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1. Introduction. The purpose of this paper is to prove the two theorems

on functions meromorphic in \z\ ^1 and having zeros and poles on \z\ =1.

One theorem is a generalization of the result obtained by the author [7],

for the meromorphic function in \z\ ^1 with assigned zeros and poles in

\z\ <1 and no zero and pole on \z\ =1, which was a generalization of the

results proved by S. Kakeya [8] and the author [6], and the other is a new

attempt to generalize the results obtained by Goodman and Robertson [4]

and Robertson [13]. As corollaries and applications of these theorems we give

some precisions and generalizations of the results obtained by Goodman [3],

Goodman and Robertson [4] and Robertson [13].

2. Preliminary.

Definition 1. The real part of a meromorphic function f(z) on \z\ =1

is said to change sign 2p times on \z\ =1 and f(z) is said to belong to the

class M(p) if there are 2p values of 0, —ir^Ti< • • ■ <TiP<ir, such that,

8 being +1 or —1,

C^ 0 for r2m > 8 > T2m_i,       m = 1, 2, • • • , p,
ZRfW>) {

(g 0 for Tim+i > 8 > Tim, m = 1, 2, ■ ■ ■ , p — 1,

Tl  >  B  ^   —  1T, IT  >  8  >  Tip

except for the poles on \z\ =1.

In particular, if there exists aX>0 for each e"x, K = l, ■ ■ ■ , 2p, such that

for 0<5<X,

7?/(e«^+«)7?/(ei(^-{>) < 0 for   \tk\   < ir,

Rf(eii'-,>)Rf(erii*-») < 0 for n = - x,

Rf(z) is said to change sign exactly 2p times on \z\ =1, and f(z) is said to

belong the class M'(p).

Definition 2. Any point e**, — ir^^K<ir, is said to be the negative

point if

(a) eiJ* is a point among e"K, K = l, • • • , 2p, except for the poles,

(b) S(-l)x//(e^)gO.

Any point of e"R, K = l, ■ ■ • , 2p, distinct from the negative points is said

to be the positive point.
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Definition 3. A function/(z) is said to belong to the class Ri(p, m) where

p and m are non-negative integers if

(a) f(z) is meromorphic on \z\ —1,

(b) Rf(z) changes sign 2p times on \z\ =1,

(c) the number of the positive points is m.

Definition 4. A function f(z) is said to belong to the class Ri(p, m) if

(a) f(z) is a function of the class Ri(p, m),

(b) any positive point e"K satisfies the following two conditions such that

for r<l,

(1) eiTK is at most a 2nd order pole,

(2) lim,.., (-l)K8(l-r)«7/(rc"«)§0,

(c) any pole ei(, |f| <ir, distinct from eirK, Kjrl, ■ ■ ■ , 2p, satisfies the

two conditions such that for r<l,

(1) e'1 is a first order pole,

7^0  for  T2m > f > Tlm-l, m =  1, •  •  • , p,
(2)       lim 8(1 - r)Rf(re«) {

r-l (^   0   for   T2m+1   >   f   >   Tim, «   =   1,   '   '   '   ,  f  —   1,

Tl>f^—   7T,    1T>f>   Tip.

For a function of the class M(p), we define the generalized order of the

zeros or poles on \z\ =1 as follows:

(A) If q is an arbitrary odd number and if a gth order zero or pole eil,

|f| <7r, on \z\ =1 distinct from e"K, K — l,--, 2p, satisfies the two condi-

tions

lim (—l)t«/2]S(l _ ,)*R{f(re*)±*}

J<  0   for   T2m  >  f  >  r2m-l, W  =   1,   •   •   •   , p

\> 0 for T2m+i > f > r2m,        m = 1, • • • , p — 1,

Tl>i"^    —   IT,    7T   >   f   >   T2p

where the double sign denotes — when e*f zero and + when pole, then the

generalized order of the above zero or pole on \z\ =1 is defined by g + 1 re-

spectively.

(B) If q is an arbitrary even number and if a gth order zero or pole eiiK

among eirK, K = l, ■ ■ ■ , 2p, satisfies

lim (-l)*+«/2S(l - ryi{f(re**)±l\ < 0
r-»l

where the double sign obeys the rule in (A), the generalized order of this zero

or pole is defined by q — 2 respectively.

(C) The generalized order of any qth, q^l, order zero or pole on \z\ =1

except for the case of (A) and (B) is defined by 2 [q/2].

Definition 5. All the zeros or poles on | z\ = 1 of which the multiplicities
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are defined by its generalized order are said to be closed zero or poles respec-

tively.

Lemma 1. Let f(z) be a member of the class Ri(p, m). Denote the closed zeros

and poles of f(z) be eiM'-m+K, K = l, ■ • ■ , 2si, and ei"m+K, K = l, ■ ■ ■ , 2tu

respectively. Suppose that Fi(z) is defined by(x)

( i / 2sl 2" \)

Fi(z) = (-l)"-"8»-"exp<—( zZ^ip-m+K ~ zZ <rm+K)>

(2.1) UV*"1 X=1 ,]
2d 2si

•   ] J (e^m+fc — z) U (eiStp-m+K — z)-i.
K=l K-l

Then Fi(z)f(z) and   {Fi(z)f(z)}~1 are members of the classes Ri(p, m) and

R2(p, 2p — m) respectively.

