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1. Introduction. Let q be an odd prime and, unless another modulus is

specifically indicated, let the congruence symbol denote congruences modulo

q. Let {a} = {ai, a2, • • • , am} be a set of m distinct least positive residues

mod q. Such a set {a} will be called symmetrical, if with a also q — a belongs

to {a}. Furthermore, j»={a) shall mean that v runs only through values

congruent (mod q) to some ay (.7=1, 2, • • • , m). Define the function F(x)

= II„=(a) (1— x')_1= ET-o Pn(q)xn. Then pn(q) represents the number of

partitions of the integer n into summands congruent to elements of {a}.

Similarly, let 77(x) = fl*-!.) (l+*'+*2'+ ■ ■ ■ +x1') = E»"=o PM, 0*n; then
pn(q, I) represents the number of partitions of the integer n into summands

congruent to elements of {a}, no summand being repeated more than / times.

In case q = 5 and {a} is either the set of quadratic residues, or that of quadratic

nonresidues, Lehner, using the method of Rademacher [10; 11], obtained

convergent series for pn(5) (see [5]). The first term of these series, being the

dominant one, is asymptotically equal to pn(5). Lehner's result has been

generalized by Livingood [6] for any prime q>3 and {a} =(a, q — a), a^O.

Recently, Petersson (see especially [8] and [9]), using an entirely different

approach, obtained some very interesting results concerning these, and more

general, partition numbers. In particular, he has obtained (see [8]) an ex-

pression for pn(q) and also a very precise asymptotic formula. By further

exploiting his method he obtained [8] among others, the following result: Let

the prime g>5 satisfy q=l (mod 4) and denote by p%(q), pH(q) the number

of partitions of n into quadratic residues and into quadratic nonresidues

(mod q), respectively. Let h be the class number of the real quadratic field

R(q112) and denote by e>l its fundamental unit; denote also by ab(q) the

number of representations of q by five squares, representations differing by

sign, or order of summands being considered as distinct. Then, as n—> oo ,

P%) / x / 3(a - 1) V'2 \

holds with c= 1/240 if q = l (mod 8) and c= 1/560 ii q = 5 (mod 8). Similarly,
if P«(Q> 0. P»(o, I) are defined as above, with the additional restriction that

Presented to the Society, February 23, 1957; received by the editors February 19, 1957.

(l) The author is happy to acknowledge his indebtness to Professor N. Fine for many

stimulating discussions, especially in the early stages of this investigation.
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no summand may occur more than I times, then, for re—>oo,

p+n(q,l) ir /3(q- l)l\1'2
(2) i=TT = 1 + T   TUT )    -lc<**(q)n-112 + CM,

Pn(q, I) 6 \ q(l+ 1) /

c being defined as in (1). (For comparison it should be observed that, while

in general Petersson's notation has been adhered to, here I is used for his l — l.)

2. In both the Rademacher and the Petersson method use is made of the

modular character of the generating functions. Indeed, if {a} is symmetrical

and if we set x = exp (2irir/q), then F(x) and H(x) become modular functions

(or forms) of r; hence, they remain (essentially) invariant if t is replaced by

T(t), provided that T is a transformation belonging to some subgroup Y of

finite index of the modular group V. Whenever applicable, both methods lead

to exact representations for the partition numbers, which are the coefficients

of F and H. In case {a} is not symmetric, F and H (as functions of r) are

no more modular and above methods cannot be applied directly. One may

observe, however (see [5] and [6]; also [8]) what happens already in the case

of modular generating functions when t—>7\t), with TET, but TET. Al-

though the generating function does not stay invariant, it is only transformed

into another function, whose behavior for |x|—>1, resembles closely that of

the original function and can be controlled. One may consider the case of

asymmetric sets {a} as a limiting case, with T reduced to the identity. The

results are not quite as satisfactory as in the case of modular functions and,

instead of exact expressions, one obtains only asymptotic fomulae(2). Some

results for asymmetric [a] were already found(l) by G. Meinardus [7]. His

method presents a certain similarity to that used in §§7-9 of this paper (both

are essentially saddle point methods), but makes no use of the transforma-

tion formulae. He thus obtains the leading term of our (17), in the particular

case m = l, but without the restriction of q to be a prime. He also obtains the

leading term of Petersson's formula (1) and of our formula (19).

In what follows, we proceed in two steps: (a) Using the Hardy-Rade-

macher approach, the transformation formulae are established for F(x) and

H(x) (§§4, 5, 6) by the method of residues; (b) having determined the be-

havior of the generating functions, their coefficients are obtained (§§8, 9),

using a lemma (established in §7) essentially due to Hayman [3]. Finally,

some particular cases are considered (§10) and the corollaries are proven

(§§H, 12).
3. The results may be summarized in the following theorems.

