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7. Atkin and Swinnerton-Dyer [7] have given a complete account of

Dyson's rank functions for the cases g = 5 and 2 = 7. We shall adopt through-

out the notation of [7] together with some of our own, and require to refer so

constantly to [7] that we have decided to regard this paper as a sequel,

numbering the sections, theorems, and equations, consecutively. Thus any

reference in this paper to §§1 to 6, Theorems 1 to 5, and Lemmas 1 to 8, is to

the result so'numbered in [7].

Our main object in this paper is to carry out the corresponding investiga-

tion for q = 11, in particular to obtain the values of the rbc(d) for q = 11. These

values are considerably more complicated than those for q = 5 and q = 7. Their

interest lies largely in the methods by which they were obtained; as in [7]

the complete set of values had to be obtained empirically before the proof

of the correctness of any one was possible. We shall describe these methods

in §9. §8 contains some preliminary results for the functions P(a) with 2 = 11,

and in §10 we state and prove the main results in Theorem 6. §11 contains

the evaluation of zZm-o ynp(lln-\-6) in a form similar to Ramanujan's results

for g = 5 and q — 1, although less elegant. In the table of notation and list of

references at the end we only give the notation and references introduced in

this paper and not that of [7]. We observe finally that some letters occur

twice in the text in different senses, but the contexts are so different as to

give no danger of confusion.

8. It is not practicable to use the P(a) themselves directly for 2 = 11;

instead we introduce certain rational functions of the P(a) which we regard

as fundamental, and develop the relations between the P(a) for 2 = 11 sys-

tematically in terms of these new functions. In fact we write

r = - y2P(l)/P(3)P(5),       u = yP(3)/P(2)P(4),

(8.1) s = - yP(2)/P(l)P(5), v = yP(5)/P(3)P(4).

t = P(4)/P(1)P(2),

By (4.6) to (4.10) and Lemma 8 we have

t - s = su/r = P2(3)/P2(l)P(A) = [2g(l) - g(2) + l]/P2(0),

u-t = tv/s = - P2(5)/P2(2)P(3) = [-2g(2) + g(4) - l]/P2(0),

(8.2) v - u - ur/t = - ;y'P2(l)/P2(4)P(5) = [2g(4) + g(3)]/P2(0),

r - v = vs/u = - yP2(2)/P\3)P(l) = [2g(3) + g(5)]/P2(0),

s - r = rt/v = - yP2(4)/P2(5)P(2) = [2g(5) + g(l)]/P2(0).
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From (8.2) we obtain

3g(2) + g(5) + 1 = (-r + s + t - 2u + v)P2(0),

g(l) - g(2) - 2g(5) + 1 = (r - 2s + t)P2(0),

(8.3) -2g(l) - g(3) + g(5) -2=(-r+2s-2l + u)P2(0),

g(l) + 2g(3) + g(4) + 1 = (r - s + t - u)P2(0),

-g(3) - 2g(4) = (u - v)P2(0).

It is easily seen that only three of the relations between r, s, t, u, and v,

in (8.2) are independent. It is also clear that any equation involving r, s, t, u,

and v, derived from (8.2), remains valid if these quantities are permuted

cyclically. Accordingly we exhibit only one equation for each symmetrical set

of five equations in (8.4) and (8.5) below, which are immediate deductions

from (8.2), and will be required in §§9 and 10 respectively for the systematic

simplification of expressions involving r, s, t, u, and v.

rs/t = r — s — v,

rt/s = r + u,

rt/v = s — r,

(8.4) rs/u = - s + rt/u,

rv/u = r — v — rt/u,

rtv/su = r — rt/u,

stv/u2 = — r — I + rt/u.

r2s — — r2v — rsu — uvs + vrt,

(8.5) r2l = — r2v — uvs + vrt,

r2u = — tur + vrt,

rst = rsu — vrt.

We have also the single equations

(8.6) rs + st + tu + uv + vr = 0,

(8-7) g(l) - g(2) + g(3) + g(4) + g(5) = 0,

and the congruence

(8.8) 4r - 2s + t + 5« + 3v =. 1/P2(0) (mod 11).

This completes the preliminary work for §§9 and 10, but it is convenient

to obtain here some further results required in §11. We write

(8.9) « = r/s, B = s/t, 7 = t/u, S = u/v, e = v/r,

and
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(8.10) X = ay + B8 + ye + 8a + tB,    p = a2y + B28 + y2e + 82a + e28.

The relations of (8.2) become

a + 8 + By = 0, 1/a = 1 - B - e = 1 + yS,

together with all the equations obtainable by permuting these cyclically, and

we have

aBySe = 1.

We shall use  E to denote a sum obtained by permuting the typical term

cyclically.

Now from a + 8+8y=0 and l=a — a8 — ea we obtain respectively 2Ea

+ zZa& — 0 and zZa ~ 2 zZa& = 5. whence

E a - 1,       E «P = - 2.

Next E«/375=EVe=E(1-«-o)=3.
Finally E(«07 + or,8) = E(~ «2 - <*& + 1 - a) = - (E«)2 + 2 JZ°&

+ 2 y^ory— y^«/3+5— y^a=X— 1. Collecting the above results it appears

that a, 8, y, 5, and e, are the roots of the quintic equation

(8.11) zB - z4 - 2z3 + z2 + 3z - 1 + X(z3 - z2) = 0.

There are four independent relations between a, 8, y, 5, and e. We can

express any three rationally in terms of the other two, which are themselves

connected by a relation typified by one of

ay(a + y) - (a + y) + 1 = 0,
(8.12)

(a/3)2 - a8(a + p) + 2a/3 - (a + /3) = 0.

