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1. Introduction. Let V be an r-dimensional normal irreducible algebraic

variety, rS: 2,.with function field K/k where k is algebraically closed of char-

acteristic p, and let P be a simple point of V. In a previous paper (see Theo-

rem 2 of [Al]) we have proved that if Q is a point corresponding to P on

the normalization of Fin a finite algebraic extension L of K such that the

branch locus D on V ior the extension^) L/K has a t-iold normal crossing

(tSr) at P, then the local galois group G(Q/P) of Q over P is a £j-group,

(definitions in [Al]). Now we may raise the converse question, i.e., the fol-

lowing construction problem: Given a pure (r— l)-dimensional subvariety D

of V having a t-iold normal crossing at P and given a Regroup G, does there

exist Q (in some extension L of K) such that G(Q/P) =G and D is the branch

locus(2) at P (for the extension L/K)? Recall that G is said to be a £rgroup

of G/ir is the direct product of at most I cyclic subgroups where ir is the

(normal) subgroup of G generated by all the £-sylow subgroups of G (ir = l

if p = 0); we shall say that G is a quasi p-group if G is generated by its £-sylow

subgroups, i.e., if G = rr, i.e., if every element of G is a product of elements

whose orders are powers of p (we are now assuming p^O). The essential

part of the above problem is then the case when t = l and G is a quasi p-group.

Observe that since every permutation is a product of transpositions, the sym-

metric group Sn on n symbols is a quasi 2-group(3). In this paper we solve

the construction problem for p = 2 and G = 5„. Since we are taking 1 = 1, i.e.,

D has a simple point at P, it is obvious that without loss of generality we may

take r = 2.

Let

F(Z) = Z" + FXZ^ + F2Z"-2 + ■ ■ ■ + Fn,

where Fi, F2, ■ ■ ■ , Fn are elements in k[x, y] to be determined. Suppose we

can choose Fx, ■ ■ • , Fn such that the following three conditions hold:
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i1) I.e., the branch locus on V for the transformation between V and its 1,-normalization.

(2) I.e., the component of the branch locus passing through P coincides with the com-

ponent of D passing through P.

(3) Also observe that if G is a simple group and if the order of G is divisible by p, then G

is a quasi p-group, hence in particular if 5 Sp gn then the alternating group A„ on n symbols is a

quasi p-group. Since every element of A„ is a product of 3-cycles, An is a quasi 3-group (for any

n).
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(1) F(Z) is irreducible in k((x, y)) [Z].

(2) The galois group of F(Z) over k((x, y)) is Sn, i.e., the equation F(Z)

= 0 is unaffected over k((x, y)).

(3) The Z-discriminant of F(Z) is vhd, where v is a polynomial in x, y

ol leading degree one, h is a positive integer and d is a polynomial in x, y

with nonzero constant term.

Since v is of leading degree one, we may take (x, y) to be regular param-

eters at P and s=0as the local equation of D at P. Let L be an extension of

K gotten by adjoining a root of F(Z) to K and let L* be a root field of F(Z)

over K (i.e., L* =a least normal extension of X containing L). Then from the

results of [Al] and §2 of [A2] it follows that:

(I) There is only one point Q corresponding to P on the /.-normalization

of V, D:v=0 is the branch curve on V at P for the extension L/K, and

G(Q/P) = Sn.
(II) There is only one point Q* corresponding to P on the X*-normaliza-

tion of V, D: v = 0 is the branch curve on V at P for the extension of L*/K,

and G(Q*/P) =G(L*/K) = Sn.
For w = l, L = K and the problem makes no sense. For n = 2, we may take

Fx = xF* and F2 = xF* where F* is an arbitrary nonzero polynomial in x and

Fi* is an arbitrary polynomial in x, y with a nonzero constant term; then

conditions (1), (2), (3) are obviously satisfied. Having gotten rid of these

trivialities, we may assume that w>2.

In Chapter I, for even n we shall construct an cot"-2"2 family of poly-

nomials Fi, ■ ■ ■ , F„ (in x, y) satisfying conditions (1), (2), (3) which would

yield that many coverings of V of the required type. In §6 we give an <» (»-s)/2

family of coverings of the required type in case n is prime. For the general

case of odd n, in §§7 and 8, we give two °° t"-3)/2 families of coverings of the

required type.

2. Notations. We let m = n — 2 (m>0). For a polynomial h(Z) we shall

denote by Dh(Z) and Z-discriminant of h(Z). For ££&[[x, y]] we shall let

d(t) = leading degree of I in x and y,

dx(t) = leading degree of / in x,

dy(l) = leading degree of I in y.

