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1. Introduction. In this paper we study a class of linear transformations

for each of which the transform of a function is a function. This special class

of transformations has such applications as the smoothing of experimental

data, the prediction of outputs of a physical system for various inputs, and

the estimation of the velocities and accelerations of an object from observa-

tions of its positions at various times.

By the statement that /is a function, we imply that if / is a real number,

then /(/) is a number. By the statement that / is quasi-continuous^), we

mean that/ is a function such that if / is a real number then the limits/(/ — )

and/(/+) exist. Some lemmas on quasi-continuous functions appear in §2.

Definition 1.1. The statement that T is a Q operator over the interval

[a, b] means that T is a transformation such that

(i) if y is quasi-continuous, then Ty is a function; if g= Ty and s is a real

number, then we denote the number g(s) by Ty(s),

(ii) if yi is quasi-continuous and y2 is quasi-continuous, then T(yi+yj)

= Tyi + Ty2,

(iii) if y is quasi-continuous and k is a number, then T(ky) =k(Ty),

(iv) if y is quasi-continuous, c is a real number, and z(t) =y(t+c) lor each

real number /, then Tz(s) = Ty(s+c) for each real number s, and

(v) if 5 is a real number, then there is a positive number B, such that if y

is quasi-continuous and M>\y(s —1)\ for each number / in [a, b], then

| 7y(s)| gMJ3,; by the norm, | T(s)\, of T at s we mean the greatest lower

bound of the set of all such numbers B,.

It will be observed that if T is a Q operator over the interval [a, 6] and

Toy = Ty(0) for each quasi-continuous function y, then F0 is a bounded

linear transformation from the set of all quasi-continuous functions to the set

of all numbers (i.e., F0 is a bounded linear functional operation as defined in

[2] and [3]). We give the following example of a Q operator.

Example 1.1. Suppose that if y is quasi-continuous and s is a real number,

then

Ty(s) = [-y(s-2) - 3y(s - 1) + 76y(s) + 76y(s + 1)

- 3y(s + 2) - y(s + 3)]/144.

Presented to the Society April 21, 1956; received by the editors August 16, 1956.

(') Except for the use of the word "quasi-continuous," we use the terminology and nota-

tion of [l]. In particular, "integral'' is denned as in [l].
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It follows that T is a Q operator over the interval [ — 3, 2] and that | T(s)\

= 10/9 for each real number 5. Moreover, if y is a polynomial of degree 3 or

less, then Ty(s) =Jss+1y(t)dt. This operator is designed for use with experi-

mental data, for which the values used for y in the formula may include errors

of observation. In effect, the operator smooths the raw data, interpolates,

and gives the integral of the smoothed and interpolated data; it is derived

from Jenkins' modified osculatory interpolation formula [4].

In §3 we show that if T is a Q operator over the interval [a, b], then Ty

is quasi-continuous, of bounded variation, or continuous, according as y is

quasi-continuous, of bounded variation, or continuous. In §4 we show that

if T is a Q operator and y is a quasi-continuous function then Ty is the sum

of two integrals.

We adopt the following notation. If y is quasi-continuous, then yi, and

yB denote the functions such that yz,(<) =yit —) and ys(t)=y(t+) ior each

real number t.

Definition 1.2. The statement that T is a Qi operator over the interval

[a, b] means that T is a Q operator over [a, b] such that if y is quasi-continu-

ous then Ty(s+) —Ty(s — ) =2[TyR(s) — TyL(s)] ior each real number 5; i.e.,

if Ty = x, T(yL) =« and T(yB) =v, thenx(s+)—x(s — ) =2[v(s)—u(s)] for each

real number s.

In §5 we show that a Qi operator T is a Q operator such that if y is a

quasi-continuous function then Ty is an integral. In §6 we find conditions

sufficient to assure that a Qi operator T has various properties which may be

desirable in applications. For example, we find a condition sufficient to assure

that if y is quasi-continuous then Ty has a derivative, and we exhibit a Qi

operator T' such that T'y is the derivative of Ty. In §7 we give a family of

Qi operators, one of which is a limit of the "most powerful" smoothing oper-

ators given in [4].

2. Lemmas concerning quasi-continuous functions. The following results
will be used later in this paper.

Lemma 2.1. For the function f to be quasi-continuous, it is necessary and

sufficient that if [a, b] is an interval and e>0 then there is a step-function s such

that \f(t) — s(t)\ <efor each number t in [a, b].

For a proof, see Lemma 4.1b of [l]; see [5] also.

Lemma 2.2. For the function f to be quasi-continuous it is necessary and

sufficient that if [o, b] is an interval and e>0 then there is a subdivision to,

k, ■ ■ • , tn of [a, b] such that if p and q are in one of the segments (ti, ti+i) then

\fiP)-fiq)\<e.
Proof is omitted.

Lemma 2.3. If fi, f2, f3, • • • is a sequence of quasi-continuous functions

which converges uniformly to a function f, then f is quasi-continuous. Moreover,
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if fn(t+)=fn(t) for each positive integer n and each real number t, then /«=/;

likewise, if fn(t — ) =fn(t) for each positive integer n and each real number t, then

h=f-
Proof is omitted.

Lemma 2.4. If fx, f2, ■ ■ ■ , is a sequence of functions which converges uni-

formly to a function f, and [a, b] is an interval, and F>0, owrf Vba(fj) g V for

each positive integer n, then Vba(f) g V.

For a proof, see Lemma 4.2a of [l].

Lemma 2.5. If f is a quasi-continuous function, then there are a quasi-

continuous function g and a quasi-continuous function h such that

(i) gL = gandhR = h,

(ii) g+h=f, and
(iii) if [a, b] is an interval and |/(/)| g M<Mx for each number t in [a, b],

then \g(t)\ gl.5Mi awrf \h(t)\ gl.5Mi/or each number I in [a, 6].

Proof. We introduce the following notation. Suppose that [a, 6] is an

interval, z is quasi-continuous, and D is a subdivision to, tx, ■ ■ • , tm of [a, b].

