THE VARIATION OF THE SIGN OF THE REAL PART OF A
MEROMORPHIC FUNCTION ON THE UNIT CIRCLE

BY
JUN-ITI ITO

1. Introduction. The purpose of this paper is to prove the two theorems
on functions meromorphic in |z| £1 and having zeros and poles on |z| =1.
One theorem is a generalization of the result obtained by the author [7],
for the meromorphic function in |z| £1 with assigned zeros and poles in
|2] <1 and no zero and pole on |z| =1, which was a generalization of the
results proved by S. Kakeya [8] and the author [6], and the other is a new
attempt to generalize the results obtained by Goodman and Robertson [4]
and Robertson [13]. As corollaries and applications of these theorems we give
some precisions and generalizations of the results obtained by Goodman [3],
Goodman and Robertson [4] and Robertson [13].

2. Preliminary.

DEFINITION 1. The real part of a meromorphic function f(z) on |z| =1
is said to change sign 2p times on ]z] =1 and f(z) is said to belong to the
class M(p) if there are 2p values of §, —7=71< + - - <79, <m, such that,
€ being +1 or —1,

gOfor‘rz,,.>0>1-2m_l, m=1’2,...’P’
§0f0r72m+1>0>1’2m’ m=1,2,"',?—1,
>0z —w,w>0> 1y

R {

except for the poles on |z| =1.
In particular, if there exists aA>0 for each e?’x, K =1, - - -, 2p, such that
for 0 <6 <A,

Rf (e x+D)Rf(eix—9) < 0 for | 7| < m,
Rf(ei™"\Rf(e~i*—9) < 0 for 11 = — m,
Rf(z) is said to change sign exactly 2p times on Izl =1, and f(z) is said to
belong the class M’(p).

DEFINITION 2. Any point e¥&, —w S{g<m, is said to be the negative
point if

(a) e¥K is a point among e*k, K=1, - - -, 2p, except for the poles,
(b) &(—1)XIf(e®x) <0.
Any point of e*k, K=1, - - -, 2p, distinct from the negative points is said

to be the positive point.
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DEFINITION 3. A function f(z) is said to belong to the class Ri(p, m) where
p and m are non-negative integers if

(a) f(2) is meromorphic on |z| =1,

(b) Rf(2) changes sign 2p times on |z| =1,

(c) the number of the positive points is m.

DEFINITION 4. A function f(z) is said to belong to the class R)(p, m) if

(a) f(2) is a function of the class R;(p, m),

(b) any positive point e’k satisfies the following two conditions such that
for r <1,

(1) eF is at most a 2nd order pole,

(2) lim,.; (—1)X8(1 —r)2If(reix) 20,

(c) any pole e¥, [ ¢ I <, distinct from e'"%, Kfl , 2p, satisfies the
two conditions such that for r <1,

(1) €'t is a first order pole,

=0 for Tom > ¢ > Toam—1, m=1’...’p’
§0f0r1’2m+1>§'>72m, m:l,-..’p_l’
> —aw, > ¢ > T

(2) lim &(1 — r)Rf(reif){

For a function of the class M(p), we define the generalized order of the
zeros or poles on |z| =1 as follows:

(A) If ¢ is an arbitrary odd number and if a ¢gth order zero or pole e%,
|§‘| <, on |z| =1 distinct from e*"%, K=1, - - -, 2p, satisfies the two condi-
tions

lim (= 1)eg(1 — r)aR{f(re?)1)
<O0for rom>¢ > 7m0y, m=1,---,9
'{>Of0r12,,,+1>§‘>‘rz,,., m=1-.--,p—1,
> —m S>> T

where the double sign denotes — when e* zero and + when pole, then the
generalized order of the above zero or pole on |z| =1 is defined by ¢+1 re-
spectively.
(B) If g is an arbitrary even number and if a gth order zero or pole e#x
among ek, K =1, - - - | 2p, satisfies
lim (—1)&+e2g(1 — r)aI{f(re¥x)%1} < 0
r—1
where the doublesign obeys the rule in (A), the generalized order of this zero
or pole is defined by ¢—2 respectively.
(C) The generalized order of any gth, ¢=1, order zero or pole on [zl =1
except for the case of (A) and (B) is defined by 2[¢/2].
DEeFrINITION 5. All the zeros or poles on |z| =1 of which the multiplicities
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are defined by its generalized order are said to be closed zero or poles respec-
tively.

LEMMA 1. Let f(2) be a member of the class Ri(p, m). Denote the closed zeros
and poles of f(z) be e¥—m+K K=1 ..., 25, and e"™*E K=1,..., 2,
respectively. Suppose that Fi(z) is defined by(?)

‘ 231 24
Fi(z) = (—1)hgmn exp{ ( 2 dopmik — 2 ‘Tm+K>}

K=1 K=1
(2 : 1) 241 231
- II (eiomn—2) I (eitermtr—z)-1,
K=1 K=1

Then Fi(2)f(z) and {Fl(:‘z)f(z)}‘l are members of the classes Ry(p, m) and
Rq(p, 2p —m) respectively.