We now prove that any cyclically symmetric function of a, 8, y, 8, and e, can

be expressed rationally in terms of X and p. In fact we have

Lemma 9. ^4rey expression of the form zZalfimynbpt9, where I, m, re, p, and q,

are positive, negative, or zero, integers, is equal to

Qi(x) + pQi(\),

where QiQi) and Qi(X) are polynomials in X with integral coefficients.

Since a8y8e= 1, we may suppose without loss of generality that /, m, n, p,

and q, are greater than or equal to zero. Assume now that the lemma is true

for all values of /, m, re, p, and q, with l+m+n+p+q^k, where ft2;l, and

consider any E^T"^^ with l+m+n+p+q = k + l. If any two of a, 8,

7, 5, and e, adjacent in the cyclic order, have nonzero indices, we can express

E«'i3m7"Spe« as a linear combination of similar sums with l+m+n+p+q^k

by using By= —a —8, and the four other similar equations; and so by the

induction hypothesis it is equal to QiW+uQiQi).
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Consider now zZa'yn where Z^2, n^2. Since X X)a'-1T"~l 's equal to

zZa'yn plus a linear combination of cyclically symmetric sums in which

adjacent letters occur, we have

£ a'y = Qi(\) + pQi(\) + \[Qi'(\) + nQ{'(\)] = Qi(\) + mQ,(X).

Next we observe that, for 1^3, zZal7 = zZazZa'~1'Y~ zZy2(xl~l Pms a linear

combination of cyclically symmetric sums in which adjacent letters occur,

and similarly for zZay": a'so X/*2,Y=M> zZaJ2=~M~~ 3, £o7=X. Finally
zZa' can clearly be expressed as <2(X) by (8.11).

Thus if the lemma is true for l-\-m-\-n-r-p-\-q'^.k it is true for all /, m, n, p,

and 2, with Z+w+n+/>+2 = & + l. But the lemma is clearly true for k = l,

and hence it is true for all values of k by the strong form of mathematical in-

duction.

In particular p.2 can be expressed in terms of X and n; in fact it is easily

verified that

(8.13) M2 + 3/i + X3 - 8X2 + 11X + 34 = 0.

In our application of Lemma 9 we require to express some function F(y),

known to be a linear combination of sums £a'/3m7"5pe,I in terms of X and pi.

Since the lowest powers of y in the expansions of X and p, are y~2 and y~3

respectively, we assume a form with Qi(X) of degree h and Q2(\) oi degree

h — 2ii y2hF(y) is a Taylor series, and Qi(\) of degree h and Q2(K) oi degree

h — 1 if y2h+1F(y) is a Taylor series. The actual values of (?i(X) and (?2(X) are

then obtained by equating coefficients.

9. In attempting to obtain empirically the values of the rbc(d) for 2 = 11

it was clearly convenient to avoid the terms involving zZ(m, 0) which occur

in a manner known from (6.7); also the forms of the rbc(d) for 2 = 5 and 2 = 7,

together with the congruences for $n(6) given by Theorem 3, suggested that

the values of rbc(5), for example, would involve a factor P(4)/P(2)P(5). We

accordingly defined Rbc(d), the "normalized" form of rbc(d) for 2 = H. as fol-

lows:

Poi(0) = P(l)[foi(0) + 1 + 3y2zZ (2, 0)/P(0)],

7c12(0) = P(l)[r12(0) - y2zZ (2, 0)/P(0)],

7?34(4) = P(2)[r34(4) + y*zZ (4, 0)/P(0)],

7?46(4) = P(2)[r„(4) - 2y*zZ (4, 0)/P(0)],

7?„,(7) = P(3)[r01(7) - fzZ (5, 0)/P(0)],

PI2(7) = P(3)[r12(7) + 2y3YZ (5, 0)/P(0)],

P23(7) = P(3)[r23(7) - y3zZ (5, 0)/P(0)],

P23(9) = P(4)[r23(9) + y2zZ (3, 0)/P(0)],

P31(9) = P(4)[r34(9) - 2y>zZ (3, 0)/P(0)],
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F46(9) = P(4)[r„(9) +y3zZ (3, 0)/P(0)],

Pi2(10) = P(5)[r„(10) - 1/y - E (1, 0)/P(0)],

P23(10) = P(5)[rM(10) + 2/y + 2E (1, 0)/P(0)],

P34(10) = P(5)[rM(10) - 1/y - E (1, 0)/P(0)],

and, for all other values of 6 and c with c = 6 + l,

Rbc(0) = F(1K(0),

Rbc(l) = P(2)P(3)rbc(l)/P(S),

Rbc(2) = P(1)P(4K(2)/P(3),

Fic(3) = P(l)P(3)r6c(3)/P(2),

Rbc(i) = P(2)rbc(A),

Rbc(5) = P(2)P(5K(5)/P(4),

Rbc(6) = yrdc(6),

Rbc(7) = P(3)r6c(7),

P6c(8) = P(4)P(5)r6c(8)/yP(l),

F6c(9) = P(4)r6c(9),

F6c(10) = P(5K(10),

and, for all remaining values of 6 and c, by the relations

RUd) + Rce(d) = Rbe(d),

Rcb(d) = - Rbc(d).