Observe that d(0) =dx(0) =<f„(0) = °°. Note that since we are in characteristic

two, we shall not need to use the minus sign.

In the proofs We shall tacitly invoke the following fact: If il is a prime

ideal in (the unique factorization domain) k[[x, y]] such that F(Z) has no

multiple roots mod H, then the galois group of F(Z) mod H (over the quo-

tient field of k[[x, y]]/H) as a permutation group on the suitably arranged

roots is a subgroup of the galois group of F(Z) over k((x, y)), (see §61 of [V]).

The prime ideals used will be the one generated by x and the one generated

by y; note that k[[x, v]]/(x) =&[[y]] and k[[x, y]]/(y)=k[[x]].
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I. Even n

3. The galois group. Let

m

R(Z) = Zm + RxZ">-i + RiZ™-2 + ■ ■ ■ + Rm = II (Z + Ui);
t=-l

m

S(Z) = Zm + xRxZm~i + x2R2Zm~2 + ■ ■ ■ + xmRm = II (A + xut);

f(Z) = (Z2 + *°+>Z + x)S(Z)

= Z»+fxZ"-i +fiZ"~2 +••.+/„;

where a is a nonnegative integer to be chosen and uu u2, ■ ■ • ,um are distinct

nonzero elements of k[[x]] to be chosen. Let

g(Z) = (Z«~i + y)Z = Z" + yZ;

and let

F(Z) =f(Z) + g(Z) + Z" £ k[[x, y]][Z].

Then

F(z) = Z" +/1Z-1 +/2z»-2 + • • • +fn-2z2 + (/»_, + y)z + fn.

Since/, = 0 (mod x) for * = 1, •••,«, we have

( g(Z)    [mod x],
F(z) = \SK J  I      ;'

\f(Z)    [mody].

Now Zn~l+y is irreducible in &[[y]][Z] and hence in k((y))[Z]. Since

n —1^0(2), the galois group of Zn~1+y, i.e., the galois group of g(Z) over

k((x)) is cyclic of order n — 1 and if viewed as a permutation group on the

roots of g(Z) it is generated by an (n — l)-cycle.

Since g(Z) has no multiple roots and since F(Z) =g(Z) [mod x], F(Z) has

no multiple roots.

Again Z2+xa+lz+x is irreducible in &[[*]] [Z] and hence in k((x))[Z],

also its roots are distinct. Therefore its galois group, i.e., the galois group of

f(Z) over k((x)) is cyclic of order 2 and if viewed as a permutation group on

the roots of f(Z) it is generated by a 2-cycle.

Let G be the galois group of F(Z) over k((x, y)) viewed as a permutation

group on the roots of F(Z), i.e., as a subgroup of the symmetric group Sn on

w-symbols. Since F(Z)=f(Z) [mod y], G contains an (w — 1)-cycle and since

F(Z)=g(Z) [mod x], G contains a 2-cycle. Suppose if possible that F(Z) is

reducible in k((x,y))[Z] and hence in &[[x, y]] [Z]. Since F(Z)=g(Z) [modx],

F(Z) must have a linear factor Z+t with t=t(x, y)£&[[x, y]]. Let dx(t) =b.

Since F(Z)=g(Z) [mod x], t(0, y)=0, i.e., b>0. Since F(Z)=f(Z) [mod y],

t(x, 0) =xui for some i, say t(x, 0) =*«i, then
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°° > dx(xuj) ^ dx(t) = b.

Now

/„ = (xuxxu2 • • • xum)x,    and   /„_i £ &[[*]]■

Hence

dx(fj) ^ dx(xmxuj) ^ m + b > b    and   dx(fn-X + y) = 0.

Now F(t)=0 implies

(/n_i + y)t = i" + fit"-1 + f2l»-2 + ■ ■ ■ +fn-il2 +/„.

Therefore

&   =   ̂ [(/n-l + y)t]   =  d^P+flt"-1 +   •   ■   ■   +fn-lt2+fn)

£ min [dx(t"), d^fit"-1), • ■ • , dx(fn-il2), dx(fj)}

^ min [dx(t2), dx(fj)}

> b.

This being a contradiction, we conclude that F(Z) is irreducible in k((x, y)) [Z]

and hence G is transitive. Thus G is a transitive subgroup of Sn containing

a 2-cycle and an (n — l)-cycle. Hence by Lemma 1, §10, G=P„.