Proof. From the definition of the closed zeros and poles on \z\ =1, the

generalized order of these zeros and poles are all even. Therefore Fi(z) in

(2.1) can be written in the following form:

tl 81

(2.2) Fi(z) = z8'-" II (z ~ «**)(! ~ «"'tez) II (z - eia>t)-\l - r^z)-1.
K=.l K=l

So that by the definitions (A), (B) and (C), both Fi(z)f(z) and {/i(z)/(z)}-'

satisfy the Conditions (b) and (c) in Definition 4. Thus the proof is completed.

Lemma 2. Let f(z) be meromorphic for \z\ ^1 andf(z) a member of the class

R2(p,m). Denote the zeros and poles off(z) in \z\ <lbybi, • • • ,b,anddi, ■ • ',dt

respectively. Further, let(2)

(2.3) F2(z) = z-« II (z - dK)(l - dKz) II (z - bK)-l{\ - M"1-
K=l K=l

Then F2(z)f(z) is a member of the class R2(p, m).

This lemma is easily proved.

Lemma 3. Let a function f(z) be a member of the class R2(p, m). Denote the

positive and negative points of f(z) by e1"1, • • • , eiam such that —ir^ |o-K| <ir,

K = l, ■ ■ ■ , m, and eih, ■ ■ ■ , eiS2p-m such that -ir^\SK\ <ir, K = l, ■ ■ ■ ,

2p — m, respectively. Consider the function

g(z) = (-l)^-»-i exp-!—(   zZ 8k - zZ vkJJ ■

zp-m  JJ   (ei'K — z)     YI   («"* — Z)_1-
K=l K-l

(1) Here and in the rest of the paper a gth generalized order of the closed zero appears q

times in e'"\ ■ • • , eiai\ and 2s is the number of the closed zeros e'a counted in accordance with

their multiplicities. For the closed pole the above rules are also to be taken.

(2) Functions F2(z) and g(z) were used in the previous paper [7],
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Then F(z) =g(z)f(z) is a member of the class F2(0, 0).

Proof. By Definition 1, for each 8, —ir^8<ir, RF(eie)^0 except for the

poles of F(z) on \z\ =1. By Definition 4, F(z) has at most first order poles on

\z\ =1, and for each positive points eiaK, K = l, • ■ • , m,

lim S(l - r)icF(re^)
r-»l

(2.5) = - 22<«-»>+1    II    sin-  H (sin--)
H*K)-l 2 y_i    \ 2        /

• lim 8(1 - r2)If(re^) ^ 0,
r->l

for each negative points eiiK, K=l, • • • , 2p — m,

lim 8(1 - r)RF(reiSx)
r-»l

(2.6)
»        at - 8K   2p=T*   /      8j - 8K \-»

= 2«m-">+1 II sin-     II    ( sin-)     lim SJ/(re"*) £; 0
t-1 2 j&K)—l \ 2 /        r-,1

and for all the poles ei(, —ir^^<w, except for the positive and negative

points also limr_i 8(1— r)RF(rei,:)l%0. Thus, F(z) is a member of the class

F2(0, 0).

Lemma 4. Let u(z) be harmonic in \z\ <1. Suppose that lim inf2_z< u(z) ^0

for each boundary points z' except for a finite number of boundary points

Zi, • • ■ , zn. Let u(z)=0(\zk — z\~1) as z-^zK, K = l, - ■ ■ , m. Then the finite

limit

/+»
| u(re{f) \dd>= M

-T

exists.

Proof. Let Ck denote a circle orthogonal to the unit circle, and put its

centre on the semi-straight line [0, Zk] starting from the centre 0 of the unit

circle. Denote the diametral length of Ck by rx- Assume that all rK, K

= 1, ■ ■ ■ , m, are sufficiently small, and that all circles Ck, K=l, ■ • • , m,

have no common points to each other. Denote by Dr a domain which con-

sists of the unit circle and Ck, and by Lk the boundary of DK. Suppose that

Uk is a harmonic function in DK determined by the boundary values u~(z) in

the intersection CkC\Lk, and 0 on the complementary arc of CkC\Lk with re-

spect to LK, where «"(s)=max [ — w(z), 0]. Then

m

(2.8) u~(z) =S  E UK(z)
K-=l

in a domain formed by the unit circle and Ck, K = l, ■ • ■ , m.
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Let £k(z) = (zk+z)(zr — z)"1. Then £k maps Ck onto a circle |fx| =p,

p being a positive constant. Using the Nevanlinna's equality, for $K = reie,

r<p,

2rcos8 r+"l2
(2.9) UK(z(U)) =- «-(z(Pe«*)) cos cb(l + v(p, <p))d<p

irp     J -rii

where rj(p, cp)—>0 as p—»=o. On the other hand, from the hypothesis,

lim supz^K u~(z)\z— zK\ < oo. Therefore lim sup\tK\,x u-(z(^k))\^k\~1<^ ,

so that

(2.10) pK = lim inf-J       u~(z(pe^)) cos cbdeb
«->»        1Tp J -tII

is finite. This property holds for all K, K = 1, ■ ■ ■ , m. Thus from (2.8) and

(2.9), we have for z in \z\ <1,

m Zk + Z

(2.11) u~(z)^2zZ"kR-■•
K-l ZK  —  Z

Therefore u(z) may be represented as the difference of two positive har-

monic functions in \z\ <1. Hence the finite limit (2.7) exists [9].