Next, using the congruent form of XT(1 — x')-1 given by Theorem 3 and

the values of S(b) derived from (6.7), we obtained congruent forms of Rbc(d)

for all 6, c, and d, which were simplified by (8.3) and (8.4). It was found that

every Rbc(d) with d^t was congruent (mod 11) to the product of P3(0) and

a linear combination of the functions r, s, t, u, v, rt/u, su/v, tv/r, ur/s, and

vs/t; while every Ff,c(6) was congruent to the product of P3(0) and a linear

combination of rt, su, tv, ur, and vs. By inspection of these results we found

set of congruent relations^) between the Rbc(d) tor different values of d, as

follows:

F35(0) =- F23(l) =. Pi3(2) - P46(2) - P(0) =- F02(3) = Pi2(4) - P(0)

=. P36(5) - Pi2(5) ■ Ru(7) = F02(8) - P34(8) - P(0)

- F23(9) - F45(9) s P36(10) - F02(10) - P(0) - Rn(fi)/t

_ (mod 11),

C) The appearance of P(0) in (9.1) to (9.9) and (9.14) below arises from an occasional use

of (8.8).
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P24(0) = P,2(l) + P46(l) - Po2(2) + P46(2) ■ P24(3) - P46(3) - P(0)

=. P23(4) + P(0) =- Ru(5) + P(0) =. P23(7) - Poi(7) + P(0)

= RM(8) - 7?oi(8) - P«(8) + P(0)

- P02(9) + P23(9) + P46(9) - P(0) = P46(10) =. Rn(6)/t (mod 11),

P46(0) =- P34(l) - P4s(l) ■ P23(2) - P46(2)

- P12(3) + P46(3) - P34(3) + P(0) = Poi(4)

■ P46(5) - Poi(5) - P(0) =• Poi(7) - P23(7)+ 7c34(7) - P(0)

=. P02(8) - P23(8) =e - P01(9) + 7?23(9) - P46(9) + P(0)

= P34(10) - P12(10) ■ RM(6)/t (mod 11),

7?oi(0) - P46(0) + 37c16(0) + P(0) = P24(l) + P05(l) + Ru(l) + P(0)

=: 2P12(2) + 3P24(2) + P46(2) + P(0) =■ 2P16(3) + P01(3) + P(0)

=. P12(4) + P34(4) + P16(4) - P(0) - P26(5) + P„3(5) - P06(7)

= P0i(8) + 7?46(8) - P(0) = P24(9) + P23(9) + P(0) = P14(10)

= - P23(6)/r (mod 11),

(9.5) P«(4) ■ P02(5) - P46(5) + P(0) - Rn(6)/t (mod 11),

(9.6) 7?13(2) ■ P0i(9) + P34(9) - P46(9) - P(0) = P34(6)/M (mod 11),

(9.7) P1B(1) =• Pi3(7) = R2i(6)/v - P(0) (mod 11),

(9.8) Ru(0) =- P24(3) - P(0) - - P36(6)A (mod 11),

(9.9) P12(8) = P26(10) - P(0) = - P34(6)/r (mod 11).

The comparative simplicity of these congruences and the observation

that the first few terms in the power series expansions of congruent quantities

were identical and not merely congruent (mod 11) led us to conjecture that

(9.1) to (9.9) were in fact identities.

We obtained next the following five independent congruent relations for

the Rbc(6):

(9.10) -vRoi(6) + *P02(6) - (v + t)R03(6) + z>P04(6) + vR0,(6) = 0 (mod 11),

(9.11) sR0i(6) - tRoi(6) - sR0i(6) m 0 (mod 11),

(9.12) -wP01(6) - uR0i(6) + /P03(6) + (2u - t)R0i(6) = 0 (mod 11),

(9.13)-flP„i(6) + (v - s)R0i(6) + sR0i(6) - uR0i(6) + «P06(6) = 0 (mod 11),

(9.14)             (r - s)Roi(6) - (r + t)R02(6) + tR03(6) + sP0'6(6) =■ - rlP(0)

(mod 11).

These again appeared to be identities; finally, by solving (9.10) to (9.14)

as a set of simultaneous linear equations and substituting the values of the
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Rbc(6) so found in (9.1) to (9.9), we obtained a complete set of conjectural

values of the Rbc(d) for g = 11. These values, and the proof that they are in

fact correct, are given in Theorem 6 below.

It may be observed here that there are no linear identities between the

rbc(d) for a given value of d when q — 11. There are however certain congruence

relations; if we write

f(d) = r2i(d) - 4ru(d) + 4r„(d),

(9.15) g(d) = ru(d) - Ar23(d) + 6ru(d) - 4ru(d),

h(d) = roi(d) - 4ru(d) + 5rM(d) - 4ri&(d),

we have

/(0) = 0 (mod 11),

g(l) -/(1)«0 (mod 11),

2h(2) - g(2) - 4/(2) = 0 (mod 11),

3h(3) + 2g(3) + 2/(3) = 0 (mod 11),

3ft(4) + 2g(4) -/(4) = 0 (mod 11),

fc(5) +/(5) = 0 (mod 11),
(9.16)

g(6) = 0 (mod 11),

2h(6) +/(6) = 0 (mod 11),

4^(7) + g(7) - 6/(7) m 0 (mod 11),

*(8) - g(8) -/(8) ■ 0 (mod 11),

h(9) + g(9) - f(9) = 0 (mod 11),

4ft(10) - 4g(10) -/(10) = 0 (mod 11).

All of these are in fact equivalent to

(9.2) - (9.3) - 5(9.1) ■ 0 (mod 11),

in the obvious notation.

