ON THE RAMIFICATION OF ALGEBRAIC FUNCTIONS
PART II: UNAFFECTED EQUATIONS FOR
CHARACTERISTIC TWO

BY
SHREERAM ABHYANKAR

1. Introduction. Let V be an r-dimensional normal irreducible algebraic
variety, =2, with function field K/k where k is algebraically closed of char-
acteristic p, and let P be a simple point of V. In a previous paper (see Theo-
rem 2 of [A1]) we have proved that if Q is a point corresponding to P on
the normalization of V in a finite algebraic extension L of K such that the
branch locus D on V for the extension(!) L/K has a ¢-fold normal crossing
(t=<r) at P, then the local galois group G(Q/P) of Q over P is a p,-group,
(definitions in [A1]). Now we may raise the converse question, i.e., the fol-
lowing construction problem: Given a pure (r —1)-dimensional subvariety D
of V having a ¢-fold normal crossing at P and given a p,-group G, does there
exist Q (in some extension L of K) such that G(Q/P) =G and D is the branch
locus(?) at P (for the extension L/K)? Recall that G is said to be a p,-group
of G/m is the direct product of at most ¢ cyclic subgroups where w is the
(normal) subgroup of G generated by all the p-sylow subgroups of G (r=1
if p=0); we shall say that G is a quast p-group if G is generated by its p-sylow
subgroups, i.e., if G=m, i.e., if every element of G is a product of elements
whose orders are powers of p (we are now assuming p#0). The essential
part of the above problem is then the case whent=1 and G is a quasi p-group.
Observe that since every permutation is a product of transpositions, the sym-
metric group S, on # symbols is a quasi 2-group(®). In this paper we solve
the construction problem for p=2 and G =S,. Since we are taking t=1, i.e.,
D has a simple point at P, it is obvious that without loss of generality we may
take r =2.

Let
F(Z) = 20 + FiZr' + FyZr 4 - - - + B,
where Fy, Fa, - - -, F, are elements in k[x, y] to be determined. Suppose we

can choose Fj, - - -, F, such that the following three conditions hold:
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(%) L.e., the branch locus on V for the transformation between V and its L-normalization.

(?) L.e., the component of the branch locus passing through P coincides with the com-
ponent of D passing through P.

(3) Also observe that if G is a simple group and if the order of G is divisible by p, then G
is a quasi p-group, hence in particular if 5 £p <# then the alternating group 4, on # symbols is a
quasi p-group. Since every element of 4, is a product of 3-cycles, 4, is a quasi 3-group (for any
n).
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(1) F(Z) is irreducible in k((x, ¥)) [Z].

(2) The galois group of F(Z) over k((x, y)) is S, i.e., the equation F(Z)
=0 is unaffected over k((x, v)).

(3) The Z-discriminant of F(Z) is v*d, where v is a polynomial in x, y
of leading degree one, & is a positive integer and d is a polynomial in x, y
with nonzero constant term.

Since v is of leading degree one, we may take (x, y) to be regular param-
eters at P and v=0 as the local equation of D at P. Let L be an extension of
K gotten by adjoining a root of F(Z) to K and let L* be a root field of F(Z)
over K (i.e., L* =a least normal extension of K containing L). Then from the
results of [A1] and §2 of [A2] it follows that:

(I) There is only one point Q corresponding to P on the L-normalization
of V, D:v=0 is the branch curve on V at P for the extension L/K, and
G(Q/P)=S..

(II) There is only one point Q* corresponding to P on the L*-normaliza-
tion of V, D:v=0 is the branch curve on V at P for the extension of L*/K,
and G(Q*/P)=G(L*/K)=S,.

For n=1, L=K and the problem makes no sense. For n =2, we may take
Fi=xF{¥ and Fy=xF where F{* is an arbitrary nonzero polynomial in x and
Fs is an arbitrary polynomial in %, ¥ with a nonzero constant term; then
conditions (1), (2), (3) are obviously satisfied. Having gotten rid of these
trivialities, we may assume that #>2.

In Chapter I, for even n we shall construct an o ®#=2/2 family of poly-
nomials Fy, - - -, F. (in x, y) satisfying conditions (1), (2), (3) which would
yield that many coverings of V of the required type. In §6 we give an oo (»=3)/2
family of coverings of the required type in case n is prime. For the general
case of odd #, in §§7 and 8, we give two o *=3/2 families of coverings of the
required type.

