L, FOURIER TRANSFORMS ON LOCALLY
COMPACT UNIMODULAR GROUPS

BY
R. A. KUNZE(®)

1. Introduction. In this paper extensions to arbitrary locally compact
unimodular groups of some classical results in analysis are obtained which
have their origin in the following theorem of Hausdorff and Young:

THEOREM. Let 1<p=2, p'=p/p—1, FEL,0, 1) and c,=[f(x)e-2rir=dx.
Then

(1) (Xa|eal V2" <(f]f(x) | 7dx) V7, n=0, 1, 2, - - -.

(2) If {ca} is a sequence such that (3. | ca| #')V?’ is finite, then there is an
FEL,(0, 1) such that ca= [f(x)e~*dx and ([|f(x)|?dx)V?<(Xa |ca| P)V2.

We show among other things that (1) may be generalized as follows: Let
G be a compact group with Haar measure 1 and let {¢\} be any collection of
inequivalent continuous irreducible unitary representations of G where ¢,
has degree dy. Let C) be the matrix [e¢f(x)$r(x)dx. For any matrix 4 let
|4|l,=trace (]A4|?)Y? where |A|=(4*4)V2 Then (2| GlZd)Y>
< ([ o] f()| Pdx) >,

As is well known analogous results hold for Fourier integrals. For example,
a function f in Ly(— o, «), 1<p<2, has a Fourier transform F in
Ly(—w, @) and ((2m)~2f] F(y)| #'dy) "7 < (@m)2f| f(x)| 2dx)7. Our
main result is an extension of this theorem to the noncompact and nonabelian
case.

If G is a locally compact abelian group the Fourier transform F of an
integrable function f on G is generally defined as the function on the char-
acter group G of G given by F(x) = [ex(a)f(a)da; when f is in L;(G)N\Ly(G),
T: f—F is an isometric map into Ly(G) which can be extended to an isometry
of Ly(G) with Ly(G). Moreover the operation L, of convolution by f in L:(G)
is unitarily equivalent via T to multiplication, Mz by F in Ly(G). In fact
Mp=TL;T7. If G is abelian, any closed densely defined operator in Ly(G)
which commutes with the group translations is equivalent via T to a multi-
plication in L;(G) by a measurable function on G, (Segal [4]). In particular
if f is measurahle on the abelian group G and L, is closed and densely de-
fined with TL,T—'= Mp it is natural to call F the Fourier transform of f.
Since F and M are essentially equivalent it makes sense to define the Fourier
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transform of f as the operator L;. Now for a general locally compact uni-
modular group we say that a measurable function f on G has a Fourier trans-
form whenever L; is a measurable operator, that is, is closed, densely defined
and satisfies certain additional conditions which we state later. In this set-
ting, the Hausdorff-Young Theorem takes the form ||L|, <||f||, where f
belongs to L,(G), 1=p =<2 and ”L;H,,/ is defined, without the use of reduction
theory, in terms of noncommutative integration. We note that in this type of
integration the objects to be integrated are operators rather than functions.

In the abelian case theorems of this type generally depend upon certain
convexity properties and are most easily proved by using results on the
interpolation ‘of linear operations. We show that the Riesz-Thorin interpola-
tion theorem can be extended to the noncommutative situation and use it
as the main tool for proving our results.

The paper is organized as follows: Part 2 is devoted principally to defini-
tions and a summary of the basic facts about noncommutative integration,
as developed by Segal [4]. In §3 we develop the basic properties of noncom-
mutative L, spaces. Dixmier [2] has done much of this, but whereas his L,
spaces are defined as abstract completions of certain sets of operators of a
relatively simple type we prefer to identify points in the completion. In the
present treatment a general element of L, is a measurable operator, just as a
general element of L, in the usual measure-theoretic case is a measurable
function. §4 treats linear mappings between L, spaces and gives an extension
of the Riesz-Thorin interpolation theorem, similar to that given by Zygmund
and Calderén in [1]. In §5 we apply these results to groups.

2. Noncommutative integration. A not necessarily bounded linear oper-
ator T in a Hilbert space 3C is essentially measurable with respect to a ring
@ of operators on 3 if T has a closure, T is affiliated with @ and if there exists
an increasing sequence Xi, X3, - - - , of closed linear manifolds in the domain
of T such that the restriction T® of T to X; is bounded for each 7, X is
algebraically finite, &; | 0 and the projections P; on X; are affiliated with Q.
T is measurable if T is essentially measurable and closed. If S and T are
essentially measurable, then so are S*, S+ T, and ST. When S, T are meas-
urable the closures (S4T)~ and ST are called the strong sum and strong
product respectively and the collection of all operators measurable with
respect to a given ring is an algebra with involution relative to adjunction
and the strong operations. Throughout the rest of the paper all sums and
products of measurable operators will be taken in the strong sense and when
S, T are measurable, we will write S+ 7T for (S+7)~ and ST for ST; how-
ever, algebraic operations on operators not known to be measurable will be
taken in the ordinary sense. If T is measurable and U|T| is the canonical
polar decomposition of T then U belongs to @ and l T| is measurable. A se-
quence { T»} of operators on a Hilbert space is said to converge nearly every-
where (n.e.) relative to a measurable operator T if for €>0 there exist projec-
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tions Pa(e) such that ||(T.—T)P.(¢)|| <e and I —P,(e) is algebraically finite
for all sufficiently large ».

If S,.—S and T,—T n.e. then S,+7,—S+T n.e.; T»—T ne. and S is
measurable implies T,5—7TS n.e.

By a regular gage space I' we mean a system (3C, @, m) composed of a
complex Hilbert space 3¢, a ring of operators @ on 3C and a measure or gage m
on the projections in @ with the properties:

1. m(P)>0if P>#0 and m(0) =0.

