form (X, ¥, Z, T, X) such that X, ¥, Z and T are distinct,
the lines X\UY and Z\UT are on 4, and the lines Y\UZ and T\UX are on B
is an elementary re-entrant path of the third kind with respect to C.

Suppose E is a 3-flat of M on which there are three points 4, B and C
such that A\UB, B\JUC and C\UA are disconnected lines. Let there be just
six connected planes on E, two on each of these disconnected lines. Suppose
A, B and C are all in M— C but there are two distinct members of C on
each of the six connected planes. Then any path off C of the form (4, X, B,
Y, A), where X and Y are on distinct connected planes on A\UB and E, is
an elementary re-entrant path of the fourth kind with respect to C.

In studying the preceding case it is convenient to use the following nota-
tion. We write Z;, Z, and Z; for A, B and C. We enumerate the six connected
planes as Py, - - -, Pgsin such a way that (P;N\P.y;3)=Z\JZ;, where 1 £1<3
and (7, j, k) is a permutation of (1, 2, 3). In general we write (P;N\P;)=L;;
for 1 £4<j=<6. If j=143 then L;; is the disconnected line (Z,\UZ,\JZ;) —Z..
If j #1743 let k be that integer 1, 2 or 3 which is not congruent to z or j mod 3.
Then L;;is on Z; and it meets Py and Piys in two distinct points. It is there-
fore connected, by (3.2). Clearly it is on no connected plane on E other
than P; and P;. The 12 lines L;;, j#1+3, are the only connected lines on E,
for by (3.4) any connected line on E is on two distinct connected planes on E.

We write (P\JP;UP)=X;; for 121<j<k=6. Then X;; is a point of
M, being identical with (L;;MN\P;). If two of the suffices 7, j and & are congru-
ent mod 3 then X,; is one of the points Zi, Z; and Z;. The remaining eight
points X;; are all distinct, for on any one of them there can be only three
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distinct planes such that each is on one of the lines Z,\UZ,, Z,\JUZ; and Z;\U Z,.
These eight points, together with Z;, Z; and Z;, are the only points on E. For
any point on E is on three distinct connected planes on E, by two applica-
tions of (3.4). (See Figure I1.)

Consider the plane P;. The only points on it are Z,, Zs, X123, X126, X135 and
X155. We may adjust the notation so that X;53& C. The other point of C on
P; can have no common connected line with X3 and must therefore be X;.
We now find that X.4& C since this is the only point on P, having no com-
mon connected line with Xyg. Proceeding in this way we find that X;;,EC
if and only if no two of the suffices are congruent mod 3 and the number of
suffices less than 4 is odd. In Figures II, III and IV we represent points of C
by four-pointed stars.

To construct a matroid having the structure just described we may use a
method based on (2.3). We take M to be a set of six cells in 1-1 correspondence
with the planes P;. Any point X;j is represented by the set of those cells
not corresponding to planes on X ;.

Suppose we have two paths PQR and PR off C, where Q is an elementary
re-entrant path of the kth kind with respect to C. Then we call the process
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of deriving one of the paths PQR and PR from the other an elementary de-
formation of the kth kind with respect to C. We say that two given paths P’
and P’ off C are homotopic with respect to C (written P'~P’ (C)) if they
are identical or if one can be derived from the other by a finite sequence of
elementary deformations with respect to C. Homotopy with respect to C
is an equivalence relation. A path P homotopic to a degenerate path with
respect to Cis said to be null-homotopic with respect to C (written P~0 (C)).

The null subset of M is clearly convex. If C is null we have only ele-
mentary deformations of the first and second kind to consider, and homo-
topy with respect to C becomes identical with the homotopy defined in the
Introduction.

If P is any path of M we write P! for the path obtained by taking the
terms of P in reverse order.

(5.2) If P is any path off C then PP~1~0 (C).