2. Notations. We let m=n—2 (m>0). For a polynomial A(Z) we shall
denote by Dk(Z) and Z-discriminant of £(Z). For tEk[[x, y]] we shall let

d(t) = leading degree of ¢ in x and y,
d.(f) = leading degree of { in x,
d,() = leading degree of ¢ in y.

Observe that d(0) =d.(0) =d,(0) = ». Note that since we are in characteristic
two, we shall not need to use the minus sign.

In the proofs we shall tacitly invoke the following fact: If H is a prime
ideal in (the unique factorization domain) [[x, ¥]] such that F(Z) has no
multiple roots mod H, then the galois group of F(Z) mod H (over the quo-
tient field of &[[x, y]]/H) as a permutation group on the suitably arranged
roots is a subgroup of the galois group of F(Z) over k((x, ¥)), (see §61 of [V]).
The prime ideals used will be the one generated by x and the one generated

by y; note that 2[[x, y]]/(x) =k[[y]] and k[[x, y]1/(») =k[[*]].
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I. EvEN n
3. The galois group. Let

R(Z) = Zm+ RZ™ '+ RyZm 2+ « - - + Rn = [[ (Z + w));

i=1

S(Z) = Zm + xR Z™ ! + xRy Z™ 2 + - - - + a™R, = [ (X + 2u));

=1
1(Z) = (Z* + 2*HZ + 2)S(2)
= Zr 2P o2 e

where a is a nonnegative integer to be chosen and u;, u, - - -, u, are distinct
nonzero elements of k[[x]] to be chosen. Let

g(2) = 21+ 9)Z = 2" + yZ;

and let
F(Z) = f(2) + g(2) + 2~ € =, y]][Z].
Then
F(Z) =2+ fiZr 7V + oZm 2+ - - - + fadZ? + (far + 9)Z + [
Since f;=0 (mod x) for t=1, - - -, n, we have

 ja@ [modl,
@) = {f(Z) [mod y].

Now Z»—!'4y is irreducible in k[[y]][Z] and hence in k((y))[Z]. Since
n—1#£0(2), the galois group of Z»~'4y, i.e., the galois group of g(Z) over
k((x)) is cyclic of order n—1 and if viewed as a permutation group on the
roots of g(Z) it is generated by an (n—1)-cycle.

Since g(Z) has no multiple roots and since F(Z)=g(Z) [mod x], F(Z) has
no multiple roots.

Again Z?+x**tz+x is irreducible in k[[x]][Z] and hence in k((x))[Z],
also its roots are distinct. Therefore its galois group, i.e., the galois group of
f(Z) over k((x)) is cyclic of order 2 and if viewed as a permutation group on
the roots of f(Z) it is generated by a 2-cycle.

Let G be the galois group of F(Z) over k((x, ¥)) viewed as a permutation
group on the roots of F(Z), i.e., as a subgroup of the symmetric group S, on
n-symbols. Since F(Z)=f(Z) [mod y], G contains an (n—1)-cycle and since
F(Z)=g(Z) [mod x], G contains a 2-cycle. Suppose if possible that F(Z) is
reducible in k((x, ¥)) [Z] and hence in k[[x, y]][Z]. Since F(Z) =g(Z) [mod x],
F(Z) must have a linear factor Z+t with t =t(x, y) €k[[x, v]]. Let d.(t) =b.
Since F(Z)=g(Z) [mod x], t(0, y) =0, i.e., b>0. Since F(Z)=f(Z) [mod y],
t(x, 0) =xu; for some %, say t(x, 0) =xu;; then
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o > d(xu;) = d;(£) = b.
Now
fo = (xurzug - - - 2Un)x, and fo1 € E[[x]].

Hence

do(fa) = do(amxus) Zm + b >b and do(faosr + y) = O.
Now F(t) =0 implies

(fasr+ )t =tn 4 fur P+ fatr 2+ - - -+ faol® + fa

Therefore

b= dof(far + 9] = dat" + itV + -+ A+ fual® + )
min [d(), do(fum™), - - -, da(fast?), da(fa)]

2 min [d.(?), du(fa)]
> b.

vV v

This being a contradiction, we conclude that F(Z) is irreducible in &((x, ¥)) [Z]
and hence G is transitive. Thus G is a transitive subgroup of S, containing
a 2-cycle and an (n—1)-cycle. Hence by Lemma 1, §10, G=P,.