Lemma 5. Let a function f(z) be a member of the class Ri (0, 0) and regular

in \z\ <1. Then the following representation of F. and R. Nevanlinna [9]

holds: Except for at most a countable set of 8, —ir^8<ir, the limit

(2.12) a(8) = lim   I    Rf(re*)d<b

exists; a(8) is a monotone increasing function of bounded variation; and for

1   r+T  eie + z
(2.13) f(z) = --  da(d) + ilf(0).

2tJ-t    e'e — z

Proof. For every 8, —ir^8 <ir, Rf(eif) ^ 0 except for a finite number of the

poles of/(?) on \z\ =1, and for the poles ei6K, K = l, ■ ■ ■ , n,f(z) =0(\ eiiRz\~l)

as z-^>ei>K. By Lemma 4, an application of the F. and R. Nevanlinna repre-

sentation theorem shows that a(8) of (2.12) exists and is of bounded variation

and that the equation (2.13) holds. Moreover, an application of the A.

Herzig's derivative theorem [5] shows that if z tends to eij, \cr\ ^w, along the

Stolz's paths, the limit

(2.14) lim    (e* - z)f(z)e~i" = 2u„

exists where ju„ = (27r)~l{a(<r+0) — a(tr — 0)}. Consequently, from the defini-
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tion of R2(0, 0), a(0) is a monotone increasing function of 0, — ir^0<ir.

Thus the proof is completed.

Lemma 6. Let f(z)(^0) be meromorphic in \z\ jjl. Suppose that f(z) is a

member of the class Ri(p, m). Denote the number of the zeros and poles of f(z)

in \z\ < 1 by s and t respectively and the number of the closed zeros and poles of

f(z) on (z) = 1 by 2si and 2t\ respectively. Then

(2.15) m - p = s + si - l - h.

In this lemma, the case where/(z) is regular in \z\ |£ 1 and has no zero

and pole on \z\ =1 was proved in [7].

Proof. We denote the closed zeros and poles on \z\ —I, the zeros and

poles in \z\ <1 and the positive and negative points on \z\ =1, of f(z) by

the form in Lemmas 1, 2 and 3 respectively. Fi(z), F2(z) and g(z) denote the

functions given in (2.1), (2.3) and (2.4) respectively. Then the function

E(z)=&Fi(z)Fi(z)g(z)f(z), S being +1 or -1, is regular in 0 < | z\ < 1. Apply-

ing Lemma 1, 2 and 3, E(z) is a member of the class 7?2(0, 0). E(z) is expanded

in the origin as follows: £(z) = CoZ_? + CiZ~a+1-|- • • • where q — m—p — s

— Si+t-r-ti. If we assume q<0, E(z) is regular in \z\ <1. By Lemma 5, we

find

1   r +* eie + z
(2.16) E(z) = - —-da(8) + UE(0),

2irJ-T    e,e — z

and a(0) is a monotone increasing function of 0, —ir^0<ir. Therefore from

(2.16), 7s(z)=0. Hence/(z)=0. This contradicts our assumption. Thus gSiO.

On the other hand, Tv'(z) = l/£(z) is also meromorphic on | z\ = 1 and regular

in 0<|z| <1. Again applying Lemmas 1, 2 and 3, A'(z) is a member of the

class Ri(0, 0). K(z) is expanded in the origin as follows: K(z) — Coz~'i'

-f-Ci z_9'+1+ • • • where q' = —q. Thus in this case we find also g'^0. There-

fore g = 0.

Definition 6. A function/(z) is said to belong to the class Dy' (p, m), if

the following conditions (a) and (b) are satisfied. Similarly the function/(z)

is said to belong to the class Dy" (p, m), if the following conditions (a) and (c)

are satisfied.

(a) f(z) is a member of the class Ri(p, m).

(b) There exist 27 points, such that 1 ̂ 7^ [m/2] and 1 g,y^2p — m + l,

having the relation that the difference of the two arguments among the

positive points is ir or —ir.

(c) There exist 27 points, such that 1 ̂ 7^ [(2p — m)/2] and 1 ̂ 7^m + l,

having the relation that the difference of the two arguments among the nega-

tive points is ir or —ir.

Lemma 7. Letf(z) = ^°_0 anzq+n, q an integer, be regular in 0 < | z\ < 1, and

the coefficients a„, n = l, 2, • • • , be all real. Suppose that —if(z) is a member
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of the class M'(p). Then if the number of the positive points of — if(z) is denoted

by m; the necessary and sufficient condition for m to be even or zero is that

— if(z) is a member of the class D{ (p, m) or D(' (p, m), and if ei9, 0<8<ir, is

a yth order closed pole, e~'e is also a yth order closed pole. For the closed zero,

this holds also.