Then LoZ and Roz denote the pair of functions such that 2Lx>z(a)=z(a),

2Roz(b) = z(b), and for i = 0, 1, • • • ,m — l,

2(/i+i - li)LDz(t) = (/,+i - l)[2z(ti+) - 2(/,-)] + (/ - tj)z(ti+j) if /,- < / g/,-+1,

and

2(/i+i - U)RDz(t) = (tf+i - t)z(tj) + (t- ti)[2z(ti+i-) - z(/,-+i)] if/,- g / < /,+i.

We make the following three observations. First, if |2(/)| ^M for each

number / in [a, 6], then |Z.dz(/)| gl.5Af and |i?Dz(/)| gl.5Af for ag/g6.

Second, if e>0 and it is true that | z(p) —z(q) | g e if p and q are in one of the

segments (/,-,/;+i), then \z(t) — LDz(t) — RDz(t)\ ge for ag/g6. Finally,

LDz(t-)=LDz(t) if a</g6, and RDz(t+)=RDz(t) if og/<6.

Now suppose that [a, 6] is an interval and |/(/)| gM<Mi if og/g6. Let

e denote a positive number less than Mi — M. We now construct a sequence

/ii fi, /31 • • ■ of functions and a sequence Dx, Di, D3, • • • of subdivisions of

[a, b] in the following manner. Let/i denote the function/, and let Dx denote

a subdivision t0, h, ■ ■ ■ , tm of [a, b] such that if p and q are in one of the seg-

ments (Z,-,/,-+i) then \fi(p)—fi(q)\ <e/2. For each positive integer w, let

fn+i=fn — LDJn — RDJn, where D„ denotes a subdivision /0, h, ■ ■ ■ , tm of

[a, b] such that if p and q are in one of the segments (ti, ti+x) then \fn(p)

-fn(q)\ ge/2\ Suppose that og/g6. Then |/i(/)| gM, and therefore

\LDJi(t)\ gl.5M and | RDJi(t)\ gl.SM; moreover, |/2(/)| = \fi(t)-LDJi(t)
— RDJi(t)\ ge/2. By induction, if w is an integer greater than 1, and ag/g6,

then \LDJn(t)\ gl.56/2"-1, |7?DJ„(/)| gl.56/2"-1, and
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flit) - E LDpfp(t) - 2Z RdJp(1)
p=i j>_i

=   |/fiW I   =   |/»(0 - LDnfn(t) - RDnfn(t) |   S e/2".

But 2p-i ^Dpfp converges uniformly in [a, b] to a function g; and if aStSb,

then | g(01 ±S £;=i | LDJp(t) | g 1.5(M+e) <l.SJf1. Similarly, 2~^-i RdJ,
converges uniformly in [a, b] to a function h, and if aStSb then |A(0|

<1.5Afi. Moreover, if aStSb then g(t)+h(t)=f(t). From Lemma 2.3, it

follows that if a<tSb then h(t — ) exists and g(< —) =#(<)> and that if aSKb

then g(/+) exists and &(/+) =h(t). This completes the proof.

Lemma 2.6. Suppose that [t0, h] is an interval, e>0, and f is a function such

that

(i) if toStSh, then the derivative f (t) exists, and

(ii) if si and s2 are in [t0, h], then |/'(si) — /'(s2)| <e. Then

\im)-fito))/iti-t0)-f'it)\<e(2yi2

for each number t in [t0, h].

Proof is omitted, since this lemma can be obtained by applying the theo-

rem of the mean to the real part and the imaginary part of /.

Lemma 2.7. If f has a quasi-continuous derivative f, then f is continuous.

Proof is omitted, since the lemma follows readily from well-known results

and can be derived from Lemma 2.6.

Lemma 2.8. Suppose that [a, b] is an interval, y is a function which is

bounded in [a, b], and x is a function whose derivative, x', is continuous in

[a, b]. If J"ay(t)dx(t) = I or Jly(t)x'(t)dt = I, then fay(t)dx(t) =Jbay(t)x'(t)dt.

Proof is omitted, since this lemma follows with little difficulty from

Lemma 2.6.

Lemma 2.9. Suppose that f is a function whose derivative, /', is of bounded

variation in the interval [a, b], h is a real number other than zero, and [c, d] is

an interval such that if t is in [c, d] then t and t+h are in [a, b]. If g(t)

= [f(t+h) —f(t)]/hfor each number t in [c, d], then g is of bounded variation in

[c, d],and rc(g)SV»(f).

Proof. Suppose that t0, h, ■ ■ ■ ; tn is a subdivision of [c, d], and let S

denote the sum 2^i"-o I g('»+i) ~gii/) \ ■ Now

h[g(ti+x) - g(ti)] =  f  ldf(U+i + t)- f  ldf(k + t)
a! o J o

= r if(ti+i+t) -f(h+t)]dt.
J 0
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It follows that if h>0, then

/. h \f(ti+i + t) -/'(/,+ /) | dt
o

and

hS£ f    JZ \f'(k+i + l) -/'(/,■ + /) | dt g  f  Vba(f)dt = hVa(f),
J 0       i—0 J 0

so that Sg Vl(f'). By a similar argument, if h<0, then Sg Vla(f'). Hence g is

of bounded variation in [c, rf], and Vde(g) g F*(/'). This completes the proof.

3. Some properties of Q operators. In this section we suppose that there

are given an interval [a, 6] and a Q operator T over [a, 6].

Lemma 3.1a. Suppose that s is a real number and y and z are quasi-continu-

ous functions such that y(s—t)=z(s — t) z/ag/g6. Then Ty(s) = Tz(s).

Proof. Let w=y — z. By (ii) and (iii) of Definition 1.1, Ty(s) — Tz(s)

= Tw(s). But w(s-t)=0 if og/g6; and by (v) of Definition 1.1, if e>0 then

| Tw(s)\ ge| T(s)\ ; hence Tw(s)=0, or Ty(s) = Tz(s). This completes the

proof.