4. The discriminant. Now

f(Z) = (Z2 + x°+1Z + x)(Zm + xRiZm~x + x2R2Zm~2 + • ■ • + xmRm)

= Zm+2

+ (x°+1 + xRj)Zm+1 + (x + x?+2Ri + x2R2)Zm

+ (x2Ri + xa+3R2 + x3Rj)Zm~1 + ( • • ■ )Zm~2

+ (x4R3 + x°+6i?4 + xiRj)Zm~3 + ( • • • )Z"*-4

+ (x™~2Rm^ + XT+^Rn-l + X^Rn-JZ3 + (  ■  ■  ■ )Z2

+ (xmRm^x + x°+"'+1i?m)Z + xm+1i?m.

We want to arrange matters so that the coefficients of the odd powers in

f(Z) other than Z are all zero, i.e.,

x°+1 + xRx = 0,

x2Rx + x°+'i?2 + x3R% = 0,

x*Rz + x"+6Rt + x*Rs = 0,

xm~2Rm.3 + x"+m-1i?m_2 + xm~1Rmr.1 = 0;

i.e.,
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*■ + #1 = 0,

x~lRi + x°R2 + R3 = 0,

x-Wt + x"Ri + R& = 0,

x-^Rm^ + x°Rm_i + Rm-i = 0;

i.e.,

Ri = «•,

R3 = x"R2 + x"-1,

Rf, = xaRi + xa~1R2 + x*~2,

Ra+i = ^7?2i + x—lUi(*_i) +-h x°-i+lR2 + x*-*,

Rm-1  =   ^J?m_2 + ^-1i?m-4 +■••+ ^+2-m/2i?2 + ^+1-""2.

We choose a so that a + 1 —m/2 =0, i.e.,

a = (m/2) — 1.

Choose Ri, Ri, ■ ■ ■ , i?m_2 (in &[x]) arbitrarily and then let Ru R3, ■ • • , i?m_i

be defined by the above equations. Choose Rm (in k[x]) arbitrary but non-

zero.

Let R(Z) denote the polynomial in k[Z] gotten by putting x = 0 in R(Z).

Now i?i(0) =R3(0) = • • ■ =i?m_3(0)=0 and i?m_i(0) = l. Hence !'(Z) = 1.

Therefore DR(Z) = 1 and hence R(Z) factors into distinct linear factors in

k\Z\. Therefore (by Hensel's lemma) R(Z) factors into distinct linear factors

in /%[[*]] [Z], i.e., to say

m

R(Z) = II iZ + «.),
1=1

where «i, • • ■ , um are distinct elements of &[[*]]; also none of the u,- is

zero since Rmr^0. Thus

fiZ) = Z» +/2Z"-2 +/4Z"-4 + • • • +/„-2Z2 +/„_iZ + x^Rm,

where

/„_i = xmRm-i + x3m>2Rm = *m<i,    with    d(0) ^ 0.

Hence

F(Z) = Z« +/2Z»-2 +/4Z»-4 + • • • +fn-iZ2 + (xmd + y)Z + xm+1Rm

[observe that/2(0) =/4(0) = • • • =/„_2(0) =0]. Then
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F'(Z) = xmd + y.

Therefore

DF(Z) = (xmd + y)n.

Since the m/2 parameters P2, P4, ■ • • , Rm are arbitrary we get an <x>ml2

family of coverings of the required type.

II. Odd n

Let

S(Z) = z™ + sxzm-K+ s2z™-2 + • ■ ■ +sm,

f(Z) = Z» +/1Z-1 +f2Z»~2 +•••+/„

= (Z2 + x?Z + x)S(Z)

= Zm+2 + (x° + Sj)Zm+1 + (x + xaSx + Sj)Zm

+ (xSx + x?S2 + Sj)Zm~1

+ (xS2 + x°S3 + Sj)Zm~2

+ (xSm-2 + x*Sm-X+Sm)72

+ (xSm-i + x?Sn)Z + xSm,

where a (an integer) ^1 and Si, S2, ■ ■ • , Sm are elements to be determined

in k[x] of positive leading degrees: Let

g(Z) =Z» + y.

Since g(Z) is irreducible in &((y))[Z] and since w=-0(2), the galois group of

g(Z) over k((y)) as a permutation group on the roots of g(Z) is generated by

an w-cycle. Let

F(Z) = f(Z) + g(Z) + Z".