2. m is completely additive. (i.e. if {Pa} is any mutually orthogonal col-
lection of projections in @ then m(UP,) = Y o m(P.).)

3. Every projection is the Lu.b. of projections on which m is finite.

4. If U is unitary in @ then m(U*PU) =m(P).

We mention that a measure space M is technically not a special instance
of a gage space; however, M is essentially equivalent to a regular commuta-
tive gage space constructed from the multiplication algebra of M [4] and in
the future we will not distinguish carefully between a measure space and its
associated gage space.

A measurable operator T on a gage space I is said to be elementary if it
is everywhere defined and lives on an m-finite manifold in the sense that T
and T* are 0 on the orthogonal complement of a subspace of finite gage. The
collection & of elementary operators is a 2-sided ideal in @ on which there
exists a unique linear functional m’ such that

(1) m’(P)=m(P) if P is a projection in Q.

(2) T belongs to & and T'>0 implies m'(T) > 0.

€3) If S belongs to @ and T is in & then m'(ST) =m'(TS).

(4) m' is strongly continuous on the operators in the unit sphere of & that
live on a, fixed m-finite manifold.

We now replace the symbol m’ by m and say that a measurable operator
T is integrable if there is a sequence { T,.} of elementary operators converging
to T n.e. which satisfies the additional condition that m(| Ta—T%|)—0 as
n, k— . The integral of T which is denoted by m(T') is defined as lim, m(T,)
and is single valued. The functional m thus defined has the usual properties
and when T is measurable and positive with spectral resolution fAdEy, m(T)
=lim..;o JAdm(E,). The integral is extended to not necessarily measurable
operators as follows: If T is a positive hyperhermitian operator affiliated with
the gage space then m(T) is defined as l.u.b. of m(X) as X ranges over the
positive elementary operators bounded by T'; when m(T) is finite, T is
measurable and is in fact integrable.

3. L, spaces.

DEerINITION 3.1. Let I' = (3¢, @, m) be a regular gage space and let B be a
positive hyperhermitian operator affiliated with @. Set “B“w equal to the
bound of B if B is bounded and otherwise put ||B||.,= . For 1 £p< « put
|| Bll, = (m(B?)) V7 if m(B?) is finite and if not, set ||B||,= «. When ||B|, is
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finite we note that B is necessarily measurable. For an arbitrary measurable
operator T put || 7|, =|||T]l|,, and let L,(T") be the collection of all measura-
ble operators T with || T, < «.

DEerFINITION 3.1. An elementary operator S is said to be simple if S
= UZ}’_I a:E; where U is measurable partially isometric and Ey, E,, - - -, E,
are nonzero mutually orthogonal m-finite projections in G.

THEOREM 1. For any regular gage spaceT', L,(I"), 1 £p £ », is a self adjoint
normed linear space over the complex numbers in which the norm of an operator
T is given by || T||,. Furthermore,

(@) of T belongs to L,(I') and S is in L, (I"), then TS is integrable and
TS|l || Tl || Sl pr- And if T is an arbitrary measurable operator

®) |7 =T1,,

©) ||Tll,=Sup {||TS||s: S is simple, ||S||,» <1, and TS is integrable}.

With the exception of (c), Segal [4] has shown that the theorem is true
for the cases p=1, 2, and «. Since there is no difficulty in verifying (¢) when
p=1 and as the case p = « will be treated somewhat more generally later on
we will assume in the succeeding lemmas that 1 <p < . Before proceeding,
it is instructive to consider an

ExAMPLE. Let A be a set and let § be the collection of all operator valued
functions T={T»} defined on A such that T} is a linear operator on a fixed
complex finite dimensional space of dimension dy. Then § is a linear algebra
over the complex numbers with involution *, the algebraic operations and *
being defined in the obvious fashion. For 1 £p < wset || T||, = ( 2ox || Th||2da) /7
where || Ty, = [trace (T¥T)?/2]'/» and put || T||.=Sup { | Th|o: NEA}. Now
for 1=p=< » put L,(A) for the collection of all T in § such that ”T| p< ©.
Then it turns out that || T]|, is a monotone decreasing function of p for each
fixed T in §; from this we see that L,(A) CL,(A) for 1£p = =, and further-
more it is also true that if T belongs to L,(A) and S is in L,(A) then HTSH,,
|7\l Sl =l U Sl In fact L,(A) is a complex Banach algebra with
involution *. The case p=2 is of special interest in that L,(A) is a Hilbert
algebra, the inner product of two elements T, S in L:(A) being given by (T, .S)
= > trace (T2S¥)dr. L.(A) is algebraically isomorphic to a ring @ of oper-
ators on Ly(A), the element T in L,(A) corresponding to the operator Lr
where Lp(S) =TS for all S in Ly(A). If Lq is a projection in @, put n(Lq)
=||QH§; then #» is a regular gage on @ and the triple T'=(L:(A), @, n) is a
regular gage space. In addition L,(T") and L,(A) are algebraically isomorphic
under an appropriate restriction of the correspondence T«>Lr.

We now return to the proof of Theorem 1. The essential ideas in the
proofs of the first two lemmas are taken from Dixmier [2].