Theorem 1. As x—>1,

(!) See, however [8, p. 27] for Petersson's objection to this use of the term "asymptotic."

(') The author acknowledges his indebtedness to the referee and to Professor P. T. Bate-

man, for calling his attention to this important reference.
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Fix) =   II   (1 " x')~x

= ft e(^) (~q log x)d exp {—— + F(-log x) + 0(log2 x)\ ,
y-i     \q/ V-logX J

H(x) = II (1 - x')-1
y^\a);v^D (mod i+1)

- (/ + l)-d exp {--"— + A7(-log *) + O(log2 x)l ,
{ — logx )

with

1     m   / Q \ 1      m 2

d = — E ( ai - — )> K = —1Z Aj,        Aj = q2 - 6ajq + 6o„
q  y-i \ 2 / 24? y_x

mir2 IA.
A = -,        p = -,

65 l+l

T(x) the gamma-function and E(x) =T(x)(2ir)-112.

Theorem 2. As re—><»

a /qAl'2\d+1 /      d(d+ 2)\

Mq) ■ tUt) exp (" i^)/l(2A1/2x-)(1 + <*■"»■

Pn(q, I) = (1+ l)d(M1/2An)/i(2M1/2v„)(l + O(re-O),

with X„ = (re-A')1/2, vn = (n+Kiyi2, Ix(x) the Bessel function and

m

"> = II E(aj/q).
y-i

Corollary 1 (Petersson). If q = l (mod 4) arerf re—>co, jfcere (1) ared (2)

Corollary 2. If q = 3 (mod 4) arei «—»<», ̂ ere

(3)      ^= 11 h-^py i2w r
/>»(?) a mod,    l       \?/J \7r2?(9-l)/

/ 1/6?    X1'2   h \
•(l + -(—^T)     -n-*'2 + 0(n-i)),
\ ir\q — 1 /       w /

P+n(q, l)
(4) ^4 = (/ + i)*(i + o(ir')).

Here the exponent (a/3) stands for the Legendre symbol, while h is the

class number of the field R((—q)112) and w the number of its roots of unity.
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Finally, we may remark that Corollary 1 shows that (1) holds for g = 5 (not

covered by Petersson's theorem); however this (and much more) follows

already from Lehner's result [S], simply by taking into account two or more

terms of the asymptotic expansion of the Bessel function h(t).

4. Proof of Theorem 1. In order to determine the behaviour of F(x) and

77(x) near x = 1 we shall use a simplified version of the method of Hardy and

Rademacher. The method itself has already been presented several times in

great detail (see [2; 10; 11; 5]); therefore, it will be sufficient only to outline

the procedure.

For a^O define Fa(x) = H^sa (1 —x')_1- Then

00 00

Ga(x) = log Fa(x) = - zZ l°g (1 - x") = zZ E n-lx(Qm+a)n.
v = a n=l m=0

Setting x = e~2vz, (Rs>0, and applying Mellin's theorem, one obtains

00 GO

Ga(%) = 2 £ w~* exP { — 2ttz(</w + a)n\
n=\   m = 0

CO 00 f%

= \IZaIZ (2m)-1 j    Y(s)ds/(2irz)>(qm + a)'n>+1
n—1 m—0 J (a)

1     r     T(s)Us, a/q)t(s + 1)
= —- I      -ds.

2wi J <a) (2x)>2Y

Here $(s, a/q) and f(s + l) are Hurwitz's and Riemann's zeta functions, re-

spectively, and the integrals are taken along a parallel to the imaginary

axis, of abscissa say a = 3/2. Using the functional equation of the Hurwitz

zeta function,

(       its   * 2irav    / v \
$(s,a/q) = 2Y(l - s)(2irq)>-i ̂ sin — zZ cos-f ( 1 - s, — )

I       2  _i q       \ q/

its   « 2irav    / v\\
+ cos — 2-, sin-f I 1 — s, — ) >

2 ,=i g      \ q I)

one obtains

1       r    f ^ cos (2irav/q) / v \
Ga(x)  =  ——\        \ZZ , j!     *-t(l-S,-)tts+l)

iiriq   J (a) V ,-i    cos (ir5/2) \ g /

«    sin (2irav/q) / v\ )
+ E . \ ;_y2-t(i -s,-)us + dU.