Then

F(Z) = Z» +fiZ»~1 + • • ■ +/„_iZ +/„ + y,

so that

(g(Z)    [mod x],
F(Z) =  \ 8W    rL

\f(Z)     [mody].

Since F(Z)=g(Z) [mod *], F(Z) is free from multiple roots and irreducible

in k((x, y)) [Z] and the galois group G of F(Z) over k((x, y)) considered as a

permutation group on the roots of F(Z), i.e., as a subgroup of Sn, is transitive

and contains an w-cycle.

5. A special case, n prime. Suppose we try to arrange matters so that
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m

S(Z) = II (Z + xuj),
1-1

where ux, ■ ■ ■ , um are distinct elements of &[[x]]. Let

m

R(Z) = II (Z + uj) = Z<" + RiZ™-1 + RiZ™-2 + • • • + U».
>-i

Then 5< = x*P,-, so that

f(Z) = Z™+2 + x(x"-1 + Rj)Zm+1 + x(l + x*Ri + xRj)Zm

+ x\Ri + x?R2 + xRj)Zm~1

+ x3(Ri + x°P3 + xRj)Zm-2

+ x^-^R^i + x?Rm-i + xRm)Z2

+ xm(Rm-i + x?Rm)Z + x'-'+'P™.

Let us try to kill the coefficients of the even powers in f(Z) except the con-

stant term [observe that we can never kill the coefficient x(l +xaPi+xP2) of

the odd power Zm; hence this reversal of policy], i.e.,

x"-1 + Rx = 0,

P-i + xaR2 + xR3 = 0,

R3 + x"Rt + xRt = 0,

Rm-2 + x"Pm_i + xRm = 0;

i.e., by substituting successively:

P-i = x°-\

R3 = x^-xR2 + x°-2,

Ri = x^Ri + x°-2P2 + x°-3,

Rm = xa-1Pm_i + x"-2Pm_3 + • • • + x?-«»-»nR2 + ^-6»+D/2.

Let us arrange matters so that Rm is of leading degree zero,, i.e., a — (w + l)/2

= 0, i.e.,

m+ 1
a = -•

2

Then give arbitrary values in k[x] to P2, P4, ■ ■ • , Pm-i, and determine

Pi, R3, ■ • ■ , Rm by the above equations. We could even kill all the coeffi-

cients of f(Z) except/2 and/„ thus: We want
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x"-1 + Ri = 0,

Ri + xaRi + xR3 = 0,

Ri + x"R3 + xRi = 0,

i?m-2 + xaRm-i + xRm = 0,

Rm-l + XTRm = 0.

Solving successively from the bottom to the top:

Rm^i = xaRm = x^PiRm, Pi E k[x];

i?OT_2 = (x2- + x)Rm= (x?Pi + x)Rm, Pi £*[*];

i?m_3 = x"7?m_2 + xRm_i = x?P3Rm, P3 £*[*];

Rm-i = xaRm-3 + xRm-i = (xaPi + x2), Pi £ k[x\;

Rm-u+i = xaPa-iRm, Pn-i £ k[x\;

Rm-u = (xaP2i + x^Rn, Pa £ k[x\;

Rl  =   Rm-t.m-l)   =   (x^Pm-l + X^-^l2)Rm, Pm-1 £  k[X];

= xa~idRm, d = d(x) £ k[x] with d(0) = 1^0.

Choosing Rm = l/d we satisfy the remaining  (first) equation xa~1 + Rx = 0.

Thus

f(Z) = Z" + fiZ"~2 + x"~ld-\

F(Z) = Z" +/2Z»~2 + (x^d-1 + y).

Let R(Z) be the polynomial gotten from R(Z) by putting x = 0. Then

R(Z) = Z» + i?2(0)Z»-2 + i?4(0)Z"-4 + - ■ • + i?m_i(0)Z + 1,

R'(Z) = Z™"1 + 7?2(0)Z"-3 + i?4(0)Z»-6 + • • ■ + 7?ra-i(0).

Hence

ZR'(Z) + 1 = R(Z).

Therefore DR(Z) = 1 and hence R(Z) factors into distinct linear factors in

k[Z] and R(Z) factors into distinct linear factors in fc[[x]] [Z]. Thus we have

f(Z) = (Z2 + a;("+i)/2Z + x)S(Z)

m

= (Z2 + x<">+»'2Z + x) H(Z + xu/)
t-i

= Z« 4-/2Z"-2 +/4Z«-< + • • • +/„_iZ + x»-H,
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where ux, • • • , um are distinct elements in &[[x]];/2, /4, • • • , fn-i are poly-

nomials in x without constant terms (and they depend on the (m —1)/2 free

parameters P2, P4, • • • , Rm-i) and d is a polynomial in x with a nonzero

constant term. Hence the galois group of f(Z) over k((x)) is generated by a

2-cycle. Now

F(Z) = Z" +/2Z»"2 +/4Z»"4 + ■ • • +/n-iZ + (*-~»d + y),

F'(Z) = Z""1 +/2Z""3 +/4Z»-6 + • • • +/„_i.

