ON POSITIVE-DEFINITE INTEGRAL KERNELS AND
A RELATED QUADRATIC FORM

BY
J. CHOVER AND ]. FELDMAN

1. Introduction and preliminaries. Let p be a continuous complex func-
tion of two real variables on the interval J = [a, b]. Let C be the Banach space
of continuous complex functions on [a, b] with the norm

Iflle = Lub. |11 ],
asStsh

and B the dual space of C. B can be interpreted as the space of all complex
Radon measures on [a, b], where the measure u acts on the function f to
give [f(t)du(f) (all integrals are taken on [a, b] unless otherwise stated), and
the dual norm on B can be interpreted as |||u||| =total variation of u. A con-
tinuous operator R from B to C is defined by Ru(f) = fp(t, s)du(s). We shall
assume that p is positive-definite, in the sense that [[o(s, £)du(s)da(t) >0 for all
nonzero u in B.

Let H be L;[a, b] and let S be the restriction of R to those measures of
the form dm =h(s)ds, h&H. The function p may also be interpreted as the
covariance function of a Gaussian process defined with respect to: the proba-
bility space Q of all complex functions on J, the Borel field generated by finite
dimensional cylinder sets, and a measure P induced by p upon the latter. If
p satisfies certain mild differentiability conditions (Loeve, [4]; Doob, [2]),
the outer measure P* of C in @ is unity, and both the measure and the sto-
chastic process may be considered as defined on C. Thus the functions of C
may be considered as elements of a probability space. Statistical estimation
theory has been applied to them (Grenander, [3]; Slepian, [5]). If one takes
the values of such a function f(¢) at a finite sequence o of points #f <tz < - - -
<ty in J, and forms the expression

n(o) n(e) n(o)

p () = DB = X X et a(NaLf),

=1 =1 k=l
where the a] are defined by

n(os)

J) = 20 o, 5)as(f),

=1
(existence and uniqueness being a consequence of the positive-definiteness of
p), then one has an essential component of an n(s)-dimensional approxima-
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tion to the “maximum-likelihood ratio” which one might wish to consider
in estimating some parameter of the process.

Now from other considerations (Grenander, [3, pp. 221-222]) one can
show that the set of functions f for which the u’(f) remain bounded as ¢ is re-
fined, is of P-measure zero. It is, however, of interest to characterize thesec
functions analytically. We shall see that they are precisely the range of
S12 (Theorem 1).

We also shall investigate the range of R, that is, the collection of those
fin C for which the equation Ru=f has a solution in B. Now, a simple neces-
sary and sufficient condition that f be in the range of S is that

Z:Ifl

n
2
n=1 xn

< o,

where the A, are the eigenvalues of S (with proper multiplicity), i.e., Napn(£)
= [p(t, s)pa(s)ds for some ¢, in H, and the f, are the Fourier coefficients
f»=Jf(s)@a(s)ds with respect to a complete orthonormal set of eigenfunctions
of S. (The special role played by Lebesgue measure on J could be played
equally well by any Radon measure whose support is the entire interval J;
but if this measure is nonatomic, then a homeomorphism of J will transform
us back to the case of Lebesgue measure again.)

Of course, there is a necessary and sufficient condition for f to be in the
range of R, due to Hahn and Banach [1]: that there exist an M >0 such that

n

2 o, tk)nk{

k=1

i St me

kw1

< M max
eJ

’

where the integer # and the complex numbers 71, 72, - - -, 7. are arbitrary.

For many purposes, however, such criteria as the above are difficult to
apply. In what follows, we approach the question otherwise: by examining
the operators S'2 and RY/2.

More notation: we shall write || || for the mean-square norm in H. It is
well known that S is a completely continuous, positive-definite operator on
H. We note also that each eigenfunction is continuous, as is clear from the
equation

)\nd’n(l) = fp(t, S)d’n(s)ds;

and Mercer’s theorem tells us that D, N.$.(s)&.(f) converges uniformly to
p(s, ¢) (all sums are to run from 1 to « unless otherwise indicated). The
eigenfunctions are complete in H. Furthermore, their linear combinations
are uniformly dense in C. For suppose this were not the case; then, by the
Hahn-Banach theorem there would be some nonzero u in B with [¢.(¢)du(t)
=0 for all #». But then
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f f o(s, Hdu(s)da(t) = f f D Mt (8)Ea(8) du(s)da(2)
=mefmw@m@®mw

2=0,

=3 A

[ onauts

contradicting the positive-definiteness assumption.