Proof. If possible choose P so that the theorem fails and P has the least
number s of terms consistent with this. If s>1 we can write P =QR, where Q
and R have each fewer than s terms. Since RR~! and QQ~! can be converted
into degenerate paths by elementary deformations we have PP~1=QRR-1Q!
~QQ'~0 (C). If s=1 then PP~!is an elementary re-entrant path of the
first kind, and so PP~'~0 (C). The theorem follows.

(5.3) If PUR and PVR are paths off C such that UV—'~0 (C), then
PUR~PVR (C).

Proof. By (5.2) we have V-'V=V-YV-1)-1~0 (C). Hence PUR
~PUV-'VR~PVR (C).

(5.4) Let C be any convex subclass of a matroid M. Let S be a d-flat of M
on a (d+1)-flat T of M. Suppose all the points on S and at least one other point
on T are members of C. Then all the points on T are members of C.

Proof. Suppose the theorem false. Then we can find points X& C and
Y& C, both on T but not on S. The flat X\UY is connected since otherwise
SCSUXCT, contrary to (2.2). By (5.1) there is a path from X to YV on
X\UY whose second term, X’ say, is not a member of C. By (2.5) the line
X\UX’ has a point X'’ in common with .S. But X"’ & C, by the definition of a
convex subclass. This is contrary to hypothesis.

6. Proof of the main theorem.

(6.1) Let C be any convex subclass of a matroid M and let P be any re-entrant
path of M off C. Then P~0 (C).

Proof. Assume the theorem false. Let P be any re-entrant path off C
which is not null-homotopic with respect to C, and for which dF(P) has the
least value, n say, consistent with this condition. For an arbitrary path Q
of M we call dF(Q) the dimension of Q.

By far the most difficult part of the proof is that covered by the following
lemma.

LLEMMA. Supposen=3. Let Q= (W, X, Y, Z, W) be a path off C of dimension



154 W. T. TUTTE [May

n such that WIXJY and Y\IZ\IW are connected planes and W\JY is a dis-
connected line. Then Q~0 (C).

Proof. Write Fy=WUXUY and F.=YUZUW.
We note that if Q'=(W, X’, ¥, Z’, W) is a path off C such that X’ is on
F, and Y’ on F,, then

(6.1a) Q' ~Q(0C).
For
O~ W, X', Y)Y, X, W)W, X, Y)(Y,Z W)W, Z, Y)(V, Z', W) (C)

by (5.2). But (W, X', Y)(Y, X, W) and (W, Z, YV)(Y, Z’, W) are re-entrant
paths off C of dimension <7 and are therefore null-homotopic with respect
to C. Hence Q'~(W, X, Y)(V, Z, W)=Q(C).

A transversal of dimension n—1 is a connected (n—1)-flat of M which is
on F(Q) but not on both W and Y. By (2.2) and (2.5) such a transversal
meets each of Fy and F; in a line. These two lines are connected, by (4.4).

A transversal of dimension n—2 is a connected (n—2)-flat of M which is
on F(Q) but not on W or Y. By (2.2) and (2.5) the transversal has just one
point in common with each of F; and F.;. We call these two points the poles
of the transversal.

Let B be any transversal of dimension #—2, with poles X’ on F; and Z’
on F,. Then B is on two distinct connected (z—1)-flats of M on F(Q), by
(3.4). Using (2.5) we find that each of these is on one, but not both, of W
and Y. Hence, by (2.2) they are BUW and B\UY. They are transversals of
dimension #—1. The flats X’UW, X'UY, Z'UW and Z’UY are their con-
nected lines of intersection with F; and F,. We note that a path (W, X', 7,
Z', W) exists.

Assume that Q is not null-homotopic with respect to C.

Suppose B is a transversal of dimension »—2 with poles X’ on F; and Z’
on F,. Suppose further that neither X’ nor Z’ belongs to C. Then, by (5.1)
there is a path R off C from X’ to Z’ on B. Now (W, X")R(Z’, W) and
(X', ¥, ZYR~! are paths on the (n—1)-flats BUW and BUY respectively.
Hence their dimensions are less than # and so they are null-homotopic with
respect to C. Using (6.1a), (5.3) and (5.2) we find Q~(W, X', ¥V, Z', W)
=W, X' X', Y, Z2")(Z' A W)y~(W, Z)R™'R(Z', W)~0 (C). This is contrary
to assumption. We deduce that each transversal of dimension #—2 has at
least one pole in C.