Proof. Let —iRf(ew) change sign 2p times at 8 = t, — 7r^n<T2 ■ ■ ■ <t2p

<7t. Then both values 8 = ir and 6 = 0 are the elements of the set tk, K

= 1, ■ ■ • ,2p. If eiT', 0<|r,| <ir, is an element of the seteiTK,K = l, ■ ■ • ,2p,

e~iT' is also so. So that if —Tt = T„ \t — s\ is even. Therefore if e"' is a negative

point, e~"% is also a negative point. And if eiTt is a positive point, e~"' is a

positive point, too, because if e~"% is a negative point, by the above argument

eiTt would be a negative point. This contradicts our assumption. Hence e~iT'

is a positive point. Thus if both points e~iT and ei0 belong to the positive

points or negative points, m is even or zero. If the one belongs to the positive

points and the other to the negative points, m is odd. Next, as the coefficient

an, w = l, • • • , of f(z) are all real, for \z\ <1, If(z) = —If(z). Therefore, if

eie is a 7th order closed pole distinct from e"K, K = l, • • - , 2p, by (A) and

(C) e~ie is also. On the other hand, for \z\ <1, Rf(z) =F/(z). Hence, if ei$ is

a 7th order closed pole among e"K, K — l,---, 2p, by (B) and (C) e~ie is also.

3. The main theorems.

Theorem 1. Let q be an integer and f(z) be a function meromorphic \z\ <1

and a member of the class Ri(p, m) having the form

(3.1) f(z) = zZw+n    (<*o^O)
n—0

in a vicinity of the origin. Denote the closed zeros and poles on \z\ =1, the zeros

and poles in 0<|z| <1 o«c7 the positive and negative points on \z\ =1, of f(z)

by the form given in Lemmas 1, 2 and 3 respectively. Then

(3.2) m — p = q + s + si — I — ti,

(ei°-z)\a0\2 l(z)
min-   ^-

-,£«<»  ei(e-a)do + ze'^ao        z"P(z)Q(z)

(3.3)
ei(9+a)oo + ze^do

z=\    max     -■- ,
-rse<T et9 — z

(3.4) |a„|   g    max     | <pn(9) \ , n = 0, 1, • • •
-irS0<<r

where

m+ltl 2p-m+2»l /     « ' \

a =   zZ <tk -      52     5*>       8 = 2(  zZ arg bR - zZ ̂ g dK),
K-l K-l \K~1 K~l /
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ip—m+isi m+iti

P(z) =     II     (eiSK - z)  II  («** - z)~\
X=l K=l

gw = n (i - vw(i - m n a - z/dX)-Ki - dKz)-\
K=l K=l

" e* <»+<«> a0 + ze^do
ZZ <t>n(8)z*+» = z«P(z)Q(z) ——-—
n-o e'e - z

for | z |   < min (| djc | , K = 1, • • • /).
K

These inequalities of (3.3) and (3.4) are all sharp.

Theorem 2. Let q be an integer and a function

(3.5) /(z) = E anz*+»
n—0

£>e regular in 0< |z| <1. Suppose that f(z) is a member of the class Ri(p, m).

Denote the closed zeros and poles on \z\ =1 and the positive and negative points

°ff(z) by the form given in Lemmas 1 and 3 respectively. Then

tn — p ^ q + Si — h,

(3.6) |/(z)|   g    max    | W(6)\ ,

(3.7) | an\   g    max    | +n(8) \ , n = 0, 1, • • •
-x<8<tr

where

I m+ti—p— q—«i -\

W(8) = UAoe" + Aoz)(ei'> - z)~l +        zZ       (A-Kz~K - A-KzK)\

00

. gW22m+fi-p-a-.ip(z)   =    ̂  d-n(e)z"+n

n=0

and </te ̂ 4_ir, 7C = 0, • • • , ?n+?i — £ — q — Si are given by

1 °°
g-ia/22p+n-m-<iy(z) -  = £ j4nZ".

•*  W »-"P+8+«l—m— (i

These inequalities of (3.6) and (3.7) are a/? sharp in all the variables ajr, K

= 1, • • • , m+h— p — q — si.

Proof of Theorem 1. Let Fi(z), F2(z) and g(z) be the functions given in

(2.1), (2.3) and (2.4) respectively. Then by Lemmas 1, 2 and 3

(3.9) E(z) = &Fi(z)Fi(z)g(z)f(z)

is a member of the class 7?2(0, 0) and E(z) is expanded in the origin as follows:
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(3.10) E(z) = C02p+9+8+s'-m-'-" + • • •  .

By applying Lemma 6, p+q+s + Si — m — t — ti = 0. Hence E(z) is regular in

\z\ <1. By Lemma 5 we get the representation of the form (2.13) of E(z).

Therefore if RE(0) =f±'rda(8)r*0,

1 r+r    ei9E(0) + zconj£(0)
(3.11) f(z) - - -—-J—^-da(6)

2irRE(0)J-r    (ea - z)&Fi(z)Fi(z)g(z)

where a(8) is a monotone increasing function of the bounded variation. If

F£(0)=0, E(z)=iIE(0). Hence from (3.9)

(3.12) f(z) = i&IE(0){Fi(z)F2(z)g(z)}-K

Thus from (3.11) and (3.12), the bounds of the right-hand side of (3.3) and

(3.4) hold. Now the function K(z) = 1/E(z) is regular in \z\ <1 and K(z) is a

member of the class F2(0, 0), too. Therefore, using the above method, the

bound of the left-hand side of (3.3) holds.