Proof. From the definition of the closed zeros and poles on |z| =1, the
generalized order of these zeros and poles are all even. Therefore Fi(z) in
(2.1) can be written in the following form:

(2.2) Fi(z) = gt H (z — eP)(1 — e #xg) H (z — eeK)~1(1 — e~iakg)~1,

K=1 K=1

So that by the definitions (A), (B) and (C), both Fi(2)f(z) and { Fi(2)f(3) } !
satisfy the Conditions (b) and (c) in Definition 4. Thus the proof is completed.

LeMMA 2. Let f(2) be meromorphic for Izl =1 and f(2) a member of the class
Ry(p, m). Denote the zeros and poles of f(z) in | z] <1byby, - ,bsandd,, - - +,d;
respectively. Further, let(?)

(2.3) Fi(z) = 2= fI (z — dx)(1 — dx2) ﬁ (z — br)™1(1 — bg2)~L.

K=1 K=1

Then Fi(2)f(z) is a member of the class Ry(p, m).
This lemma is easily proved.

LeEMMA 3. Let a function f(z) be a member of the class Rq(p, m). Denote the
posmve and negative points of f(z) by €™, - - -, e"n such that —7r<|<rK| <7r,
K=1, -, m, and e, - . - ei¥®2r—m sych that —7r<|6K| <mw, K=1, ,
2p—m, respectively. Consider the function

8 = (— 1)”"""exp{ (”i"a,( 3. )}

K=1
(2.4) v
Zp—m H (e¥F — 2) H (eix — 2)~L.
K=1 K=1

(1) Here and in the rest of the paper a gth generalized order of the closed zero appears ¢
times in ¢, - - -, ¢ and 2s is the number of the closed zeros e** counted in accordance with
their multlpllcmes For the closed pole the above rules are also to be taken.

() Functions F(z) and g(z) were used in the previous paper [7].
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Then F(2) =g(2)f(2) is a member of the class Ry(0, 0).

Proof. By Definition 1, for each 8, —7w =0 <w, RF(¢**) 20 except for the
poles of F(z) on |z| =1. By Definition 4, F(z) has at most first order poles on

|z| =1, and for each positive points ¢¥“x, K=1, - - - , m,

lim §(1 — r)RF(reK)

r—1

m i — 2p—m 6 — -1
(2.5) = — 22m-»+1 J] sin AR 11 (sin . ax>
i(#K)=1 2 =1 2
< lim 8(1 — ) If(re*x) = O,
r—1

for each negative points e, K=1, - - -, 2p—m,

lim §(1 — 7)RF(rei*k)

r—1
(2.6)

- R = 8; —or\!

= 22m—p)>+1 [ sin i X 11 (sin ’ K) lim §If(re®x) = 0
im1 J=<E)=1 2 it

and for all the poles e¥, —w <{ <, except for the positive and negative

points also lim,.; §(1 —7)RF(re#%) =0. Thus, F(z) is a member of the class

Ry(0, 0).

LEMMA 4. Let u(z) be harmonic in Izl <1. Suppose that lim inf,.» u(z) =0
for each boundary points 2’ except for a finite number of boundary points

%, , 2n Let u(z)=0(|zx-—z|‘1) as 2—2g, K=1, - - -, m. Then the finite
limit
+r
2.7 lim | u(re"")l dp =M
r—1 —_
exists.

Proof. Let Cx denote a circle orthogonal to the unit circle, and put its
centre on the semi-straight line [0, 2x] starting from the centre 0 of the unit
circle. Denote the diametral length of Cx by rx. Assume that all rx, K
=1, -+ -, m, are sufficiently small, and that all circles Cx, K=1, - - -, m,
have no common points to each other. Denote by Dx a domain which con-
sists of the unit circle and Ck, and by Lg the boundary of Dx. Suppose that
Uk is a harmonic function in Dx determined by the boundary values #=(z) in
the intersection CxMLg, and 0 on the complementary arc of CkMN\Lg with re-
spect to Lg, where #~(2) =max [—u(g), 0]. Then

2.8) (@) < Y Ux(a)

K=1

in a domain formed by the unit circle and Cx, K=1, - - -, m.
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Let ¢x(2) =(2x+2)(2x—2)~!. Then {x maps Ck onto a circle |§‘K| =p,
p being a positive constant. Using the Nevanlinna’s equality, for {x=re,
r<p,

2rcosf [ tr/2 .

Q.9 UGGR) = T [ ualoe) cos 601 + (6, #)is
—x/2

where 7(p, ¢)—0 as p— . On the other hand, from the hypothesis,

lim sup,... u—(z)|z—zx| < . Therefore lim supjigi.w u‘(z(i‘x))|§‘x|—1<w,

so that

1 +x/2
(2.10) pr = lim inf — f u~(2(pe™*)) cos pdo
Roe  mpJ 52

is finite. This property holds for all K, K=1, - - -, m. Thus from (2.8) and
(2.9), we have for z in |2] <1,

m 2k + 2
(2.11) w(z) 2 ugR —— -
K=1 2k — 2
Therefore #(g) may be represented as the difference of two positive har-
monic functions in |z| <1. Hence the finite limit (2.7) exists [9].