10. Theorem 6. For q= 11 we have, writing D = P(0)/(rt+su+tv+ur+vs),

(10.1) Foi(0) = D(3u2 + Srt + su + tv - 3ur + vs),

(10.2) Roi(l) = D(-2s2 - 2rt + 3su+lv-2ur-vs),

(10.3) Poi(2) = £>(-3r2 - Srt- tv + 3ur),

(10.4) F0i(3) = D(-4u2 + rt - su + Iv - 6ur + vs),

(10.5) Poi(4) = D(-3rt - su + ur + 3vs),

(10.6) F0i(5) = D(2v2 + rt- 3ur + vs),

(10. 7) Poi(6) = D(rsu + stv - 4tur - 3uvs + 3vrt),
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(10.8) Foi(7) = D(-s2 - rt + 4-su + 2tv - Sur + 2vs),

(10.9) Poi(8) = D(-t2 - rt + 5tv - ur + 2vs),

(10.10) Poi(9) = D(Srt + tv - 2ur - vs),

(10.11) Foi(lO) = D(-3rt - tv + \ur - 2vs).

(10.12) Pi2(0) = D(-u2 - 2rt - 3ur + vs),

(10.13) Rx2(l) = D(-s2 + rt - 2su + 2ur - vs),

(10.14) Fi2(2) = D(Srt + tv - 2ur - vs),

(10.15) P12(3) = D(4u2 - su - tv + lur),

(10.16) Fi2(4) = D(2rt - su + tv - ur + 2vs),

(10.17) Fi2(5) = D(2v2 - rt + su+ 2ur),

(10.18) Pi2(6) = D(-2rsu - stv + Mur - vrt),

(10.19) Pi2(7) = Z>(252 + rt - 4su - tv + 5ur + vs),

(10.20) P12(8) = D(t2 - su - 3lv + ur),

(10.21) Pi2(9) = D(-rt - su + 3ur),

(10.22) Fi2(10) = D(-P + rt + Atv - 3ur - 2vs).

(10.23) P23(0) = D(-2rt + su + Sur - vs),

(10.24) P23(l) = D(rt - 2su - 2ur + vs),

(10.25) P23(2) = D(3r2 - rt - su + 2ur + vs),

(10.26) P23(3) = D(-4u2 - rt + tv- ur),

(10.27) F23(4) = D(rt - su - tv + ur - 4vs),

(10.28) Ri3(5) = D(-3v2 + tv - ur),

(10.29) P23(6) = D(-3tur + 2uvs - vrt),

(10.30) P23(7) = D(-s2 + 3su + tv - Aur - 2vs),

(10.31) F23(8) = D(2rt + 2lv - ur - vs),

(10.32) P23(9) = D(-r2 - su - 3ur),

(10.33) F23(10) = D(2/2 + rt + su - 6tv + 2ur + 3vs).

(10.34) P34(0) = D(4rt - su - 3ur - 2vs),

(10.35) P34(l) = D(s2 - 2rt + su + ur + vs),

(10.36) F34(2) = L(-4r2 - 3r/ + su - 2ur + vs),

(10.37) P34(3) = D(3u2 + 2rl + su + ur - vs),

(10.38) P34(4) = D(-v2 - 3rt + su + tv - ur + 3vs),
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(10.39) P34(5) = D(rt - su - lv + ur - 4vs),

(10.40) P34(6) = D(rsu - stv + tur + 3vrt),

(10.41) P34(7) = D(-rt - su + 3ur),

(10.42) P34(8) = D(-3rt + tv + ur),

(10.43) R3i(9) = D(2r2 - rt + su + tv + 2«r + w),

(10.44) P34(10) = 7J(-Z2 - 2rt - su + 4to - 2wr + tw).

(10.45) P45(0) = D(-3rl - su + ur + 3m),

(10.46) P46(l) = Z>(52 + r/ + 2sn - 2vs),

(10.47) P«(2) = D(3r2 + 2r/ + wr - 2w),

(10.48) P46(3) = D(-u2 - 2rt - 3ur + vs),

(10.49) P46(4) = D(2v2 + 2r/ + 2su + ur - 3vs),

(10.50) P46(5) = D(2v2 - rt + tv - ur + 5m),

(10.51) 7?4B(6) = 7)(mm + stv - 2uvs - 3vrt),

(10.52) P46(7) = D(rl - 2su - 2ur + vs),

(10.53) LR«(8) = 7?(/2 + 2r/ + ^m - 2<n - ur + tw),

(10.54) 7?46(9) = D(-r2 - rt + su - ur - vs),

(10.55)(2) P46(10) = D(2rt + 2ur - 3vs).

The proof is similar to those of Theorems 4 and 5. By (2.13), Lemma 6,

(6.1) to (6.4), (6.7), and (8.3), we have the following set of eleven simultane-

ous equations for r0i(d) (d = 0 to 10),

P(4)r01(0)/P(2) + yP(3)r0i(4)/P(4) + yr0i(6) - y2P(l)r01(7)/P(5)

(10.56) - yP(5)roi(9)/P(3) - yP(2)r0i(lO)/P(l)

= (-r + s + t - 2u + v)P(0)

- 3y2P(4) zZ (2, 0)/P(0)P(2) - P(4)/P(2),

-P(2)r01(0)/P(l) + P(4)r01(l)/P(2) + yP(3)r0i(5)/P(4) + yr01(7)

(10.57) - y2P(l)rQi(8)/P(5) - yP(S)r0i(10)/P(3)

= 3y2P(2) zZ (2, 0)/P(0)P(l)

+ P(2)/P(l) - y>zZ (5, 0)/P(0) + 3yP(0)/P(3),

(2) We may remark here that the statement of Theorem 6 clarifies the nature of the

identities (9.1) to (9.9). Each of the equal expressions in (9.1), for example, is equal

to D{rt — 2su — 2ur+vs), and it is clear that for every d^6 some linear combination of Rbc(d)

and J-'(O) will be equal to this. An isolated identity such as (9.5) contains a term Dv* which can

only occur for d=4 and d = 5. There are of course several possible complete sets of identities

similar to (9.1) to (9.9).
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-P(5)r0i(0)/P(3) - P(2)r„i(l)/P(l) + P(4)r01(2)/P(2)