By (3.5) there is a transversal 4 of dimension #—1 which is not on Y.
Let its lines of intersection with Fy and F; be L, and L. respectively. They
are connected lines on W. By (3.2) there is a point X’ of M — C other than
W on L;. By (3.5) there is a connected (n—2)-flat B of M which is on 4
and X’ but not on W. Now B is a transversal of dimension n—2. Let its pole
on Ly be Us. Then U,&C. Similarly there is a transversal B’ of dimension
n—2 on A having a point Z’ of M — C as its pole on L; and a point U, of C
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as its pole on L,. (See Figure I11.) We write T=(BNB’). By (2.2) and (2.5)
T is an (n—3)-flat of M.

Let S be the class of all members of M— Con T. Since TCB, X'EM—-C
and U;& C it follows by (5.4) that S is non-null.

Let T'; be any point of S. Suppose that the flat Y\UT; is connected. Then
there is a path R, from Y to T; on Y\UT; which is off C, by (5.1). Similarly
there is a path R; from X’ to T; on B and a path R, from Z’ to T; on B’, both
R, and R, being off C. Now (X', Y)R,Ri! is a re-entrant path on the trans-
versal BUY of dimension #—1, and (Y, Z’)R,Ri! is a re-entrant path on the
transversal B’\UY of dimension #—1. Hence both these paths are null-
homotopic with respect to C. Applying (6.1a), (5.3) and (5.2) we find
o~W, X", Y, Z!, W)=(W, XY (X', Y)Y, Z')(Z', W)~(W, X')RiR7'R(R;!
(Z', W)~(W, X")RiR7'(Z', W) (C). But the last path is on the (z—1)-flat
A4 and is therefore null-homotopic with respect to C. Hence Q~0 (C), con-
trary to assumption. We deduce that Y\UT; has a separation {V, T;}.
That is Y\UT; is a disconnected line, and Y and T are the two points on it.

We can repeat the above argument with B\UY replacing 4. Instead of
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B’ we then obtain a transversal B’ of dimension #—2 on BUY with its
pole on U,\JY a member of M— C and its pole on X’\UY a member of C.
We denote the (n—3)-flat (BMB”) by T'. We find that any point T/ of
M—C on T’ is such that W\UT/ is a disconnected line. But, by (2.5), B”
has a point in common with the disconnected line Y\UT};, and this point can
only be T;. Hence T'; is one of the points of M—Con T”.

We conclude that any point T; of S is such that W\UT; and Y\UT; are
disconnected lines.

Let E be a connected flat of M on F; and F(Q) which is on some point of
S and has the least dimension consistent with this property. It is clear that
either F(Q) or one of its subsets satisfies these conditions. We have

(6.1b) n = dF(Q) 2 dE = 3,
(6.1c) dENT)=dE — 3,

by (2.2) and (2.5). Choose a point N on (ENTY), taking N& C if this is pos-
sible. By (3.5) there is a connected (dE —1)-flat E’ of M on F; and E but not
on N. By (2.2) and (2.5) (E'N\T) is a (d(ENT)—1)-flat on (ENT). All the
points of M which are subsets of (E’/\T) belong to C, by the definition of E.
By the choice of N this implies that either d(E'N\T)= —1 or NEC. But in
the latter case all the points on (ENT) belong to C, by (5.4), contrary to the
definition of E. Hence d(E'\T)= —1 and therefore d(ENT)=0. Hence
dE =3, by (6.1b) and (6.1c). Henceforth we use the symbol T; to denote the
single point (ENT), which must be in S.