4. The discriminant. Now

f(Z) = (2% + 2t Z 4 2)(Z™ 4 «R1Z™ ! + 22RyZ™2 4 - - - 4 2™Rn)
= Zmt2
+ (xt! + xRy)Zm+! + (x + x°*2R, + x*Rp)Z™
+ (#°Ry + a*PRy + 23R)Zm 1 4 (- - - )22
4+ (#*Rs 4 2°+°Ry 4 aPRe)Z™ 3 + (- - - )Zmt
+ (@ R + 2" 'Rz + 2™ 'R )22 + (- - - )22
+ (®"Rm—y1 + x2t"+H1R,)Z + a™+t1R,.

We want to arrange matters so that the coefficients of the odd powers in
f(Z) other than Z are all zero, i.e.,

x*t!l + xR, = 0,

%Ry + x°t3R, + 2°R3 = 0,

PRy + 2R, + 2Ry = 0,

¥ Rp_3 + 2**" 1R, 3 + 2™ 1R,_; = 0;

i.e.,
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fond + R1 = 0,
x“lRl + x“Rz + R3 = 0,
x'R3 + x*Ry + Rs = 0,

..........

X 'Rm—s + 2°Rp_2 + Ry = 0;

R1 = x",
R3 = x“Rg + x““,
Rs = a°Ry + 2Ry + 252,

............

Rn—1 = 2°Rpn—2 + 2*1Rp_y + < - - + a2 /2Ry + gotl-m/2,
We choose a so that a+1—m/2=0, i.e.,
a= (m/2) — 1.

Choose Ry, Ry, - + =, Rn_s (in k[x]) arbitrarily and then let Ry, Rs, + - -, Ry
be defined by the above equations. Choose R, (in k[x]) arbitrary but non-
zero.

Let R(Z) denote the polynomial in £[Z] gotten by putting x=0 in R(Z).
Now R;(0)=R3(0)= - -+ =Rn,_3(0)=0 and Rn._1(0)=1. Hence R'(Z)=1.
Therefore DR(Z) =1 and hence R(Z) factors into distinct linear factors in

k[Z]. Therefore (by Hensel’s lemma) R(Z) factors into distinct linear factors
in 2[[x]][Z], i.e., to say

RZ) =11 (2 + w),

fm=1

where u;, - - -, u, are distinct elements of k[[x]]; also none of the u; is
zero since R, 0. Thus

f(2) = 2r + foZr 2 + fuZr ™+ - - -+ faeZ? + furZ + 27 R,
where
fac1 = x™Rm_1 + 2®"2R,, = 27d, with d(0) = 0.
Hence
F(Z) = Zr + foZrt + fuZrt + - - - +faeZ? + (amd + 9)Z + 2™ 'Ra
[observe that f,(0) =f4(0)= - - - =f,_2(0)=0]. Then
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F'(Z) = xmd + v.
Therefore
DF(Z) = (zmd + y)™.
Since the m/2 parameters Ry, Ry, - - -, R, are arbitrary we get an o ™/?
family of coverings of the required type.
II. Opp
Let
S(Z) = Zm + $1Z2m '+ S Zm 7t + - - - + S,
f(Z) =2r+ fiZr P+ foZr 2+ s A
= (2 + »°Z + 2)S(2)
= Zm2 4 (x4 SP)Z™t 4+ (2 + 2251 + S2)Zm
+ (&S + 225 4 Sg)Zm?
+ (xS; + 4S5 + Sy)Zm2
+ (2Sm-2 + 2°Sm_1 + Sm)7?
+ (2Sm—1 + 2°5n)Z + xSn,
where a (an integer) =1 and S}, Sy, - - -, Sn are elements to be determined
in k[x] of positive leading degrees: Let
§(2) =z + .
Since g(Z) is irreducible in £((y))[Z] and since #=0(2), the galois group of

g(Z) over k((y)) as a permutation group on the roots of g(Z) is generated by
an n-cycle. Let

F(Z) = f(2) + ¢(Z) + Z~.
Then
FZ)=2r+fiZr '+ oo+ fudZ + fut 9,
so that
g(2) [mod «],
f(2) [mod y].