(10.58) + yP(3)r0i(6)/P(4) + yr„i(8) - y2P(l)r0l(9)/P(5)

= 3y2P(5)E (2, 0)/P(0)P(3) + P(5)/P(3) - 3P(0)P(3)/P(1)P(2),

-P(5)r0,(l)/P(3) - P(2)r0i(2)/P(l) + P(4)r„i(3)/P(2)

(10.59) + yP(3)r0i(7)/P(4) + yr„i(9) - y2P(l)roi(10)/P(5)

= y*P(3) E (5, 0)/P(0)P(4) + P(0)P(3)P(4)/P(1)P(2)F(5),

-yP(l)roi(0)/P(5) - F(5)r0i(2)/P(3) - P(2)r0i(3)/P(l)

+ P(4)r„i(4)/P(2) + yP(3)r0,(8)/P(4) + yr0i(10)

= 3y3P(l) E (2, 0)/P(0)P(5) + yP(l)/P(5)

- 3yP(0)P(l)P(5)/P(2)P(3)P(4),

(10 61) r°l(0) " yP^r"^/P^ ~ F(5)r0i(3)/P(3) - P(2)r„i(4)/P(l)

+ P(4)r0i(5)/P(2) + yP(3)r01(9)/P(4) =  - 3y2E (2, 0)/P(0) + 1,

„n *« r«^1> ~ 3-F(l)roi(2)/P(5) - P(5)r0i(4)/P(3) - P(2)r„i(5)/P(l)
(10.62)

+ P(4)r0,(6)/P(2) + yP(3)r0i(10)/P(4) = 0,

P(3)r0i(0)/P(4) + r0i(2) - yP(l)r0i(3)/P(5) - P(S)r0,(S)/P(3)

- P(2)roi(6)/P(l) + P(4)r0i(7)/P(2)

(10.63) = - 3y2P(3) E (2, 0)/P(0)P(4)

- P(3)/P(4) + 3P(0)P(3)P(4)/P2(2)P(5) + yP(0)P(2)/P(3)P(5),

P(3)r0I(l)/P(4) + r01(3) - yP(l)r0i(4)/P(5) - P(5)r0i(6)/P(3)

(10.64) - P(2)r0i(7)/P(l) + P(4)r0.(8)/P(2)

= - y3P(2) E (5, 0)/P(0)P(l)

- y2P(0)P(l)P(2)/P(4)P2(5),

P(3)r0i(2)/P(4) + r0i(4) - yP(l)r0i(5)/P(5) - P(5)r01(7)/P(3)

(10.65) - P(2)r„,(8)/P(l) + P(4)r0,(9)/P(2)

- - ^F(5)E (5, 0)/P(0)P(3) - P(0)/P(2),

P(3)r0,(3)/P(4) + roi(S) - yP(l)roi(6)/P(5) - P(5)r„i(8)/P(3)

(10.66)
- P(2)r0i(9)/P(l) + P(4)roi(10)/P(2) = 0.

We now multiply the equations (10.56) to (10.66) by 1, yP(l)/P(5),

y/P(2), P(3)/P(2), yP(l)/P(3), P(4)/P(2), y/P(l), y2/P(5), y2/P(4),
F(4)/P(l), and y2/P(3), respectively, and replace r0i(d) by RQi(d), using the

definition of F0i(oJ) in §9; we use (8.4) without explicit mention. These trans-

formed equations, (10.56 bis) to (10.66 bis), rearranged so that their right

hand sides are zero, are now regarded as a set of eleven simultaneous equa-
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tions, linear in R0i(d) (d = 0 to 10), which have a unique solutionis). Accord-

ingly after each equation (10.56 bis) to (10.66 bis) we shall write down the

result of substituting the values of Roi(d) given by (10.1) to (10.11) in the

left hand side, and show that on simplification this result reduces to zero;

(10.1) to (10.11) will then be established. We have

,      r   , . N    tRoi(0) + «7?oi(4) + Poi(6) + rP0i(7) - vRoi(9) + 5P01(10j
(10.56 bis)

- (-r + s + t - 2u + v)P(0) = 0.

(L.H.S.)/7) = (-s2r + 3u2t) + (9rsu - stv - 9tur + uvs) + (-Arst + 2tuv

+ uvr + 3vrs) + 0 + (-s2u + 3u2r) + (-4r2u - 3s2v + 4/2r + u2s - 2v2t)

= (— s2r + 3m2/) + (9rsu — stv — 9tur + uvs) + (— Arsu + 4z>r/ + 2tur — 2stv

+ uvs — tur + 3vrt — 3uvs) + 0 + (s2r — rsu + vrt — 3u2t — 3stv + 3tur)

+ ( — 4vrt + itur — 3rsu + 3uvs + istv — 4vrt + tur — rsu — 2uvs + 2stv)

~    ' sR0i(0) + (r + u)Roi(l) - (s + u)R0i(5) - rP0i(7)
(10.57 bis)

+ (-r + 5 + «)2?oi(8) + r*oi(10) + 3rP(0) = 0.

(L.H.S.)//) = (-s2r - t2s - 2v2u) + (rsu + ostv - \tur - 4vrt) + (3rst + 6luv

— 4=vrs) + (-t2u) + (-s2u- 2v2s) + (llr2« + 2s2v + fir + 6u2s)

= ( — s2r — t2s — 2v2u) + (rsu + 6stv — 4tur — Avrt) + (3rsu — 3vrt + 6tur

— 6stv — <lvrt + iuvs) + (t2s + rsu — stv + /«r) + (s2r — rsu + vrt + 2d2m

— 2mdj + 2tur) + (ll»r/ — 11/wr + 2rsu — 2mm + stv — vrt + 6tur — 6rsu)

= 0

It will be seen that in the two equations (10.56 bis) and (10.57 bis) above

we have grouped the terms resulting from the substitution of the values of

Roi(d) in six sets, containing terms cyclically similar to r2v, rsu, rst, r2s, r2t,

and r2M, respectively; substituting the values given by (8.5) of the terms in

the last four sets shows that the result is zero. This process is entirely auto-

matic, and we shall not carry it through for the remaining nine equations,

confining ourselves to writing down the transformed equations.