Suppose n=4. Then F:is not on E. By (3.5) there is a connected (n—1)-
flat E” of M on Fy aud F(Q) but not on T;. Write F;=(E’MNE). Then F;is a
plane on E and WUV, by (2.2) and (2.5). By (3.5) there is a connected line
L on E and T; having no common point with W\UY. Let its common points
with F; and F; be X; and X; respectively. Neither of these is T;. We note
that F;=W\UYUXj;, by (2.2). Now X;\UW and X;\UY are connected lines
by (4.3). Hence XMW and XM\ Y are both non-null, by (3.1). But we have
shown that WUT,; and Y\UT; are disconnected lines. Hence T:N\W and
T:N\Y are both null. But L=X,UT;=X;UT;, by (3.1). Hence X;N\W and
XsMN\Y are both non-null and therefore F; is connected.

By (5.1) there isa path R from Y to W on F; which is off C. The re-entrant
paths (W, X, V)R and (Y, Z, W)R~! are on E and E' respectively and so
have dimensions <x. Hence they are null-homotopic with respect to C.
Using (5.3) and (5.2) we find Q=(W, X, Y)(V, Z, W)~R-'R~0 (C), con-
trary to assumption.

We deduce, using (6.1b), that #=3. This implies dT'=0. Hence T is a
point of M, identical with T; and therefore a member of M — C. The three
flats WUY, YUT and T\UW are disconnected lines. The flat WJYUT is
not a connected plane of M by (4.3).

Any plane on F(Q) has a point in common with each of the disconnected
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lines WU Y, Y\UT and T\UW. It is therefore on one of these lines. Each line
of F(Q) is on a plane of F(Q), by (2.2) and (2.3). It follows that each line
on F(Q) is on one of the points W, ¥V and T.

Let F be any transversal of dimension 2. It meets F; and F, in connected
lines L, and L, respectively. Let the points on L; other than W or ¥ be
X1, - -+, X& By (3.4) there is a transversal B; of dimension 1 on F and X,
for each 7. The line B; must be on T. Hence B;=X,\JT, and B; is uniquely
determined for each 7. Let X/ denote the point of intersection of B; and L.
Since B;=T\UX/ for each 7 the & points X{, - - -, X are all distinct. But
at most one point on each of the lines L; and L, belongs to C, and no trans-
versal of dimension 1 has both its poles in M — C. Applying (3.2) we deduce
that £=2. Moreover we can adjust the notation so that (X;, XJ)&EC and
(X., X{)EM—-C.

Distinct lines on T and F meet L, in distinct points, by (3.1). Hence the
only connected lines on 7" and F are B; and B,. But each point of F is on two
connected lines on F, and one of these is on T. Hence X; and XJ are the
only points of € on F. We thus prove that each connected plane on F(Q)
not on W\UY is on just two points of C.

Any connected line on F; is on a transversal of dimension 2, by (3.4).
Hence it is on just three points, one of which is in C. Distinct lines on F; and
W (or Y) meet a given connected line on F; and Y (or W) in distinct points,
by (3.1). It follows that on F; there are just two connected lines on each of
the points W and Y. As each point on F; is on two connected lines on F;
we deduce that F; is on just two points of C. Analogous results hold for F,.
Two distinct transversals of dimension 2 are both on T and therefore meet
Fi in distinct lines, by (2.2). Accordingly there are just two connected planes
on F(Q) and T\UW, and just two on F(Q) and Y\UT (since WU Y UT is not
a connected plane).

It follows from these results that either Q is an elementary re-entrant
path of the fourth kind with respect to C or there is a third connected plane
F; on F(Q) and W\UY. The first alternative must be rejected since it implies
Q0~0 (C).

Let the points of intersection with F; of B; and B, be X/’ and X{’ re-
spectively. These are both in M — C. Each is on two connected lines on Fj,
one on W and the other on Y, by (4.3). Wehave (W, X, V, X!/, W)=(W, X,
Y) (Y, X{', W)~0 (C). For otherwise we can repeat the first parts of the pre-
ceding proof with (W, X, ¥, X/’, W) replacing Q and obtain a contradiction,
for the transversal B then has both poles in M — C. Similarly (Y, Z, W,
X", V)=(Y, Z, Wy(W, X{’, Y)~0 (C). Applying (5.3) and (5.2) we find
Q=(W, X, )WY, Z, W)y~(W, X{', V)(Y, X{', W)~0 (C), contrary to as-
sumption. The lemma follows.