LemMA 1.1, If T and S are elementary operators then || TS| <||T]|,|| SI|,»
< o,
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Let T= Ul Tl and S= V\ SI be the canonical polar decompositions of T
and S. Let fAdE\ and fAdF, be the spectral resolutions of | 7| and |S]
respectively. For arbitrary bounded complex valued, Borel measurable func-
tions f, g defined on the line put Ty= U[f(\)dE\ and S,= V[g(\)dF,. Then
since [f(\)dE, is elementary and U is bounded and in @, it follows that T
is elementary. Now T7T;= [f(N\)dEAU*U[f(N\)dEx and U*U is the projection
on the closure of the range of |T| Putting U*U =0 it results that Q| TI
=|T| =|T|Q; hence Q commutes with [f(A\)dE) and [f(A\)dEy. Thus T,*T,
=Qf|fA)|2dExQ and (T}T)*2 = Qf|fN)|2dExQ =< [|f(\)|?dEy. Setting
(1fN)] 2dm(EN) 2 =||(f, E)||, it follows that || T)||, <||(f, E)||»<  and if we
put (f g()\)‘qdm(Fx))I/‘I:H(g, F)Hq, a similar argument shows that S, is
elementary and || S|, =||(g, F)[|s< . We put [|(f, E)l|.=[Ifll. and ||(¢, P)||.
=|lgll.. and observe that the above inequalities hold for 1<, ¢< ». Now
let TS=W]| TS| be the polar decomposition of T'S and set B(f, g) =m(W*T;S,).
By results known for L;(I") and L.(I") (part (a) of Theorem 1) it follows that
|B(f, )| = | W*TySly s |WHTrSoll < (|78l = | TS < 115 B)l»
-H(g, F) [. where (7, s) =(1, »), (», 1). Since B is bilinear, it follows by the
Riesz-Thorin interpolation theorem as stated in [1, Theorem F], that
|B(, 9| =l|(f, B)lll(g, Pl for 1=p= . Setting f) =\ if 0SN=Z||T].
and putting f(\) =0 for other values of A we see that T=1T, and that HT”,,

| (f, E)||,- Let g be defined similarly. Then | B(f, g)| =m(W*TS) =|| TS|,
T[]l [l for 1=p < w.

LemMa 1.2. If T is measurable ||T||,=||T*||, and if T belongs to L,(T)
there exists an operator S in L, (T) such that || TS|, =||T]|, and ||S||, =1. If,
in addition, T is bounded (elementary) then S is also bounded (elementary).

Let T=U|T|. Then |T*| =U|T|U* and |T*|?=U|T|?U* so that
m(| T*}#) =m(U| T|»U*). Thus if m(| T|?) is finite, m(| T|?) =m(U*U| T|?)
=m(U| T|»U*) =m(| T*|?); hence ||T||,=||T*|,. Applying the same argu-
ment to T* we see that when ||7*||, is finite, |T*H,,=HT**[|,,=HT”,,. Thus
HT*H,,:HT”,, for any measurable operator 7. Suppose now that T belongs
to L,(T). Then | T*|»= U| T| U*U| T| »-U* = TR where R=P| T|»-1U* and
P is the projection U*U on the closure of the range of |T|. R*R
= U| T|»='PP| T|»~1U* = U| T|20-DU* = (U| T| U*)**>= = | T*| 26~V and
from this follows the fact that |R| =|T*|»=!; on the other hand since
(p—1)p"'=p, | R|»"=| T*|7 and therefore ||R||, =||T*2” =|| T|5~* < . We
may assume without loss of generality that ] T| »#0 and setting S=|| T”:,_"R
it is easily verified that ||S||,, =1. Now T.S=||T|}*TR =||T||}~?| T*| so that
TS|l =]T|}2~?m(| T*|7) =||T]|,. Finally from the construction of S, it is clear
that the last statement of the lemma is valid.

=

LemMA 1.3. If T is a measurable operator there exists a sequence {S,.} of
simple operators such that ||S,||,, 1, TS, is integrable, and | TSalli—]| Tl -
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We show first of all that it suffices to prove the lemma for T positive.
Suppose then that Ry, R, - - -, is a sequence of simple operators satisfying
the conclusion of the lemma for | T*|. Let T=U| T| be the canonical polar
decomposition of T and put S,=U*R,. Then |T*|R.,=U|T|U*R,=TS,
and ||| T*| Rl =|| TSAlli=||T*||, =|| T||,. Clearly S, is simple, and to verify
that lSn”p’ =1 choose, by the preceding lemma, an elementary operator S,/
such that || S.Sili=||Sal|,; and ||S/|l,=1. Then |S.|, =] U*R.S/
< H U*HQHR,‘S,.'III and applying Lemma 1.1, it follows that ”R,.S,.’ 1
<||Ra|| || SH || =] Ral|» £1; thus ||S4||,» =1, and we may suppose that T'=0.
Let [AdE, be the spectral resolution of T and set Q.= [f=dE\ and T.
= [Z.\dE,. We now consider two cases: (a) ||Ta||,<  for all #; and (b)
there exists 7o such that || T,||,= . If (a) holds let f be the function defined
for each positive integer k=n by fi(\) =1/2% if 4/2*<A<(+1)/2* where
i=0,1,2, - - -. Putting Fi=Q.[fi(\)dE, it results that Fi=[Zfi(\)dEs and
as || Tu||, < @, that Q. is elementary and that Fy is simple. There is no diffi-
culty in verifying that 0 S T2— F2<p(274-1)7~1/2*Q, so that m(F)2 1T m(T?)
as k— . Choose j such that ||T.||,—1/n<|| Fil, and set S.=|Fj}?F™
(it is no loss of generality to assume ||Fj||,0). Then S, is simple, T'S,
= T(QnSa) = TS. is integrable, and TS, 2 F;S,20. Hence || TS.||: = || F;S.||:
=||Fj|l,=||T.|l,—1/7. Now by an argument given in Lemma 1.2, ||S,/|, =1
and since TS,=T,S, we can apply Lemma 1.1 to get the inequality HTS,,”I
STl Sall o = || Tall o Thus || Tull, —1/7 < || TS4||: £|| T4l » and using the fact
that || T.||, 1]|T]|, we see that ||TS./[:—||T]|,- We now consider case (b).
Choose for each n=n, an m-finite projection J, such that J,=Q. and
| 7], = 7. Set Sp=|| T||3~?J27} =| Ju||L™"Ja. Then S, is simple, ||S.||,» =1, and
TS, = T(QnS,) = TSnis integrable. Since Tw = Q, SaTnSn = SuQnSn= || Jul|1Sx

1

20 and [|Su|of| TaSall 2| SaTaSulli 2| Jally 7| Sull1. Because [[Sall. =|[.7. 1577
it follows that [|ZSally 2| Salls =||Jul51 Talls = [ 75l Tallz = [| 72, 22
Thus for nZne, n<||TS.|i< © and || TSAi—||T]|,= =.