-i>Poi(0) - vRoi(l) + «Uoi(2) + uRoi(6)/t + (w - v)Rn{%)
(10.58 bis)

+ (-u + v)Roi(9) + 3mP(0) = 0.

v    (-/ + m)Poi(I) + (* - t)Rn{2) + tRoi(3) + mPoi(7) + mP„i(9)
(10.59 bis)

+ (s + w)Poi(10) + (s- t + n)P(0) = 0.

(3) This may be seen by proving that a determinant is nonzero (cf. Hussain, [8]), but it

is easier to observe that the equations are in fact the necessary and sufficient conditions that

2^1t~10 xdRoi(d) be the quotient of two given power series.
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rPoi(O) - vRoi(2) + (r- v)R0i(3) + (r + re)F0i(4) + (u - v)Roi(S)
(10.60 bis)

- rPoi(10) + (-3r - 3u + 3v)P(0) = 0.

t< tRoi(0) - (r + re)Foi(l) - (r + i)Roi(3) - tRoi(4)
(10.61 bis)

+ (-r + t- u)Roi(5) + uRoi(9) = 0.

(-/ + re)Foi(l) + reF0i(2) + (t - re)F„i(4) + ;P„i(5) + tRoi(6)/s
(10.62 bis)

- rePoi(lO) = 0.

s    -reFoi(O) - reP0i(2) - rP0i(3) + (r + u)R0i(5) + R0i(6)
(10.63 bis)

- (r + u)Roi(7) + (-r + 3t + 3ut/s)P(0) = 0.

«Poi(l) - sF0i(3) + (s + re)F0i(4) - J?01(6) + *F0i(7)
(10.64 bis)

- (s + u)Roi(8) + (r + rs/v)P(0) = 0.

r , . ,    (-* + OFoi(2) + /F01(4) + (-r + s)R0i(5) - (r + t)Roi(7)
(10.65 bis)

+ sR0i(S) + (R0i(9) + IP(0) = 0.

n    -5F0i(3) + (r - s)Roi(5) + rR0i(6)/v + rF0i(8) + sRox(9)
(10.66 bis)

+ (r - s)RBX(10) = 0.

(It should be observed that terms such as u2rs/t, arising from uRoi(6)/t, must

be reduced to third degree polynomials in r, s, t, u, and v; this is always pos-

sible by one of the first three relations of (8.4) in the cases which occur.) This

completes the proof of (10.1) to (10.11).

It would be unduly tedious to carry out the proof of (10.12) to (10.55)

in the same detail; we shall therefore write out the equations corresponding

to (10.56 bis) to (10.66 bis) in a form suitable for rapid verification if desired.

These equations are:

,1ft ,„    r[Pi2(7) - P(0)] + .[Fi2(10) + 2P(0)] + t[R»(fi) - P(0)]
(10.67)

+ reP12(4) - vRi2(9) + Rn(6) = 0.

r[Pi2(l) - Pi2(7) - P,2(8) + P12(10) - P(0)]

(10.68) + s[Ri2(0) - Ru(5) + Rn(8)]

+ u[Rn(l) - Ru(5) + P12(8) - P(0)] = 0.

u[Ri2(2) + Rn(8) - Rn(9) - P(0)]
(10.69)

- v[Ru(0) + Pi2(l) + Fi2(8) - Pi2(9)] + uRu(6)/l = 0.

s[Ri2(2) + Fi2(10) - 2P(0)] + /[-Fi2(l) - P12(2) + Rn(3) + 2P(0)]

(10.70)
+ «[Fi2(l) + P,2(7) + Pi2(9) + F,2(10) - 3P(0)] = 0.

r[P,2(0) + Pi2(3) + P12(4) - P12(10)] + m[P12(4) + A>i2(8)]

(10.71)
- v[Ru(2) + Ru(3) + Fi2(8)   - rvP(0)/s = 0.
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/tn „ N    -r[P12(l) + P12(3) + P12(5)] + 4P12(0) - 7?12(3) - 7?i2(4) + P12(5)]
(10.72)

- «[P12(1) + 7?i2(5) - P12(9)] = 0.

(10 73)    t[~RnW + Rn{i) + Rn{5) ~ P{0)]

+ w[P12(l) + 7c12(2) - P12(4) - P12(10)] + tRn(6)/s = 0.

(10 74)    r[~Rli{3) + *w(5) " Rn{1) + 2P(0)^

- u[Rn(0) + P12(2) - P12(5) + 7c12(7) + P(0)]

+ Pi2(6) + ruP(0)/s = 0.

(10 75)    ^_i?12(3) + *"(4) + Rn{7) ~ RniS)] + M^12^) + R»W ~ *»(8)J

- P12(6) - 2(r + rs/v)P(0) = 0.

(10 76)    "r^12(5) + Rn{7)] + 5[-*i*(2) + ^i2(5) + *'2(8)]

+ t[Ri2(2) + P12(4) - P12(7) + P12(9) - 2P(0)] = 0.