Hence F(Z) =ZF'(Z) + (xn~1d+y) and therefore

DF(Z) = (xn~ld + y)"-1.

Also the galois group G of F(Z) over £((x, 31)) is a transitive subgroup of 5n

containing an «-cycle and a 2-cycle. If n is prime, then by Lemma 2 of §10

(also see footnote 4 there) G = S„ and we have an <» («-i)/s family of unaffected

coverings of the required type. However this argument (i.e., Lemma 2) does

not apply if n is not prime.

6. The general case (n odd). In the general case, suppose we could ar-

range matters so that S(Z) instead of being factorizable (into distinct linear

factors) is irreducible over k((x)) and has for its galois group a cyclic group

of order m. Now the galois group of Z2+xaZ+x over k((x)) is still cyclic of

order 2. Since m is odd, by Lemma 4, §10, we could then conclude that the

galois group of f(Z) over k((x)) is cyclic of order 2m and hence if considered

as a subgroup of GCjSn it would be generated (as in paragraph two on page

191 of [V]) by a permutation of type (hi, hj)(h3, hit ■ • ■ , hj) where the sym-

bols hx, hi, • ■ • , hn are all distinct. Since G contains an w-cycle, Lemma 3,

§10, would tell us that G = Sn. The galois group of S(Z) over k((x)) will be

made cyclic of order m by finding Si, Si, ■ ■ ■ , Sm in k[x], (of positive leading

degrees), such that

(1) S(Z) is irreducible in &[[*]] [Z], and

(2) S(Z) is completely reducible (into linear factors) in &[[«]] [Z] where

u = xllm.

To arrange that DF(Z)=vhd with d(v) = l and d(d)=0, we may adapt

the method of §4 or the method of §5, i.e., either (A) we kill the coefficients

of all the odd powers in/(Z) other than Z" or (B) we kill the coefficients of all

the even powers in/(Z) other than the constant term. In case (A) we have

F(Z) = Z» +/iZ»-> +/3Z«-3 + • • • +/„_2Z2 + (/„ + y),

F'(Z) = Z""1

and hence

DF(Z) = (/„ + yY'1 [with d((fn + y)) = l].

In case (B) we have
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F(Z) = Z» +/2Z»~2 +/4Z»-4 + • • • +fn_iZ + (fn + y),

F'(Z) = Z""1 +/2Z»-3 +/4Z"-5 + ■ ■ • +/„_!,

so that F(Z) =ZF'(Z) + (fn+y) and hence

DF(Z) = (/„ + y)"-1 [with <*((/„ 4- y)) = 1].

We expound these two methods in the next two sections respectively.

7. Method A (killing odd powers). To kill the odd powers in f(Z) other

than Zn we have to satisfy the following equations:

x + xaSi + S2 = 0.

xS2 + xaS3 + Si = 0,

xSi + x°Sn + Si = 0,

xSm-3 + xaSm-2 + 5m_i = 0,

XOm—l    1     X *^wi O,

i.e., (by successive substitutions):

S2 = x + x°Si,

Si = x2 + x°+lSi + x°S3,

S« = x3 + x°+25i + x°+1S3 + z-Ss,

S2i = x{+ xf+^Si + xP+'-tSa +   ■ ■ ■ + x°S2i-h

■J«-l   =  02(m_l)/2

=   x(m-X)H +  xa+(m-3)/251  _|_  ^+1^-6)1^ _|_-1_  x*Sm-2,

Let

w—1
a = - •

2

Let Si, S3, • • • , Sm_2 be arbitrary elements in k[x] of positive leading degrees

and let S2, S4, • • • , Sm_i, Sm be determined by the above equations. Then

S2i = x{d2i (for i = 1, 2, • • • , (m — l)/2) and Sm = x^,

where d2, di, ■ ■ ■ , dm-X, dm are polynomials in x with nonzero constant

terms. Now



320 SHREERAM ABHYANKAR [November

S(Z) = Zm + xTiZ™-1 + xT2Zm~2 + ■ ■ ■ + xTm-iZ + xdm,

with Ti(Ek[x]. Since dm(0) = l?±0, S(Z) is irreducible over k((x)). Let um=x

and Z = wZ*. Let

S(Z) = umS*(Z*).