We return to the path P defined at the beginning of this proof. We note
that n=dF(P) =1 since otherwise P would be trivially null-homotopic with
respect to C. We choose a connected (n—1)-flat E of M which is on F(P)
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and the origin X, of P. This choice is possible, by (3.3).

Let R=(Xy, + + -, X, Xo) be any re-entrant path with the same origin
as P on F(P). We write u(R) for the number of terms of R, counting repeti-
tions, which are not on E. If #(R)>0 we write X; for the first term of R
which is not on E. We then write v(R) =d(X,;,UX,UX;,), taking X,
=X, if 1=m. If u(R)=0 we write v(R) =0.

Henceforth we suppose R chosen so as to satisfy the following condi-
tions:

(i) R~P (C),

(ii) #(R) has the least value consistent with (i),

(iil) 9(R) has the least value consistent with (i) and (ii).

We consider first the case #(R) >0. Then »(R) >0. We may conveniently
write R in the form Ri(X;_1, X:, X:11)R,, noting that R, is a path on . . \Ve
write also F=X,'_1UX,‘UX,'+1.

Suppose v(R)=1. Then F is a connected line. If X;;.,=X; ; we have
R~RR, (C), by an elementary deformation of the first kind. This is impos-
sible since u(R1R2)<u(R) If X;+1?5Xi_1 then (X,'_l, X,‘, Xi+1r X,'..]) iS an
elementary re-entrant path of the second kind with respect to C. Applying
(5.3) we find R~Ry(X;-1, X:i11)R2 (C). This is impossible since

u(Rl(Xi_l, X,‘.H)Rz) < M(R)

Suppose v(R)=2. Then F is a connected plane on F(Q). It meets E in a
line L, by (2.2) and (2.5). Let Z be the point of intersection of the lines L
and X;\UX;,;0on F. We discuss first the case Z&E M — C. In this case we define
Q as the degenerate path (Z) if Z=X;,; and as the path (Z, X ;1) otherwise.
Then (X;, X:1)QY(Z, X,) is an elementary re-entrant path of the first or
second kind. Hence R~R:(X i1, X;, Z)QR: (C), by (5.3). If L is connected
we have (X;.1, X:, Z, Xi1))~0 (C) and therefore R~Ri(X;_1, Z)QR. (C),
by (5.3). If L is not connected it is on a connected plane F’ of M on E, by
(4.2). We can find a connected line L’ on X,;_; and F’, and a point T of M— C
distinct from X;; on L’. Then T\UX;_; and T\UZ are connected lines, by
(4.3). Using the lemma and the definition of #» we find (X, X;, Z, T, Xi1)
~0 (C). Hence R~Ry(X;1, T, Z)QR, (C), by (5.3). So whether L is con-
nected or not we have R~R;QR,; (C), where R; is on E. This is impossible
since #(R3;QR,) <u(R).

We go on to the case ZE C, illustrated in Figure IV. By (3.4) there is a
connected line L’ other than X;UX,,; on X,;;; and F. If L' is on X; ; we
have R~R;(X;_1, X:11)Re (C), using (5.3) with the elementary re-entrant
path (X1, Xi Xy, Xi) of the second kind. This is impossible since
u(Ri(X i1, Xip1)Re) <u(R). Hence L’ must meet the lines X; ;\UX;and L
in distinct points U and V respectively. Since Z&C and X,.1,EM— C we
have V&EM—C.

Suppose UE M — C. Using (5.3) with elementary re-entrant paths of the
first and second kinds we find
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R~R(Xi1, U, Xi, Xip1)Re~Ri(Xiy, V, U, Xip) Re~ Ri(X o, V, Xi1) R2 (C).
This is impossible since #(Ri(X;, V, Xi1)R) <u(R).