(10 77)    r^12(5) + Rl*W + Rl2^10^ ~ *[*»(3) + R»(S) ~ R»(9) + Pi2(10)]

+ rRn(6)/v - stP(0)/u = 0.

r[P23(7) + P(0)] + j[J?„(10) - 2P(0)] + l[R23(0) + 2P(0)]

(10.78)
+ «[P23(4) - P(0)] - vR23(9) + P23(6) = 0.

r[P23(l) - P23(7) - J?„(8) + P23(10)] + s[P23(0) - P23(5) + P23(8)]

+ «[P23(1) - P23(5) + P23(8) + 2P(0)] = 0.

/(n on,     ~rP(0) + «[P23(2) + P23(8) - P23(9) - P(0)]
(10. ov)

- v[RM(0) + P23(l) + 7?23(8) - P23(9) - P(0)] + uR23(6)/t = 0.

(10 81)    ^2'(2) + i?2s(10) + P(0)^ ~ ^Ru^ + R23^ ~ R^3) + P^0^

+ «[P23(1) + P23(7) + P23(9) + P23(10) + 3P(0)] = 0.

,_ r[P23(0) + R23(3) + 7?23(4) - 7c23(10)] + «[P23(4) + P23(8)]
(10.82) _ .

- v[RM(2) + R23(3) + 7?23(8)] = 0.

-r[7?23(l) + R23(3) + 7?23(5)]

(10.83) + t[R„(0) - R23(3) - P23(4) + P23(5) - P(0)]

- «[P23(1) + 7c23(5) - 7?23(9)] = 0.

l[-Rn(l) + P23(4) + 7?23(5) + 2P(0)]

+ m[7?23(1) + P23(2) - 7?23(4) - 7c23(10)] + /P23(6)A = 0.

-r[R23(3) - P23(5) + 7?23(7) + P(0)]

(10.85)
- u[R23(0) + P23(2) - P23(5) + P23(7)] + P23(6) = 0.
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s[-Riz(3) + F23(4) + P23(7) - F23(8) + P(0)]

+ u[R23(l) + P23(4) - P23(8)] - P23(6) - suP(0)/v = 0.

-r[F23(5) + F23(7) - P(0)] + s[-Rn(2) + P23(5) + F23(8) - P(0)]

+ t[Riz(2) + F23(4) - P23(7) + P23(9) + 2P(0)].

r[P23(5) + F23(8) + P23(10) + P(0)]

(10.88) - s[R2Z(3) + P23(5) - P23(9) + F23(10)]

+ rR23(6)/v + 2stP(0)/u = 0.

(10 89)    r[i?34(7) " P(°)] + 5^34(10) + P(0)] + /[i?34(0) ~ P(0)^

+ «[F34(4) + P(0)] - *F34(9) + F34(6) = 0.

r[F34(l) - F34(7) - F34(8) + F34(10)] + s[R3i(0) - P34(5) + P34(8)]

+ «[F34(1) - P34(5) + F34(8) - P(0)] = 0.

«[F34(2) + P34(8) - R3i(9) + 2P(0)]

(10.91) - v[RM(0) + R3i(l) + P34(8) - P34(9) + 2P(0)]

+ uRu(6)/t + 2rP(0) = 0.

92)    5^34(2) + *"(10)] - l\-R"(V + R"(2) ~ R**&)]

+ u[R3i(l) + R3t(7) + R3i(9) + P34(10) - P(0)] = 0.

r[F34(0) + F34(3) + P34(4) - F34(10) - P(0)] + «[P34(4) + R3i(8)]

- v[R3i(2) + R3i(3) + F34(8)] = 0.

-r[P34(l) + F34(3) + P34(5) - P(0)]

(10.94) + t[R3i(0) - F34(3) - P34(4) + F34(5) + 2P(0)]

- «[F34(1) + P34(5) - F34(9)] = 0.

*[-F34(l) + F34(4) + P34(5)]

(10.95) + «[P34(1) + P34(2) - P34(4) - P34(10) - P(0)]

+ tRu(o)/s + vP(0) = 0.

,«« ^    -r[Ru(3) - F34(5) + P34(7)] - «[F34(0) + P34(2) - P34(5) + P34(7)]
(10. 96)

+ F34(6) = 0.

(10 97)    s[~Ru(3) + Ru(A) + Rm{7) ~ J?34(8)J

+ «[F34(1) + P34(4) - P34(8) + P(0)] - Ru(6) = 0.

(10 98)    ~^34(5) + R3l{7) + 2P(0)] + 5f_i?3^2) + *3*(5) + *"(8) + 2P(°)J

+ t[R3i(2) + P34(4) - P34(7) + F34(9) - 2P(0)] = 0.

r[F34(5) + P34(8) + F34(10) - P(0)]

(10.99) - s[R3i(3) + P34(5) - P34(9) + P34(10) + P(0)j

- rR3i(6)/v + IP(0) = 0.
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r7?46(7) + s7c46(10) + tRib(0) + u[Ri6(4) - P(0)]

+ v[-Rib(9) + P(0)] + P46(6) = 0.

(10 101) r^46(1) ~ ^46(7) ~ Rih{&) + R"(10^ + 4^6(0) - P46(5) + P46(8)]

+ m[P46(1) - P46(5) + P46(8)] = 0.

«[P«(2) + P46(8) - P46(9) - P(0)]

(10.102) - v[R»(fi) + P45(l) + Rib(8) - Rib(9) - P(0)]

+ uRib(6)/t - rP(Q) = 0.

(10 103) *^46(2) + *«(10)] ~ <[*«(!) + ^«(2) - P45(3)]

+ m[P46(1) + P46(7) + P46(9) + P46(10)] = 0.