_i   sin (irs/2) \ q / )

Changing 5 into — s,
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1      C       f ^   cos (2wav/q)        / v \
Ga(x) = — j       \zZ \     I*' *T(l + s,-)t(l - s)

4mq J (_„> (. ,_i    cos (irs/2) \ q J

«    sin (2TOK/0)       / y\ ")

- E  . , ;* «*r(i + *,-)m-s)\ds.
„=i    sin (7T5/2) \ q / J

We may shift the line of integration back to the abscissa a, by taking into

account the residues of the poles between the two lines of integration. It

follows that Ga(x) = (^iriq)-lfw(Ii(s)+Ii(s))ds-2'wi(Ri+Ri), where

1      9    cos n-n-av/q)        / v \
ii(*) = — E —~Sr zin1 + s' -)ttl ~ *)• /2W

iiriq „=i    cos (ts/2) \ q /

is obtained from —Ii(s), by replacing all cosines by sines, and Rt (i = l, 2)

are the sums of the residues of the It's between the abscissae —3/2 and 3/2.

The integral can be estimated as follows: The functional equation of the

Riemann zeta-function is applied to f (1 — s), and (5) is used to replace

9    c       2irav    /             v\            2wav    / v \ its)
2^-jcos -Hi + 5,-1 - sin-f( 1 + 5,-1 cotg—>

by — ?( — s, a/q)(2irq)1+,/2 sin (ts/2)T(1+s); then the integral becomes

1   r ( o, \ cosec xs/2
- -      (qzyr(s)t(s)rl-s, -) ds

2iJ („) \ q /  T(l + s)

= -T-f   -^-To «*)f ("*. ~V = *«•
2iJ (a) 5sni7r5/2 \ q /

As '/''(z) = 2_1i/(tr)(g3)<_1 cosec (irs/2)^(s)£(— s, a/q)ds is absolutely convergent

for 1 <a<2, it follows that \p(z) is an analytic function of z, vanishing for

z = 0. Moving the line of integration beyond a = 2 and taking into account

the residue at 5 = 2, one obtains

(6) *(«) = ^- cb'i(a/q)z2 + E <W.
6 ,-3

From the analyticity of \p(z) follows the convergence of the second member

for sufficiently small z. Here cjn(t) stands for the fourth Bernoulli polynomial

and all coefficients a, could be determined explicitly, but are not needed

here. The computation of the residues uses mainly (5); most of the details

can be found in [5] and [6]. Ii(s) has simple poles at s— — 1 and 4 = 1 and

an apparently double pole at 5 = 0; let the corresponding residues be Rn,

Ru, F13. For 5 = - 1, EJ-i cos (2iray/2)f(0, v/q) = - 1/2, so that Rn

= — l/2Uqz. For 5 = 0,
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* 2irav    / v\
lim  2^ cos-n 1 + *» —)
s->o  »=i g       \ g /

= - 2g Uj - —\ (log 2irg + y) - log T (—\ + - log 2x1

is regular; hence, s = 0 is actually a simple pole. Dividing previous sum by

4iriq one obtains — 7?i2. For s = 1,

£cos —r-H2, — )= - 2x2g2H-l,-) = 2ir2q2(a2/2q2 - a/2q + 1/12),
»=i        g      \    g / \?/

so that the residue becomes 7?i3=.4z/24gi with A =6a2 — 6aq-\-q2■ I2(s) has

only the (apparently triple) pole at 5 = 0. However,

q

lim  zZ sin (2a-<w/g)f(l + 5, v/g) = xg(l/2 — a/q)
«-*0    i—l

is regular, so that 5=0 is actually a double pole. Its residue is found to be

7?2 = (27ri)_1(l/2—a/g)(log z—y). Here, as in 7?i2, 7 stands for the Euler con-

stant. Combining these results, Ga(x) =—2iri(Rii-\-Rii-r-Ri3+R2)+0(z'1)

= ir/l2qz-irAz/l2q- {(1/2 -a/q)log(2irqz) -logV(a/q)-T-2-llog2ir} -r-0(z2).

Returning now to F0(x) =exp \Ga(x)} and to the variable x, we have

Fa(x) = (2ir)~1T(a/q)(-q log x)^''"1'2' exp { -x2(6g log x)"1

+ A logx/(24g) + 0(log2x)}.