LEMMA S. Let a function f(z) be a member of the class Rz (0, 0) and regular
n [zl <1. Then the following representation of F. and R. Nevanlinna [9]
holds: Except for at most a countable set of 0, —w <0 <, the limit

(2.12) a(f) = lim oRf(re“’)dgb

exists; a(f) is a monotone increasing function of bounded variation; and for
|z| <1,

+r il + 2

- da(8) + iIf(0).

1
(2.13) f@@) = —

2nJ

Proof. For every 0, —m <0 <, Rf(e*?) 2 0 except for a finite number of the
poles of f(z) on |z| =1, and for the poles ¢*x, K =1, - - -, n, f(3) =O({ e"‘"‘zl -1
as z-5¢#%, By Lemma 4, an application of the F. and R. Nevanlinna repre-
sentation theorem shows that a(f) of (2.12) exists and is of bounded variation
and that the equation (2.13) holds. Moreover, an application of the A.
Herzig’s derivative theorem [5] shows that if z tends to e¥, |g| <, along the
Stolz’s paths, the limit

(2.14) limia (e — 2)f(2)e = 2p,

exists where u,=(21r)"‘{a(o+0) —a(cr—O)}. Consequently, from the defini-
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tion of Ry(0, 0), a(f) is a monotone increasing function of 8, —w <0 <.
Thus the proof is completed.

LEMMA 6. Let f(z)(#£0) be meromorphic in |z| <1. Suppose that f(z) is a
member of the class Ri(p, m). Denote the number of the zeros and poles of f(z)
in lzl <1 by s and t respectively and the number of the closed zeros and poles of
f(2) on (2)=1 by 251 and 2t, respectively. Then

(2.15) m—p=s+sl—t—-tl.

In this lemma, the case where f(z) is regular in |z| =1 and has no zero
and pole on |z| =1 was proved in [7].

Proof. We denote the closed zeros and poles on |z| =1, the zeros and
poles in |z| <1 and the positive and negative points on ]zl =1, of f(3) by
the form in Lemmas 1, 2 and 3 respectively. Fi(2), Fa(z) and g(z) denote the
functions given in (2.1), (2.3) and (2.4) respectively. Then the function
E(2) =8F,(2) F2(2)g(2)f(2), &€ being +1 or —1, is regular in 0<|z[ <1. Apply-
ing Lemma 1, 2 and 3, E(2) is a member of the class Rz(0, 0). E(z) is expanded
in the origin as follows: E(2)=Coz~?+Ciz~%*'+ - - - where g=m—p—s
—s1+t-+t. If we assume ¢ <0, E(z) is regular in |z| <1. By Lemma 5, we
find

. 1 +x eiﬂ + z
(2.16) E(z) = — f - da(8) + iIE(0),
rd _, e — 3

and a(f) is a monotone increasing function of 8, —m <60 <. Therefore from
(2.16), E(2)=0. Hence f(z) =0. This contradicts our assumption. Thus g=0.
On the other hand, K(z) =1/E(2) is also meromorphic on |z[ =1 and regular
in 0<|z| <1. Again applying Lemmas 1, 2 and 3, K(z) is a member of the
class Ry(0, 0). K(2) is expanded in the origin as follows: K(g)=C¢z~¢
+C{g~¢+14 . . . where ¢’ = —¢q. Thus in this case we find also ¢’ =2 0. There-
fore ¢=0.

DEFINITION 6. A function f(z) is said to belong to the class D, (p, m), if
the following conditions (a) and (b) are satisfied. Similarly the function f(z)
is said to belong to the class D)’ (p, m), if the following conditions (a) and (c)
are satisfied.

(a) f(2) is a member of the class Ry(p, m).

(b) There exist 2y points, such that 1 Sy<[m/2] and 1 Sy<2p—m+1,
having the relation that the difference of the two arguments among the
positive points is 7 or —r.

(c) There exist 2y points, such that 1 Sy < [(2p—m)/2] and 1 SySm+1,
having the relation that the difference of the two arguments among the nega-
tive points is w or —m.

LEMMA 7. Let f(2) = Dm0 @239+, q an integer, be regular in 0 < |z| <1, and
the coefficients a,, n=1, 2, - - -, be all real. Suppose that —if(z) is a member
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of the class M'(p). Then if the number of the positive points of —if(z) is denoted
by m; the necessary and sufficient condition for m to be even or zero is that
—1f(2) is a member of the class D{ (p, m) or D{' (p, m), and if ¥, 0 <0<, is
a vyth order closed pole, e is also a yth order closed pole. For the closed zero,
this holds also.