Since F(Z)=g(Z) [mod x], F(Z) is free from multiple roots and irreducible
in k((x, ¥))[Z] and the galois group G of F(Z) over k((x, 9)) considered as a
permutation group on the roots of F(Z), i.e., as a subgroup of .S,,, is transitive
and contains an #z-cycle.

5. A special case, n prime. Suppose we try to arrange matters so that

F(Z) = {
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52) = 1 (Z + «uy,

[T
where uy, - - -, 4, are distinct elements of k[[x]]. Let
RZ)=11(Z+wu)=2"+ RiZ™'+ RZ™?+ - - - + Rp.
=1
Then S;=x'R;, so that
f(Z) = Zm+? 4 x(a*t + Ry)Z™H + x(1 + x°R; + xR2)Zn
+ xz(Rl + x°R, + ng)Zm—l
+ 23(Re + x°R3 + xRy)Zm2
+ 2™ 1 (Rp-2 + 2*°Rp—1 + %Rm)Z?
+ #™(Rn—1 + x°Rn)Z + x™'R,.
Let us try to kill the coefficients of the even powers in f(Z) except the con-

stant term [observe that we can never kill the coefficient x(1 +x*R; +xR;) of
the odd power Z™; hence this reversal of policy], i.e.,

w14 Ry = 0,
Ri + x°R; + 2R3 = 0,
Rs + x"R4 + st = 0,

..........

Ry + 2°Rp—1 + 2Rm = 0;

i.e., by substituting successively:

R, = x"‘l,
Ry = 2Ry + a2,
Rs = xRy + x* %R, + x""",

=
H]
I

2Ry + 2Ry + + -+ F 45 DIR, 4 ge-(wDL2,

Let us arrange matters so that R, is of leading degree zero,. i.e.,a —(m+1)/2
=0, i.e.,

m+ 1
a = .
2
Then give arbitrary values in k[x] to Rz, Ry, -+ -, Rm, and determine
Ry, R;, - - -, R, by the above equations. We could even kill all the coeffi-

cients of f(Z) except f; and fn thus: We want
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=1 4+ R, = 0,
Ry + x*Ry 4+ xR; = 0,
Ry 4+ x°R3 + 2Ry = 0,
Rp_z + %°Rp_y + xR, = 0,
Ru_1 + x°R,, = 0.
Solving successively from the bottom to the top:
Rni = %°R,, = 2°P1R,, P, € k[x];
Rz = (% 4+ 2)Rn = (2°P; + %)Rn, P; € E[x];
Rn_s = 2°Rpn_2 + %Rn_y = x°P3Rn, Ps € E[x];
Rp_s = 2°Rp_3 + 2Rp_y = (2°Py + a2), Py € E[x];
Ru_2it1 = 2°P2i 1Rm, Poi1 € k[x];
Rz = (°Pa; + 2))Rm, Po; € k[x];
Ri = Ru—(m-1) = (4*Pp_1 + 2™ DID)R, P, C k[x];
% 1dR,, d = d(x) € k[x] with d(0) = 1 % 0.

Choosing R.=1/d we satisfy the remaining (first) equation x*'4R;=0.
Thus

f(Z) = Zn + fozr + aide,
F(Z) = Zn + fur + (@1d1 + 3).
Let R(Z) be the polynomial gotten from R(Z) by putting x=0. Then
R(Z) = Zm + R(0)Z™* + Ry(0)Z™* + - - - + Rua(0)Z + 1,
R'(Z) = Zm' + Ry(0)Z™ 3 4+ Ry(0)Z™* + -+ - - + Rn_s(0).
Hence
ZR'(Z) + 1 = R(2).
Therefore DR(Z) =1 and hence R(Z) factors into distinct linear factors in
k[Z] and R(Z) factors into distinct linear factors in k[[x]][Z]. Thus we have
f(Z2) = (2* + a™V12Z 4 %)S(Z)
= (Z2 4 xmtDI2Z 4 x) ImI(Z + xu;)

i=1

=2+ fiZr o fZ e  faaZ + 2l
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where u,, - - -, 4, are distinct elements in k[[x]]; fo, fu, * - -, fa1 are poly-
nomials in x without constant terms (and they depend on the (m—1)/2 free
parameters Rs, Ry, - - -, Ra_1) and d is a polynomial in x with a nonzero
constant term. Hence the galois group of f(Z) over k((x)) is generated by a
2-cycle. Now