Theorem 3.1. If s is a real number, then \ T(s)\ = | F(0)|.

Proof. Suppose that j is a real number. Now if y is quasi-continuous and

z(t)=y(t — s) for each real number /, then z(s — t)=y( — t) for each number /

in [a, b]; by Lemma 3.1a and (iv) of Definition 1.1, Tz(s) = Ty(0). It follows

from (v) of Definition 1.1 that | T(s)\ = \ T(0)\. This completes the proof.

Remark. In view of Theorem 3.1, we shall hereafter refer to the norm of T

as I T\ ; i.e., if s is a real number, then | T\ = \ T(s) \.

Theorem 3.2. If a<c<b, then there are a Q operator Ti over [a, c] and a Q

operator Ti over [c, b] such that

(i) if y is quasi-continuous then Ty= Tiy + T2y, and

(ii)   \TX\+\T2\=\T\.

Proof. If y is quasi-continuous and 5 is a real number, then we define num-

bers Tiy(s) and T2y(s) in the following manner. Let u(s —1)=0 if t>c and

u(s — t) =y(s — t) if /gc and let Tiy(s) = Tu(s). Let v(s — t) =y(s—t) if t>c and

v(s — t) =0 if t^c; and let T2y(s) = Tv(s). By Definition 1.1, Tiis a Q operator

over [a, c], and T2 is a Q operator over [c, b]; moreover, if y is quasi-continu-

ous, then Txy + T2y = Ty.

We now show that | Tx\ +\ T2\ ^ | F|. Suppose that e>0, 5 is a real num-

ber and y is a quasi-continuous function such that | 7y(s)| > | T\ — e and

\y(s — t)\ g 1 for each number / in [a, 6]. Now | 7"i| + | F2| 2: | Txy(s)\

+ \T2y(s)\ ^\Txy(s) + Tiy(s)\=\Ty(s)\>\T\-e. Hence | Fi| =Fi+| r2|

= \T\.
Finally we show that | Tx\ +\ T2\ g | T\. Suppose that e>0, 5 is a real
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number, and z is a quasi-continuous function such that Tiz(s) = | Tiz(s) \

> | T"i| — e, T2z(s) = I T2z(s)\ > | T2\ —e, and \z(s —1)\ gl if t is in [a, b]. Now

T  ^   7z(s)| =\Tiz(s)+T2z(s)\ =Tiz(s) + T2z(s)>\Ti\+\T2\ -2e.     Hence

7"  ^   T"i I +| T"2j. This completes the proof.

Lemma 3.3a. There is a number sequence C\, c2, c3 such that if s is a real

number and y is a step-function such that y(s—p) =y(s — q) for each pair p, q

of numbers between a and b, then Ty(s)=Ciy(s — b)+Ciy(s — b+)+c3y(s — a);

moreover, | T\ ^ | cx\ +\ c2\ +\ c3\.

Proof. Let functions u, v, w be defined as follows:

«(-/) = 1 if / g b and u(-t) = 0 if t < b;

v(-t) = 1 if a < I < b and v(-t) = 0 if t ^ b or t S a; and

w( — t) = 1 ii t S a and w( — t) = 0 if t > a.

Let Ci = Tu(0), c2=Tv(0), and c3=rw(0). Now if s is a real number, aStSb,

and y is a step-function such thaty(s-p) =y(s — q) for each pair p, q of num-

bers between a and b, then y(s — t) =y(s — b)u( — t)+y(s — b+)v( — t)+y(s — a)

w(—t), and therefore Ty(s)=Ciy(s — b)+c2y(s — b+)+c3y(s — a).

Now let di, d2, d3 denote a number sequence such that \di\ = \ d2\ =\d3\ =1

and ci^i^O, c2d2^0, and c3^3^0. For each real number t, let z(t)=dxu(t)

+d2v(t)+d3w(t). Now if aStSb, then \z(-t)\ =1, so that \Tz(0)\ S\T\ ;

but Tz(0)=Cidi+c2d2+c3d3= \ci\ +\c2\ +\c3\ ; so | T\ ^ |ci| +\c2\ +\c3\. This

completes the proof.

Lemma 3.3b. Suppose that to, h, • • ■ , t2„ is a subdivision of [a, b]. There is

a number sequence c0, C\, • • • , c2n such that if s is a real number and y is a step-

function such that y(s — p) =y(s — q) for each pair p, q of numbers between t2l

and t2x+2, i = 0,  1, • • • , w — 1, then Ty(s) = "%Jt-o ciyis~ti)'> moreover,   \t\

= Z^l-0  | ci\ -

Proof is omitted, since this lemma follows from Theorem 3.2 and Lemma

3.3a.

Lemma 3.3c. If y is a step-function and [c, d] is an interval, then Ty is of

bounded variation in [c, d], and V%(Ty) S\T\- V^Z^y).

Proof. Let s0, Si, • • • , sm denote a subdivision of [c, d]. Let t0, h, ■ ■ ■ , t2n

denote a subdivision of [a, b] such that if j is one of the integers 0, 1, • • • , m,

and i is one of the integers 0, 1, • • • , w —1, and p and q are numbers between

t2i and t2l+2, then y(sj — p) =y(sj — q). By Lemma 3.3b, there is a number se-

quence Co, Ci, ■ • • , c2n such that Ty(sj) = £2"„ cty(sj—ti) for j = 0, 1, • • • , nt,

and I T\ 2: 2i"o lc>|- Now if j is one of the integers 0, 1, ■ ■ • , m — 1, then

Tyisj+1) -Ty(sj) = 2Zt* Cibisj+i-h) -yisj-U)]. Hence
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m—1 m—1       2n

JZ I Ty(si+X) - Ty(sj) \   = JZ   JZci[y(sj+x - tj) - y(sj - tj)]

m~ 1   in

= JZJZ \d\ -\ yfe+i - U) - y(sj - id |
j=0   i=0

4^    I I d-ti ,   ,
g L |c,-| -Fc_(;.(y)

i=0

g  I r| -F^y).

