LINEAR OPERATORS ON
QUASI-CONTINUOUS FUNCTIONS

BY
RALPH E. LANE

1. Introduction. In this paper we study a class of linear transformations
for each of which the transform of a function is a function. This special class
of transformations has such applications as the smoothing of experimental
data, the prediction of outputs of a physical system for various inputs, and
the estimation of the velocities and accelerations of an object from observa-
tions of its positions at various times.

By the statement that f is a function, we imply that if ¢ is a real number,
then f(¢) is a number. By the statement that f is quasi-continuous(}), we
mean that f is a function such that if ¢ is a real number then the limits f(¢ —)
and f(¢t+) exist. Some lemmas on quasi-continuous functions appear in §2.

DEeriNITION 1.1. The statement that T is a Q operator over the interval
[, b] means that T is a transformation such that

(i) if v is quasi-continuous, then Ty is a function; if g=Ty and s is a real
number, then we denote the number g(s) by Ty(s),

(ii) if 1 is quasi-continuous and y; is quasi-continuous, then T'(y;+7y.)
=Tyn+Ty,,

(iii) if y is quasi-continuous and k is a number, then T'(ky) =k(Ty),

(iv) if y is quasi-continuous, ¢ is a real number, and z(¢) =y(t+¢) for each
real number ¢, then T3(s) = Ty(s+c¢) for each real number s, and

(v) if s is a real number, then there is a positive number B, such that if y
is quasi-continuous and M > Iy(s—t)l for each number ¢ in [a, b], then
[ Ty(s)l < MB,; by the norm, | T(s)| , of T at s we mean the greatest lower
bound of the set of all such numbers B,.

It will be observed that if T is a Q operator over the interval [a, b] and
Toy=Ty(0) for each quasi-continuous function y, then T, is a bounded
linear transformation from the set of all quasi-continuous functions to the set
of all numbers (i.e., Ty is a bounded linear functional operation as defined in
[2] and [3]). We give the following example of a Q operator.

ExaMPLE 1.1. Suppose that if y is quasi-continuous and s is a real number,
then

Ty(s) = [—y(s — 2) — 3y(s — 1) + 76y(s) + 76y(s + 1)
— 3y(s + 2) — y(s + 3)]/144.

Presented to the Society April 21, 1956; received by the editors August 16, 1956.
(*) Except for the use of the word “quasi-continuous,” we use the terminology and nota-
tion of [1]. In particular, “integral” is defined as in [1].
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It follows that T is a Q operator over the interval [—3, 2] and that | T(s)|
=10/9 for each real number s. Moreover, if y is a polynomial of degree 3 or
less, then Ty(s) = [i*'y(¢)dt. This operator is designed for use with experi-
mental data, for which the values used for y in the formula may include errors
of observation. In effect, the operator smooths the raw data, interpolates,
and gives the integral of the smoothed and interpolated data; it is derived
from Jenkins’ modified osculatory interpolation formula [4].

In §3 we show that if T is a Q operator over the interval [a, b], then Ty
is quasi-continuous, of bounded variation, or continuous, according as ¥ is
quasi-continuous, of bounded variation, or continuous. In §4 we show that
if T is a Q operator and y is a quasi-continuous function then Ty is the sum
of two integrals.

We adopt the following notation. If y is quasi-continuous, then y; and
yr denote the functions such that v.(¢f) =y(¢—) and yz(¢) =y(t+) for each
real number ¢£.

DEeFINITION 1.2. The statement that T is a Q; operator over the interval
[a, b] means that T is a Q operator over [a, b] such that if y is quasi-continu-
ous then Ty(s+)—Ty(s—) =2[Tyr(s) — Tyi(s)] for each real number s; i.e.,
if Ty=x, T(yr) =uand T (yg) =v, then x(s+) —x(s—) =2[v(s) —u(s) ] for each
real number s.

In §5 we show that a Q, operator T is a Q operator such that if y is a
quasi-continuous function then Ty is an integral. In §6 we find conditions
sufficient to assure that a Q; operator T has various properties which may be
desirable in applications. For example, we find a condition sufficient to assure
that if y is quasi-continuous then Ty has a derivative, and we exhibit a Q,
operator T’ such that Ty is the derivative of Ty. In §7 we give a family of
(1 operators, one of which is a limit of the “most powerful” smoothing oper-
ators given in [4].

2. Lemmas concerning quasi-continuous functions. The following results
will be used later in this paper.

LeMMA 2.1. For the function f to be quasi-continuous, it is necessary and
sufficient that if [a, b] is an interval and €>0 then there is a step-function s such
that |f(t) —s(t)| <e for each number t in [a, b].

For a proof, see Lemma 4.1b of [1]; see [5] also.

LEMMA 2.2. For the function f to be quasi-continuous it is necessary and
sufficient that if [a, b] is an interval and €>0 then there is a subdivision t,,
ti, - -+, ta of [a, b] such that if p and q are in one of the segments (t;, tip1) then
|7(6)~f(9)] <e.

Proof is omitted.

LEMMA 2.3. If fi, fo, fs, - -+ is a sequence of quasi-continuous functions
which converges uniformly to a function f, then f is quasi-continuous. Moreover,
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if fa(t+) =fa(t) for each positive integer n and each real number t, then fr=f;
likewise, if fo(t—) =fa(t) for each positive integer n and each real number t, then

fu=f.
Proof is omitted.

LemMMA 2.4. If fi, fa, - - -, is @ sequence of functions which converges uni-
formly to a function f, and [a, b] is an interval, and V>0, and V2(f.) SV for
each positive integer n, then VI(f) S V.

For a proof, see Lemma 4.2a of [1].

LeEMMA 2.5. If f is a quasi-continuous function, then there are a quasi-
continuous function g and a quasi-continuous function h such that

(i) gL=gand hr=",

(i) g+hr=f, and

(i) if [a, b] is an interval and | f(t)| < M < M for each number ¢ in [a, b],
then | g(t)| £1.5M, and |h(t)| 1.5M: for each number t in [a, b].