LEmMMA 1.4. If T is a non-negative measurable operator in L,(T') there
exists a sequence Ty, Ty, - - -, of elementary operators such that T,—T n.e.,
”T,.— T"”p_’o’ ”T"“p T ”T”p and HT—-T,,”,;—*O.

Let T=[NdE, be the spectral resolution of T. Set T, = [3-NdE) and put
R.=[2dE\. Then ||(T—Tw)R.||.=n"" and because [.dE\ is m-finite, it is
algebraically finite (as I' is a regular gage space) so that T,—T n.e.. Putting
Qn=/mdE, it follows that Q.<7T? so that Q. is elementary and hence
To=TxQ, is also. Now || Tu||2 = [2-Nedm(Ex) T [o Nedm(Ey) =|| T3 <  so that
| T — T2 = SEN2dm(Ey) + [Nedm(Ey) (n>k)—0 as n, k—w= and also

1 o
T = T.l5 =f APdm(Ey) =f APdm(Ey) — 0 as n— o,
0 n

LEMMA 1.5 (HOLDER'S INEQUALITY). If T is in Ly(I') and if S belongs to
L, (T) then TS is integrable and || TS|, < || T,/ Sl »-
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Suppose first of all that T is elementary and that S=0. Choose ele-
mentary operators Si, Sy, + « -, satisfying the conclusion of the preceding
lemma, which we apply to S. Since T is bounded T'S,—TS n.e. and by
Lemma 1.1, ||7S.—TSi||: || T||5||Sa — Sil| »—0. Thus {TS.} is a Cauchy
sequence of elementary operators and it follows that TS is integrable.
Furthermore || TS||s =1lim, || TS.||s lim, || Wl || Sull o = | T[] SI| . Now let S
be an arbitrary element of L, (I') and let S= VI S | be the polar decomposition
of S. Then TS=(TV) [ Sl is integrable. For TV is elementary, and in addition
we have the inequality, || 7S||: < || T V|| ,|| S]|»-. To show that || 7'S||; <|| TSIl
it therefore suffices to show that ||TV||,<||T},. For this purpose choose by
Lemma 1.2 an elementary operator T such that ||T”||,, =1 and || V*T*T"|,
= || V*T*|,. Then

1TVll> = [Ty, = [V*T¥l, = [Vl < [[vH [ 77
s Ll e = N7l

Hence the lemma is valid for T elementary and S arbitrary in L, (T'). Now
suppose that T is an arbitrary non-negative element of L,(T'). Choose ele-
mentary operators T, as in Lemma 1.4. Then 7,5—7TS n.e. and by what we
have just established, || TS — T.S||, <|| T — T4l|,|| S|, —0 so that {T.S} is a
Cauchy sequence in Li(I"). Since L;(T') is complete there exists K in L;(T")
such that HT,,S—KHl—»O. By passing to a subsequence we can assume that
T,S—K n.e. and as limits n.e. are unique it follows that 7.S=K. Hence T'S
is integrable and by continuity ||7S|i=lim, | 7.S];<lim, Tl S|
=|IT||,|Sll,- Finally, for an arbitrary operator T in L,(T') we can write
T=U|T| and therefore T'S= U(| T| S) is integrable and sl =] ud 7| 9|
=[| UM TSl =TS

Proof of the theorem. Parts (a), (b), and (c) have already been established
in the preceding lemmas, and it is clear that ||aT]|,=q||T]|, when o is a
complex number and T belongs to L,(T'). So we must show that if R and T
belong to L,(I") then R+T does also, and that ||R+T||,<||R||,+|T]|,. By
Lemma 1.3, there is a sequence Sy, Sy, - - -, of simple operators such that
(R+T)S: is integrable, [[(R+T)S|lt—||R+T]|, and |Si, =1. Now
|(R+T)Sl=||RS:+TSi|l: =|| RSi||:+|| TS4|., since RS; and TS; are integ-
rable and applying Holder’s inequality we get HRSi 1+ TS,~”1§”RH,,HS,-H,,r
HI Tl il = Rl + 71l Hence [[R4-T], < || Rll,+] T1],.

CoROLLARY 1.1. If K is bounded and measurable and if T belongs to L,(T'),
1<p= o, then | KT||, <||K|||| T|,. Moreover, | K| 45 the bound of the opera-
tion Lk of left multiplication by K on L,(I).

For p=1, » the inequality || KT, <|| K] .|| T]|, is known and if 1 <p< =
there exists a sequence Sy, S,, - - -, of simple operators such that KTS, is
integrable, || KTS./[,—||KT||,, and ||S.||,» <1. Now ||[KTS.||s <|| K|/ TS|
S| KM T ol Sall o <||T|, so that passing to the limit we get |KT| ,,__<_.HK| w

P
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To show that HK”ao is the least number satisfying the inequality for all T
in L,(I") it suffices to show that there exists a sequence T, Ty, « - -, of simple
operators such that || T.||, <1 and ||K T,/ K||. We note that this result
includes part (c) of Theorem 1 for the case p= . Now writing K = Ul K|
and considering | K*| = KU* it is easy to see that it is sufficient to consider
the case when K is positive. Suppose then that K =0 and that K has the
spectral resolution [S\dE) where a =||K||.. Put Q.=[4"""dE, for all positive
integers # such that e —»~120 and set K, =KQ,. Let J, be a m-finite projec-
tion such that 0<J,=<0Q, and let T, be a nonzero multiple of J, such that
| Tull,=1. Then T, is simple ||KT.||,<||K[|. and KT,=K(QT») =K,Tn
Hence |[|[KT.||,=|K.T4|, Now

o=t =|[(a = )T, < [|(a = #)QuTw — KuTil|p + | KTl
= [[(e = #790n = Kollol | Tollo + | K Tlls < 07t + || KTl
so that ||K]|o—2n"1 < ||K T, ||, <[|K]|. Hence [|KT|,—]|K]|.
COROLLARY 1.2. The simple operators are (ense in L") for 12p< .