As F(x) = n"-i Fa.(x), it follows that

m     / a \

(7) F(x) = (2ir)-™i2 Ilr ( — ) (- q log x)d exp { - A/log x + K log x + 0(log2 x)}
j-i   \g/

with A, d and K as defined in §3. Observing that

H*(x) = II (1 + * + • • • + *'') = Fa(x)/Fa(xl+1),

it follows from (7) and H(x) = JJjL, 7/0j.(x) that

(8) 77(x) = (/ + l)~d exp { -M/log x - KI log x + 0(log2 *)},

with u = lA/(l + l). For asO, F0(*) =IL=o (1-af)"1- IlT-i (l-*'")-1 and
it is well known (it follows, e.g. from Lemma 4.31 in [2, p. 93]) that for x—>1,

00

II (1 - x")-1 = (-log X/2X)1'2 exp { -x2(6 log x)"1 + (log x)/24 + 0(log2 x)}.
n-l
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Consequently, it follows that (7), hence also (8) holds even if one of the resi-

dues in {a} satisfies a = 0, provided one sets not a = 0, but a = q, whence the

condition of least positive residues. This finishes the proof of Theorem 1.

5. In what follows, it will be necessary to have some information concern-

ing the behavior of F(x) and H(x) in the neighborhood of an arbitrary rational

point on the circle of radius |xl =r<l, i.e. a point of argument 2rh/k. Let

x = reie = exp {(-2irz+2irih)/k\, z=-k(log r + 2irup)/2ir so that <p = 9/2ir

— h/k. Proceding essentially as in §4 (see also [6]) one finds that for q\k.

G.(x)= EJ-i {Jla)Ij(s)ds-2iriRj}. Here

1 * 2irpu 2icph'v    / p \    / v \ its
Ii(s) = -  2,    cos-cos-f I 1 — s, — )f I 1 + s, — )z* sec —,

iirik2 ,tLi k k        \ ' k)   \ k) 2'

1        * 2xp/i        2irph'v   ( p, \   ( v\
h(s) - - ^ ,.£,cos—sin—v ~s' t) r v + s> vz'

ITS

■ cosec — ;
2

h(s) is obtained from il%(s), by changing each trigonometric function into

its co-function and I*(s) is obtained in the same way from ili(s); also, 7?y

stands for the sum of the residues of /y(5) (.7 = 1, 2, 3, 4) inside the strip

( — 3/2, 3/2), while h' and p are defined, respectively, by hh' = — 1 (mod k)

and p=—ha = b (mod q), 0<h', p<k, 0<b<q. One may remark that Ii(s),

h(s), hence also 7?i, 7?4 are even functions of a, while 72, 73, 7?2 and 7?3 are odd

functions. The integrals, estimated as in §4, are 0(z2). For the residues one

obtains

7?i = (Az - B/z)/2Ukq, R2 = id>a(h, k)/ir, R3 = Ca(h, k)z, Rt = - aa(h, k)/2.

Here A is defined as in §3, 75 =g2 — 6g&+662, while

«r« = E (Wvk))((h\/k)),

i    ^ r'(M)
(9)      C" = ~ 7VT2 E ~i~ (6X2 - 6kvX + kV^>

I2irk2 T(u)

<t>a= IZ ((XM)) |((AV*))(log 2irk + y) - log T(u) + — log 2x1

with v = l, u = l/2 — ((Kh/k)), the summations being extended over all values

of X satisfyingX=;a, 1 ̂ \<vk, h\f£0 (mod k) and with ((y)) defined as usual

to be zero for integral y, ((y)) =y— [y] —1/2 otherwise. In case q\k, the

procedure has to be modified slightly, as in [5] and [6] and leads to 7?i

= (Az — z~1)/2iikq, while the other residues remain formally the same, pro-

vided that now one sets v — q in (9), instead of o = l, as previously done. If we

also define B as before, when q\k, 73 = 1 otherwise, all residues become for-
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mally the same and we may omit the case distinction q\ k, vs. q\k. Combining

these results, log F„(x) = — 2irizZ*-i Fy+0(z2), whence

A ir2B log r
log Fa(x) = -log r-1- 2cba - 2irCakcb

24? 6qk2 log2 r + iir2cb2

(/At tt3B \ )
+ i<[-1-)<P + C«Hogr + Tcra}

\\12q      3qk2(log2r + 4-ir2<p2)/ )

+ 0(log2 r + cb log r + cb2)

follows. In particular, setting L = (ir2/6q) E«e[<>) B one obtains, as a conse-

quence of (10),

. , ( L log r
F(x)    = exp \---

(11)        ' I    £2(log2r + 47rV2)

+ K log r + 2$ - 2irCkcb + 0(log2 r + cb log r + cb2) \

where <£= E<>e[") cpa, C= E»e{a) Ca- If k=qs, 5^1, then, for g>3, B=q2

-6bq + 6b2^q2t, L^w2mqt/6, 0<L/k2^tA/s2^At with t = l -6(q-l)/q2<l.