The lemma now follows at once.

Theorem 3.3. If y is quasi-continuous, then Ty is quasi-continuous; if y

is of bounded variation, then Ty is of bounded variation; if y is continuous, then

Ty is continuous.

Proof. Suppose first that y is quasi-continuous. Let yx, y2, y3, ■ ■ ■ denote

a sequence of step-functions which converges uniformly to y. By (v) of Defini-

tion 1.1, 7yi, Ty2, Ty3, ■ ■ • converges uniformly to Ty. Now if [c, rf] is an

interval and w is a positive integer, then by Lemma 3.3c, Tyn is of bounded

variation in [c, rf]. Hence each of the functions Fy,- is quasi-continuous; by

Lemma 2.3, Ty is quasi-continuous.

Suppose now that y is of bounded variation, and that [c, rf] is an interval,

and F^ VtA(y)- Let yx, y2, y3, • ■ ■ denote a sequence of step-functions con-

verging uniformly to y such that FJflj(y„) g F, w = l, 2, 3, • • • . Then

Fyi, Ty2, Ty3, ■ ■ ■ is a sequence of functions converging to Ty uniformly, and

VKTyJ g | T\ V for w = 1, 2, 3, • • • . By Lemma 2.4, V*(Ty) g | T\ V; hence
Ty is of bounded variation.

Suppose, finally, that y is continuous and that [c, rf] is an interval. Let e

denote a positive number, and let 8 denote a positive number such that if

c — b^p<q^d — a and q — p<8, then | y(p) — y(q)\ <e. Now suppose that

cgsi-02grf and s2 — Si<8. If ag/g6, then \y(si—t)—y(si — t)\<e; so

| Ty(sj) — Ty(sj) \ <e\ T\. Hence Ty is continuous. This completes the proof.

Corollary 3.3a. If Tx is a Q operator over the interval [ax, bx] and F2 is a

Q operator over the interval [a2, 62], owrf T3y = Tx(T2y) for each quasi-continuous

function y, then T3 is a Q operator over the interval [oi+o2, 61 + 62], awrf | F3|

g|Fi| -|r,|.

Proof. By Theorem 3.3, if y is quasi-continuous, then so is T2y; therefore

T3y is a function. It can readily be verified that T3 has the properties listed

as (ii), (iii), and (iv) in Definition 1.1. Let s denote a real number, suppose

that y is quasi-continuous, and that M}± \y(s — t)\ if Oi+a2g/g6i+62. Now

if aigsig6i and a2g/g62, then ai+a2^Si+/g&i+62; hence \y(s — Si — t)\

g M it Oi g si g 61 and a2g/g62, so that | T2y(s — sj)\ g | F2| M if Oigsig&i, and

therefore  |r3y(s)] g|Fi| -|r2|Af. Hence F3 is a Q operator over  [oi+o2,
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bi+b2], and | T3\ S \ Ti\ ■ \ T2\. This completes the proof.

Example 3.1. We give an example of Corollary 3.3a for which | r3|

< | Ti\ • | r2|. Suppose that if y is quasi-continuous and s is a real number,

then riy(5)=[y(5-)+y(s)']/2 and T2y(s) =[y(s)-y(s+)}/2. Then T3y(s)

= [y(s)-y(s + )]/4. Hence | Ti\ =1, | T2\ =l,and | T3\ =1/2.

4. Integral representation of Q operators. In this section we suppose that

there are given an interval [a, 6] and a Q operator over [a, b]. We introduce

the following notation:

J(t) = 0 if t < 0 and J(t) = 1 if / l> 0,

L(s) = TJL(s) and R(s) = TJr(s) = TJ(s) for each real number s,

xi(t) = 2L(l) - L(t — ) and x2(t) = 2R(t) — R(t+) for each real number t.

We note in passing that L(t) = [xx(t-) +Xi(t)]/2 and R(t) = [x2(t) +x2(t+)]/2.

Lemma 4.1a. R(s) =L(s) =L(a) =0 if s<a; and R(s) = L(s) = R(b) if s>b.
Moreover, R(s-) =L(s — ) and R(s + ) =L(s + ) for each real number s.

Proof. If s<a and aStSb, then s —1<0, so that JL(s — t)=JR(s — t)

= JL(a-t)=0, and therefore L(s) =R(s) =L(a) =0. If s>b and aStSb, then

5 —/>0, so that JjJ(s — t)=JR(s — t)=JR(b — t) = l, and therefore L(s)=R(s)

= R(b).
Suppose now that 5 is a real number. Let si, s2, s3, ■ • ■ denote a decreasing

sequence which converges to s. Let ai, a2, a3, • ■ • denote a number sequence

such that if p is a positive integer then \ap\ =1 and ap[R(sp) —L(sp)]^0. For

each positive integer w, let /„ denote the step-function such that if t is a real

number then fn(t) = 2Zp-i Op[Jn(Sp + t) - JL(sp + t)]. Then r/„(0)

= YTv-i \R(sP)-L(sp)\. But if aStSb, then \fn(-t)\ gl, whence | 7/n(0)|
g | r|. Hence 2~lp-i I-K(*j>) — L(sp)\ converges, and therefore \R(sp)—L(sp)\

-^0 as ^^+oo. It follows that R(s+) =L(s+). By a similar argument, if 5

is a real number, then R(s — ) =L(s — ). This completes the proof.