F(Z) = 2"+ foiZr? + fuZr it + - -+ fundZ + (a7 + ),
F'(Z) = Zr '+ foZr 2 + fuZh 2 4 - - -+ far
Hence F(Z)=ZF'(Z)+ (x*"'d+y) and therefore
DF(Z) = (*d + 3.

Also the galois group G of F(Z) over k((x, y)) is a transitive subgroup of S,
containing an n-cycle and a 2-cycle. If # is prime, then by Lemma 2 of §10
(also see footnote 4 there) G =S, and we have an « ™=D/2 family of unaffected
coverings of the required type. However this argument (i.e., Lemma 2) does
not apply if % is not prime.

6. The general case (z odd). In the general case, suppose we could ar-
range matters so that S(Z) instead of being factorizable (into distinct linear
factors) is irreducible over k((x)) and has for its galois group a cyclic group
of order m. Now the galois group of Z2+4x°Z+x over k((x)) is still cyclic of
order 2. Since m is odd, by Lemma 4, §10, we could then conclude that the
galois group of f(Z) over k((x)) is cyclic of order 2m and hence if considered
as a subgroup of GC.S, it would be generated (as in paragraph two on page
191 of [V]) by a permutation of type (i, h2)(hs, b4, - * + , ha) where the sym-
bols ki, he, + - -, hs are all distinct. Since G contains an n-cycle, Lemma 3,
§10, would tell us that G=.S,.. The galois group of S(Z) over k((x)) will be
made cyclic of order m by finding S, Ss, - - +, Smin k[x], (of positive leading
degrees), such that

(1) S(2) is irreducible in £[[x]][Z], and

(2) S(Z) is completely reducible (into linear factors) in k[[«]][Z] where
u=xln,

To arrange that DF(Z)=v"d with d(v) =1 and d(d) =0, we may adapt
the methnd of §4 or the method of §5, i.e., either (A) we kill the coefficients
of all the odd powers in f(Z) other than Z* or (B) we kill the coefficients of all
the even powers in f(Z) other than the constant term. In case (A) we have

F(Z) =20+ fiZr '+ fiZr2 + - -+ foZ? + (o + ),
F'(Z) = zr!
and hence
DF(Z) = (fa 4 3)** [with d((fa + ) = 1].

In case (B) we have
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F(2) =20+ o202+ fuZr 4 -+ foaZ + (fa+ ),
F'(Z) = 20+ foZ07 + fuiZn 5 4 - -+ ooy,
so that F(Z) =ZF'(Z)+(f.+y) and hence
DF(Z) = (fa 4 )" [with d((fa + ) = 1].

We expound these two methods in the next two sections respectively.
7. Method A (killing odd powers). To kill the odd powers in f(Z) other
than Z* we have to satisfy the following equations:
x4+ 2251+ S = 0.
xSy + x35; + S = 0,
xSy 4 2255 + S6 = 0,
xSm—3 + anm—2 + Sm—l = 0,
Sm-1 + 2°Sm = 0,
i.e., (by successive substitutions):
S = 2 + x°5y,
Sy = a? + xS, + x2S,
Se¢ = 23 + x0+2S; + xot1S; + x"Ss,