Let T belong to L,(T'). Using the polar deqomposition of T and the pre-
ceding corollary we see that it suffices to consider the case when T is positive.
Now let €>0 and choose by Lemma 1.4 an elementary operator. T such that
|T—T|,<e/2. Since T. is positive and elementary, an argument similar to
one used in the proof of Lemma 1.3 shows that there exists a simple operator
S. such that ||T.— S|, <e/2. As we have shown that L,(I') has a norm it
follows that ||T— S|, <e.

COROLLARY 1.3. If Ta—T in L,(T') and S,—S in L, (T) then || TS — TuS4||1
—0 and m(T,S,)—>m(TS).

As the integral is continuous on L;(T') it suffices to prove H 78— T,.S,.[ 1—0.
Now ||TS = TuSilli £ ||TS = TuS|ly 4 [|T2S — TuSulls £ |T — Tull,[ Sl
+|lTn||p|lS—Sn!|,,f, and because {T,.} is convergent the norms ||T,||, are
bounded and the result follows.

TuEOREM 2. L,(T') is complete relative to the norm ||T||,.

LeMMA 2.1. Suppose {Tk} is a Cauchy sequence in L,(T") and that T} con-
verges n.e. to a measurable operator T. Suppose also that HT;,Hng for all k.
Then T belongs to L,(I') and H T”pg M.

Let S belong to L,/ (") and suppose ||.S]|,» 1. Then T:.S—T'S n.e.; more-
over { TwS} is a Cauchy sequence in L,(I"). For | TS — TS| || T — T[Sl »
<||Tw—T|,—0. Since Ly(T') is complete there exists R belonging to Ly(T')
such that || R — T%S||;—0. By passing to a subsequence we can assume T:S—R
n.e. But Tw:S—TS n.e. and as limits n.e. are unique, it results that 7.S=R.
Thus TS is in Ly(T") and |[(TS)||y =lim ||(T%S)||1. Because ||(T%S)|i = || Tul,
118l <l Tl = M, [(TS)]li = M. So by Lemma 1.10, || 7], = M.
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LemMmA 2.2. If {Tn} is Cauchy in L,(I') and T,—T n.e. then T belongs to
L,(T) and || T —T.|| ,—0.

For each fixed # we can assume || T%— T||, <a. for all & where a,—0.
Now Ty—T»—T —T, n.e. as k— o, and is Cauchy in L,(T"). By the previous
Lemma T —T, belongs to L,(I") and ||T— Tx||, £a.—0. As the sum of two
elements of L,(T") is again in L,(I"), T=(T—T.)+ T, is in L,(I').

Proof of the theorem. Now let { 7.} be a Cauchy sequence in L,(T'). We
wish to prove there exists T in L,(T') such that || T — T||,—0. Observe first
that we can assume T, =T . For the L, norms of the real and imaginary parts
of T, néver exceed the L, norm of T',. It is also no loss of generality to suppose
that T3 is bounded and that HT,,+1—T,.|IP§4‘”. Let [NdE\ be the spectral
resolution of T,,;— T, and put ],.=ff;—ndE>\. Then H(T,,H—T,.)J,.Hw§2—"
and m(I —J,) £27, Put Qx=U,.x (I —J,). Then m(Qx) 2% and Qy=I—J,
$0 Jo2I—Qx and ||(Tas1—T) (I —Qu)|[ =27 for all n2E.

As in the proof that L,(T") is complete [4, p. 431] there exists a bounded
operator T® defined on (I —Q4)3C=13C to which the restrictions T of T,
to 3Cx converge uniformly, and the T®) define an operator whose closure T is
measurable. T,—T n.e.; for ||(T,,—T)(I—Qk)“‘,c,éZ"“‘l when #n=k, and we
can take P,(€) equal to I —Q, for 271 <e and equal to 0 otherwise. Then
P.(e) T I,m(I—Pu(e)) < o and H(T,.—T)Pn(e)llo,,< ¢ for large n. By Lemma
2.2, T belongs to L,(T') and || T — T/ ,—0.

CoRroLLARY 2.1, If T—T in L,(I') there exists a subsequence {Tnj} and a
strongly dense domain {3} such that

(a) HT(")-T,(,]'.)HN——»O as j— o where for an arbitrary operator S, S*) de-
notes the restriction of S to 3Cy,

(b) Th,—T n..

The-above proof shows this when the T, are self adjoint. For the general
case write Tn=R,+1S, with R,, S, self adjoint; and if {9}, {9} are the
strongly dense domains for which (a) is satisfied by R.,, S,, respectively let
GCk = mkf\ fﬂk.

Because of the completeness just established we can state the following
standard result:

COROLLARY 2.2. Let I'y = (31, @1, m1) and Ty = (3Ce, Qs, ms) be regular gage
spaces. Suppose 1 Sp=< w0, 1<g= o, and that ¢ is a bounded linear transforma-
tion from a dense subset of L,(I'1) to Lo(T's). Then ¢ can be uniquely extended to
a linear transformation from all of L,(T1) to Lo(T2) with preservation of the
bound.