Proof. Let —iRf(e®) change sign 2p times at =7, —w <7, <72 - - - <Tgp
<. Then both values §=7 and §=0 are the elements of the set rx, K
=1, - --,2p. If ei, 0< IT;‘ <m,is an element of the setekx, K=1, - - -, 2p,
e~i"t is also so. So that if —7,=1,, [t—-s| is even. Therefore if ¢t is a negative
point, e~*¢ is also a negative point. And if ¢*"t is a positive point, e=¥"t is a
positive point, too, because if e~*7¢ is a negative point, by the above argument
e'"t would be a negative point. This contradicts our assumption. Hence e~
is a positive point. Thus if both points ¢~* and e® belong to the positive
points or negative points, m is even or zero. If the one belongs to the positive
points and the other to the negative points, m is odd. Next, as the coefficient
@n, n=1, - - -, of f(z) are all real, for |z| <1, If(s) = —If(2). Therefore, if
¢ is a yth order closed pole distinct from ei’x, K=1, - - -, 2p, by (A) and
(C) e~ is also. On the other hand, for |z| <1, Rf(z) = Rf(z). Hence, if ¥ is
a yth order closed pole among ek, K =1, - - -, 2p, by (B) and (C) ¢~# is also.

3. The main theorems.

THEOREM 1. Let g be an integer and f(z) be a function meromorphic lzl <1
and a member of the class Ri(p, m) having the form

(3.1) @) = 2 aaz®t® (a0 # 0)

n=0
in a vicinity of the origin. Denote the closed zeros and poles on Iz[ =1, the zeros
and poles in 0< | zl <1 and the positive and negative points on |z[ =1, of f(2)
by the form given in Lemmas 1, 2 and 3 respectively. Then

3.2) m—p=q+s+si—t—1,
(e — 2)| ao? )
3.3) —rso<e | €0Dag + ze=Bag| ~ |29P(2)Q(2)
) eitta) gy + 2e%d,
£ max |—|,
—x<0<x e — g
(3.4) |an| S max |¢n(0)l, n=20,1,---
—xS0<x
where
m+2¢ty 2p—m+2s1 s ¢
a= 9, 0g— 2, ok 6=2(Zargbx—2argdx>,
K=1 K=1 K=1 K=1
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2p—m+281 m+2¢1
P@ = II (% —2) 11 (e — 2,
K=1 K=1
06 = IT (1 — 2/b)(1 — ) TI (1 = 2/de) (1 — daz)>.
K=1 K=1

i eit+a) gy 4 zeig
2 (03 = #P(E)Q(E) —————

ne=0

for | 2| <min (|dg|,K=1,---1).
K
These inequalities of (3.3) and (3.4) are all sharp.
THEOREM 2. Let q be an integer and a function

3.5) 1) =3 auartn

na=0

be regular in 0 <lzl <1. Suppose that f(z) is a member of the class Ri(p, m).
Denote the closed zeros and poles on lz| =1 and the positive and negative poinis
of f(2) by the form given in Lemmas 1 and 3 respectively. Then

m—p=q+si—t,

3.6) l7/@)| = max lw® |,

3.7 | aa] = max |¢a(0)], n=0,1,¢-
—xS0<x

where

m+t1—p—q—s1 _
(A_KZ"K - A_xzx)}

K=1

W) = {(Aoe“ + Aoz)(e? — 2)-1 +

-gial2gmtti—p—a—a P(z) = E Ya(0)ztn
ne=0
and the A_g, K=0, - - -, m+t,—p—q—s1 are given by

o

E Anzn,

P (z) Nmmptg+81—m—t)

e—ial2zp+n—m—t1f(z)

These inequalities of (3.6) and (3.7) are all sharp in all the variables ag, K
=1, -, mth—p—g—s.

Proof of Theorem 1. Let Fi(2), Fi(z) and g(z) be the functions given in
(2.1), (2.3) and (2.4) respectively. Then by Lemmas 1, 2 and 3

(3.9) E(z) = &F1(2)Fa(2)g(2)f(2)

is a member of the class R;(0, 0) and E(z) is expanded in the origin as follows:
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(3.10) E(5) = Cogptorstarm—t=t 4 ...

By applying Lemma 6, p+qg+s+si—m—t—4,=0. Hence E(2) is regular in
lzl <1. By Lemma 5 we get the representation of the form (2.13) of E(z).
Therefore if RE(0) = [*Ida(8) %0,

1 f*" e‘:’E(O) + zconj E(0) da(6)
27rRE(0)J _» (e® — 2)8F1(2)F2(2)g(2)

where a(f) is a monotone increasing function of the bounded variation. If
RE(0) =0, E(z)=1IE(0). Hence from (3.9)

(3.12) /() = i8IE0){ F1(s)Fa(s)g (=)} .

Thus from (3.11) and (3.12), the bounds of the right-hand side of (3.3) and
(3.4) hold. Now the function K(z) =1/E(z2) is regular in lz| <1land K(2)is a
member of the class Ry(0, 0), too. Therefore, using the above method, the
bound of the left-hand side of (3.3) holds.