Proof. We introduce the following notation. Suppose that [a, b] is an

interval, z is quasi-continuous, and D is a subdivision ¢, &1, - + -, tm of [a, B].
Then Lpz and Rpz denote the pair of functions such that 2Lpz(a) =2(a),
2Rpz(b) =2(b), and for 2=0,1, - - -, m—1,

2(tip1 — 1) Lpa(t) = (biyr — O)[28(ti+) — 2(t)] + (¢ — £)2(tir) if t; < ¢ Stiyy,
and
2(tiy1 — t)Rpz(t) = (biy1 — Da(t) + (¢ — 1) [2Z(t,~+1—) - Z(t,'+1)] ift; <t <tiga.

We make the following three observations. First, if |z(t)| < M for each
number ¢ in [a, b], then ILDz(t)| <1.5M and IRDz(t)| =<1.5M for a=t<b.
Second, if €>0 and it is true that | z(p) —2(g)] Seif p and g are in one of the
segments (£;,i41), then |z(t) — Lpz(t) —sz(t)| <e for a=<t=<b. Finally,
Lpz(t—)=Lpz(t) if a <t <b, and Rpz(t+) =Rpz(?) if a =t <b.

Now suppose that [a, b] is an interval and |f(t)| SM<M ifaZt=<h. Let
e denote a positive number less than M;— M. We now construct a sequence
fu, fo, fs, + - - of functions and a sequence Dy, Dy, D3, - - - of subdivisions of
[a, b] in the following manner. Let fi denote the function f, and let D; denote
a subdivision to, t1, * - + , tm of [a, b] such that if p and g are in one of the seg-
ments (f;tiy1) then |fi(p)— fl(q)l <e¢/2. For each positive integer =, let
fas1=fa—Lp,fo—Rp,fn, where D, denotes a subdivision fo, &1, * -+, Im of
[a, b] such that if p and g are in one of the segments (t;, #:i11) then |f,.(p)
—fa(g)| S€/27. Suppose that a=<t=<b. Then |fit)| =M, and therefore
| Lo fi(6)| £1.5M and |Rp,fi(t)| £1.5M; moreover, |£(0)| =|fi(t) = Lo, fi(t)
_Rlel(l)| <e/2. By induction, if # is an integer greater than 1, and ¢ St <9,
then | Lp fa(t)| £1.5¢/2%7, | Rp fa(t)| £1.5¢/27, and
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110 = 3 Loyfol®) = 3 Rofol)

= | fars@| = | fald) = L fu(t) — Roufuld)| < /27

But Y .., Lpaf, converges uniformly in [a, b] to a function g; and if e ¢ <5,
then |g(®)| < D ;i | Lo, fo(t)| £1.5(M+€) <1.5M:. Similarly, >~ Rp f,
converges uniformly in [a, b] to a function %, and if a<t<b then |h(})]
<1.5M,. Moreover, if a=t<b then g(t)+k()=f(t). From Lemma 2.3, it
follows that if a <¢=<b then A(t—) exists and g(¢—) =g(¢), and that if e £t <b
then g(t+) exists and A(¢+) =h(¢). This completes the proof.

LEMMA 2.6. Suppose that [to, t,] is an interval, >0, and f is a function such
that

(1) if toSt=t, then the derivative f'(t) exists, and

(i) if s1 and sy are in [to, t1], then |f/(s1) —f'(s2)| <e. Then

| (F8) =f(t0))/ (i —to) —f (1) | <e(2)12

for each number t in [to, ).

Proof is omitted, since this lemma can be obtained by applying the theo-
rem of the mean to the real part and the imaginary part of f.

LeEMMA 2.7. If f has a quasi-continuous dertvative f', then f' is continuous.

Proof is omitted, since the lemma follows readily from well-known results
and can be derived from Lemma 2.6.

LEMMA 2.8. Suppose that [a, b] is an interval, y is a function which is
bounded in |a, b], and x is a function whose derivative, ', is continuous in

la, b]. If [oy(dx(t) =1 or [oy()x'()dt =1, then [y (t)dx(t) = [ay(t)x' (£)dt.

Proof is omitted, since this lemma follows with little difficulty from
Lemma 2.6.

LEMMA 2.9. Suppose that f is a function whose dertvative, f', is of bounded
variation in the interval [a, b], k is a real number other than zero, and [c, d] is
an interval such that if t is in [c, d] then t and t-+h are in [a, b]. If g(t)
= [f(t+h) —f(t)]/h for each number t in [c, d], then g is of bounded variation in
[c, d], and Vi(g) < V(F).

Proof. Suppose that fo, #, - - -+ t. is a subdivision of [¢, d], and let S
denote the sum D ;oo |g(ti1) —g(t)|. Now

h h
Mattr) — @] = [ 1dftn + 9 - [ 1+ 0

- f [ (trs + 8) = f/(t: + 0)]at.
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It follows that if 2>0, then

et — 0] = [ et ) — f+ 9| di

and
h n—1

h
1= [T wat o - petalas [via = wig),
0 =0 0
so that S< V2(f"). By a similar argument, if #<0, then S< V2(f'). Hence g is
of bounded variation in [¢, d], and V&(g) < V2(f’). This completes the proof.
3. Some properties of Q operators. In this section we suppose that there
are given an interval [a, b] and a Q operator T over [a, b].

LeMMA 3.1a. Suppose that s is a real number and y and z are quasi-continu-
ous functions such that y(s—t) =z(s—t) if a =t =Zb. Then Ty(s) =Tz(s).