Sai = &f 4 225 + xS - - 208,

Sm—l = S2(m—-l)/2
= xm—1/2 + x°+(""3)/251 + xa+(m~6)/25’3 + e+ anm_.z’

xa_lSm = Sm-—l.
Let
m— 1
a =
2
Let Sy, S5, - - -, Sm_2 be arbitrary elements in & [x] of positive leading degrees
and let Sz, Sy,  + -, Sm_1, Sn be determined by the above equations. Then
Sas = aidy; (fori=1,2,- -+, (m — 1)/2) and S, = xdn,
where dy, dy, + + +, dm-1, dm are polynomials in x with nonzero constant

terms. Now
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S(Z) = Zm 4+ aT1Zm ' + xToZm 2 + -+ - + 2T sZ + dnm,

with T;€k[x]. Since d,,(0) =120, S(Z) is irreducible over k((x)). Let um=x
and Z=uZ*. Let
S(Z) = unS*(Z*).
Then
S¥(2) = Zr + w2t 4 w2 T2 2+ - - o 4 uT 1 Z + dm
= Zm 4+ 1 [mod u].
Since m #0(2), S*(Z) and hence S(Z) is completely reducible in k[[«]][Z]
(into distinct linear factors). Thus we have obtained an o ™=1/2 family of
polynomials F(Z) of the required type.

[We could even kill all the coefficients of f(Z) except f» and f,, thus: We
want

2+ 5. =0,
x4+ 255+ S2 = 0,
xS1 + %252 + S3 = 0,
xS2 + 2255 + S. = 0,
XSm—3 + 2*Sm—2 + Sm—1 = 0,
2Sm_1 + 225 = 0.
Solving successively:
S, =22 =0 [mod %],
Sy = x4+ 2% =0 [mod x|,
Sz = a+!l 4 gotl 4 g% = 0 [mod #],

Sm—1 = XSm—3 + x%Sm_2 =0 [mod x]

Let a=(m—1)/2. Then by what we have shown above, it follows that:
Spm_1=xm=112d, _ =x°d, 1 where d,._ is a polynomial in x with d,_,(0) #0.
Choose S,, so that x5, +xSn_1 =0, i.e., Sm=xdm_1. Then f,., =xSn_o+x°S,_1+
S.. =xe with ¢(0) 0. If we replace x by xe we obtain F(Z) =Z*+xZ?4x*d+y,
where dEE[x] with d(0)0.]

8. Method B (killing even powers). To kill the even powers in f(Z) other
than the constant term, we have to satisfy the following equations:
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xa+51=0’
xSy + 4252 4+ S5 = 0,
xSs + x2S + S5 = 0,

xSm—2 + anm—-l + Sm = 0)

i.e. (by successive substitutions):
S1 = a7,
Sy = 2+l 4 295,
S5 = x°+% + 20718, + 425y,

......................

Sm = gotm—112 L yotm=3/3G, L ... x9S, ;.

Leta=(m+3)/2and forz=1,2, - - -, (m—1)/2; S,; be an arbitrary element
of k[x] with d,(S:)=2:+1. Now determine Si, Ss, - * -, Sm by the above
equations. Then

Spipr = x™HDI+idy, 1 with daiyr(0) 5 0.
Let
S = a?HTy, with Ty € k[x].
Let Z=Z*x and
S*(Z*) = & mS(Z) = Z*™ 4+ S1Z*mt 4 SyZ*mr . S

Then
S:; = gbm2iem T, = gy T,
Soipr = D I2HHEm=2i—lomg, gD 2—igy
Therefore d.(SF)>0 for j=1, 2, - -, m and S,=xd, so that d.(S,) =1,

hence S*(Z) and hence S(Z) is irreducible in k((x))[Z]. Let um=x, Z*=uZ,
and R(Z,) =u—mS*(Z*). Let

R(Z) = Zr 4+ RZm + RoZ™*+ - - - + Ra.
Then
Ry; = ymtm=2-mTy, = ym=2%Ty,

fori=1,2, ..., (m—1)/2 so that m —2:>0. Also
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R2i+1 = u(fn(m-f-l)/2)—-mi+m—2i—l—md“_‘_1

2 o j—
= ym+m—(2m+4)i 2)/2(12“_1

fort=0,1, - - -, (m—1)/2; now 1 <(m—1)/2 implies 2 <m — 1 which implies
2(m+2)i<(m+2)(m—1)=m?4+m-—2, and hence (2m-+4)i<m?*4+m—2 so
that m?4+m—(2m+4)i—2>0; also for i=(m—1)/2 we have m?+m
—(m+4)i—2=m*+m—(2m+4)(m—1)/2)—2=0. Thus R;=0 'mod u]
forj=1,2,---,m—1and R, #0 [mod «]. Since m#£0(2), Z"+R.(0) fac-
tors into distinct linear factors in £[Z] and hence R(Z) and hence S(Z) factors
into distinct linear factors in k[[#]][Z]. Thus there results an o ™1/ family
of polynomials F(Z) of the required type.