Denote the values of 8 which give the maximum moduli in (3.3) and (3.4),
and the minimum modulus in (3.3) by 6y, 8, and 65 respectively. Then the
equality signs of the right and left hand of (3.3) and (3.4) are attained by the
functions

(3.11) f@z) =

o eilatle) g0 + zebd, eilatb) g, + zebd,
K\(z) = 2" P(2)Q(z) . ) Ka(3) = 27P(2)Q(z) :
810 — ewn e Z
and
Lk
0 . (et — 2) I aolz
K =z P

2(5) = SPEQE) S s

respectively.

Proof of Theorem 2. The function G(z) = Fi(2)g(z)f(z) is a member of the
class Ry(0, 0) and is expanded in the origin as follows:

0

(3.13) G@z) = > Anzm.

n=—m—=t1+p+q+81
Let f(z)#0. Then by Lemma 6, we find m+t—p—¢—s5:20. If m~+t—p
—¢—s517%0, we may write

m+t1—p—q—a1 ‘m+t1—p—g—s1

G = Y (Ao — A+ Ao+ 2 (Aat+ A7
(3.14) - =

+ E ‘;l n gn.,

n=m+t;—p—q—s.-+1

Define
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m+t1—p—g—s1 _
Gz — Y, (A — A_n3v)
3.15) G*(z) = =
(3.15) G*(2) fmdt—p—g— 5 %0,

G(2) fm+ti—p—qg—s51=0.
Then G*(2) is regular in Izi <1 and a member of the class Ry(0, 0). Therefore

by Lemma 5, we find the representation of the form (2.13) of G*(z). If
RAo=(2m)"1[*7dB(0) 0, from (3.15) we get

1 +r (o0 4o + 24
G(z) = f {—-—i—-2
27RAoJ _« e — z

m+41—p—q—21

+ X (4o - Ff.”z")} dg(6).

ne=1

(3.16)

If RAy=0, G*(z)=1IA4,. Hence

m+t1—p—g—e1 -
(3.17) GG@) =ilde+ Y, (A_az™ — A_.3").
Nl
Thus from (3.16) and (3.17), the bounds (3.6) and (3.7) hold. Denote the
values of 8 which give the maximum moduli of W(6) and ¥..(f) by 6, and 0,
respectively. Then the functions W=W(6,) and W= W(f,) give the equality
signs of (3.6) and (3.7) respectively.
From the proof of Theorem 2, we easily prove the following theorems.

THEOREM 21. In the Theorem 2, s;=0 if the hypothesis of the closed zeros is
not given.

THEOREM 2;. In the Theorem 2, s;=0 and m=2p if the hypotheses of the
closed zeros and the distinction of the positive and megative points are not given
and if o, - - -, G2 are the values of 0 at which Rf(z) on Izl =1 changes sign 2p
times.

4. Corollaries of Theorem 1. Directly from Theorem 1 we can obtain the
following corollaries.

COROLLARY 1. Let q be an integer and f(2) of the form (3.1) in a vicinity of
the origin be meromorphic in |z| = 1. Suppose that f(z) is a member of the class

M(p). Denote the zeros and poles of f(z) in 0<|z| <1 by by, by - - -, b, and
dy, ds, - - -, d; respectively, and the number of the closed zeros and poles of f(z)
on |z| =1 by 2s, and 2t, respeciively. Then

(4.1) O0=p+gt+s+si—t—t=2p

(4.2) | an| = 4., n=01---,

(4.3) H-n s | fire) | < H(r)
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where
P = TL (0 + /] 8|1 + 2] be])
(4.4) K:"
-1 (= o/ | dx| )11 —2ldx | ),
K=1
*.5) H(z) = | aol 29(1 4 g)rrortttti—a—etl(] — g)t—p—a—e—a—u—1P (3)

=D Anzt for |z| < min [dy, - - -, di].
n=0
These inequalities of (4.2) and (4.3) are all sharp.

In Corollary 1, the case where f(z) is regular for lzl =1 and p=gq is due
to M. S. Robertson [12]. Moreover, the case where f(z) has no zero and pole
on |z| =1 was proved by the author [7].

Proof. If the number of the positive points is denoted by m, by Theorem 1,
m—p=qg—+s-+s1—t—t. On the other hand, 2p=m =0. Thus (4.1) holds. The
bound (4.3) is obvious. For the function of Theorem 1, we have a majorant
series

z“P(z)Q(z){e"("‘""”ao + ze""do} (e® — 2)~1' << H(z).

Therefore from (3.4), the bound (4.2) holds.

The sharpness of the bounds (4.2) and (4.3) is shown by the existence of
the extremal function. Namely, if in the integrand in (3.11), we assume
oxk=0, K=1,- -, m+424, 6g=—m, K=1, -, 2p—m~+2s;, bx=— | bx|,

K=1,..-, s,dK=[dx| ,K=1,.--,t0=0and ao=e|ao| where € denotes 1
when m is even and 7 when odd, we have an extremal function
(4.6) W = ap2?Q(2)(1 + z)—mt2etl(] — g)—(mt2titD

where bx=—|bx|, K=1, - - -, 5, dg=|dx|, K=1, - - -, t and ao=¢| ao|.