For 2 = 3, 6 = 1, 2, F=-3 and F<0. If q\k, then B = l, L=A, L/k2=A/k2
gA/4, for k>l. Therefore, if k>l, in all cases L/k2^tA; also, K> — wo/48.

Concerning H(x) = F(x)/F(xl+1) it follows from (10) that

I H{x) I  = exP Ln"«L1!V^ ~ *' l0g f + 2($(/i' *} ~ *(Al' W)
U2(log2 r + 4ttV2)

- 2ir(C(h, k)kcb - C(hh ki)ki<j>i)

+ 0(log2 r + (cb + cbi) log r + cb2 + cpl)\

where Xi = xi+1 and hi, ki and cpi are defined with respect to Xi, as h, k and cp

were defined with respect to x.

6. For further use we need the trivial estimates

(13) $ = 0(k log *),        C = 0(k2).

For that, set ((Kh/k)) =y. From the conditions on X and h it follows that

|y| _? 1/2 — 1/fe. One observes that within this range U(y) =y(log 2irk+y)

-log r(l/2 -y) +2-1 log 2tt satisfies -2"1 log k-7/2+0(1) < U(y) <2~l log k

+log log fc + (log 2ir+7/2 -1) +o(l). Hence, <pa = E((XM)) U(y) = 0(k log k).
Similarly, for 1/k^u^l-l/k, from T'(u)/T(u) = -l/u-y+u{(2) -re2f(3)

+ • • • followsthat-/fe-7<r'(M)/r(M)<-7+f(2).Also|6X2-6fei'X+i;2Jfe2|

<v2k2, so that |(r'(re)/r(M))(6X2-6/et;X+^2)| <fe3i»2(l+o(l)) and Ca

— 0(k~2kiv)=0(k2) and (13) follows. One may observe that in the case of

symmetric sets, (13) follows trivially from the previously remarked fact that

F2 and F3 are odd functions of a, so that C = $ = 0 for symmetric sets {a}.

7. In the proof of Theorem 2 we need the following
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Lemma. Let f(x) = En-o anXn be analytic inside the unit circle and define

the functions a(r) = r-d(logf(r))/dr and b(r) =r-da(r)/dr of r=\x\. Denote by

p=pn the unique^) root of a(p)=n and assume that for r0<r<l, functions

b(r)>0 and u(r) exist, with the following properties: As n—><*>, one has, for

some a>0:

(a) f | /(p«*) | dd = 0(n-°f(p)b(p)-U2);
J |8|i«(<>)

(b) j     ' (f(pe«) - f(p) exp ^ida(p) - - 62b(p)} V*»W

= (2x)1/2/(p)*(p)-1'2(M(p) + 0(n-»));

(c) KpYHp) ̂  2a log n.

Then

(14) a. = p-»(2x6(p))-1'2/(p)(l + u(p) + 0(n-°)).

This lemma is essentially Hayman's Theorem 12 in [3]. The sharper esti-

mates of the error terms were needed; hence, generality has been traded for

precision.

Proof of the lemma. Integrating around the circle of radius r<l, by

Cauchy's theorem,

1    r2*    f(reie)
an — - I      -riel,dd;

2wiJa    f+V(»+i>»

consequently,

anr" = — I     f(reie)e-inedd = —      f      f(reie)e~in6dd
2x J 0 2ir\_J\e\>S

+  f     {/(re") - f(r) exp ii6a(r)-62b(r)\\e-""dd

+ f(r) J      exp <id(a(r) - n)-©26(r) Wfll.

For r=p it follows from the definition of p that the last integral becomes

Jt\e-^2de = (2/b(p)yi2f±Ze-*dx = (2/b(p))"V1'2-e) with D = b(p)(b(p)/2)"2
and t = f%e~*ldx<e~Dl/2D. The conclusion now follows by assumptions (a),

(b) and (c) of the lemma and observing that, by (c), 0<e<M_a(8a log n)_1/2

= o(n~a).