Proof. Let w=y—2z By (ii) and (iii) of Definition 1.1, Ty(s) —T2(s)
=Tw(s). But w(s—¢t)=0if a =¢=<b; and by (v) of Definition 1.1, if ¢>0 then
|Tw(s)| §c~[ T(s)l ; hence Tw(s)=0, or Ty(s)=Tz(s). This completes the
proof.

THEOREM 3.1. If 5 is a real number, then | T(s)| =| T(0)].

Proof. Suppose that s is a real number. Now if y is quasi-continuous and
z(t) =y(t—s) for each real number ¢, then z(s—2) =y(—¢) for each number ¢
in [a, b]; by Lemma 3.1a and (iv) of Definition 1.1, T3(s) = Ty(0). It follows
from (v) of Definition 1.1 that | T(s)| =| T(0)|. This completes the proof.

REMARK. In view of Theorem 3.1, we shall hereafter refer to the norm of T
as | TI : i.e., if s is a real number, then I Tl = ] T(s)| .

THEOREM 3.2. If a <c <b, then there are a Q operator T over [a, c] and a Q
operator Ty over [c, b] such that

(1) if y is quasi-continuous then Ty=Tiy+Tyy, and

@) | 7o +| 7] =] T].

Proof. If v is quasi-continuous and s is a real number, then we define num-
bers T1y(s) and T>y(s) in the following manner. Let u(s—¢)=0 if t>c¢ and
u(s—t)=y(s—1t) if t<cand let T1y(s) =Tu(s). Let v(s—t) =y(s—1¢) if t>c and
v(s—t)=0if t=c; and let Toy(s) =Twv(s). By Definition 1.1, T; is a Q operator
over [a, ¢], and Ty is a Q operator over [c, b]; moreover, if y is quasi-continu-
ous, then Thy+Tyy=Ty.

We now show that | 74| +| 73| = | T|. Suppose that >0, s is a real num-
ber and y is a quasi-continuous function such that | Ty(s)] >|T[ —e and
|y(s — t)] <1 for each number ¢ in [e, b]. Now | Ty + | Ts| = | T
+= Toy(s)| 2 | Toy(s)+Toy(s)| = | Ty(s)| > | T| —e. Hence |Ti| =Ti+|T
=|T|.

Fi|nally we show that |Ti| +|T:| <|T|. Suppose that €>0, s is a real
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number, and z is a quasi-continuous function such that Tiz(s)= | le(s)]

>|Ti| —€, Toz(s) =| Toz(s)| >| T:s| —¢ and |2(s—¢)| Sl if tisin [a, b]. Now
T| 2| Ta(s)| = | Tuz(s) + Toz(s)| = Tuz(s) + Taz(s) > | T1| +| T2| —2e. Hence
T Tll +| T2| . This completes the proof.

v v

LemMA 3.3a. There is a number sequence ¢y, ¢, cs such that if s is a real
number and y is a step-function such that y(s—p) =y(s—q) for each pair p,q
of numbers between a and b, then Ty(s)=cy(s—b)+cy(s—b+)+cy(s—a);
moreover, | T| = | 1| +|ca| +| sl

Proof. Let functions #, v, w be defined as follows:
u(—f) =1if ¢t = b and u(—¢) = 0if £ < b;
(=) =1ifa<t<band o(—f) =0ift=bort = a; and
w(—¢f) =1ift £ aand w(—4f) =0if ¢ > a.

Let ¢;=Tu(0), co=Tv(0), and ¢z;=Tw(0). Now if s is a real number, a £¢t<0,
and y is a step-function such that y(s —p) =y(s —¢) for each pair p, ¢ of num-
bers between @ and b, then y(s—¢t) =y(s—b)u(—¢t) +y(s—b+)v(—t)+y(s—a)
w(—1), and therefore Ty(s) =c1y(s—b)+cy(s—b+) +cy(s—a).

Now let dy, dz, d; denote a number sequence such that | di| = | do| =|ds| =1
and 6,20, cd;=0, and ¢3d;=0. For each real number ¢, let z(¢) =du(f)
+dyw(t) +dsw(t). Now if e <t<bh, then |z(—-t)| =1, so that |Tz(0)| = l T| ;
but TZ(O) =Cld1+02d2+63d3= l Cll + [ Czl + ! 63| ; SO | Tl ; | Cll + I Cz| + l Cgl . This
completes the proof.

LeEmMMA 3.3b. Suppose that to, t1, - - -, ta, is a subdivision of [a, b]. There is
a number sequence co, C1, + + + , Con Such that if s is a real number and y is a step-
function such that y(s—p)=y(s—q) for each pair p, q of numbers between ts,
and tyiys, 1=0, 1, - - -, n—1, then Ty(s)= D 1% csy(s—t:); moreover, ITI

=230 |l

Proof is omitted, since this lemma follows from Theorem 3.2 and Lemma
3.3a.

LeEmMMA 3.3c. If y is a step-function and [c, d] is an interval, then Ty is of
bounded variation in [c, d], and V(Ty) | T| - VEZ2(y).

Proof. Let s, 51, * - * , s denote a subdivision of [c, d]. Let to, t;, + - -, ton
denote a subdivision of [a, b] such that if j is one of the integers 0, 1, - - -, m,
and 7 is one of the integers 0, 1, - - - , #—1, and p and ¢q are numbers between
tyi and #yi4s, then y(s;—p) =y(s;—gq). By Lemma 3.3b, there is a number se-
quence ¢, ¢y, - -+, Coa such that Ty(s;) = D iry ciy(s;—1:) for j=0,1, - - -, m,
and IT] =) m Ic.-l. Now if j is one of the integers 0, 1, - - -, m—1, then

Ty(sj+1) = Ty(s;) = 2282 ¢:[y(si—t:) —y(s;—¢:) |. Hence
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m—1 m—1)| 2n

> | Ty(siv) — Ty(s)) | D2 clylsin — 1) — y(si — 1))

=0 =01 1=0

m—1 2n

EZ lcil 'ly(SJH— t) — y(s; — li)l

j=0 =0

2n X
> el Vi)
1=0

| | V).