Then

S*(Z) = Zm+ um~1TiZm-1 + u™-2TiZm~2 +-h «rm_iZ + dm

= Zm + 1 [mod «].

Since m^0(2), S*(Z) and hence S(Z) is completely reducible in £[[w]][Z]

(into distinct linear factors). Thus we have obtained an oo 0*-i>/» family of

polynomials F(Z) of the required type.

[We could even kill all the coefficients of f(Z) except fm and /«, thus: We

want

x" + Si = 0,

x + xaSi + S2 = 0,

xSi + xaS2 + S3 = 0,

xSi + x"S3 + Si = 0,

x5m_3 + xa5m_2 + 5m_i = 0,

Solving successively:

Si = x° = 0 [mod x],

52 = x + x2a = 0 [mod x],

53 = xa+1 + xa+1 + x3a = 0  [mod x],

5i = xSi-i + xaSi-i = 0 [mod x],

Sm_i = xSm-3 + xa5m_2 = 0 [mod x].

Let a = (m — l)/2. Then by what we have shown above, it follows that:

5m_i = x(m_1)/2^m_i =xadm-i where dm_i is a polynomial in x with dm_i(0)?^0.

Choose Sm so that xa5m+x5OT_i = 0, i.e., Sm = xdm_i. Then/m = x6,m_2+xa5m_i +

Sm = xe with e(0)^0. If we replace xby xe we obtain F(Z) =Zn+xZ2+x2d+y,

where <*£&[*] with d(0)^0.\
8. Method B (killing even powers). To kill the even powers in/(Z) other

than the constant term, we have to satisfy the following equations:
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*° + Si = 0,

xSi + xfS2 + S3 = 0,

xS3 + xaSi + Sb = 0,

xSm-2 + #°Sm_i + Sm = 0,

i.e. (by successive substitutions):

Si = xf,

S3 = x?+l + xaS2,

S6 = x*+2 + x*+lS2 + x°S4,

Sti+i = x°+i + xr+^Si + x*+i-2Si + ■ ■ ■ + x°S2i,

Sm = *»+c—i>/* + ^+<m-3"2S2 + • • • +x*Sm-i.

Let a = (m+3)/2 andior i = l,2, ■ ■ ■ , (m — l)/2; Sn be an arbitrary element

of k[x] with dx(Su)^2i + l. Now determine Si, S3, ■ ■ ■ , Sm by the above

equations. Then

S2i+i = *(-+»/2+y2<+i with J2,+i(0) ^ 0.

Let

S2< = x2i+1Tu, with r2l- £/%[*].

Let Z = Z*x and

S*(Z*) = ar-S(Z) = Z**" + sfz*—1 + S*2Z*m~2 +-\- S*.

Then

S*< = s«+i+---«-»r2j = xT2i,

S2i+i = a:(»+3)/2+i+7B-2i-i-mrf2.+1 = -(~+i)/J-ytj+1<

Therefore dx(S,*)>0 for j = l, 2, • • • , »» and Sm = xdm so that a*x(Sm)=l,

hence S*(Z) and hence S(Z) is irreducible in £((x))[Z]. Let Mm = x, Z* = uZi

and 2?(Z,)=w—S*(Z*). Let

7c(Z) = Zm + RiZm~l + R2Zm~2 + • • ■ + Rm.

Then

Rn = Mm+m-2<-mr2< = um~2iT2i,

for t = l, 2, • ■ ■ , (m-l)/2 so that m — 2i>0. Also
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Rli+1   =   U^^+l)n)-mi+m-1i-l-mdu+i

—   M(m!+m-(2m+4)i-2)/2^2

fort = 0,1, • • -, (m — l)/2; now i<(m — l)/2 implies 2i<w —1 which implies

2(m + 2)i<(m + 2)(m — l)=m2+m — 2, and hence (2m+i)i<m2+m — 2 so

that m2+m — (2m+4:)i — 2>0; also for i = (m —1)/2 we have m2+m

-(2m+4-)i-2=m2+m-((2m+4:)(m-l)/2)-2=0. Thus P, = 0 [mod u]

for.7 = 1, 2, • • • , m-1 and Pm f*i0 [mod «]. Since w^0(2), Zm+Pm(0) fac-

tors into distinct linear factors in k[Z] and hence R(Z) and hence 5(Z) factors

into distinct linear factors in £[[«]] [Z]. Thus there results an oo c»>-i)/2 family

of polynomials F(Z) of the required type.