Denote the values of 8 which give the maximum moduli in (3.3) and (3.4),

and the minimum modulus in (3.3) by 80, 8n and 8* respectively. Then the

equality signs of the right and left hand of (3.3) and (3.4) are attained by the

functions

o 5 ei(a+9o'a0 + ze^do e'<°+»») a0 + ze^do
Ki(z) = zqP(z)Q(z)-,   Kn(z) = z*P(z)Q(z)-

e'e — z et9n — Z

and
* I 1

o 9 (eiH — z)    a0 2
K,(z) = zqP(z)Q(Z)     ) '      '

e'^-'o'flo + ze 0ao

respectively.

Proof of Theorem 2. The function G(z) = Fi(z)g(z)f(z) is a member of the

class 7?2(0, 0) and is expanded in the origin as follows:

(3.13) G(z) = zZ Anz".
n=—m—ti+p+q+ti

Let/(z)^0. Then by Lemma 6, we find m+ti—p—q — si^0. If m+ti — p

— q — Si^O, wc may write

m+li—p—q—ti Jm+ti—p—q—ai

G(z) =        zZ       (A-nZ-7-„z") + A0+        zZ       (An + A.n)z«

(3.14)

+ IZ Anz".

Define
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m+li—p— q—»i

Gift) ~ zZ        (A-nZ-" - i4_rf»)

(3-15)  G*(z)= •«    j.,      * ^n
if m + h — p — q — si j* 0,

,G(z) ii m + h - P - q - si = 0.

Then G*(z) is regular in | z\ < 1 and a member of the class 7?2(0, 0). Therefore

by Lemma 5, we find the representation of the form (2.13) of G*(z). If

RAo = (2ir)-1Ji'rdft(0)^0, from (3.15) we get

1       r+T (eiBAo + zAo
G(z) =- j      \-

2irRAoJ-r   I     eif> - z
(3.16)

m+ti—p—q—ti \

+ zZ (A-nZ~»  -   2-nZn)\dft(8).
n=l /

If 7^40 = 0, G*(z)^iIA0. Hence

m+«i— v— q—«1

(3.17) G(z) m UAo +        zZ       (A-nZ~n - J_«-).
n-l

Thus from (3.16) and (3.17), the bounds (3.6) and (3.7) hold. Denote the

values of 0 which give the maximum moduli of W(0) and $n(0) by 00 and 0„

respectively. Then the functions W= W(0o) and W= W(0n) give the equality

signs of (3.6) and (3.7) respectively.

From the proof of Theorem 2, we easily prove the following theorems.

Theorem 2%. In the Theorem 2, Si = 0 if the hypothesis of the closed zeros is

not given.

Theorem 22. In the Theorem 2, si = 0 and m = 2p if the hypotheses of the

closed zeros and the distinction of the positive and negative points are not given

and if ai, ■ ■ ■ , cr2p are the values ofO at which Rf(z) on \ z\ = 1 changes sign 2p

times.

4. Corollaries of Theorem 1. Directly from Theorem 1 we can obtain the

following corollaries.

Corollary 1. Let q be an integer and f(z) of the form (3.1) in a vicinity of

the origin be meromorphic in \z\ SJ1. Suppose that f(z) is a member of the class

M(p). Denote the zeros and poles of f(z) in 0<|z| <1 by bi, bi, • ■ ■ , b. and

du di, • • ■ , dt respectively, and the number of the closed zeros and poles of f(z)

on \z\ =1 by 2si and 2h respectively. Then

(4.1) 0&p + q + s + si-l-li£2p,

(4.2) \an\   ^ An, n = 0,1, • • -,

(4.3) H(-r)g \f(re<»)\   £ H(r)
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where

Fi(z)= fl(l + z/\bK\)(l + z\bK\)

(4.4) ™

• II(l-«/|4r|)-1(l-»|<fc|)-1.

H(z) =  I ao\ z?(l + z)J>+'i+«+«i-«-«+i(l - *)*-»-«-»-«-«i-iPi(z)

= E ^nZ«+" for   | z|   < min [di, • • • , dt].
n=0

These inequalities of (4.2) and (4.3) are all sharp.

In Corollary 1, the case where f(z) is regular for \z\ ^1 and p = q is due

to M. S. Robertson [12]. Moreover, the case where/(z) has no zero and pole

on \z\ =1 was proved by the author [7].

Proof. If the number of the positive points is denoted by m, by Theorem 1,

m—p = q+s+Si — t—ti. On the other hand, 2p = m~^0. Thus (4.1) holds. The

bound (4.3) is obvious. For the function of Theorem 1, we have a majorant

series

z«P(z)Q(z){e«a+»ao + ze^do} (eie - z)-1 « 7J(z).

Therefore from (3.4), the bound (4.2) holds.

The sharpness of the bounds (4.2) and (4.3) is shown by the existence of

the extremal function. Namely, if in the integrand in (3.11), we assume

crK = 0, K = l, • • • , m+2tu 8K=-ir, K = l, • • • , 2p-m+2su bK=~\bK\,

K = l, • • • , s, dR= |rfx|, K = l, • • • ,t,8 = 0 and a0 = e| a0| where e denotes 1

when m is even and i when odd, we have an extremal function

(4.6) IF = aoz<>Q(Z)(l + 2)*p-»+*«+i(1 - z)-(m+2<i+i)

where &x= — [&xr|, K = l, • • ■ , s, dx— |djr|, K=l, ■ • ■ , t and a0 = e|a0|.