Lemma 4.1b. If s is a real number, then

/• b+ Jl(s - t)dxi(t)
a

and

Ris) =  I   Jiiis ~ t)dx2(l).
a* a—

Proof. By Lemma 4.1a, Xi(t) =x2(t) =Xi(o) =0 if t<a; and Xi(t)=x2(t)

= x2(b) if t>b. Moreover, by Theorem 3.3, R and L are of bounded variation,

and therefore Xi and x2 are of bounded variation. Suppose that 5 is a real

number and p is a positive number such that p>s — b and p>a—s. Then

Jl+JL(s-t)dxi(t)=jlzppJL(s-t)dxi(t). By the integration by parts formula,
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n b+p

I       Jl(s - t)dxi(t) = JL(s - 6 - p)xi(b + p) - JL(s - a + p)xx(a - p)
J a—p

/• b+p Xi(t)dJL(s - /),
a-p

or

/• b+JL(s - t)dxx(t) = \xx(s-) + xx(s)}/2 = L(s).
a

By a similar argument,

f JR(s - l)dx2(t) = [x2(s) + x2(s+)]/2 = R(s).
J a—

Theorem 4.1. Suppose that y is quasi-continuous and s is a real number.

Let g and h denote quasi-continuous functions such that gL = g, hR = h, and g+h

= y. Then

g(s - t)dxx(t) +|    h(s - l)dxi(t).
a J a—

Proof. If g is a step-function, it follows from Lemma 4.1b that Tg(s)

=fl+g(s—t)dxi(t); if g is not a step-function, it follows from Lemmas 2.3 and

4.1b of the present paper and Lemma 4.1a of [l] that Tg(s) =fa+g(s—t)dxi(t).

Similarly, Th(s)=f"a_h(s — t)dxi(t). The theorem now follows from (ii) of

Definition 1.1.
Remark 4.1. Upon comparing Theorem 4.1 with (v) of Definition 1.1, one

might suppose that xx(6+) =xx(6) and x2(a —) =x2(o). To show that this need

not be so, we give the following example. For each quasi-continuous function

y and real number 5, let Ty(s) = [y(s)+y(s —1)]/2, so that T is a Q operator

over [0, l]. For this example,

0 if / g 0, f 0   if / < 0

xi(/) =• 1/2 if 0 < / g 1,         x2(/) =   1/2 if 0 g / < 1,

1 if / > 1. [ 1    if / § 1.

Theorem 4.2. Suppose that [c, rf] is an interval and ux and w2 are functions

of bounded variation such that

(i) ui(t)=u2(t)=ui(c)=0 if t<c,

(ii) «i(/)=w2(/)=w2(rf) ift>d, and

(iii) Mi(/ —) =u2(t —) and Ui(t+) =u2(t+) for each real number t.

If s is a real number and g and h are quasi-continuous functions such that gh = g

and hn = h, let Ug(s),  Uh(s), and Uy(s), where y = g+h, denote the numbers

fdc+g(s — t)dui(t), f*_h(s—t)du2(t), and Ug(s) + Uh(s), respectively. Then U is a
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Q operator over [c, d], and \ U\ S1.5[Vd+(ui) + Vd-(u2)].

Proof. We show first that if y is quasi-continuous, then there is just one

function which is Uy. Suppose that y is quasi-continuous and that g, h, p, q is

a sequence of quasi-continuous functions such that gL = g, hR = h, Pl = P,

qR=q, g+h = y, and p+q = y. Suppose that/=g — p; thenfL=f. Butf = q-h,

and therefore fR =/; so / is continuous. Now if 5 is a real number, then

f±Zf(s-t)dui(t)-f±Zf(s-t)dui(t)=flZf(s-t)d[ui(t)-Ui(t)]. Since / is con-
tinuous, Ui — Ui is of bounded variation, and Ui — Ui is zero except for a

countable subset of [c, d], it follows that J zZf(s — t)d[ui(t)—u2(t)\ =0,so that

fd+f(s-t)dui(t) =fdc-f(s-t)du2(t), or fd+g(s-t)dui(t) -fd+p(s-t)dui(t)

=Jd-Qis-t)du2(t) -JUh(s-t)du2(t), or Ug(s) - Up(s) = Uq(s) - Uh(s). Hence

Ug(s) + Uh(s)= Up(s) + Uq(s); i.e., there is just one function which is Uy.

Moreover, if |y(s —1)\ SM<Mi ior each number t in [c, d], then by Lemma

2.5 the functions p and q may be chosen so that \p(s —1)\ gl.5Afiand \q(s — t)

Sl-5Mi for each number t in [c, d]; so by Theorem 2.1 of [l], | Uy(s)

Sl-5Mx[Vd+(ux) + Vd_(u2)]. The theorem now follows from Definition 1.1

and the properties of integrals (cf. Theorem 2.1 of [l]).

Remark 4.2. Compare Theorem 4.1 with the representation given in [2];

for an expression for the norm | 7"|, see [6].

5. Qx operators. In this section, we show that if T is a Qx operator and y

is a quasi-continuous function, then Ty is an integral; and we obtain a condi-

tion sufficient for the product of two Qi operators to be a Qi operator.

Theorem 5.1. For T to be o Qi operator over the interval [a, b] it is necessary

and sufficient that there is a function x such that

(i) x is of bounded variation, x(t) =0 if tSa, x(t) —x(b) if t>b, and

(ii) if y is quasi-continuous and s is a real number, then

Ty(s)=faby(s-t)dx(t).

Proof. A. Suppose that T is a Qi operator over [a, b], and let R, L, Xi, and

x2 be defined as in §4. By Definition 1.2, R(s+) -R(s-) =2 [R(s) -L(s)} for

each real number s; and by Lemma 4.1a, R(s —) =L(s —), so that 2R(s)

— R(s+) = 2L(s) — L(s— ), or x2(s)=Xi(s) ior each real number 5. It follows

from Theorem 3.3 that Xi is of bounded variation, from Lemma 4.1a that

Xi(f)=0 if tSa and Xi(t)=Xi(b) if t>b, and from Theorem 4.1 that Ty(s)

= Jba.y(s — l)dxi(t) for each quasi-continuous function y and real number s.