IIA

IIA

fIA

The lemma now follows at once.

TuHEOREM 3.3. If y is quasi-continuous, then Ty is quasi-continuous; if y
is of bounded variation, then Ty is of bounded variation; if y is continuous, then
Ty is continuous.

Proof. Suppose first that y is quasi-continuous. Let y1, s, 3, - - + denote
a sequence of step-functions which converges uniformly to y. By (v) of Defini-
tion 1.1, Tyy, Tys, Tys, - - - converges uniformly to Ty. Now if [¢, d] is an
interval and = is a positive integer, then by Lemma 3.3c, Ty, is of bounded
variation in [¢, d]. Hence each of the functions T'y; is quasi-continuous; by
Lemma 2.3, Ty is quasi-continuous.

Suppose now that y is of bounded variation, and that [¢, d] is an interval,
and V= ViZ&(y). Let y1, ¥2, ¥3, - - - denote a sequence of step-functions con-
verging uniformly to y such that ViZf(y.)<V, n=1, 2, 3,---. Then
Tyi, Tys, Ty, - - - is a sequence of functions converging to Ty uniformly, and
VH(Ty.) <|T| Vfor n=1, 2,3, - - -. By Lemma 2.4, V¥(Ty) <| T| V; hence
Ty is of bounded variation.

Suppose, finally, that y is continuous and that [c, d] is an interval. Let €
denote a positive number, and let § denote a positive number such that if
c—b=p<g=d—a and ¢—p <9, then Iy(p) —y(q)‘ <e. Now suppose that
c<51<52<d and s;—s5:<8. If a=<t=b, then |y(51—t)—~y(52—t)l <e€; so
[ Ty(s1) — Ty(ss)| <e T| . Hence Ty is continuous. This completes the proof.

CoROLLARY 3.3a. If Ty is a Q operator over the interval [a1, b1] and Ty is a
Q operator over the interval [as, bs), and Tyy =T1(Tyy) for each quasi-continuous
function vy, then Ts is a Q operator over the interval [a1+a2, by+b.], and | T3|
=< ‘ Tl‘ : I Tzl .

Proof. By Theorem 3.3, if y is quasi-continuous, then so is Tsy; therefore
T3y is a function. It can readily be verified that T has the properties listed
as (ii), (iii), and (iv) in Definition 1.1. Let s denote a real number, suppose
that y is quasi-continuous, and that M = ly(s—t)l if a1+as £t <b,+bs. Now
if 61=551<b; and a:=St=bs, then a1+a:=s1+t=b+b:; hence |y(s—sl—t)|
SMifa,£s1<brand a, St = by, so that l sz(s—s1)| él Tzl Mifa; £s5:<by,and
therefore | Tay(s)| | T | T2| M. Hence T; is a Q operator over [ai1as,
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bi+b:], and | T3] | Ti| -| T.|. This completes the proof.

ExampLE 3.1. We give an example of Corollary 3.3a for which | T3
<| 1 l Tg‘. Suppose that if y is quasi-continuous and s is a real number,
then Tiy(s) = [y(s—)+y(s)]/2 and Tay(s) = [y(s) —y(s+)]/2. Then Tuy(s)
= [y(s)—y(s+)]/4. Hence | T| =1, | Tzl =1, and | T3 =1/2.

4. Integral representation of Q operators. In this section we suppose that
there are given an interval [a, ] and a Q operator over [a, b]. We introduce
the following notation:

J@#) =0ift<0and J(¢) =1ift =0,
L(s) = TJr(s) and R(s) = TJg(s) = TJ(s) for each real number s,
x1(8) = 2L() — L(¢t—) and x2(t) = 2R({) — R(¢t+) for each real number ¢.

We note in passing that L(¢) = [x:(¢t—) +x:(£) ]/2 and R(f) = [x2(t) +x2(t+) /2.

LemMmA 4.1a. R(s)=L(s)=L(a) =0 if s<a; and R(s) =L(s)=R(b) 1f s>b.
Moreover, R(s—)=L(s—) and R(s+)=L(s+) for each real number s.

Proof. If s<a and a=<t=<b, then s—t<0, so that Jp(s—¢t)=Jr(s—1)
=Jr(a—t)=0, and therefore L(s) =R(s)=L(a) =0. If s>b and a £t <, then
s—t>0, so that Jp(s—¢t) =Jr(s—t) =Jr(b—¢t) =1, and therefore L(s)=R(s)
=R(b).

Suppose now that s is a real number. Let sy, s, 53, - - - denote a decreasing
sequence which converges to s. Let a1, a3, a3, - - - denote a number sequence
such that if p is a positive integer then |a,| =1 and a,[R(s,) — L(s,) ] =0. For
each positive integer #, let f, denote the step-function such that if ¢ is a real
number then fu(t) = D o, a,[Jr(s, + ) — Ji(sp, +1)]. Then Tf.(0)
= > n 1 |R(sp) —L(s,)|. But if a<¢=b, then |f.(—f)| =1, whence | Tf.(0)
=< | T| . Hence X »_, |R(s,,) —L(s,,)| converges, and therefore |R(s,,) —L(sp)
—0 as p—+ ». It follows that R(s+)=L(s+). By a similar argument, if s
is a real number, then R(s—)=L(s—). This completes the proof.

LeMMA 4.1b. If s is a real number, then

b+
L(s) = Ji(s — Hdxi(d)

a

and

b
R(s) =f Jr(s — t)dxs(2).