[For instance, we could take S;=S;= -:- =S,1=0. Then S;=x,
Sy=xetl, .« .| S, =xotn=D/2=ymtl So that fy=x—4x°S;+S;=x+x+!, and
fori=2,3, -+ -, m/2: foi=Sas+x°Ssi1+Spia =x%+1 Then

F(Z) = Zr + (x + a9 2 Zn—2 4 gni2Zn—t f gntdzn—6 4 . . .
+ xrt(n—1)/27 + (xn + y).]

I11. APPENDIX

9. A remark. If, in Chapters I and II, we replace any reference to “a
polynomial in x (respectively in y or in x and y)” by “a power series in x
(respectively in y or in x and ¥),” then we get much larger families of poly-
nomials

F(Z) = Z» + F:Z" + - - - + Fa € k%, y]][2];

where the parameters (for instance in §4: Ry, Ry, - - -, R,) are allowed to
take values in E[[x, y]]. Let y*=xmd+y in case of §4; y*=x""'d+y in case
of §5 and y*=f,+y in case of §§7 and 8. Then (x, y*) are regular parameters
in E[[x, ¥]] and hence we may replace y by y* Let 4=k[[x, ¥]], E
=k((x, ¥)), E' =an extension of E gotten by adjoining a root of F(Z) to E,

* =3 root field of F(Z) over E containing E’, A’ =the integral closure of 4
in E’. Then it follows from the considerations of Chapters I and II that:
(1) F(Z) is irreducible in E[Z], (2) E* is a least galois extension of E con-
taining E’, (3) G(E*/E)=S,, and (4) DF(Z) =y"! or y". It is obvious that
the maximal ideal in A4 is ramified in the extension A’/A4. From (4) it follows
that if H is any other prime ideal in A which is ramified in the extension
A’/A then H=yA. In the algebro-geometric case it followed from the “purity
of the branch locus (Theorem 1 of [A1])” that yA4 is indeed ramified.(*) In the
present algebroid case, we must directly prove that y4 is ramified. In the case
of Chapter I, Foy=y and Fy, Fy, - -+, Fas, F.€k[[x]] and in case of

(%) Added in proof. Proof of Theorem 1 of [A1] is incorrect. A correct proof is being pub-
lished by Zariski. However in the present situation the algebro-geometric case follows from the
algebroid case by passing to completions.
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Chapter II, F,=vy and Fy, Fs, - - -, F._,€k[[x]]. Hence it is enough to
prove the following:

LeEMMA. Let k be an algebraically closed field, E=k((x, v)), F(Z)=2"
+FRZ - 4 F,, (0>1), Fy, Foy oo+, Feyy Fopy o0 Fnek[[x]];
Fi=y; E' =an extension of E goiten by adjoining a root of F(Z); v=the valuc
tion of E given by the irreducible nonunit y of k[ [x, y]]. Then v is ramified in E'.

Proof. Let %k, be an algebraic closure of k((x)) and let E! =ki((y)); we
may canonically assume that ECE,. Let E; be a root field of F(Z) over E;;
we may assume that E’CE/. It is clear that the valuation of E, with valua-
tion ring k; [[y]] is the unique extension of v to E;; we will call it again ».
Let w be an extension of » to E/. Let 2, - - -, 2. be the roots of F(Z), E*
=E(z1, 22 - -+, 2a), and let w* be the E*-restriction of w. 0 <vD(F(Z))
=w(H.~,¢j (2:—2;)). Hence w(z;—2;) >0 for some 15, say w(z; —2;) >0. Let
¢Ek, such that v(z;—¢)>0. Let 2! =z;—c. Then w(z/)>0 and w(z/)>0.

Let G(Z)=FZ+¢)=2"4+GZ" '+ --- 4+ G, Let ¢ =c"+ Fic!
+ - FF et 4 Fget 4 - - - +F,. Then ¢€k; and G,=G(0) = F(c)
=g+c**y. Hence either v(G.) =0 or v(G,) =v(y). Since G.=3z{, 2/, - - -, 2,
w(z{) >0, w(z ) >0, w(z!)=0 for 2=3, 4, - - -, n, we conclude that v(G,)

=y(y) and 0<w*(z/) <w*(y). Therefore w* is ramified over v. Hence v is
ramified in E'.