Corollary 2. Let q be an integer and f(z) of the form of (3.1) in a vicinity

of the origin be meromorphic in \z\ ^ 1. Suppose that —if(z) is a member of the

class Dy (p, m). Denote the zeros and poles in 0 < \ z\ < 1 and the number of the

closed zeros and poles on \z\ =1, of f(z) by the form of Corollary 1 respectively.

Then

0^p + q + s + si-l-h^2p,
(4-8) .      ,

I On]   ^ Bn, re = 0, 1, • • • ,

(4.9) Q(~r)(l - r2y(l + r2)~-> ̂  \f(re») \   = Q(r)

where
00

Q(z) = (1 - z)y(l + z)-m(z) = zZ BnZ" for | z | < min [ | bK | , K = 1, • • •, t\.
n—q
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The inequalities of (4.8) and the right hand of (4.9) are sharp.

Corollary 3. In Corollary 2, Q(-r)^\f(rei9)\ ^(l+r2)v(l-r2)-*Q(r)

and this left-hand inequality is sharp if —if(z) is a member of the class Dy' (p, m)

in places of the class Dy (p, m).

The result of a function of the class T(p) by Goodman [3] is strictly

stated concerning meromorphic functions in \z\ ^1 as follows:

Corollary 4. Let q be an integer and f(z) of the form (3.1) in a vicinity of

the origin be meromorphic in \z\ :S1 and the coefficients a„, n — 0, 1, • • • , be

all real. Suppose that —if(z) is a member of the class M'(p). Denote the zeros

and poles in 0 < | z\ < 1 and the number of the closed zeros and poles on \z\ =1,

°f f(z) by the form in Corollary 1 respectively. Define T by T = p — q — s+Si

+t+ti. Then

(4.10) 2p ^ T- 2si^ 0,

and if 2p-T+2si+2h^0 and we write m=[(T+l)/2],

(4.11) \an\   ^An, n = 0, 1, • • •

where

P(z) =  | ao\ z«(l - z)-2<*+»+m-"(l + z)2mPi(z)

oo

= JZ Anzq+n for  \z\   < mln [| it\ , i = 1, • • •, t].

This inequality of (4.11) is sharp.

Proof. By (3.2) in Theorem 1, (4.10) is obvious. And by Lemma 7 and

Corollary 1, it is required to prove only the classes Di (p, m) and Di' (p, m).

Now let —if(z) be a member of the class DI' (p, m). Then both points e~iT

and ei0 are negative. If eia, 0<|<r| <tt, is a positive point or a closed pole,

e-iff is also a positive point or a closed pole respectively. So that we denote

two positive points or closed poles by e'" and e~ir, 0 < | <r| <x. Then

(1 - z2)(e<* - z)-1^-" - z)-1

(4.12)
= (1 - z2)(l + e--z + e~2i°z2 +•••)(! + «"* + e2"z2 + • • • )

oo

= 1 + WZ 2 cos n<jzn « (1 + z)(l - z)-1.
n-l

Thus by applying Theorem 1, (4.11) holds. For a function —if(z) of the class

Di(p, m) the proof of the bound (4.11) is obvious from Corollary 2. The

sharpness of the bounds (4.11) is proved by the same method as in Corollary

1.
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5. Applications of Theorem 22. The following lemmas will be useful.

Lemma 8. Let \ao\, |fli|, • • • , \ap\  be any set of non-negative numbers.

Then there is a unique function F(z) such that

OO

(5.1) F(z) = zZ «nZ" = {Aa(l - z)-1 + • • • + A^l - z)-2*-1}(1 + z)
n-0

where

(5.2) aK={-l)r-K\oK\, K = 0,---,p,

and for this function

P

(5.3) an = zZ  HP, K,n)\aK\,    » = p + 1, p + 2, ■ ■ ■
K-0

where

A(p, K, re) = 2 fi (re2 - v2)/(p + K) \(p - A') !(«2 - K2),       p = K = 0.
t>-0

Conversely if F(z) is of the form (5.1) and if ax, K = 0, - - - , p, are given in

(5.2), (5.3) holds.
This lemma is due to Robertson [13].

Lemma 9. Let |ao|, |ai|, ■ • • , \ap\  be any set of non-negative numbers.

Then there is a unique function

00 p

F(z) = zZ «nzn = 4o(zp+1 + z")(l - z)-2"-1 + zZ A-k(1 - z2K)(l - z)-2'z'~K
n-0 A'-o

where ax = ( — l)p~K\aK\, K = 0, - ■ ■ , p, and for such function

p

a„ = zZ &(P, K, re) | aK \ , n = p + 1, • ■ ■ .
x-o

Proof of this lemma is easily obtained by applying Lemma 8.

Lemma 10. Let \ax\, ■ • ■ , \ap\  be any set of non-negative numbers. Then

there is a unique function

F(z) = zZ «»z" = ^oz"(l - z)-2p + E A-K(l - z2K)(l - z)-2'+l(l + z)-lzr-K
n-l K-l

where flx = ( —1)p_x|ok| , K = l, ■ ■ ■ , p, and for such function

(5.4) aK = E D(P, K, re) | aK | , K = p + I, ■ ■ -
K-l

where
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(5.5) D(p, K, n) = 2K(n + p)\/(p + K)\(p - K)\(n - p - l)\(n2 - K2).