Proof. By Lemma 4.1a, x,(t) =x:(t) =x1(a) =0 if t<a; and x,(£) =x,(¢)
=x3(b) if £>b. Moreover, by Theorem 3.3, R and L are of bounded variation,
and therefore x; and x; are of bounded variation. Suppose that s is a real
number and p is a positive number such that p>s—b and p>a—s. Then
Jat T u(s—t)dxy(t) = [3X2T L(s —t)dxy(t). By the integration by parts formula,
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b+p

J(s = 0)dxr(t) = TJp(s — b — p)ai(d+ p) — J(s — a + p)xi(a — p)

a—p
b+p

_ f 2 ()dT o(s — 1),
a—p

or

b+

Ji(s = Ddxi(f) = [x:(s—=) + x:1(s)]/2 = L(s).

a

By a similar argument,
b
f Jr(s — §)dxs(t) = [x2(s) + 22(s+)]/2 = R(s).

THEOREM 4.1. Suppose that y is quasi-continuous and s is a real number.
Let g and h denote quasi-continuous functions such that gr.=g, hg=h, and g+h
=y, Then

bt )
Ty(s) =f g2(s — )dx () -I—f h(s — dxa(0).

Proof. If g is a step-function, it follows from Lemma 4.1b that Tg(s)
= [trg(s—t)dx:(t); if g is not a step-function, it follows from Lemmas 2.3 and
4.1b of the present paper and Lemma 4.1a of [1]that Tg(s) = 2T g(s —t)dx:(¢).
Similarly, Th(s)=[o_h(s—t)dxs(t). The theorem now follows from (ii) of
Definition 1.1.

REMARK 4.1. Upon comparing Theorem 4.1 with (v) of Definition 1.1, one
might suppose that x:(b+) =x1(d) and x2(a —) =x2(a). To show that this need
not be so, we give the following example. For each quasi-continuous function
y and real number s, let Ty(s) = [y(s) +y(s—1)]/2, so that T is a Q operator
over [0, 1]. For this example,

0 if t <0, 0 ift<0
a() ={1/2f0<¢ <1, x(l) =11/2if 0<1<1,
1 if > 1. 1 ift=1.

THEOREM 4.2. Suppose that [c, d] is an interval and u, and u, are functions
of bounded variation such that

(1) wu1(t) =u2(t) =ui(c) =0 if t <c,

(i) i (t) =u2(t) = us(d) if t>d, and

(iii) ui(t—)=wus(t—) and ui(t+) =us(t+) for each real number ¢.
If s is a real number and g and h are quasi-continuous functions such that gr.=g
and hr=h, let Ug(s), Uh(s), and Uy(s), where y=g-+h, denote the numbers
S g(s—t)dur(t), [2-h(s—t)dus(t), and Ug(s)+ Uh(s), respectively. Then U is a
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Q operator over [c, d], and | U| S1.5[VE (w) + VE_(us) ].

Proof. We show first that if y is quasi-continuous, then there is just one
function which is Uy. Suppose that y is quasi-continuous and that g, &, p, g is
a sequence of quasi-continuous functions such that gr=g, hr="h, pr=2,
gr=q, g+h=y, and p+¢g=y. Suppose that f=g—p; then fr=f. But f=q- A,
and therefore fr=f; so f is continuous. Now if s is a real number, then

Yof(s—t)dui(t) — [T2f (s —t)dus(t) = [T2f(s —t)d [us(t) —us(t) ]. Since f is con-
tinuous, #;—wus is of bounded variation, and #;—wu, is zero except for a
countable subset of [¢, d], it follows that [T 2f(s —t)d [ui(t) —u2(t) ] =0, so that
J& fs = dm(t) = [2_ f(s — O)dus(t), or [I*g(s —t)dus(t) — [T p(s — t)dus (t)
= [?_q(s —t)dus(t) — [E_h(s —t)dus(t), or Ug(s) — Up(s) = Uq(s) — Uh(s). Hence
Ug(s)+Uh(s) =Up(s)+ Uq(s); i.e., there is just one function which is Uy.
Moreover, if [y(s—t)| < M < M, for each number ¢ in [¢, d], then by Lemma
2.5 the functions p and ¢ may be chosen so that [ (s —t)] <1.5M;and I q(s—1)
<1.5M, for each number ¢ in [¢, d]; so by Theorem 2.1 of [1], | Uy(s)
S1.5M [ VE () + V2 (us)]. The theorem now follows from Definition 1.1
and the properties of integrals (cf. Theorem 2.1 of [1]).

REMARK 4.2. Compare Theorem 4.1 with the representation given in [2];
for an expression for the norm | 7|, see [6].

5. Qi operators. In this section, we show that if T is a Q; operator and ¥
is a quasi-continuous function, then Ty is an integral; and we obtain a condi-
tion sufficient for the product of two Q; operators to be a Q; operator.

THEOREM 5.1. For T to be a Q1 operator over the interval [a, b] it is necessary
and sufficient that there 1is a function x such that

(1) x is of bounded variation, x(¢) =0 if t Za, x(t) =x(b) if t>0b, and

(i1) #f y s quasi-continuous and s is a real number, then

Ty(s) =[3y(s —1) dx(2).

Proof. A. Suppose that T is a Q; operator over [a, b], and let R, L, x;, and
%2 be defined as in §4. By Definition 1.2, R(s+) —R(s—) =2[R(s) — L(s)] for
each real number s; and by Lemma 4.1a, R(s—)=L(s—), so that 2R(s)
—R(s+)=2L(s)—L(s—), or x:(s) =x1(s) for each real number s. It follows
from Theorem 3.3 that x; is of bounded variation, from Lemma 4.1a that
21(t) =0 if t=a and x:,(#) =x1(b) if ¢>b, and from Theorem 4.1 that Ty(s)
= [2y(s—t)dx:(t) for each quasi-continuous function y and real number s.