[For instance, we could take 52 = 54= • • • =5m_i = 0. Then Si=xa,

S3 = xa+1, • ■ • , Sm = xa+<m-1)'2 = xm+1. So that/2 = x+x°5i+52 = x+xa+1, and

for t = 2, 3, • • • , w/2:/2< = 52,+x',52,_i+52i_2 = x2<'+i-1. Then

F(Z) = Z" + (x + x^+vi^Z"-2 + x"+2Z"-4 + xn+3Zn~6 + ■ ■ ■

+ xn+(-n-1)'2Z + (xn + y).]

III. Appendix

9. A remark. If, in Chapters I and II, we replace any reference to "a

polynomial in x (respectively in y or in x and y)" by "a power series in x

(respectively in y or in x and y)," then we get much larger families of poly-

nomials

F(Z) = Z" + FiZ"-1 + ■ ■ • + F„ £ k[[x, y]][Z\;

where the parameters (for instance in §4: P2, P4, • • • , Rm) are allowed to

take values in &[[x, y]]. Let y*=xmd+y in case of §4; y*=xn~1d+y in case

of §5 and y*=fn+y in case of §§7 and 8. Then (x, y*) are regular parameters

in k[[x, y]] and hence we may replace y by y*. Let ^4=fe[[x, y]], E

= k((x, y)), E'=an extension of E gotten by adjoining a root of F(Z) to E,

E*=a root field of F(Z) over E containing £', A' =the integral closure of A

in £'. Then it follows from the considerations of Chapters I and II that:

(1) F(Z) is irreducible in P[Z], (2) E* is a least galois extension of E con-

taining E', (3) G(E*/E)=Sn, and (4) DF(Z) =yn~1 or y". It is obvious that

the maximal ideal in A is ramified in the extension A'/A. From (4) it follows

that if H is any other prime ideal in A which is ramified in the extension

^4'/^4 then.ff = ;y.4. In the algebro-geometric case it followed from the "purity

of the branch locus (Theorem 1 of [AI ])" that yA is indeed ramified. (3h) In the

present algebroid case, we must directly prove that yA is ramified. In the case

of Chapter I, P„_i=y and Pi, Ps, • ■ • ,  F„_2, Fn^k[[x]] and in case of

(*>) Added in proof. Proof of Theorem 1 of [Al] is incorrect. A correct proof is being pub-

lished by Zariski. However in the present situation the algebro-geometric case follows from the

algebroid case by passing to completions.
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Chapter II, F„ = y and Fx, F2, ■ ■ ■ , Fn-iEik[[x]}. Hence it is enough to

prove the following:

Lemma. Let k be an algebraically closed field, E = k((x, y)),  F(Z)=Z"

+ FiZ"-l+ ■ ■ ■ +FH,   (n>l),   Fu   F2, ■ ■ ■ ,   F,-u   FWl • • • ,   Fnek[[x]];

Ft = y; E' =an extension of E gotten by adjoining a root of F(Z); v=the valua

lion of E given by the irreducible nonunity ofk\\x, y]]. Then v is ramified in E'.

Proof. Let ki be an algebraic closure of k((x)) and let E{ =ki((y)); we

may canonically assume that E££i. Let Ei be a root field of F(Z) over Ei;

we may assume that E'QEX. It is clear that the valuation of Ex with valua-

tion ring &i[[y]] is the unique extension of v to Ex; we will call it again v.

Let w be an extension of v to E(. Let zu ■ • ■ , zn be the roots of F(Z), E*

= E(zi, z2, ■ ■ ■ , zn), and let w* be the £*-restriction of w. 0<vD(F(Z))

= w(Y\i*j (zi — Zj)). Hence w(zt — z,-)>0 lor some i^j, say w(zx— z2)>0. Let

c£&i such that v(zx — c)>0. Let zi =Zj — c. Then w(z/)>0 and w(z2')>0.

Let G(Z) = F(Z + c) = Z" + dZ"-1 + • • • + Gn. Let q = C + FiC*"1

+ ■ ■ ■ +Ft-.iC-*+1+Fi+iC»-'-i+ ■ ■ ■ +Fn. Then qeh and Gn = G(0)=F(c)
= q+c"~ty. Hence either v(Gn) =0 or v(Gn) =v(y). Since Gn = zx , z2 , ■ ■ ■ , z„ ,

w(zx)>0, w(z2)>0, w(z,')^0 for i = 3, 4, • • • , n, we conclude that v(Gn)

= v(y) and 0 <w*(zx') <w*(y). Therefore w* is ramified over v. Hence v is

ramified in E'.