8. Proof of Theorem 2. Observing that the term 0(log2 x) in (7) originates

from (6), taking into account the convergence of the series in \p(z) and using

the definitions of the lemma, one obtains for F(x), that a(r) =A/log2 r+d/log r

(') For the uniqueness see [3, p. 67].
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+K + 0(r log r); b(r) = -2A/log3 r-d/log2 r+0(l) and that p=p„, the root

of a(p) =re, satisfies:

/reY'2/ 1 ltd2 \
(log it- - - (j)  (i + - iM- + T(- - k) „-

-T(I^-K)V"+0(""'))•

/A\1'2/        1 1 / d2 \
(15) log P = - (-)    (l - - d(An)-2 + j{-+ *>-'

+ — rfA-J/2(-FJ re-3'2 + 0(re-2)Y

Define 8 = 5(r) = (-log r)3'V(r) with ^(r) = ((-4/A) log (-logr))"2. Then

5(r)26(r) = -8 log (-log r)(l+0(log r)) and, for r=p, using (15), 8(p)2b(p)

= 4 log re(l+o(l))>2 log re; hence, assumption (c) of the lemma holds with

o-l. Next, let D(p, 0) = (F(peu) -F(p) exp {iOa(p) -2'Wb(p) })e~ine. Using

(7), previous values of a(r), b(r) and (15), expanding the exponentials, sim-

plifying, taking into account that |f| ^5(p) and regrouping terms, one ob-

tains D(p, 0) = F,(0)+Fj(0), with

.,w-fM.xp(-iw)(log,p(-;:;+e-+■).

an odd function of 0 and

/     1 \ (-Ad* A206 / 612   \)
rM - w«,(__k,,,)J____ + 0(Wp + _)}.

As Fi(6) is an odd function, ft'sD(p, 9)dd=ft'sFi(e)dd. The integral can be

computed, using repeated integrations by parts and one obtains ft\D(p, 6)d9

= (2ir/b(p)yi2F(p){-(3/16A)(-log p)+0(log2 p)}. Hence, by (15), as-

sumption (b) of the lemma holds for F(x) with u(p) — — (3/16A)(— log p) and

a—I. Concerning assumption (a), one has from (7) that, for 0 = 5(p),

|F(peiS)| =F(p) exp {A52/log p(log2 p+52)+0(log2 p)} and, using (15) and

the definition of 8(r),

| F (p««) |   = F(p) exp j-y S(p)26(p)(l + 52/log2 P)~l + O(log2 P)|

= F(p) exp { - A^2(l - V log P + V log2 p) + 0(log2 p)}

< F(p) exp (- - A^ = F(p)(-log Py*«

= F(p)6(p)-1/2(2A)"2(-logp)2W20(i + ff(i))
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and, by (15),

(16) | F(PeiS) |   < (2A/6(p))1/2/(p)(A/n)21'2(>.

We now consider the circle of radius r=p, divided by a Farey dissection of

order N= [n"8]+l. If \d\^5(p), from 5(p) =21'2A1'4n-3'4(Iog n)l/2(l+o(l))

and l/(iV-r-l) = n~3/8(l+o(l)) follows that 0 may belong to any one of the

three intervals (5(p), 2x/(/V+l)), (2ir/(N+l), 2irN/(N+l)), (2x7^/(^+1),

2x —5(p)). The first and last interval belong to the Farey arc centered at

x—p. In that case, by (7),

C            A02                           /          id \
F(Pe<») = F(p) exp I-      , + d log (1 +-)

Uog p(iog2 p + e2) \     log p/

+ o(iog2 p + e ogp + e2)\.

Using (16), it follows for \0\ >o(p), that

, , (A log2 p(62 - S2)
F(peii)/F(peiS)     = exp \-—-

H   llogp (log2p-r-02)(log2p + 52)

id )
+ dlog   1 +-  + 0(log2 p + 02U .

logp ;

We distinguish between the two cases:

(i) 5 < | f? |   < — log p,    and    (ii)  —log p < | f? j   < 2x/(2V + 1).

, , (   -A(-logp)(d2 - 82) )

hence, \ F(pei>)/F(peiS)\ =0(1), because of \d\ >S(p).

(ii) | 6 |   > - log p implies B2 - o2 > log2 p + log3 p.

V(P) = log2 p(l + o(l)) and

F(peu) ( A log3 p d "I

F(Pe«)    K CXP   l(log2p + <?2)(log2p + b2) ~ Tl0g (_l0gp) + °(1)/

fAlogp/ S2   \       d )
<exp^(1-i^)-T,08(-,08') + 0<14

(-A   (-log p) )
< exp |—      4J       «3'4(1 + o(l))j

/_A3/2 -J

= exp j—_Mi/«(i + 0(i))J_>o.

Hence, if 0 belongs to the first, or third interval, F(pei>) = O(n-2ll20F(p)b(p)-112)
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follows from (16). If 0 belongs to the second interval, it is on a Farey

arc corresponding to h/k, Kkt%N, (h,k) = l, l/N^h/k^(N-l)/N and

4> = 9/2ir-h/k satisfies (see 2.7 in [10]) \kcb\ <1/N. By the remarks follow-

ing (11), |F(pe<8)| <exp {-A/(log p)-1(l+o(l))+2*-2C7r/e^+0(log p)}.