B. Suppose that x is a function such that (i) and (ii) of the theorem are
true. By Theorem 4.2, T is a Q operator over [a, b]. Let L and R be defined
as in §4. Now if s is a real number, then R(s)= [x(s)+x(s+)]/2 and L(s)
= [x(s—)+x(s)]/2, whence 2R(s)—R(s+)=2L(s)—L(s—)==x(s); since
R(s+)=L(s+) and R(s—)=L(s—), it follows that R(s+)—R(s—)
=2[R(s)—L(s)] and L(s+)—L(s—)=2[R(s)—L(s)]. Now if v is a step-
function and s is a real number, then there are a number sequence g,
as, + + +, G2, and a real-number sequence f;, #y, - - -, £, such that
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yis = 8) = 2 [asprJr(s — t, — 1) + aspJ (s — 1, — §)] if a S t < b
p=1

hence Ty(s)= D »_, [a2,-1R(s —t,) +a2,L(s—t,)], so that Ty(s+)—Ty(s—)
=2[Tyr(s) —TyL(s)]. It now follows from Lemmas 2.1, 3.3c, and 2.3 that
if y is quasi-continuous and s is a real number, then Ty(s+)—Ty(s—)
=2[Tyr(s) = TyL(s)]. Hence T is a Q; operator over [a, b]. This completes
the proof.

REMARK 5.1. If T is a Q, operator over an interval [a, b] then there is
just one function x such that

(i) x(a)=0 and

(i) if y is quasi-continuous and s is a real number, then Ty(s) = [t 2y(s —¢)
dx(t). Moreover, x is of bounded variation.

THEOREM 5.2. Suppose that U is a Qy operator over the interval [a, b], Visa
Q. operator over the interval [c, d), and Ty= U(Vy) for each quasi-continuous
function y. Let u and v denote the functions such that u(a) =v(c) =0 and Uy(s)
= [T2y(s—t)du(t) and Vy(s) = [T2y(s—1t)dv(t) if y is quasi-continuous and s is
a real number. If up=ug or v, =vg, then T is a Qy operator over [a+c, b+d].

Proof. By Corollary 3.3a, T is a Q operator over [a+c¢, b+d]. Suppose
that u,=up or v,=vg. Let R and L denote the functions TJr and TJp,
respectively. Now VJp=(v.+v)/2 and VJr= (v+vr)/2; hence if s is a real
number, then 2L(s)=/%[vp(s—t)+v(s—1)]du(t) and 2R(s)=[l[v(s—1)
+vr(s—2) Jdu(t), so that 2[R(s) —L(s) ] = [2[vr(s —t) —vr(s —£) ]du(t). Since v
is of bounded variation, so is v —v.; and if vg vy, then there is a countable
real-number set K such that vz(¢) #v.(¢) if and only if ¢ is in K. Since u is of
bounded variation, it follows from Theorem 3.1 of [1] and Lemma 4.2a of
[1] that

4[R(s) — L(s)] = 2 [oals — &) — vels — H]u(®) — u(t=)]

()

+ X [or(s — &) — v2(s — O][u(t+) — w(®)]

)

= 2 [oa(s = ) — vu(s = O][ua() — wz()].
B
But by hypothesis, vr =v or ug=ur; hence R=L.

Now 2L = U(vy+v), where U is a Q; operator; hence if s is a real number,
then 2[L(s+)—L(s—)]=4[Uvr(s)— Uvr(s)]. But Uvg—Uvr= U(v+vg)
—U(vr+v) =2(R—L)=0. Hence if s is a real number then L(s+)—L(s—)
=0; and by Lemma 4.1a, R(s+) =L(s+) and R(s—)=L(s—); hence R(s+)
—R(s—)=2[R(s)—L(s)]=0. By the argument in part B of the proof of
Theorem 5.1, it follows that T is a Q; operator over [a+c, b+d]. This com-
pletes the proof.
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6. O operators having specified properties. In this section we suppose
that T is a Q; operator over an interval [a, b], and that x is the function of
bounded variation such that x(¢) =0 if t<a, x(¢) =x(b) if t>b, and Ty(s)
= [2y(s —t)dx(¢) if y is quasi-continuous and s is a real number. We shall ob-
tain conditions on x which are sufficient to assure that T has various ones of
the properties described in the following definition.

DEFINITION 6.1. (i) The statement that T is symmetric means that if y is
quasi-continuous and 2(t)=y(—f) for each real number ¢, then T3z(s)
=Tvy(—s) for each real number s.

(ii) The statement that T has property B means that if y is quasi-con-
tinuous, then Ty is of bounded variation.

(iii) The statement that T has property C means that if y is quasi-
continuous, then Ty is continuous.

(iv) The statement that T has property D means that (a) if y is quasi-
continuous, then Ty has a derivative, and (b) there is a positive number N
such that if ¥ is quasi-continuous, s is a real number, and M = Iy(s—t)| for
each number ¢ in [a, b], and g= Ty, then |g'(s)| =MN.

(v) If K is a set of quasi-continuous functions, then the statement that
the members of K are invariant under T means that if y is in K then Ty=3y.

THEOREM 6.1. For T to be symmetric, it is necessary and sufficient that
x(—1t) —x(0) =x(0) —x(t) for each real number t.

Proof. A. Suppose that T is symmetric. If y is quasi-continuous, and z(t)
=y(—t) for each real number ¢, then Tz(0)=Ty(0), or [*2z(—t)dx(t)
=[t2y(—1t)dx(t), or [f2[y(t) —y(—t)]dx(t) =0. Hence if f is an odd quasi-
continuous function, then [*2f(f)dx(t) =0. Suppose that if p>0 then

0if 1< —p,ort=00rt>p,
) ={—-11if —p =2:<0,
1if 0<t<p.
Since f, is an odd function, it follows that [T3f,(t)dx(t) =0. Integration by
parts gives the equation J*3x(¢)df,(t) =0. By Theorem 3.1 of [1],
[2(=p=) — 2(0)] + [2(=2) — 2(0)] — [x(0—) — 2(0)] — [x(0+) — %(0)]

+ [2(p) — 2(0)] + [2(p+) — 2(0)] = 0
for each positive number p. Consequently, upon considering a sequence of
positive numbers py, ps, p3, - - -+ which converges to zero, we conclude that
%(0—)—x(0) =x(0) —x(0+). By a similar argument, if p>0, then x(—p—)
—x(0) =x(0) —x(p+); hence x(—p) —x(0) =x(0) —x(p).