4. Interpolation. Zygmund and Calderon have extended the Riesz-Thorin
interpolation theorem to a rather general theorem concerning interpolation
of multi-linear operations, [1, Theorem F]. For the sake of simplicity and
clarity, we will restrict our attention to the bilinear case. Before stating the
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theorem we introduce some notation. Let 1 £ py, po, q1, ¢2, 71, 72< ® and set
1/ =0 and 1/0= «. Suppose that ¢ is a real number such that 0<¢<1 and
define p, ¢ and r by the equations

1p=Q=0/pr+ t/ps,
1/¢ = A = 0/q1+ t/gs,
1/r=0—=0/rn+ i/ra.
THEOREM 3. Let T', Ty, T’y be regular gage spaces and let D be the collection

of all pairs (R, S) of elementary operators on I'y, T’y respectively. Suppose that
¢ is a bilinear mapping from D to measurable operators on T’ such that for all

(R, S) in D,
@) |lo(R, S, < MR} S]] o
(b) |6(R, S)||rs < M| R||14l| S]] as-
Then

© [l¢R, S)|l-= ¢y M| R[]I S]] o
for all (R, S) in D. Furthermore if p7#~ © and g% «©, ¢ has a unique continuous
bilinear extension to L,(T'y) X Ly(T's), preserving (c).

Proof of the theorem. D could be replaced by the collection of all pairs of
simple operators. If this were done a direct proof of the theorem could be pre-
sented, analogous to the one given by Zygmund and Calderon; however, it is a
relatively straightforward matter to reduce the proof to the commutative
case, and we follow this latter course.

Let T=¢(R, S) and let R=U|R| and S=V|S| be the polar decomposi-
tion R and S. Suppose that | R| = /\dEy and that | S| =/\dF. If f, g are
bounded measurable functions on the line, put R;,=Uff(A\)dE\x and S,
=V/[g(\)dF\. Now set T(f, g) =¢(R;, S;) and let X be a fixed elementary
operator on I'. Let W| X| = X be the polar decomposition of X and let fAdKj
be the spectral resolution of | X|. For each bounded measurable function %
on the line put X,=W/[h(\)dK). Now suppose that TX =W,|TX| is the
polar decomposition of TX and set ¢(f, g, k) =m(WYyT(f, g)X»). Then ¢ is
a tri-linear form and

lo(f, & B | = ||WIT(G, 9 Xl < 1T¢f 9 Xl = 171, 9l X

and by assumption, ||T(f, &)l-:<MJ|Rdl»d|Sillei Putting [|(f, E)ll,
= (J] ) | 2dm(Ex))V'? and defining ||(g, F)|| and ||(2, K)||; similarly for any
p, g, and 7 such that 1 £p, ¢, 7 < =, it results that |¢(f, g, h)l §M,~||(f, E)l .
(g, F)ll¢d| (B, K)||-!. In this inequality we make the further convention that
1, B)lw=|fller I, P)ll«=llgll<s and that [[(, K)l|o=]4]|.. Now since
1/r=(1—=1)/r1+t/r, it follows that 1/r'=(1—¢)/r{ 4+t/r{. For 1/r'=1—1/r
=14+ —t)(1/r{ —=1)4t(1/r{ —1). Hence by Theorem F of [1] specialized
to the case of trilinear forms the inequality |#(f, g k)| £ Mi~*MY|(f, E)|l»
(e, F)||J|(, K)||,- holds for all simple functions f, g and k. Because the

. ’.
L T
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measure spaces over which the norms H(f, E)H,,, -+ -, are taken are finite,
the simple functions are dense with respect to these norms, even in the case
that p, g or ' = . Thus the inequality is valid for any bounded measurable
functions f, g and k. As in the proof of Lemma 1.1, we may choose f, g, and &
so that R,=R, |[(f, E)l,=|Rl, - - -, and T=T(f, g). Then &(f, g h)
=m(W}TX) and |¢(f, g, b)| =m(WITX) =||TX||. < M~ M| R|| || Sl | Xl
Applying part (c) of Theorem 1, we see that || T}, =||¢(R, S)||.< M~ M}||R||,
HS“,, If p## o and ¢ © and R, S are arbitrary operators in L,(I"1), Lo(T's)
there exist elementary operators R,, S, on I'y, I'; such that R,—R in L,(I")
and S,—S in Ly(T,). Putting T.=¢(R,., S.) it results that ||T.— Tl
< M ML(|Ra— Ril| || Sl o || Rl o] Sn — Skl ) =0 as m, k— 0. Since L,(T) is
complete the sequence { T} has a limit, say T, and || T||. <|| T — Tl +|| T3
<||T— Tl + M3 M| Ril|,|| Skl| . There is no difficulty in verifying that
| T =Tifl,—0 as k—o; so || T}, = M~ "M3||R][,[|Sl|o. Thus if Rx—0 in L,y(T)
and S,—0 in L,(T), ¢(R,, S.)—0 in L.(I"). From this we see that the defini-
tion T=¢(R, S) is unambiguous and gives the desired extension of ¢ to
Lyp(T') X Lo(T).

A particularly interesting and easy consequence of the theorem is given
in the following result.

CoOROLLARY 3.1. Suppose ¢ is a linear mapping from elementary operators
on a regular gage space I'y to measurable operators on a regular gage space Ty such
that for all elementary operators R on T'y,

@) [|¢(R)|| o= M| R},
(b) {[p(R)|| s S M| R .
Then

(©) [leR)llo= 23~ M| Rl
for all elementary operators R on T'y. If p## « then ¢ has a unique continuous
linear extension to L,(I'1), preserving (c).