\

LI

— /Xi—l

Suppose UE& C. It may happen that each connected line on F is on either
Uor Z. Then (X1, Xi, Xip1, V, Xi4) is an elementary re-entrant path of
the third kind with respect to C. Using (5.3) we have R~R(X;1, V, X:11)Rs
(C), which is impossible, as before. Hence there is a connected line L’ on
F which is not on U or Z. If L is on X;;1 we can substitute it for L’ in the
preceding argument and so reduce to the case U& M — C. We may therefore
suppose L'’ is not on X ;.

If L" is on X; it meets L in a point W; distinct from X, ; and Z. Writing
R'=Ry(X iy, W1, X, Xip1)Rs we have R’"~R (C), by (5.3). If L is not on
X; it meets X,\UX .1 in a point W, distinct from X, X;;; and Z. If L is
then on X,'_l we write R,=R1(X,'_1, Wz, X¢+1)R2 and have

R ~ Rl(Xi—l) W27 Xl') Xi+1)R2 ~ R (C))

by (5.3). If instead L’ is not on X,_; it meets the lines L, X\ JX,;,; and X;_,
UX in distinct points Wy, W, and Wj; respectively of M— C. We then write
R’ =R1(Xi.1, Wl, Wz, Xi+1)R2 and have R,NRl(Xi_l, Wl, W3, W2, X,', X¢+1)R2
~R(X iy, W, X, Xipa)Re~R (C), by (5.3). For each of these three possi-
bilities we have R'~R (C), #(R’) =u(R) and v(R') =v(R) =2. Hence we may

FiGc. IV
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replace R by R’ in the preceding argument. This reduces the problem to the
case UE M — C, which we have found to lead to a contradiction.

We now consider the case v(R)>2. By (3.3) there is a connected plane
K on X, ;\UX; and the connected v(R)-flat F. This plane meets E in a line
L. Choose a point T distinct from X; ; on L and if possible in C. By (3.5)
there is a connected (v(R)—1)-flat F/ on X,\UX ;1 and F but not on 7. Now
F’ is not on X, for otherwise we would have FCF’, contrary to (2.2).
Hence F’ meets L in a point T” distinct from X,;; and T. It follows that L
is connected, by (3.2), and that 7"&EM — C. The flats K and F’ intersect in
a line L" on X; and T'. If L' is connected we write

Rl = Rl(X,‘_l, T’, X,‘, X,'+1)R2

and have R'~R (C), by (5.3). If L’ is not connected it is on a connected plane
K’ on F’, by (4.2). K’ meets E in a connected line L on 77, by (4.4). We can
find a point U on L distinct from 77 and in M — C. The flat UUX, is a con-
nected line, by (4.3). Using the lemma and the definition of #» we find
(T’, U, X, Xi, T')~0 (C). In this case we write

R = R(Xi1, T', U, Xi, Xis1)Ro.
Then by (5.2) and (5.3) we have
R ~ Ry(Xi1, T, U, Xi, Xoet, T', Xic1, X, Xir1)Re
~ Ry(Xiy, T', Xis, X, Xir)Re ~ R (C).

So whether L’ is connected or not we have R’"~R (C), u(R') =u(R) and v(R’)
<o(R), which is contrary to the definition of R.

From the above analysis we deduce that #(R) =0. Hence R is on E and
has dimension <#. Hence P~R~0 (C), contrary to assumption. The theo-
rem follows.

7. Special cases. With C null in (6.1) we find that every re-entrant path
in a matroid M is null-homotopic, as stated in the Introduction.

In applying this result to the circuit-matroid M of a graph G we must
remember that a path in M corresponds to a sequence of circuits of G such
that any two consecutive circuits form a nonseparable subgraph of rank 2.
It can be shown that such a subgraph is made up of three arcs such that any
two have both ends but no other edge or vertex in common. Each of the
elementary deformations by which a re-entrant sequence of circuits can be
transformed into a sequence with only one member operates within some non-
separable subgraph of rank <3.
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