B. Suppose that x(—t) —x(0) =x(0) —x(¢) for each real number ¢. Suppose

that y is quasi-continuous, z(¢) =y(—¢) for each real number ¢, and s is a real
number. Then



390 R. E. LANE [November

Ta(s) = f o = Ddx() = f T ols + Dda(—1)

+w

= f_wy(—s — dd[x(—1) — x(0))

—o0 o0
= [yt = 0alx) = 0] = [ 3=5 = 0450 = Tv(=9).
+o

This completes the proof.

THEOREM 6.2. Suppose that if [c, d] is an interval then there is a positive
number N such that if so, 51, * * - , Sm 15 @ subdivision of [c,d]| and to, t1, - - + , ta
is a subdivision of [a—d, b—c], then

m—1 n—1

Z Z l 2(siv1 + tipr) — 2(sip1 + ) — 2(si + ti41) + x(s: + 25) l =N

=0 j=0
Then T has property B.

Proof. Suppose that y is quasi-continuous, [c¢, d] is an interval, and
Mz|y(s—t)| if sisin [c, d] and ¢ is in [a, b]. Let so, 51, - - -, sw denote a
subdivision of [¢, d], and suppose that €>0. Now if s is a real number, then
Ty(s) = [T2y(s—t)dx(t) = [12y(—t)dx(s+1t); hence if I denotes the sum
Sorat | Ty(sip) — Ty(ss)|, then I= 3275 | [roy(—0)d[x(sin+t) —x(si+8) ]|
Let to, t1, - - - , tx denote a subdivision of [a—d, b—c] such that if 1 is one of
the integers 0, 1, - - -, m—1, then

+0
'f y(—Od[x(sser + ) — 2(si + 0]

— S (=) + (et [xsir + tia) — (55 + fis)

=0
— a(sipr + ) + 2(si + 1)]| < ¢/m.

Now |y(—t)| €M if a—d=<t=b—c; hence I<MN+e¢, and consequently
V4(Ty) < MN. This completes the proof.

COROLLARY 6.2a. If x has a derivative which is of bounded variation, then
T has property B.

Proof. Suppose that [c, d] is an interval. If D is a subdivision sq, 51, - * *, Sm
of [¢, d] and E is a subdivision o, &i, « - - , ta of [a—d, b—c], let S(D, E) de-
note the sum Y_ro' Y 2o | x(settipn) —x(Sittivn) —2(Siv1+t5) +x(si+t5)] .
Suppose that D and E are such subdivisions and that ¢>0. By hypothesis,
%' is of bounded variation and (by Lemma 2.7) is therefore continuous; more-
over, x'(t) =0 if t<a or t>b. Hence there is a positive number § such that if
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p and ¢ are real numbers and |p—q| <4, then lx'(p)—x’(g)‘ <e. Let u,,
Uy, - - -, u, denote a refinement E’ of E such that u;;, —u; <9, j=0,1, - - -,
r—1. Now

mol = x(Sipr + Uign) — 2(Sap1 + %)
SD.EY =S5 (sir1 + w541) — 2(Si1 + 25
i=0 j=0 Ujy1 — Uj

_ x(s,- + Mj+1) - x(s.- -+ uj)

Ujp1 — Uj

(%41 — u3);

and by Lemma 2.6,
S(D, E) < 2[(b —¢) — (a — d)]e(2)'2

m—1 r—1

+ 22 Wi+ w) — (s + w) | (w41 — )

1=0 j=0

<26 =) — (0= D@ + T (e — w)VEI()

<[ =0 = (a — D][2e(2)12 + V()]

But since E’ is a refinement of E, it follows that S(D, E) <S(D, E’). Conse-
quently, S(D, E) £ [(b—c) —(a—d) ]| VI Z(x"). By Theorem 6.2, T has property
B. This completes the proof.

THEOREM 6.3. For T to have property C, it is necessary and sufficient that
X 15 continuous.

Proof. Suppose that T has property C; then T'J is continuous and T'Jg iS
continuous. Since T'J=(x.+x)/2 and TJgr=(x+xr)/2, it follows that x is
continuous. Suppose now that x is continuous and that €¢>0. Since x(f) =0
if t=a and x(t) =x(b) if t>b, there is a positive number & such that if p and ¢
are real numbers and |p——q| <34, then |x(p)—-x(q)‘ <e. Now if s; and s, are
two real numbers and Isl—sz| <8, and g(t) =x(s1+t) —x(s2+t) for each real
number ¢, then | g(t)| <e for each real number ¢, and V*2(g) <2 V2(x). Suppose
that y is quasi-continuous, s, is a real number, and [¢, d] is an interval con-
taining si. If 2 is in [c, d], then |Ty(s))—Ty(s:)| =| =5y (—t)d[x(s141)
—x(s2+£)]| ; so by Lemma 4.2a of [1], Ty(s2)—>Ty(s1) as sz—s1. That is to
say, Ty is continuous, or T has property C. This completes the proof.

THEOREM 6.4. For T to have property D, it is necessary and sufficient that
% has a derivative which is of bounded variation. Moreover, if T has property D,
y is quasi-continuous, and g="Ty, then g’ is continuous, and g'(s) = [ly(s—t)
dx'(t) for each real number s.