10. Lemmas on groups. In Lemmas 1, 2 and 3, G is a transitive subgroup
of the permutation group S, on #n symbols 1, 2, - - -, n.

LEmMA L. If G contains a 2-cycle and an (n—1)-cycle, then G=S,.
Proof. See last paragraph on page 191 of [V].

LEMMA 2. If n is an odd prime number and G contains a 2-cycle and an n-
cycle, then G=S,(%).

First proof. Say ¢=(1, 2, - - -, n) is the n-cycle in G and let s be the 2-
cycle in G. Since G is transitive, we may assume that s=(1, N). Now ¥—1 s
again an n-cycle: t"='=(1, N, - - - ) and hence we may assume that N=2.
Then st=(1, 2)(1, 2, - - -, n)=(1, 3, 4, - - -, n), i.e.,, G contains a 2-cycle

and an (n—1)-cycle. Now invoke Lemma 1.
Second proof. Since # is prime, G is primitive. Now invoke Example 14
on page 163 of [C] or Satz 4 of [F].

LemMA 3. If n is odd and G Contains an n-cycle t and a permutation s of
type:s=(1,2)(h, ha, * - -, hw) where m =n—2 and the letters 1,2, by, hay + + + , hm
are all distinct. Then G=S,.

(4) It is not necessary to assume the existence of an n-cycle (in the second proof this is not
used any way), for G is transitive implies that the order of G is divisible by n (see Cor. I on p.
142 of [C ], this corresponds to the fact that the polynomial F(Z) is irreducible) so that G con-
tains a permutation g of order # and since 7 is prime g must be an n-cycle.
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Proof. Since G is transitive, we may assume that t=(1, p1, P2, * * *, Pn-1)-
Let j be such that p;=2. Let

B=(1,2,q5 -, q)(--) (")

be an expression of ¢ in terms of disjoint cycles. Then (order of /) =l.c.m. of
the lengths of these cycles. Therefore # divides n. Since 7 is odd, we have
u>2. We may relabel the letters so that gs=3. Let a =s™ and b =s% Since m
is odd, we have

a=1(1,2), and b= (r, 7y, - -+, 7m),

where 7y, 73, - + -, 7n is a rearrangement of 3, 4, - - -, n. Conjugating a by
t’ we have: a*=(2, 3)EG. We may write b so that ;=3 and then relabel
the letters so as to have: b=(3, 4, - - -, n). Then

a*b = (2, 4, 5, ey, 3) = an(n — 1)-Cyc1e.
Now invoke Lemma 1.

LEMMA 4. Let K be a field and K an overfield of K, let Ky, - - -, K, be sub-
fields of K which are galois extensions of K with [K;: K|=m; Assume that
my, - - -, M, are patrwise coprime and let K* be the compositum of Ky, - - - , K,.
Then K*/K is galois and G(K*/K) s the direct product of G(K:1/K), - - -,
G(K,/K).

Proof. It is clear that the general case follows from the case s=2, so let
us assume that s=2. Let L be a galois extension of K containing K*. Then
K,/K and K,;/K are galois implies that G(L/K,) and G(L/K,) are normal
subgroups of G(L/K); hence G(L/K*)=G(L/K)NG(L/K,) is a normal sub-
group of G(L/K), i.e., K*/K is galois.

Let G,=G(K*/K,), G:=G(K*/K;), G=G(K*/K), Hi=G/G,=G(K,/K),
H,=G/G;=G(K:/K). Then G; and G; are normal subgroups of G and Gi"\G:
=G(K*/K*)=1, hence GG, is the direct product of G; and G,. Let g, g1, g,
hi, ks, be the orders of G, Gi, Gs, Hi, H;, respectively. Then gih =g=gahs.
Since (h, hs) =1, by must divide ge. Since G2 =G1/G1MNG; which is isomorphic
to a subgroup of G/Gi=H,, we have that g, divides k. Therefore g;=h, so
that g =gk =g1gs. Therefore G=G,G.
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