The proof of this lemma is easily obtained by use of the lemma by Good-

man and Robertson [4].

The theorems by Robertson [13] and Goodman and Robertson [4] are

generalized respectively as follows:

Theorem 3. Let a function
00

(5.6) f(z) =   \Z «»zn
n—oo

be regular in 0^pg|z| <1. Suppose that f(z) is a member of the class M(p).

Denote the number of the closed poles of f(z) on \z\ =1 by 2t. Then for every

n>p+t,

p+t i

(5.7) | a„ + a_n |  ^  zZMp, K,n)\aK + d-K\   + — A(p, 0, n) \ o0 + do \ ,
K-l 2

and this inequality is sharp in all the variables |aK: + ax|, K = 0, ■ • ■ , m-\-t.

Theorem 4. Let a function
oo

(5.8) /(z) = I>„z»
n-l

be regular in \z\ <1 and the coefficients an, n=l, 2, • • ■ be all real. Suppose

that —if(z) is a member of the class M'(p). Denote the number of the closed poles

on \z\ =1 of f(z) by 2t. Then for every n>p-\-t,

P+t

(5.9) | a.|   £ zZD(p, K, n)\aK\,
K-l

and this bound is sharp in all the variables \ ax\ , K = 1, • • • , m+t.

Proof of Theorem 3. G(z) defined by

oo

(5.10) G(z) = /(z) - ilao - zZ (a-»z~B ~ «-«z")
n-l

is regular in \z\ <1. The series of the right-hand side of (5.10) is regular on

\z\ =1 and its real part is identically zero. Hence G(z) is a member of the

class M(p) and has 2/ closed poles on \z\ =1. Therefore we need to prove the

case where a_K = 0, K — l, 2, • • • , In Theorem 3. For the particular case

p-\-t = 0, Theorem 22 gives

f(z)« | «01 (1 + z)(l -z)~\

Thus in this case (5.7) holds. When p+t^l, both functions F(z) and E(z)

defined by
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(5.11)   F(z) = e«t"i+"2)/2 _ (1 - e-i'iZ)(l - e-*2z)f(z) = b-iz~l - l-iz + E(z)
z

are members of the class M (p — 1) with 2t closed poles on \z\ = 1 or a member

of the class M(p) with 2(t — 1) closed poles on \z\ =1 in accordance as the,

above points ein and e1"1 belong to the positive points or the closed poles

respectively. Directly from (5.11) we find

P+t-i ,

/CO =   E  <*»z" + ^op+(_iZp+'-1+(aJ)+< -(«--» + e--2)ajH.(_1)z"+<

(5-12) 00

+   zZ <ri(ai+''2)/2&nZn+1}> (1 - e-^z)~l(l ~ e-^z)"1
n=p+t )

where En^o-2 flnZn = 0 when p+t — 1 for convenience. On the other hand,

oH.(_iZp+'-1{l - (e-*1 + e-i<72)z}(l - e-^'z)-1^ - e-i"z)_1

(5 13) I    °° 1
« | op+t-i \<    E    (n-p- t)z» + zp+'-!V .

\n=p+l— 1 J

Thus from (5.12) and (5.13), we find for n = p+t + l, p+t + 2, • • • ,

n-l

| a„ |   ^  | ap+t-i \(n- p-t)+ \ap+t\(n- p-t+1) +   E   \bK\(n- K).
K=p+l

Thus by applying Lemma 8 and using the induction introduced by Good-

man and Robertson [4], (5.7) holds.

Applying Theorem 22, we get an extremal function such that

(5.14)    IF = |^„(1 + z)(l - z)-1 + E A-K(l - z2X)z-xjzp+!(l - z)-*<H-0

where

aK = (-1)*+'"* | aK | , K = 0, ■ ■ ■ ,p + t,

"1±;K [2(p + t)}\
A-k=    E   (-iyT~'--~—±T-ap+t-K-,, K = 0,---,p + t.

,-o \2(p + t) - s]lsl

Hence applying Lemma 9, we get the sharpness of the bound (5.7).

By applying the lemma by Goodman and Robertson [4] and Lemma 10

and using the same method as that of Theorem 3, we obtain the proof of

Theorem 4.

6. Applications of Theorem 2 and 2i. Let

oo

F(z) = E <W" = \Aq(l ~ z)-2'-1 + • • • + Apz^"(l - z)-2p-1}(l + z)2"+l
n—0

where p^q = 0 and aK = (-l)p+q'K\aK\, K = 0, ■ ■ ■ ,p-q. And let
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23  p—5

Ai(p, q, K,n) = zZzZ HP, q + s, q - t + n)iqCt iqH,-K.
t-0 e=K

Then for every n>p+q, a„= zZl-o^iiP, °, K, »)|#k| • Similarly, let

00

F(z) = zZ anzn = {Aq(l - z)-*(«+D + • • • + ^pz^(l - z)"2^"} (1 + z)2<'+1>
n—0

where p^q^O and aK = (-l)^~"-K\aK\, K = 0, ■ ■ ■ , p-q. And let

2<J+1     p-5

A2(p, q, K, n) = zZ   zZ &i(P> q + s,q + n - t)iq+iCt 2a+i77,_K
(-0    e=K

where

Ai(p, K, n) = (2n + 1)    f[    (n + v + l)(n - v)/(p + I + K)l(p - K)\,
v(*K)=0

p ^ K ^ 0.