Proof. A. Suppose that T has property D. If y is quasi-continuous and
g="Ty, let Uy denote the function g’. It follows from Definition 1.1 and (iv) of
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Definition 6.1 that U is a Q operator over [a, b]. By Theorem 3.3, if v is quasi-
continuous, then Uy is quasi-continuous; and by Lemma 2.7, Uy is continu-
ous; i.e., if ¥ is quasi-continuous and g=TY, then g’ is continuous. In par-
ticular, UJg and UJy are continuous; so by Lemma 4.1a, UJg=UJ, and
it follows that U is a Q, operator over [a, b]. Let  denote the function UJ.
If vy is quasi-continuous and s is a real number, then Uy(s) = 3y(s—t)du(t),
But if R=TJg, then u=R’; and since R has a derivative, R is continuous
so that x =R, whence x' =R’ =u. Consequently, if ¥ is quasi-continuous and
s is a real number, then Uy(s)=[ly(s—t)dx’(t). Moreover, since U is a Q,
operator, x’ is of bounded variation.

B. Suppose that x has a derivative which is of bounded variation. By
Lemma 2.7, x’ is continuous; and we observe that x'(¢t) =0 if {<a or ¢t=b.
Suppose that €>0, and let / denote a real number other than zero such that
if p<q and q—pélhl then lx’(p)—-x’(q)l <e. For each real number ¢, let
gr(t) denote the number [x(¢+h) —x(¢)]/h. By Lemma 2.6, | gi(t) —'(£)| <2e
for each real number ¢; and by Lemma 2.9, the total variation of g is less
than or equal to the total variation of x’'. Now if y is quasi-continuous and
s is a real number, then [Ty(s+k)—Ty(s)]/h=[*2y(—t)dgi(s+1); and by
Lemmad4.2aof [1], [Ty(s+k) — Ty(s)|/h—[Toy(—t)dx' (s +t) = [2y(s —t)dx' ()
as h—0. If y is quasi-continuous and s is a real number, let 77y(s) denote the
number [%y(s—t)dx’(¢). Then T” is a Q operator over [a, b], such that if y is
quasi-continuous and g=7T%, then g’'=T"y. Hence T has property D. This
completes the proof.

THEOREM 6.5. Suppose that n is a positive integer. For all polynomials of
degree n or less to be invariant under T, 1t is necessary and sufficient that x(b) =1
and [Urdx(t) =0 for p=1, 2, - - -, n. If T is symmetric, and n is an even
integer, and all polynomials of degree n or less are invariant under T, then all
polynomials of degree n-+1 or less are invariant under T.

Proof is omitted, since the theorem readily follows if for each polynomial
v and real number s we consider the Maclaurin expansion of y(s—¢) in powers
of ¢.

7. A family of smoothing operators and differentiating operators. In this
section we suppose that z is a positive integer and [a, b] is an interval of
unit length. We shall exhibit a Q; operator T on [a, b] such that

(i) all polynomials of degree 2 or less are invariant under T, and

(ii) if v is quasi-continuous, then T’y has an nth derivative.

Let polynomials #, v, and w be defined as follows. If ¢ is a real number, then

2u(f) = 1+ [2t — (a + b)] i(zjf)(t — a)?(b — §),

=0

2n + 3

. + 1 )(t — a)n+l(b —_ t)n+1’

o)) = (n + 2)(
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and
2n+ 3
n+1

Let A=(2n+5)[2ab+(n+1)/(2n+3)] and B=(a+b-+A4)/2. Let x denote
the function such that x(¢) =0 if t<a, x(¢t)=1if >0, and x(¢) =u(t) +Bv(¢)
—Aw(t) if aZt<b. If y is quasi-continuous and s is a real number, let Ty(s)
denote the number [Jy(s—#)dx(¢), and let T'y(s) = [2y(s—t)dx'(t).

By some rather tedious manipulation, it can be seen that x has a continu-
ous nth derivative which is of bounded variation, and that x(a) =0, x(b) =1,
Jidx(t) =0, and [2t%dx(t) =0, so that polynomials of degree 2 or less are in-
variant under T. Moreover, if a= —1/2, then T is symmetric, so that poly-
nomials of degree 3 or less are invariant under T'. If y is quasi-continuous
and g=Ty, then g'=T"y.

In particular, if =3 and ¢ £t <b, then

x() = 0.5+ 0.52t —a—b)[1+ 20t —a)b— 1)+ 601 — a)2(b — )2
+ 20(t — a)%(b — £)® — 140(22 + 99ad)(t — a)*(b — 1)*]
+ 315(a + 8)(t — a)*(d — 0)*,

w(t) = (n + 2)( )(t — a)"t2(b — L

and
«'(£) = 140 (¢ — a)3(b — £)3[(45 + 198ad) + 9(a + b)(a + b — 20)
— (198 + 891ab)(t — a)(b — 1)].
In particular, if =3, a=—1/2, and —1/2<t<1/2, then
x(f) = 0.5 + #[1 + 2(.25 — £2) + 6(.25 — )2 4 20(.25 — £2)3
+ 385(.25 — #£2)4],

and
x'(£) = 315(.25 — )3[11(.25 — 2) — 2],

and T is a limit of the “most powerful” smoothing operators (i.e., operators
with minimum smoothing coefficients) described, e.g., in [4]. For this instance
‘the operators T and 7" have been used with quite satisfactory results on a
digital computer with experimental data, the integrals being approximated
by an approximating sum as in [1], with the subdivision —.50, —.45, —.40,
-+ +, .45, .50 of the interval [—1/2, 1/2].
If n=3,a=0,and 0<t<1, then

x(t) = 0.5 4 0.5(2t — D[1 + 2¢(1 — &) + 62(1 — &) + 208(1 — ¢)®
— 30804(1 — 1)4] + 315¢4(1 — 1)4,

and
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2() = 25208(1 — £33 — 120 + 1122);

in this instance T is not symmetric, and the application of the operators T
and 7" to experimental data does not give results as satisfactory as those ob-
tained with the symmetric operator previously described.
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