B. Suppose that x is a function such that (i) and (ii) of the theorem are

true. By Theorem 4.2, T is a Q operator over [a, b]. Let L and R be defined

as in §4. Now if s is a real number, then R(s)= [x(s)+x(s+)]/2 and L(s)

= [x(s-)+x(s)]/2, whence 2R(s) -R(s+) =2L(s) -L(s-) =x(s); since

R(s+)=L(s + ) and R(s-) =L(s-), it follows that R(s+)-R(s-)

= 2[R(s)-L(s)] and L(s+)-L(s-)=2[R(s)-L(s)]. Now if y is a step-

function and 5 is a real number, then there are a number sequence Oi,

a2, • • • , a2n and a real-number sequence h, t2, • ■ ■ , tn such that
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n

y(s — t) = JZ [a2p-iJR(s - tp — t) + a2pJL(s — tp — /)] if a g / g b\
p-i

hence Ty(s)=JZ%i [a2p^iR(s-tp)+aipL(s-tP)], so that Ty(s + )-Ty(s-)

= 2[TyR(s) — TyL(s)]. It now follows from Lemmas 2.1, 3.3c, and 2.3 that

if y is quasi-continuous and s is a real number, then Ty(s + ) — Ty(s —)

= 2[TyR(s) — TyL(s)]. Hence T is a Qi operator over [a, b]. This completes

the proof.

Remark 5.1. If T is a Qi operator over an interval [a, 6] then there is

just one function x such that

(i) x(o) =0 and

(ii) if y is quasi-continuous and 5 is a real number, then Ty(s) =JtZy(s — t)

dx(t). Moreover, x is of bounded variation.

Theorem 5.2. Suppose that U is a Qi operator over the interval [a, 6], Vis a

Qi operator over the interval [c, rf], awrf Ty= U(Vy) for each quasi-continuous

function y. Let u and v denote the functions such that u(a) =v(c) =0 and Uy(s)

= JtZy(s — t)du(t) and Vy(s) =JAy(s — t)dv(t) if y is quasi-continuous and s is

a real number. If ul = ur or Vl = vr, then T is a Qi operator over [a + c, 6 + rf].

Proof. By Corollary 3.3a, T is a Q operator over [a+c, 6+rf]. Suppose

that ul = ur or Vl = vr. Let R and L denote the functions TJR and TJL,

respectively. Now VJl = (vl+v)/2 and VJR = (v +vR)/2; hence if s is a real

number, then 2L(s) =fba[vL(s-t)+v(s-t)]du(t) and 2R(s)=fba[v(s-i)

+vR(s-t)]du(t), so that 2[R(s) -L(s)] = fb[vR(s-t)-vL(s-t)]du(t). Since v

is of bounded variation, so is vr—Vl; and if vjit^Vl, then there is a countable

real-number set K such that vR(t) ^Vl(0 if and only if / is in K. Since u is of

bounded variation, it follows from Theorem 3.1 of [l] and Lemma 4.2a of

[1] that

A[R(s) - L(s)] = JZ [vR(s - t) - vL(s - t)][u(t) - «(/-)]
(!)

+ JZ M* ~ t) - vL(s - t)][u(t+) - u(i)]
(O

= E M* - 0 ~ *l(s - t)][uR(l) - UL(t)\.
(0

But by hypothesis, vR = vL or uR = uL; hence R = L.

Now 2L= U(vl+v), where U is a £>i operator; hence if s is a real number,

then 2[L(s + )-L(s-)]=A[UvR(s)-UvL(s)]. But UvR-UvL= U(v+vR)

— U(vL+v)=2(R — L)=0. Hence if 5 is a real number then L(s+)-L(s-)

= 0; and by Lemma 4.1a, R(s + )=L(s+) and R(s—)=L(s-); hence R(s+)

-R(s-)=2[R(s)-L(s)]=0. By the argument in part B of the proof of

Theorem 5.1, it follows that T is a £>i operator over [a+c, 6+rf]. This com-

pletes the proof.
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6. Qi operators having specified properties. In this section we suppose

that T is a Qi operator over an interval [o, 6], and that x is the function of

bounded variation such that x(t)=0 if tSa, x(t)=x(b) if t>b, and Ty(s)

= J\y(s — t)dx(t) if y is quasi-continuous and 5 is a real number. We shall ob-

tain conditions on x which are sufficient to assure that T has various ones of

the properties described in the following definition.

Definition 6.1. (i) The statement that T is symmetric means that if y is

quasi-continuous and z(t)=y( — t) for each real number t, then Tz(s)

= Ty( — s) for each real number 5.

(ii) The statement that T has property B means that if y is quasi-con-

tinuous, then Ty is of bounded variation.

(iii) The statement that T has property C means that if y is quasi-

continuous, then Ty is continuous.

(iv) The statement that T has property D means that (a) if y is quasi-

continuous, then Ty has a derivative, and (b) there is a positive number N

such that if y is quasi-continuous, 5 is a real number, and Af^ |y(s —1)\ for

each number t in [a, b], and g = Ty, then |g'(s)| SMN.

(v) If K is a set of quasi-continuous functions, then the statement that

the members of K are invariant under T means that if y is in K then Ty=y.

Theorem 6.1. For T to be symmetric, it is necessary and sufficient that

x( — t) — x(0) =x(0) — x(t) for each real number t.

Proof. A. Suppose that T is symmetric. If y is quasi-continuous, and z(t)

= yi~t) for each real number t, then rz(0) = ry(0), or fzZz( — t)dx(t)

=JtZy( — t)dx(t), or JtZ[y(t) —y(—t)]dx(t) =0. Hence if / is an odd quasi-
continuous function, then JzZf(i)dx(t) =0. Suppose that if p>0 then

0 if t < — p, or t = 0 or / > p,

fp(t) = ■ -1 if -p St <0,

.    1 if 0 < t S p.