2. Convergence of approximating quadratic forms. We define x(¢), for
a £t =), as the element Z,, &) A) Y2, in H (x(2) is, for each ¢, a function
on [a, b]); a legitimate definition, since Z,. |$,.(t)()\,,)”2‘ ? is finite, and, in
fact, is just p(¢, t). Then clearly (x(s), x(t)) =p(¢, s). Furthermore, the x(f)
span H; for x(t)$.(f) is a continuous function from [a, b] to H, and if we
take its Bochner integral, we get

f x(t)pa(t)dt = f 2= ) 28m()Gmn(t)dt

= Z (Am)1/2¢mf$m(t)¢,,(t)dt = (\)%.

We consider the u?(f) of §1:
n (o) n(o) n(s)

W) = 2R = X 2 el Wafaip.
i=1 jel kel
Then p°(f) is clearly =0; let u(f) be the Lu.b. (possibly infinite) of all u°(f).
Kr is defined as the subspace of H spanned by x(¢]), - - -, x(tnw), and
x°(f) is defined as D 22 a(f)x(£). Notice that u*(f) is precisely ||x7(f)||2

LEMMA 1. If 0 <K<7, then the projection of x™(f) on K is x°(f).

Proof. We need only show that x7(f) —x°(f) is orthogonal to K°. Now since
o<, there is for each j from 1 to n(c) some k(j) between 1 and n(r) with
1] =typ. Then

n(r) n(o)

deﬁﬁw-gamﬁé

&' (f) — & (f), x(£))

k=1

n(f) T T T, ”(’) g (4 LA
= > a(Nolteiiy, ) — 2 aif)p(t, 1)

k=1 l=1

=f(tey) — 1) = 0.
For g in H,
Sti2g(t) = E (An)%(g, dn)dn(D).
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LEMMA 2. For any g in H, the expansion for SY%g in terms of the ¢, is uni-
formly convergent, and SY?* is a continuous map: H—C.

Proof.
fZ Ot 806,05 ( § l .01 )( ?l (6 001,

by the Schwartz inequality.

> Al #a®) |2 < 004, 9),

n=ng

so the product goes to zero as n increases, uniformly with respect to ¢. Further,

2
Z ()‘n)l,z(g; $n)dn(t) | = Z )‘nl én(?) lz Z I (g, ¢n)2|
= p(¢, t)”g”2 — 0 uniformly in ¢ as ||g|| — 0.

THEOREM 1. If 0 K1, then p°(f) S (f). Furthermore u(f) is finite if and only
if f=SY%g for some g& H; and in this event, u(f) =||g||2.

Proof. The first statement follows from Lemma 1, since ¢<r implies
K? <K, so that p(f) = |lx* (|2 =]|= (]| 2= ().

Next suppose f=SY%g for some g in H. Then (f, ¢.) = (\.)Y2%(g, ¢.). Let
Yn=(g, ¢a). Then (g, x(#)) =(En Y Py Zn Ga(t) (Nu) ) = Zn (f) a)u(?).
The map t—x(t) is continuous from [a, b] to H; therefore (g, x(t)) is con-
tinuous in ¢. But the equality just derived shows that it equals f(¢) almost
everywhere; therefore, since f is continuous, (g, x(t)) =f(¢) for all ¢ in [a, b].
Then, denoting by P, the projection operator from H onto K°, we get
(Pog, x()))=(g, x(&))=f(t)) =(x(f), x(4)), so that P,g=x°(f), and u(f)
=]z (N]|2=]|Pogl|2=]|g]|% In fact, p(f)=ﬂg”2, because U, K is dense in H,
so that, as o gets finer and finer, P, converges strongly to the identity oper-
ator in H, and therefore || Px||2—||x| 2.