CoroLLARY 3.2. If T belongs to L,(I") and S belongs to L ((T") where 1/p+1/q
<1 then TS is in L,(I') where 1/r=1/p+1/g and || TS||, || T|,|| S| o

, Let Rs be the operator defined for all measurable T by Rs(T) =TS. Then
for T in Ly (I') we have |[|Rs(T)|[: =||S]| || T]| ¢ and for T in Lo(T), ||Rs(T)||,
=[Sl T]le Now if 0<t<1, (1/q', 1)+(1=0)(0, 1/9) =(t/q’, t+(1—1)/q)
and putting 1/¢=t/¢" and 1/r=t+(1—t)/q it follows that ”RS(T)H,_S_HS”q
|IT|l, when T is restricted to be an elementary operator. Note that, 1/p+1/q
=t/q'+1/9=1/¢+1/9g=1 and that 1/p+1/q=t(1/¢'+1/q)—t/q+1/q
=¢+1—t/g=1/r. Since we have already considered the case p= © we may
assume p «, so that Rg has a continuous extension to all of L,(T'); thus
we need only verify that Rg(T) =TS for arbitrary T in L,(T). Let {T,.} bea
sequence of elementary operators such that ||T,—7|,—0 and T,—T n.e.
Then ||Rs(T\) —Rs(T%)||,—0 so that {7,S} is a Cauchy sequence in L,(T).
There exists therefore an operator K in L.(T") such that ”T,.S—K I,—»O. By
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passing to a subsequence we can assume that T,S—K n.e. Since T,,S—T.S
e, K =TS, and |75, = | ROl S| ST T, =TS

5. The Hausdorff-Young theorem. In this section we apply the previous
theorem to a semi-commutative situation in which one gage space is com-
mutative being the measure space obtained from the group G and Haar
measure; the other gage space is, in general, noncommutative, and arises
from the Hilbert algebra determined by the square integrable functions on
the group.

For the remainder of the paper G is a locally compact unimodular group;
all integration over G is with respect to Haar measure. L,(G), 1=Sp< o, is
the collection of measurable complex valued functions f on G with ||f|,
=(f | f(x)|Pdx)!'*< . The collection of measurable, essentially bounded
functions is designated by L,,O(G): and if f is a measurable function Jf=f*
is the function defined by f*(x) =f(x~!). The convolution fxg of two measura-
ble functions f, g is said to exist if flf(xy“)g(y) | dy exists for almost all x and
is defined by fxg(x) = [(xy~1)g(y)dy. Because G is unimodular the transforma-
tion y—9y~lx is measure preserving and it follows that fxg exists if and only if
f‘f(y)g(y“x)ldy exists for almost all x and when it exists f*g(x)
= [f(v)g(y~x)dy. We will use these two expressions for f+g interchangeably,
as convenience dictates. When f#g exists (f*g)* is easily seen to equal g*sf*.
For a measurable function f, left convolution by f is the operator L; in Lo(G)
whose domain consists of all g in Ly(G) for which f*g exists and fxg belongs to
Lo(G); for such g, Ly(g) is defined to be fxg. Right convolution by f is desig-
nated by R; and is defined similarly.

Let ®, denote the collection of all fin L,(G), 1=p =2, such that L;is a
bounded everywhere defined operator on L.(G).

THEOREM 4. If f is an element of ®, then (L)* =L, Ry=JL;* Jand (R;)*
=Ry*. Furthermore if g is in ®, and fxg belongs to L.(G) where 1 =p, ¢, r =2
then Ly.g=L;L,. In particular, ®, is an algebra under convolution.

In the proof we will establish some lemmas that are more general than
necessary but which will be useful later on.

LEMMA 4.1. If f is an element of L,(G), 1 £p =2, then Ly is a densely defined
operator in Ly(G) and the domain of Ly contains Li(G)NL:(G).

Suppose f is an element of L,(G), that gisin L¢(G), and that 1/p+1/g=1.
Then by Young's inequality fxg exists and Hf*g”,é”f”,,”g“.z where 1/7
=1/p+1/g—1. When 1 £p =2 there is a ¢ such that 1 £¢=2 and r=2. Now
Li(G)NLy(G) is dense in Ly(G) and contained in L,G) for15¢=2.

LemMa 4.2. If f is an element of L,(G), 1 Sp =2, and if D is any subset of
L(G)NLy(G), then (f**g, h) = [g(y) [f*h(y) J=dy for all g in D and all h in Ly(G).

First of all observe by the preceding lemma, that the left side of the
above relation makes sense. Now applying the same lemma we see that
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f**g belongs to Ls(G) whenever g is in O, and because the product of two
functions in Ly(G) is integrable, [|k(x)|dx/|f*(xy=")g(y)|dy is finite. Hence
the Fubini theorem applies and

[ i [y goiay = [ soiay [ rreoias = [solr«holay.

The next lemma is a slight generalization of a result of Segal’s [3].

Lemva 4.3, Suppose f=fi+fot+ - - - +fa where f; belongs to L,.(G),
1=p:22, and let D=L,(G)N\Ly(G). Then the domain of Ly contains D and
of Lji is the contraction of Ly to , (Li)* =Ly

By Lemma 4.1, the domain of L;» contains D for each <. It follows easily

that Lg=Lg.+ - - - +L; where the sum is taken in the ordinary. sense.
Furthermore for any % in Ly(G), (f**g, h) = (fr*g, k) + - - - +(fi*g, k) which
by Lemma 42, equals [¢()[fxh()]=dy + -+ [h(y)[fuxh(y)]-dy

= [g(y) [fxh(y) |=dy. Thus (f**g, k) =[g(y) [f*h(y)]dy for all g in © and all 4
in Ly(G). Now let i be an arbitrary element of the domain of L,. Then fxk
belongs to L,(G) and the above relation becomes (f**g, k) = (g, fxh). Hence
L;C(L/)*. To show the converse let & belong to the domain of (L1)* and
put (L/)*(h) =k. Then (f**g, h) =(g, k) for all g in D. Thus [(f*k)g = [k for
all g in D and it results that f*h =k almost everywhere. So % is in the domain
of Ly and Ly(h) =k, which shows that (L;:)*CL,. Notice that the Lemma is
true without any change in the proof if for D we take the collection of simple
functions. More generally, we can let D be any subset of L;(G)MN\Ly(G) which
is dense in L,(G) with the property that (f*xg, h) = (g, k) for all g in D implies
(f**Cg, h)=(Cg, k) for each set E of finite measure, where Cg is the char-
acteristic function of E.