Using (13), \kcp\ <1/Arand(15),|2*-2C^| =0(klogk+k2/N) =0(k\ogk)
= 0(nz's+i)=0{(-log p)-3/4-2') for any rj>0. It now follows that for 0

on the second interval, | F(peie) | ^ exp {-At( — log p)_1(l + "(1))}

= exp {/(Are)1'2(l +o(l))|, while, by (7) and (15), re~16(p)-1'2F(p)

= »-» exp {(Are)1'2(l+o(l))}(2A)-1'2(A/re)3/4. Consequently, for any |0|

^8(p), \F(peiS)\ =0(n-1b(p)-ll2F(p)), whence it follows that condition (a) of

the lemma is satisfied by F(x) with a = l. We now apply (14) to F(x)

= zZn=oPn(q)xn and obtain, as «—><», that pn(q)=p~"(2irb(p))-ll2F(p)

•(1 —(3/16A)(—log p)+0(log2 p)). Replacing F(p) and 6(p) by their values

and using (15), one obtains

m     / a\ /A\W2+3/4)
pn(q) = (27r)-1'2(m+1)(2A)-1/V- ilr(— )■( — J e2(An)V2

(17) 2    j=1       q

(l - ((-J  + KA-j (Are)-1'2 + 0(re"1)).

As in §3, let X„ = (re-A')1/2, E(x) = (2t)-1'2T(x), co= II?=i E(aj/q) and set

X=A1/2. Then, if Ji(x) stands for the Bessel function, (17) can also be written

as

u (    d(d + 2)1
(17')      Pn(q) = - (q\/K)d+1 exp \-L—-iU(2XX„)(l + 0(re">))

o I        4XX„    )

and this proves the first assertion of Theorem 2.

9. For H(x) one proceeds in essentially the same way. With p = lA/(l+l),

by (8) and (6), a(r) =p(log r)~2 — F7+0(log r). The solution p=pn of a(p) =«

satisfies here

(log p)-1 = - p-U'nwfl -I-Kin-1 + 0(n-3'2)\

(15')

log p = - p^w-^fl-Kin'1 + 0(n-z'2)\

Finally, b(r) =2p(-log r)"3 + 0(l). Setting 8 = 8(r) = (-log r)"2xW With
x(r) = ( — (4/p.) log ( — log r))1'2, one verifies that H(x) satisfies the assump-

tions (b) and (c) of the lemma, with a= 1 and u(p) = — 3( — log p)/16p.. From

(12) and (13) also follows that assumption (a) is satisfied with a = l. We

may now apply (14) to H(x) = zZn-o Pn(q, l)xn and obtain that
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Pn(q, I) - p-"(2x6(p))-1/277(p) (l - — (-log P) + 0(log2 p)),

or, replacing H(p) and b(p) by their values and using (15'),

1
Pn(q, I) = — *-1/2(* + 1)-V/4«-3/4

(18)

•exp (2(p.n)1'2) (l + (Kip-Jp.-1/2n-1/2 + 0(n~1)\.

Setting vn = (n-\-Kl)112 and v=p}12, (18) can also be written as

(18') pn(q, 1) = (1+ l)~d — /i(2wn)(l + 0(n-^)).
Vn

This finishes the proof of Theorem 2.

10. A few particular cases are of interest.

(a) If {a} = {1, 2, • • • , q] is the complete set of least positive residues

(mod q) one obtains the unrestricted partitions pn. In this case m=q, K

= 1/24, d = l/2, <0={2xIIa=i2 sin (ira/q) }"1'2 = (2ivq)-^2, Xn= (n-1/24)"2,
X = x/61/2 and (17') becomes

,   , ,_    -1/2. ,       2,-3/4
*.(?)   =   ̂ n  =   (2X )(6An)

/ -5(61'2)\
•exp (—-^)/1(x(2/3)i/2A„)(l + 0(n-^)).

\   16xA„   /

This is indeed in agreement with the result of Rademacher ((7.3)) in [10] and

both expressions can be written in the form

1 m    w /        /6(2)1'2 x   \ 31'2 \

4(3)»'*» \       \    x 6-21'2/   12 V     V

However, if Rademacher's formula is written in the form of (17"), the error

term is 0(e_*(n)I/2) with constant <r>0.

(b) If d=0, (17') becomes

(17'") pn(q) = ^ Ji(2XX»)(l + 0(n~i)).
An .