On the other hand, suppose u(f) is finite. Then ”x"(f)”2 is bounded, so
that, by the weak compactness of a sphere in Hilbert space, there is some g
in H and some cofinal sequence {cra} such that x°a(f) converges weakly to g.
Then, for any y in K°, we have

(Pogy ¥) = (8,9) = liam (x%a(f), ¥)
= lim (P,a«(f), ¥) = lim (2°(f), y) = (2°(f), ¥), so that P,g = ().

Now denote by 7 the closest point of ¢ to t. Then

| (=), 2@) = fO ] = | @ (), 2()) = f() |
+ ||x=)lll2@) — @) + | f) = f@ ]
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f(t7a)>f(t) as e increases, and similarly x(t)—x(t). ||x°(f)|| is bounded by
(MY And (x°(f), x(t*)) is precisely f(¢°). Therefore (g, x(t)) =f(t). But
write g in the form Y ., Ya$a. Then

(& 2(9) = ( Z YnPn, i $M(t)()‘m)”2¢ﬂ;> = Z Ya(Aa)2a(2).

m=1

Thus, we have f=S"%g. Alternately phrased, u(f) < « if and only if

Z '———"—l (f,)‘¢n) |2 < o,

REMARK 1. Considering f now as an element of a probability space C, we
may interpret ¥a(f) =N "*(f, ¢n) =N\;"*fn as random variables, which are
easily seen to be Gaussian. Furthermore,

~1/2 —1/2 < Lz -1y -
A Am j;fnfmdp(f) =X Am f,ds j;dt@.(s)&;,,.(t) fcf(s)f(t)dP(/')

—1/2_—1/2

A Am j; ds j; dtp(t, 5)pn(5)m(t) = dmn.

Thus the ¥.(f) are uncorrelated, and, since Gaussian, therefore independent.
They all have variance equal to unity. By the standard convergence theorems
it is then easy to conclude the fact mentioned in §1, namely, that the set of
f for which Z,. |¢/,.(f)| ?< o is a set of zero probability.

REMARK 2. We are also in a position to say something about the depend-
ence of u(f) upon the interval J. In fact, let J’ be any subinterval of J with
nonempty interior; define eigenvalues and eigenfunctions

A () = f o, )9 (5)ds, =
Jl

and let uy (f) be defined by restricting ¢ to J'. Then we have
THEOREM 2. uy (f) Su(f); so that if u(f) < « then also p; (f) < < and hence

5 |(f,:s:.')’|’ <o

’

where
(fien) = | [ (Dat.
Jl
Proof. The first statement follows from Lemma 1; the second, by con-

sidering the arguments for Theorem 1 rephrased in terms of Ly(J').
REMARK 3. If K, is the closed linear manifold in H spanned by the x(s),
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a<s=t=b, and if m, is the projection onto K, then ug 4(f) =||m.g|?, where

f=S!%g, g€ H. The 7, form a resolution of the identity operator on H, and
Hm(g)” is a left-continuous (and, of course, monotonic nondecreasing) func-
tion of ¢. That it is continuous on the left for each ¢ in J follows from the
continuity of p: firstly, for s=s,, ”7r.x(so)” is constant; and as s T so, [Imx(so)H
1 |l (s0)]|, since

| P(SO: s) I = I (x(So), x(s)) I l (W.x(so), x(s)) l
< lma(solll=6l = [lasllll=(s)l

and the extreme members of the above chain both approach [|x(so)||? as
s T so. Let now g be any element in H. Given €>0, one can find a finite linear
combination Y %ax(s;) with a<s;<so such that II D rax(ss) —mog” <e/2.
If one then picks & so small that ||7r,x(s.-) —m,x(s3)]| <[ 2| as| t]e/2 for
|s—so| <6 and for each ¢1=1, 2, - - -, n; one can insure that | (s —Mag) Tsog
=||mg—m.gl| <e, and thus show the left-continuity of ||m.g|| at so.

REMARK 4. If p’ is another kernel satisfying the same assumptions as p,
S’ the corresponding operator on H, and u’?(f) the corresponding approximat-
ing sums, and if it happens that .S’ = ¢S for some constant ¢ >0, then bounded-
ness of the u’(f) for any particular f implies boundedness of the p’?(f). For
example, let

p(s, 8) = f et—dF(N)
and
o'(s, t) = f e=DgF'(N), dF' Z cdF.

The truth of the remark follows from the next lemma.