COROLLARY 2. Let q be an integer and f(2) of the form of (3.1) in a vicinity
of the origin be meromorphic in |z| < 1. Suppose that —if(z) is a member of the
class D] (p, m). Denote the zeros and poles in 0 < | zl <1 and the number of the
closed zeros and poles on Iz] =1, of f(2) by the form of Corollary 1 respectively.
Then

0sp+gtst+sai—t—u=2p

(4.8)

| aa| = B, n=01,---,
(4.9) Q=11 = M1 + 1)~ £ | fre?) | = Q)
where

Q@) = (1 —2)"(1 4+ 2)"H(z) = f}B,,zufor |z| <min[|bog|,K=1,---,1.

N==q
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The inequalities of (4.8) and the right hand of (4.9) are sharp.

COROLLARY 3. In Corollary 2, Q(—r) = lf(re“)l S 471 —22)—7Q(r)
and this left-hand inequality is sharp if —1if(z) is @ member of the class Dy’ (p, m)
in places of the class D, (p, m).

The result of a function of the class T(p) by Goodman [3] is strictly
stated concerning meromorphic functions in |2z| 1 as follows:

COROLLARY 4. Let q be an integer and f(2) of the form (3.1) in a vicinity of
the origin be meromorphic in |z| =<1 and the coefficients a,, n=0,1, - - -, be
all real. Suppose that —if(z) is @ member of the class M'(p). Denote the zeros
and poles in 0<|z| <1 and the number of the closed zeros and poles on |z| =1,
of f(2) by the form in Corollary 1 respectively. Define T by T=p—q—s+s
+t+t. Then

(4.10) 22T — 25,20,

and if 2p— T+251+24%0 and we write m= [(T+1)/2],

(4.11) | aa| < 4n, n=0,1,---
where

P(z) = | ao] 38(1 — g)2etrtm=0(1 + 7)™ Py(3)

=EA,.zq+"for |z| <min[|d.'|,i=1,"’,t]~

n=0
This inequality of (4.11) is sharp.

Proof. By (3.2) in Theorem 1, (4.10) is obvious. And by Lemma 7 and
Corollary 1, it is required to prove only the classes D{ (p, m) and D!’ (p, m).
Now let —if(z) be a member of the class D{’(p, m). Then both points e—i*
and €' are negative. If ¢%, 0<[o’| <, is a positive point or a closed pole,
e~% is also a positive point or a closed pole respectively. So that we denote
two positive points or closed poles by ¢ and e~ir, 0 < IU'I <. Then

(1 = (¥ — &) esr — )

(4.12) . .
=1 -=-2)A+ ezt e+ .. )1+ ez + g2+ - - -)

=14 D, 2cos noz" K (1 + z)(1 — 2)"L,

n=1

Thus by applying Theorem 1, (4.11) holds. For a function —if(z) of the class
D/ (p, m) the proof of the bound (4.11) is obvious from Corollary 2. The
sharpness of the bounds (4.11) is proved by the same method as in Corollary
1.
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5. Applications of Theorem 2;. The following lemmas will be useful.

LEmMMA 8. Let |ao, |ai|, - - -, |a,| be any set of non-negative numbers.
Then there is a unique function F(2) such that

(5.1) F(z) = i 85" = {Ao(1 — 2)™1 4 + - - + Apzr(1 — 2)"2 1} (1 + 3)

n=0

where

(5.2) o = (=1)%| ax|, K=0,---,p,

and for this function
P

(5.3) e =2, Alp,K,m)|ex|, n=p+1,p+2---
K=0

where

A(p, K, n) = Zﬁ (n* =)/ + K)i(p — K)i(n* — K?), p2zK=20.

V=0

Conversely if F(z) is of the form (5.1) and if ax, K=0, - - -, p, are given in
(5.2), (5.3) holds.
This lemma is due to Robertson [13].

LEmMA 9. Let |ao|, |ai|, - - -, |ay| be any set of non-negative numbers.
Then there is a unique function

F(z) = i anz® = Ao(z?t' + 27)(1 — 2)~ %1 + i A_g(1 — 2°K)(1 — z)7%z7 K

n=0 K=0
where a""_'(_l)'_xlaxl , K=0, - - -, p, and for such function
P
a..=ZA(p,K,n)|ax|, n=p+1,....
Ke=0

Proof of this lemma is easily obtained by applying Lemma 8.

LEMMA 10. Let |ai|, - - -, |a,| be any set of non-negative numbers. Then
there is a unique function

© r—1
F(2) = Z 8.3 = AgzP(1 — 2)~ %7 4 E A_g(1 — 22E)(1 — 2)~2+1(1 4 z)~1gp K

ne=l K==l
where ax=(—l)P‘x|ax| , K=1, ..., p, and for suck function
P
(5.4) ox = X, D(p, K, n)| ok, K=p+1,---
K=1

where
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(5.5) D(p, K,n) = 2K(n+ p)}/(p + K)!I(p — K)!(n — p — 1)}(n* — K?).