In particular, d = 0, holds if {a} is symmetrical; in this case, (17'") is easily

identified with Petersson's formula (10.8) in [8], except for the order of its

error term.

(c) Setting d = 0 in (18') one obtains pn(q, l) = (v/vn)Ii(2vvn)(l-\-0(n-1)),

again a particular case of (10.8) in [8].

In general, one observes that the error terms 0(n_1) in (17') and (18') are
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actually of order 0(e_,r(")12), o>0, as well in the case of symmetric sets {a},

when d = 0, as also in case {a} = {1, 2, • • • , q\, when d=l/2. Hence, one

may state as a plausible

Conjecture. The error terms in (170 and (180 are actually of order

0(e~"Mm), wither>0.

11. Proof of Corollary 1. In case q=l (mod 4) the sets of quadratic resi-

dues and of quadratic nonresidues are both symmetrical. Furthermore,

m = (q-l)/2, d = 0,A = ir2(q-l)/12q,

K = K+ = (1/24?)    E    (q2 ~ 6aq + 6a2) = - q(q - l)/24 + (l/4g)    E   <*2
(a/a)=+l (o/«)=+l

in the case of quadratic residues and, similarly, K — K~= — q(q —1)/24

+ (l/4g) E(<-/8)=-i fl2 m the case of nonresidues. From (17") now follows:

Pn(q)= 2-<9+0 /«(1-)     \    FI     sin— \       re-3'"
\   3g   /      l(o/«)-±i g 1

(' - i(^~)"*(x± - i^ij)"-'"+ 0("-')>

where either + or — has to be taken throughout both members. Taking

the ratio, one observes (see [4]) that { H<,moda (sin a/q)ial(l)}-ll2 = th, so that

*£_*(,_ * (i<I^i>YV - *->»- + o(»-)Y .
/>„"(<?) V 6 \      q      / J

However, K+ — K~= (l/4g) Eomod8 («/g)a2. This sum is well known (see [ll,

vol. 2, pp. 677-678] and [l]) and equals 4cga5(g)- This finishes the proof of

(1). Similarly, from (18), with the same values of the constants, for re—»°°,

± /    / g - 1\1/4 iir /    I 3(g-l)Y'2      \

/        tt /3(g - 1)       /    \»'V 9    / + 1      g    \ \
(1 + — (—- -)   (FM-— )n-1'2 + O^-1)).
\        6 V       g 1 + 1/   \ Air2      I      q-l) 7

Taking ratios,

p%, I) x/3(--l)        I     \112
i^ILl = 1 + _(_^-i -)    ./(A-+- A-^re-1'2 + O(re-0
#;(?,*) 6V     g      1 + 1/     "

and, replacing K+ — K~ by its value ca5(g), one obtains (2), thus finishing the

proof of Corollary 1.
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12. Proof of Corollary 2. If g = 3 (mod 4), q>3 and {a} stands for the
set of quadratic residues, or nonresidues, respectively, m = (q —1)/2 and

d± = l/gE(«/a)=±i a~ (<Z —1)/4. where the signs + or — have to be taken the

same in both members and refer to quadratic residues, or nonresidues, re-

spectively. (17) yields

p%) ^_ /?a\«*-*-™ n (T/±\yaiQ)

P~n~(<i) \   M   / amodqX      \q /)

(1 ~ ((^~i~) " (^r) + HK+" *_))(Am)~1/2 + °(w-1))-

One has now (see [4]) for g>3, that d+ — d~ = (\/q) ^amod« (a/q)a= — h

= — 2h/w where h is the class number of the quadratic field 7?((— g)1/2),

and w = 2 is the number of its roots of unity. Also,

Ki = (l/24g) Ew9)=±i(22-6ag + 6a2) =g(g-l)/48

and

*$.. n H-f"
,.    . Pnil) a mod,     I      \ q I)

/       12n      y/»/ 1 /     6g     V'***-1" _! \

\x2g(g-l)/    \~7V(g- 1)/       w     + °(W 'v'

In exactly the same way, using (18) instead of (17), one obtains

^4 " (' + D-,,++,'"(l + 0(»-1)) - Q + D*(l + ^(n-1)).

In case g = 3, (7) and (8) still hold, although the proof has to be changed in

some details; also the lemma remains applicable. Hence, one obtains as before

(17) and (18). Now, however, d+= 1/3-1/2 = -1/6, d~ = 2/3 -1/2 = 1/6, so
that d+ — d~=—1/3. As the number w of roots of unity in R(( — 3)1/2) is

w = 6 and h = l, this finishes the proof of Corollary 2.
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