LeEMMA 3. Let A, B be bounded operators on H, ¢ a positive constant, and
A=cBZ0. Then the range of A''? contains that of BY2

Proof. Define T, from the range of AY2 to that of BY? by T(A4'%)
= B2, Since ¢?|| BV/2x||2<||41/2x]|?, this definition makes sense, and, in fact,
T, is bounded by ¢~*. T, can therefore be extended to a bounded operator T’
on all of H. Now, TAY2=B2 so AY*T*=B"2 and the range of AY2 clearly
contains that of B2

3. The operator R!/2, One can define a square root for R, as follows: given
pin B, let v, =(\n)Y2[$a(s)du(s). Then

Z Il = S [ [ 806.0u)in® = [ [ o, autsrin,

and we define RY?y to be the element Z,. Yntn in H. So RY? is a linear map
from B to H. Let B, denote the unit sphere of B.
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LEMMA 4. R is continuous from B, in the weak topology to C in the norm
topology (and hence also from B in the norm topology to C in the norm topology).

Proof. If u, is weakly convergent to u, and pe, u&E By, then yo —uE2By and
ta—u converges weakly to zero. So it will suffice to consider the case where
Mo E By and p, converges weakly to zero.

[ #6500, 0| 5 2 Mol

n=1

[ 5.08.0|

i >\n¢n(s) 67&(0 d#“(l)

n=ng+1

+
By choosing », large, we can make

3 Mtn8.0)

n=ngtl

< ¢/2,

so that

< 35 aoalle f Fu()du,(0) + ¢/2 ||| -

n=1

[ #6503,

Then, for sufficiently large o, we have

70
2 N[l

n=1

so that | fp(s, t)du,(t)| <e for such a.

[ anu)dﬂa(t)i <2,

THEOREM 3. RY? is continuous from By in the weak topology to H in the
norm topology (and hence also from B in the norm topology to H in the norm
topology). The equality

O Rim) = [ $1%8(6)das)
holds for all hEH and wuEB. If d, is of the form gds with g in H, then S'%
=Ry, And finally, SY?RY?=RV:RY2=R.

Proof. As in proving Lemma 4, it suffices in the continuity proof to show
that if u. converges weakly to 0 while |||ud|| remains bounded by 1, then
RY?%y, converges in norm to zero. Now,

1R = 3 f Fa(5)du (5)
no 2 )
= A d Andn (Dd di(t),
p> f S ()| + f f PIREACINCIROTD
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and, proceeding as in Lemma 4, we get this small by first choosing 7, large
and then choosing « large.

The equality (k, RY2u) = [S"2h(s)da(s) can be seen as follows: in Lemma 2
it was pointed out that D, (\.)V%(k, ¢,)da(t) converges uniformly. Then
J2n )2 (h, $2)n(5)dR(s) = D on Yn(h, Pn), where RVZu= 3 y,¢,; this is the
desired result.

If du=gdt, then (SY%g, ¢.)=N\)Y2[$.(s)g(s)ds, but also (RY%u, ¢,)
= (\a)V2[3.(s)du(s), so that S/2g= RV,

To see that SY?RYU?=R: first, observe that SY2RY%|H=SU2S12|H=S
=R[ H. Now, by Lemma 2 and the first part of this theorem, SY2RV? is con-
tinuous from By in the weak topology to C in the norm topology. Lemma 4
asserts the same for R. Finally, HNB, is weakly dense in B,, since in par-
ticular the finite linear combinations of characteristic functions of Borel
sets are so. Therefore SY2RY2 and R agree on B,, and hence on all of B.

[COROLLARY. If f=SY%, g€H, and also f=Rp, pEB, then [f(s)da(s)
=|lgll=

THEOREM 4. The range of R is a proper subset of the range of SV2,

Proof. That it is a subset is clear from the equality SY2RY2=R. To see
that it is a proper subset: the image under RY? of B, is a compact subset of H,
since B, is weakly compact. Now, the range of R is the image under S"2 of
the range of RY2, Since S"? has no nullspace, its range would thus equal that
of R only if the range of RY? were all of H. But RY%(B,) is compact in H,
hence nowhere dense. Then U,.; (Ro)V?(nB,) is a first category set in H, and
certainly not all of H.
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