Since/p is an odd function, it follows that JzZfP(t)dx(t)=0. Integration by

parts gives the equation JtZx(t)dfp(t) =0. By Theorem 3.1 of [l],

[x(-p-) - x(0)] + [x(-p) - x(0)] - [x(O-) - x(0)] - [x(0+) - x(0)]

+ [x(p) - x(0)] + [x(p+) - x(0)] = 0

for each positive number p. Consequently, upon considering a sequence of

positive numbers pi, p2, p3, ■ • ■ which converges to zero, we conclude that

x(0 —)—x(0)=x(0)—x(0+). By a similar argument, if p>0, then x(— p —)

-x(0)=x(0)-x(p+); hence x(-p)-x(0) =x(0)-x(p).

B. Suppose that x( — t) — x(0) =x(0) — x(t) for each real number t. Suppose

that y is quasi-continuous, z(t) =y(—t) ior each real number t, and 5 is a real

number. Then
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/+00 /» —00z(s - t)dx(t) =|      z(s + l)dx(-t)
-00 J + 00

/—GO

y(-s- t)d[x(-t) - x(0)j
(-00

/• —CO f% +00y(-s - t)d[x(t) - x(0)\ =   j      y(-s - t)dx(t) = Ty(-s).
+C0 J -00

This completes the proof.

Theorem 6.2. Suppose that if [c, rf] is an interval then there is a positive

number N such that if so, sx, • • ■ , smis a subdivision of [c, rf] owrf t0, h, ■ ■ ■ , t„

is a subdivision of [a — rf, 6 —c], then

m—1 n—1

JZ zZ I x(si+i + tj+j) — x(si+i + tj) — x(s{ + tj+j) + x(s, + tj) I   g TY.
,=0 i—O

Then T has property B.

Proof. Suppose that y is quasi-continuous, [c, rf] is an interval, and

M^ \y(s—t)\ it s is in [c, rf] and / is in [a, b]. Let s0, Si, • • • , sm denote a

subdivision of [c, rf], and suppose that e>0. Now if 5 is a real number, then

Ty(s)=ftZy(s—t)dx(t)=JtZy(—t)dx(s+t); hence if I denotes the sum

JZ7A I Ty(si+j)-Ty(sj)\, then /= JZTA \ftZy(-t)d[x(si+x+t) -x(Si+t)]\.
Let t0, tx, ■ • ■ , tn denote a subdivision of [a — d, b — c] such that if i is one of

the integers 0, 1, • ■ • , m — 1, then

1       y(-t)d[x(si+x + /) - x(si + /)]
1 J -00

n-l

- 2-1 JZ [y(-lj) + y(-tj+j)][x(si+i + lj+j) - x(si + tj+j)
j=0

— x(si+x + tj) + x(si + tj)]   < e/m.

Now   \y( —1)\ gilf if a — rfg/g6 — c; hence KMN+e, and consequently

V$(Ty) gilfAT. This completes the proof.

Corollary 6.2a. If x has a derivative which is of bounded variation, then

T has property B.

Proof. Suppose that [c, rf] is an interval. If D is a subdivision so, S\, • ■ •, sm

of [c, rf] and E is a subdivision to, h, • • • , t„ of [a—rf, 6 —c], let S(D, E) de-

note the sum ^-"o1 S"-o \x(si+x+tj+x)-x(si+tj+x)-x(si+x+tj)+x(Si+tj)\.

Suppose that D and E are such subdivisions and that e>0. By hypothesis,

x' is of bounded variation and (by Lemma 2.7) is therefore continuous; more-

over, x'(t) =0 if Ka or t>b. Hence there is a positive number 8 such that if
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p and q are real numbers and \p — q\ <b, then \x'(p) — x'(q)\ <e. Let Mo,

Ui, • • ■ ,uT denote a refinement E' of E such that Uj+i — Uj<b, j = 0, 1, • • • ,

r — 1. Now

S(£>, £') = 2^ 2^ —-~-
<=o y-o ui+i ~ Uj

x(si + uj+x) — x(Si + Uj)
-■-—■—■- w+i — Uj);

Uj+i — Uj

and by Lemma 2.6,

S(D, E') < 2[(b - c) - (a - d)}e(2y2

rn-l r-1

+  2~1 Z)   W(Si+i + Uj)   —  x'(Si + Uj) I (mj+i  -  Uj)
,_o y=o

< 2[(b -c)-(a- d)]e(2y>2 + £) («m - u,)V+Z(x')

< [(b -c)-(a- d)][2e(2y'2 + V+Z(x')].

But since £' is a refinement of E, it follows that S(D, E) SS(D, £')■ Conse-

quently, S(D, E) S [(b-c) - (a-d)]VzZ(x'). By Theorem 6.2, T has property

B. This completes the proof.

Theorem 6.3. For T to have property C, it is necessary and sufficient that

x is continuous.

Proof. Suppose that T has property C; then TJL is continuous and TJR is

continuous. Since TJL = (xL+x)/2 and TJR = (x+xR)/2, it follows that x is

continuous. Suppose now that x is continuous and that e>0. Since x(t)=0

if tSa and x(t) =x(b) if t>b, there is a positive number S such that if p and q

are real numbers and \p — q\ <5, then \x(p)—x(q)\ <e. Now if Si and s2 are

two real numbers and \si — s2\ <S, and g(t) = x(si+t) — x(si+t) for each real

number J, then |g(<)| <« for each real number t, and Fi Z(g) 3=2 Vba(x). Suppose

that y is quasi-continuous, Si is a real number, and [c, a"] is an interval con-

taining Si. If 52 is in [c, d], then | Ty(si) -7y(s2)| = \faZcay(-t)d[x(si+t)

-x(52+/)]| ; so by Lemma 4.2a of [l], Ty(s2)-^>Ty(si) as s2—>Si. That is to

say, Ty is continuous, or T has property C. This completes the proof.

Theorem 6.4. For T to have property D, it is necessary and sufficient that

x has a derivative which is of bounded variation. Moreover, if T has property D,

y is quasi-continuous, and g=Ty, then g' is continuous, and g'(s)=fay(s — t)

dx'(t) for each real number s.