10. Lemmas on groups. In Lemmas 1, 2 and 3, G is a transitive subgroup

of the permutation group S„ on n symbols 1,2, • ■ ■ , n.

Lemma 1. If G contains a 2-cycle and an (n-l)-cycle, then G = Sn.

Proof. See last paragraph on page 191 of [V].

Lemma 2. If n is an odd prime number and G contains a 2-cycle and an n-

cycle, then G = Sn(4).

First proof. Say f = (l, 2, • ■ • , n) is the w-cycle in G and let 5 be the 2-

cycle in G. Since G is transitive, we may assume that s = (l, N). Now tN~l is

again an w-cycle: tN~1 = (l, N, ■ ■ ■ ) and hence we may assume that N = 2.

Then st = (l, 2)(1, 2, • • • , n) — (l, 3, 4, • • • , n), i.e., G contains a 2-cycle

and an (n — l)-cycle. Now invoke Lemma 1.

Second proof. Since n is prime, G is primitive. Now invoke Example 14

on page 163 of [C] or Satz 4 of [F].

Lemma 3. If n is odd and G 'contains an n-cycle t and a permutation s of

type: s = (1,2) (hi, h2, ■ ■ ■ ,hm) where m=n — 2 and the letters 1,2, hu h2, • • • , hm

are all distinct. Then G = S„.

(4) It is not necessary to assume the existence of an n-cycle (in the second proof this is not

used any way), for G is transitive implies that the order of G is divisible by n (see Cor. I on p.

142 of [C], this corresponds to the fact that the polynomial F(Z) is irreducible) so that G con-

tains a permutation g of order n and since n is prime g must be an n-cycle.
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Proof. Since G is transitive, we may assume that t = (1, pi, pi, • ■ • , pn-j).

Let/ be such that pj = 2. Let

/' = (l,2,g3,. • -,?„)(■ ••)...(•..)

be an expression of V in terms of disjoint cycles. Then (order of t1') =l.c.m. of

the lengths of these cycles. Therefore u divides n. Since n is odd, we have

w>2. We may relabel the letters so that q3 = 3. Let a = sm and b=s2. Since m

is odd, we have

a = (1, 2),  and b = (rx, r2, ■ ■ ■ , rm),

where rx, r2, ■ ■ ■ , rm is a rearrangement of 3, 4, • • • , n. Conjugating a by

V we have: a* = (2, 3)£G. We may write b so that ri = 3 and then relabel

the letters so as to have: b = (3, 4, • • • , n). Then

a*b = (2, 4, 5, • • • , w, 3) = an(n — 1)-cycle.

Now invoke Lemma 1.

Lemma 4. Let K be a field and K an overfield of K, let Ku ■ ■ ■ , K, be sub-

fields of K which are galois extensions of K with \Ki'. K\=mt. Assume that

nil, ■ • ■ , m, are pairwise coprime and let K* be the compositum of Ku ■ ■ ■ ,K,.

Then K*/K is galois and G(K*/K) is the direct product of G(Ki/K), ■ ■ • ,

G(K./K).

Proof. It is clear that the general case follows from the case 5 = 2, so let

us assume that s = 2. Let L be a galois extension of K containing K*. Then

Ki/K and Ki/K are galois implies that G(L/Kj) and G(L/Kj) are normal

subgroups of G(L/K); hence G(L/K*) = G(L/Kj)C\G(L/Kj) is a normal sub-

group of G(L/K), i.e., K*/K is galois.

Let Gi = G(K*/Kj), G2 = G(K*/K2), G = G(K*/K), HX = G/GX = G(KX/K),
H2 = G/G2 = G(Ki/K). Then Gx and G2 are normal subgroups of G and Gxf~\Gi

= G(K*/K*) = 1, hence GiG2 is the direct product of Gi and G2. Let g, gx, gi,

hx, hi, be the orders of G, Gx, G2, Hx, H2, respectively. Then gxhx=g = gihi.

Since (hi, hj)=l, hx must divide g2. Since G2 = G2/Gxr\Gi which is isomorphic

to a subgroup of G/GX = HX, we have that g2 divides hx. Therefore gi = hx so

that g = gxhx = gxg2. Therefore G = GiG2.
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