Then for every n>p+q, an — zZk~-'o A2(/>, <Z> X, n) \ ax\ ■ Applying Theorem 3,

we easily obtain:

Theorem 5. In addition to the hypotheses of Theorem 3, denote the number

of the zeros off(z) in \z\ <1 by s. Then p^s — t and for every n>p-\-t,

' 1
(6.1)       I an + a-n I ^  zZ &*(K, n)\ aK + d-K | + — A*(0, n) | a0 + d0 [

K-l 2

w/jere

/p + s + l   p- s + l \
Ai I-> -> K, n), p + s + / eaen or zero,

A*(7f,») =
/# + * + /-l*-* + <+l \

A2 (-—■ >-) K, n 1, p + 5 + / oaa.

This bound (6.1) is sharp in all the variables |ax + a_x|, K — 0, • • • , s.

Let

oc

P(z) = Z <*nz" = [Aqz(l - z)-2<«+i> + •••• + Apz*-*(l - *)-*<H-i)}(i + 2)2P
n—1

where ^^g^O and aK = ( — l)p~q~K\aK\, K = q, ■ • • , p, and let

iq     p-q

Di(p, q,K,n) = zZzZ  D(P, q + s,q + n - t)2qCt 287/,_K.
1-0 «-K

Then for every n>p+q, an= zZk~-i Di(P, q, K, n)\aK\ ■
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Theorem 6. In addition to the hypotheses of Theorem 4, denote the number

of the closed zeros on \z\ =1 and the number of the zeros in \z\ <1, of f(z) by

2si and s respectively. Then p^s+Si—t for every n>p+Si+t,

(6.2) |fl»|   g JZ D*(K,n)\aK\
K-l

where

/p + S + Si + t     p- S + Si + t \
Ai I-> -, K,n\,   p + s + Si + t odd,

D*(K, n) = •
n/p + s + si + t    p- S + Si + t \
U\ I —■——-> -> K, n 1,   p + s + *i + / even.

This inequality (6.2) is sharp in all the variables \ an\, K = 1, • • • , s.

In Theorem 6, Si = 0 if the hypothesis of the closed zero is not given.

Proof of Theorem 6. Let/(z) =0. Denote the number of the positive points

by m. Then by Lemma 6, tn— p = s-\-Si — t. When m is odd, (6.2) holds by

Theorem 5. When m is even or zero, —if(z) is a member of the class D{ (p, m)

or Di' (p, m) by Lemma 7. By applying the following lemma we easily see

the bound (6.2).

Lemma 11. Let |ao|, |ai|, • • • , |ap_i| be any set of non-negative numbers.

Then there is a unique function F(z) such that

00

(6.3) F(z) = zZ "nz" = {4i(l - z)-2 + ■ ■ ■ + A^P-^l - z)-2»}(l + z)2
n-0

where for K = 0\ • • • , p — 1,

(6.4) aK= (_l)*-i-*|0*|,

and for this function

p-i

(6.5) a„ = \\Z Di(p, l,K,n)\aK\, n - p + 1, • • • .
K-O

Conversely if F(z) is of the form (6.3) and if aK, K = 0, ■ • • , p — 1, are

given in (6.4), (6.5) holds.
The sharpness of the bound (6.2) is given by applying Theorem 2 and

Lemma 10.
7. Remark. By virtue of the idea based on the existence of the diametral

line used by N. G. de Bruijin [l], S. Ozaki [10], and S. Ozaki, T. Takatsuka

and T. Umezawa [ll], the set of regular functions for \z\ gl of the class

D( (P,2P) contains the set of the multivalently star-shaped functions of

order p for \z\ gl with respect to the origin. Therefore in Corollary 2, the
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part with respect to the set S(p) with assigned zeros in \z\ < 1 is due to Good-

man [2].

The set of functions which satisfies the hypothesis of Theorem 4 implies

the set of functions which satisfies the hypothesis of Theorem 6, and the

bounds (5.9) and (6.2) are sharp respectively. Therefore we find for all s,

s^p+l,

a P+t

(7.1) zZ D*(K, n)\aK\^zZ D(p,K,n)\aK\,       n = p + l+l,---.
K-0 /t-0

Similarly, we get for all s, s^p+t

» p+t

(7.2) E A*(tf, re) | aK \ =i E Mp, K, re) | aK | ,       re = /> + /+1, ••• .
X=0 K-0

The equality signs in (7.1) and (7.2) hold when s = p+t. From Theorem 6

we have immediately the following theorem.

Theorem 7. Let f(z) given by (5.8) be p-valent starlike with respect to a

point on the real axis, for \z\ jjl. Suppose that all the coefficients of f(z) are all

real. Denote the number of the zero points off(z) in \z\ < 1 by s. Then the bound

(6.2) holds where

(p + s   p - s \
Ai I->-> K, n) > p + s odd,

D*(K, re) = •
(p + s    p - s \

DiI-j -, K, n], p + s even.
t      \    2 2 /

The £-valent starlike function with respect to a point has been studied

previously by Robertson and others, and from (7.1) this Theorem 7, in some

sense, precises the theorem by Goodman and Robertson in [4, Theorem 3].
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