Proof. A. Suppose that T has property D. If y is quasi-continuous and

g = Ty, let Uy denote the function g'. It follows from Definition 1.1 and (iv) of
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Definition 6.1 that U is a Q operator over [a, 6]. By Theorem 3.3, if y is quasi-

continuous, then Uy is quasi-continuous; and by Lemma 2.7, Uy is continu-

ous; i.e., if y is quasi-continuous and g = Ty, then g' is continuous. In par-

ticular, UJR and UJl are continuous; so by Lemma 4.1a, UJR= UJl, and

it follows that U is a Qi operator over [a, b]. Let u denote the function UJ.

If y is quasi-continuous and s is a real number, then Uy(s)=fby(s—t)du(t)

But if R = TJR, then u = R'; and since R has a derivative, R is continuous

so that x = R, whence x' = R' = u. Consequently, if y is quasi-continuous and

5 is a real number, then Uy(s)=fly(s — t)dx'(t). Moreover, since U is a Qi

operator, x' is of bounded variation.

B. Suppose that x has a derivative which is of bounded variation. By

Lemma 2.7, x' is continuous; and we observe that x'(/)=0 if /ga or /^6.

Suppose that e>0, and let h denote a real number other than zero such that

if p<q and q— p^\h\ then \x'(p)—x'(q)\ <e. For each real number /, let

gh(t) denote the number [x(t+h) — x(t)]/h. By Lemma 2.6, | gn(t) — x'(t)\ <2e

for each real number /; and by Lemma 2.9, the total variation of gh is less

than or equal to the total variation of x'. Now if y is quasi-continuous and

5 is a real number, then [Ty(s+h)— Ty(s)]/h = ftZy( — t)dgh(s+t); and by

Lemma4.2aof [l],[Ty(s+h)-Ty(s)]/h^f±Zy(-t)dx'(s+t) =fbay(s-t)dx'(t)

as h—->0. If y is quasi-continuous and 5 is a real number, let T'y(s) denote the

number Jby(s — t)dx'(t). Then T' is a Qx operator over [a, b], such that if y is

quasi-continuous and g = Ty, then g' = T'y. Hence T has property D. This

completes the proof.

Theorem 6.5. Suppose that n is a positive integer. For all polynomials of

degree n or less to be invariant under T, it is necessary and sufficient that x(6) = 1

awrf fbtpdx(t) =0 for p = l, 2, ■ ■ ■ , n. If T is symmetric, and n is an even

integer, and all polynomials of degree n or less are invariant under T, then all

polynomials of degree n + 1 or less are invariant under T.

Proof is omitted, since the theorem readily follows if for each polynomial

y and real number 5 we consider the Maclaurin expansion of y(s — t) in powers

of /.
7. A family of smoothing operators and differentiating operators. In this

section we suppose that w is a positive integer and [a, 6] is an interval of

unit length. We shall exhibit a Qx operator T on [a, b] such that

(i) all polynomials of degree 2 or less are invariant under T, and

(ii) if y is quasi-continuous, then Ty has an wth derivative.

Let polynomials u, v, and w he defined as follows. If / is a real number, then

2u(t) = 1 + [2/ - (a + 6)] JZ(  P)(l- a)P(b ~ 0P,
p_0\ p  /

/2n + 3\
v(t) = (w + 2) ( )(t- ay+Kb - ty+\

\ w+ 1 /
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and

/ 2m + 3 \
w(t) = (n + 2) )(t- a)"+2(b - l)"+l.

\ n + 1 /

Let ^l = (2w+5)[2a& + (w + l)/(2w+3)] and B = (a+b+A)/2. Let x denote

the function such that x(/)=0 if t<a, x(t) = l if t>b, and x(t) =u(t)+Bv(t)

— Aw(t) if aStSb. If y is quasi-continuous and s is a real number, let Ty(s)

denote the number Jly(s-t)dx(t), and let r'y(5) =jbay(s-t)dx'(t).

By some rather tedious manipulation, it can be seen that x has a continu-

ous wth derivative which is of bounded variation, and that x(a) =0, x(b) = 1,

Jbatdx(t)=0, and fbt2dx(t)=0, so that polynomials of degree 2 or less are in-

variant under T. Moreover, if a= —1/2, then T is symmetric, so that poly-

nomials of degree 3 or less are invariant under T. If y is quasi-continuous

and g = Ty, then g' = T'y.

In particular, if w = 3 and aStSb, then

x(t) = 0.5 + 0.5(2^ - a - b)[l + 2(t - a)(b - t) + 6(t - a)2(b - t)2

+ 20(1 - a)3(b - t)3 - 140(22 + 99ab)(t - a)4(b - t)4]

+ 315(a + b)(t- a)*(b - t)\

and

x'(t) = 140 (t - a)3(b - ty[(4:5 + 198ao) + 9(a + b)(a + b - 2t)

- (198 + &91ab)(t - a)(b - /)].

In particular, if w = 3, o= -1/2, and -1/2^^1/2, then

x(t) = 0.5 + t[l + 2(.25 - t2) + 6(.25 - t2)2 + 20(.25 - t2)3

+ 385(.25 - t2y],
and

x'(t) = 315(.25 - /2)3[11(.25 - t2) - 2],

and 7" is a limit of the "most powerful" smoothing operators (i.e., operators

with minimum smoothing coefficients) described, e.g., in [4]. For this instance

the operators T and T' have been used with quite satisfactory results on a

digital computer with experimental data, the integrals being approximated

by an approximating sum as in [l], with the subdivision —.50, —.45, —.40,

• ■ • , .45, .50 of the interval [-1/2, 1/2].
If w = 3, a = 0, and Og^l, then

x(t) = 0.5 + 0.5(2/ - 1)[1 + 2/(1 - t) + 6t2(l - t)2 + 20t3(l - t)3

- 3080/4(l - ty] + 315/4(1 - t)*,

and
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*'(/) = 2520/3(l - t)3(3 - 12/ + 1112);

in this instance T is not symmetric, and the application of the operators T

and T' to experimental data does not give results as satisfactory as those ob-

tained with the symmetric operator previously described.
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