,<n ,n.s '[**<!>) + *«(3) + P46(4) - P46(10) + 2P(0)] + «[P46(4) + P46(8)]
(10.104)

- i>[P«(2) + P46(3) + P«(8)] = 0.

-r[P46(l) + P45(3) + P46(5) + 2P(0)]

(10.105) + /[P46(0) - P4B(3) - P46(4) + P46(5) - P(0)]

- «[P46(1) + P46(5) - P46(9)] = 0.

l[-Ru(l) + P46(4) + P46(5) - 2P(0)]

(10.106) + «[P45(1) + P-46(2) - P46(4) - P46(10) + 2P(0)]

+ tRib(6)/s - 2iP(0) = 0.

r[Rib(3) - P46(5) + P46(7)] + «[P4B(0) + P«(2) - 7c46(5) + 7?«(7)]

- P46(6) = 0.

(10 108) ^_i?4s(3) + *"(4) + *46(7) ~ i?46(8)]

+ u[Rib(l) + P46(4) - P46(8) - 2P(0)] - P46(6) = 0.

(10 109)   ~r[R,6(5) + Rib0) ~ P(°)] + sl-R"W + *«(5) + P46(8) - P(0)]

+ t[R4b(2) + P46(4) - P46(7) + P46(9) + P(0)] = 0.

(io no) r[Ru{5) + *"(8) + *"(10) + P(0)]
- 5[P46(3) + P45(5) - P46(9) + P46(10)] + rRib(6)/v = 0.

This completes the proof of Theorem 6.

11. We now write

(n.i) m =n a - zr).

Thus

f(y) = P(0)P(1)P(2)P(3)P(4)P(5),

/(y") = P(0),

!//(*) = £ #(»)«"•
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Further we write

a = - x-*P(2)/P(l),    6 = x-6P(4)/P(2),    c = *2P(3)/P(4),

d = - x-3P(5)/P(3),    c = - x10P(l)/P(5).

It is easily verified that

0n = _ a-tpyb-2,    6U = - B~by28e-2,    c11 = - y-&82ta~2,

(11.3)
a-ii = - 5-5e2Q,/3-2)    eii = _ e-wpy-\

By Lemma 6 with g = ll we have

(11.4) x-bf(x)/f(yn) = a + b + c + d + e+l.

In (11.4) we replace x by wrx where cor (r = 1 to 11) are the eleventh roots of

unity, and multiply together the eleven resulting equations, obtaining

(11.5) y   / (y)/f (y ) = II (ao>r   + bcor   + aor + dccT  + eccT + 1).
r-l

Now as cor runs through the eleventh roots of unity so does co*, so that the

product on the right hand side of (11.5) is equal to

tt 6 2 —3 10 4
J^X (ao>r   + boir + cwr   + dcor   + eur   + 1),

r=l

and is thus unchanged if a, b, c, d, and e, are interchanged cyclically. The

product is thus a linear combination of terms zZa'bmcndpeq, E denoting

as in §8 a sum of five terms obtained by permuting the typical term cyclically,

and considering the left hand side of (11.5) such terms as occur can only

involve x in terms of y = xu. Thus if a'bmcndpeq occurs we must have

(11.6) -4/ - 5m + 2re - 3p + lOq =- 0 (mod 11).

Hence

— (albmcndpe")u

=   (aRylAl~im+in—iV+Ha-il-^n+p+lqQ-im-lp+q+lly—in-lq+l+lm^—iP—ll+m+ln

. s—hq—lm+n-hlP
c ,

where the indices of a, 8, 7, 8, and e, on the right hand side are multiples of

11 by (11.6). Thus every term occurring in the right hand side of (11.5) is

of the form al'8m'yn'8p'eq', where /', m!, re', p', and q', are positive, negative or

zero integers, and such terms occur in symmetrical sets of five terms each.

Hence by Lemma 9 we have

y-bfu(y)/fu(y11) = A + b\ +Cp + d\2 + E\p,
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where A, B, C, D, and E, are constants, and comparing the coefficients of

powers of y on each side it may be seen that

(11.7) y-bfn(y)/fn(yn) = V - 17X2 - 108M + 346X - 131.

We may note here that

(11.8) au + bn + c11 + dn + e11 = XM - 6X2 + 82X - 9tx - 297,

and that y-sfl2(y)/fl2(y11) - 2>n-l is divisible by 11.

We obtain finally the value of <I?(6) (cf. §4). $(6) is the coefficient of x6

in l/f(x) regarded as a polynomial of degree 10 in x with coefficients involv-

ing x in terms of y = x11. Thus y~lfl2(y)$(6) /fn(y11) is the coefficient of x° in

y~if12(y)/[fli(yu)(a-\-b+c-\-d+e+l)]. This is a cyclically symmetric poly-

nomial of degree 10 in a, b, c, d, and e; and the terms which give the coefficient

of x° occur only in symmetrical sets of five expressible as 22a''/3m'7"'5p,£9', as

before. (This is not true for the coefficient of any power of x other than x°; the

five terms of zZa2°, f°r example, do not appertain to the same power of x.)

Equating coefficients in the power series expansions as before we obtain

(11.9) /12(y)*(6)/y4/n(:yu) = 11(X - 9)2 + 121(2 - X - n).

Notation.

r, s, t, u, v. Defined by (8.1)

a, 8, 7, 5, e. Defined by (8.9)
X, p.. Defined by (8.10)

Rbc(d). Defined in §9.

D = P(0)/(rt+su+tv+ur+vs).      Defined in §10.

a, b, c, d, e. Defined by (11.2)

f{z). Defined by (11.1)

zZ is used in connection with a, 8, y, S, e, and a, b, c, d, e, to denote a sum

obtained by permuting the typical term cyclically.

All other notation is that of [7].
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