The proof of this lemma is easily obtained by use of the lemma by Good-
man and Robertson [4].

The theorems by Robertson [13] and Goodman and Robertson [4] are
generalized respectively as follows:

THEOREM 3. Let a function
(5.6) fG) = 2

be regular in 0<p =< | zl <1. Suppose that f(z) is a member of the class M(p).
Denote the number of the closed poles of f(2) on |z[ =1 by 2t. Then for every

p+t 1
(5.7) |antda| = X AWD, K, )| ax + d_x| + —4(,0,7)| a0+ do] ,

K=1 2
and this inequality is sharp in all the variables |ax+dx|, K=0, - - -, m+t.
THEOREM 4. Let a function
(5.8) f@) = 20 anz
na=l
be regular in Izl <1 and the coefficients a., n=1, 2, - - - be all real. Suppose

that —if(z) is a member of the class M'(p). Denote the number of the closed poles
on |z| =1 of f(2) by 2t. Then for every n>p+t,

p+t
5.9) Ianl 2 ED(P: K, ”)IGKI’
K=l
and this bound is sharp in all the variables [axl y K=1,---,m+t.

Proof of Theorem 3. G(2) defined by

0

(5.10) G(z) = f(2) — ilas — 2, (a_nz™ — G_n3")

Na=l
is regular in |z| <1. The series of the right-hand side of (5.10) is regular on
|2] =1 and its real part is identically zero. Hence G(z) is a member of the
class M(p) and has 2¢ closed poles on |z| =1. Therefore we need to prove the
case where a_x=0, K=1, 2, - - -, in Theorem 3. For the particular case
p+t=0, Theorem 2; gives '

f@) K | ao| (14 2)(1 — 2)-1.

Thus in this case (5.7) holds. When p+t21, both functions F(z) and E(z)
defined by
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1
(5.11) F(3) = e“"“”z)“—z— (1 — e™12)(1 — e22)f(z) = b_1z7! — b_1z + E(2)

are members of the class M(p —1) with 2¢ closed poles on [zl =1 or amember
of the class M(p) with 2(t—1) closed poles on Izl =1 in accordance as the,
above points e¢*! and e*? belong to the positive points or the closed poles
respectively. Directly from (5.11) we find

P2

56 =% o+ Lo e = (0
n=0

(5.12)

e
+ Z e—i(n+n)l2b"zn+l} (1 — e-inng)=1(1 — g—ivzg)—?
n=p+t

where D _2%47% a,2"=0 when p—+t=1 for convenience. On the other hand,
G121 — (e + )z} (1 — eim1g)=1(1 — givzg)~1

L | appi] { i (n—p—10z+ zp+‘—l} .

n=p+t—1

(5.13)

Thus from (5.12) and (5.13), we find for n=p+t+1, p+t+2, - - -,

laal < | appen| n=p =D+ [apu| = p— 1+ D+ 2 |bx| (0 = K.

K=ptt

Thus by applying Lemma 8 and using the induction introduced by Good-
man and Robertson [4], (5.7) holds.
Applying Theorem 2, we get an extremal function such that

pt+t
5.14) W = {Ao(l +2)(1 —2) 4 E A_x(1 — zm)z-x} (1 — Z)—20+0
K=1
where
aK=(—1)p+t—KIaK|, K=0,---,p4+1
p+t—K {2(? + t)}'
A_ = _1‘ —K—8y K=0,"', t.
x= L (D 26+ — 117" Pt

Hence applying Lemma 9, we get the sharpness of the bound (5.7).

By applying the lemma by Goodman and Robertson [4] and Lemma 10
and using the same method as that of Theorem 3, we obtain the proof of
Theorem 4.

6. Applications of Theorem 2 and 2;. Let

F(z) = i an2" = {Aq(l —_ z)—Zq—l + “ e + Apzp—q(l — z)—?p—l}(l + z)2q+l

n=0

where p=¢=0 and ax=(—1)P+q"K|aK[ , K=0,:--,p—q. And let
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29 p—q
A, g, K, m) = 25 20 A(p, g+ 5,9 — ¢+ 1)2Ct 20Ho k.

tm0 s=K

Then for every n>p+q, an= 2 28 A:i(p, ¢, K, n)]axl. Similarly, let

F(z) = X ana® = {Ag(1 — 2)~2@) -« o o 4 A,g7=9(1 — 5)"20+1 ] (1 4 g)2(@tD

n=0
where p=¢=0 and aK=(—1)P—q—K|aK| , K=0,:--,p—q. And let
2¢+1 p—gq
Do, ¢, Ky m) = 2 20 Ar(p, g+ 5,9+ 1 — )2001Cr 201 Hak
tm0 =K

where

MG, Kym)=@nt+1) T 4o+ Din—0/G+1+ K- K,

2(#K)=0
p= K20

Then for every n>p4-q, an= ) %5 A:(p, ¢, K, n) l axl . Applying Theorem 3,
we easily obtain:

THEOREM 5. In addition to the hypotheses of Theorem 3, denote the number
of the zeros of f(2) in |z| <1bys. Then p=s—t and for every n>p+t,

8

1
(6.1) | an+ d_a| £ X A¥(K,n)| ok + d-x]| +—§A*(O, n) | a0 + do|

K=1
where
+ s+t — s+t
Al(? 5 ’ 4 5 » K, n), p -+ s + t even or zero,
A = +s+i—1 141
s — -
Ag(P ) ? y K, n), p+s-|-todd.
2 2
This bound (6.1) is sharp in all the variables |aK+d_K| , K=0,-:-,s.
Let

F(z) = i anz" = {qu(l —_ z)‘2(1+1) + R + Apzp—q(l — z)-z(ﬂ“'l)}(l -I- z)zp

n=1

where p2¢20 and ax=(—1)*"X|ag|, K=g, - - -, p, and let
2¢ p—q :
Dl(ps 9 K, ”) = Z Z D(?: q + S q +n - t)201C¢ 20H, k.
t=0 s=K

Then for every n>p+q, an= 2 %% Di(p, ¢, K, n)|ax]|.
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THEOREM 6. In addition lo the hypotheses of Theorem 4, denote the number
of the closed zeros on |z| =1 and the number of the zeros in |z| <1, of f(z) by
25, and s respectively. Then p=s—+s1—t for every n>p+s1+t,

(6.2) laa| < E D*(K, n) | ex|

Kl

where

t p— t
Al(p+s+“+ oSt ,K,n), b+ s+ s+ todd,

2 2
D*(K,n) =
ptst+sitt p—s+sitt
Dy > ’ 3 y K,n), p+ s+ s1+ teven.
This inequality (6.2) is sharp in all the variables |ax| ,K=1,-.-,s.

In Theorem 6, s;=0 if the hypothesis of the closed zero is not given.

Proof of Theorem 6. Let f(z) =0. Denote the number of the positive points
by m. Then by Lemma 6, m —p=s-+s1—¢t. When m is odd, (6.2) holds by
Theorem 5. When m is even or zero, —if(2) is a member of the class D/ (p, m)
or D!’ (p, m) by Lemma 7. By applying the following lemma we easily see
the bound (6.2).

LEmMA 11. Let |aol, |ai|, - - -, |ap-| be any set of non-negative numbers.
Then there is a unique function F(2) such that

(6.3) F(z) = i 2" = {A1(1 —2)724 - Appr(1 — z)"""}(l + 2)?

n=0

where for K=0, - - -, p—1,
6.4) ag = (—l)P‘l‘Kl aKI ,
and for this function
p—1
(6.5) a,.=ED1(p,l,K,n)lax|, n=p+1---.
K=0
Conversely if F(z) is of the form (6.3) and if ax, K=0, - - -, p—1, are

given in (6.4), (6.5) holds.

The sharpness of the bound (6.2) is given by applying Theorem 2 and
Lemma 10. .

7. Remark. By virtue of the idea based on the existence of the diametral
line used by N. G. de Bruijin [1], S. Ozaki [10], and S. Ozaki, T. Takatsuka
and T. Umezawa [11], the set of regular functions for |zl =<1 of the class
D! (p,2p) contains the set of the multivalently star-shaped functions of
order p for |z| =<1 with respect to the origin. Therefore in Corollary 2, the
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part with respect to the set S(p) with assigned zeros in |z| <1 is due to Good-
man [2].

The set of functions which satisfies the hypothesis of Theorem 4 implies
the set of functions which satisfies the hypothesis of Theorem 6, and the
bounds (5.9) and (6.2) are sharp respectively. Therefore we find for all s,

sSp+t,

] p+t
(7.1) > D*K,n)|ax| = X D@, K,n)|ax|, n=p+t+1,--..

K=0 K=0

Similarly, we get for all 5, s<p-+t

] pt+t
(7.2) X AMK, w)|ek| = A K,m)|ox|, n=p+i+1,---.
K=0 K=0
The equality signs in (7.1) and (7.2) held when s=p+¢. From Theorem 6
we have immediately the following theorem.

THEOREM 7. Let f(2) given by (5.8) be p-valent starlike with respect to a
point on the real axis, for |z| = 1. Suppose that all the coeflicients of f(z) are all
real. Denote the number of the zero points of f(z) in Izl <1 by s. Then the bound
(6.2) holds where

A;(P—:syg—;—-f; K,n): P+ s odd,
D¥(K, n) = N
s -5
lD1<P2 ,%—, K,n), p + s even.

The p-valent starlike function with respect to a point has been studied
previously by Robertson and others, and from (7.1) this Theorem 7, in some
sense, precises the theorem by Goodman and Robertson in [4, Theorem 3].
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