LEMMA 4.4. Suppose f, g antl fxg are elements of L,(G), L(G), and L.(G)
respectively where 1 = p, q, v =2. Let D be the collection of simple functions. Then

(@) LiyCLyLy,

(b) LygD(L)* (L) ™

Let % be a simple function. Since % belongs to all Lebesgue classes it fol-
lows from Young’s inequality that gk is in L, (G). Hence the integral

flf(y)ldyflg(y“xz“)h(z)!dz is finite, and
f )y f g(y-az)h(2)dz = f h(z)dz f F)gly-taz)dy.

As a result, fx(gxh) = (fxg)*h and by Lemma 4.1, g«h, (f+g)*h are in Ly(G).
So the above relation may be written as

L;Ly(h) = Lpu(h).
This shows that L;,CL;L, and replacing f by g* and g by f* we get L.
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CLgxLs. Now part (a) follows from that fact that g*xf*=(f«g)*. The inclu-
sion just established shows that (L,Ls)* exists and that Lpn,=(L{,,)*
D(LgL)* D (L) *(Lg*)*, which proves (b).

LevMaA 4.5. If fis in L,(G), 1 £p =2, and if the contraction L} of L; to any
dense subset D of L:(G) contained in the domain of L; is bounded then L; is
bounded and everywhere defined.

Let g be an arbitrary element of L:(G) and suppose g; belongs to ® and
that g,—g in L(G). Then Hf*g —fxg; ,é”f“p”g—gi”z—»O, and by passing to a
subsequence we can assume fxg,—f*g almost everywhere. By Fatou’s Lemma
S\ feg(x)| 2dx <lim inf f| frgi(x) | 2dx <lim inf,; || L/ [[2]|gd[3 =2/ ]/2] 3. Tt fol-
lows that fxg is in L.(G) and that L; is bounded.

Proof of the theorem. Suppose f belongs to ®,, 1=<p =2, and let D be
the collection of simple functions. From the inclusion LiC Ly follows the
fact that (LA)*C(Ly)*; by Lemma 4.3 (L) =(L/)*D(Ls)* and applying
the same lemma to f* we see that Ly is closed, linear and densely defined.
Thus (Lp)*=(Lp)**C(Lye)**=Lp. It is straightforward to verify that Ry
=JL}J so that for g, h in Lx(G), (Rsg, k)=(JL*Jg,J*h)=(Jh, L*Jg)
= (fxh*, g*) = (g, h*f*) = (g, Ryh); hence (Ry)* =Rp. Now suppose that g is
an element of ®, and that f*g belongs to L,(G) where 1=¢q, r=<2. By Lemma
4.4, and the preceding results on adjoints it follows that Ls, D (Ly)*(L,*)*
=L,L, Since L;L, is bounded and everywhere defined L;,=LL,. Finally,
if f, g belong to ®, then fxg=L,(g) is in Ly(G) and the result just established
applies; hence Ly, =L;L, is bounded and f*g belongs to ®,.

Having established Theorem 4, it is easy to verify that the system
H=(L:(G), J, ®) is a Hilbert algebra in the sense of [4] and that for f in
®s, L; as defined here coincides with the H definition of L;. Now for arbitrary
fin Ly(G) put L/ for the operator with domain ®, given by L/ (g) = R,(f),
g in ®,. Since R,(f) =f+*g=1L;(g), L/ is just the restriction of L; to ®,, and
according to the definition, f is in the bounded algebra of H if L/ is bounded.
Because ®; is dense in Ly(G), it follows from Lemma 4.5 that L; is bounded
if and only if L/ is bounded. Thus we have proved

COROLLARY 4.1. ®, is already the bounded algebra of the Hilbert algebra H.
THEOREM 5. If f is an element of Lo(G), then (Lyj)*=L;.

LeEMMA S.1. If two essentially measurable operators agree on a strongly dense
domain they have identical closures.

For the proof see [4, Corollary 5.1].

Proof of the theorem. Let ® be any dense subset of Ly(G) contained in
L,(G). Then D is contained in ® and L{CLj. By Lemma 4.3, (Lp)*CL;.
Now let £ be the weakly closed ring of operators generated by the L, for
g in B,. £ is called the left ring of H and by Theorem 19 and Remark 5.1 of
[4] it follows that (Lf)* is measurable with respect to £. £ is the commutor
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of the ring generated by the right translations by elements of G; so since L;
commutes with all right translations, L; is affiliated with £. Because
LD (Lp)*, Ly has a strongly dense domain and being closed Ly is therefore
measurable. Thus by Lemma 5.1, (Lf)*=L;.

By Theorem 17 of [4] a regular gage m can be defined on the projections
in £ as follows: For any projection Q in £ set m(Q) =||f”§ if Q=L for some
f in B, and otherwise put m(Q)= ». The resulting regular gage space G’
= (Ly(G), £, m) will be called the canonical gage space of G.

According to [4, Corollary 19.1] (Lj:)* belongs to Ly(G’) for each f in
Ly(G) and the mapping f—(Lj)* is unitary between Ly(G) and Ly(G’). Since
(Lp)* =Ly it follows that the mapping f—L; is unitary between L,(G) and
Ly (G").

From now on, D will denote L,(G)MNLy(G).

THEOREM 6. Let G be a locally compact unimodular group and let G’
=(L2(G), £, m) be the canonical gage space of G. Suppose that M is the smallest
linear collection of measurable functions containing L,(G) for each p with
1=p=2. Then for fin M

(1) Ly is a measurable operator with respect to £ and the domain of L; con-
tains D;

(2) if g belongs to M and if a is a scalar, then Loprg=al;+L,, the sum being
taken in the strong sense;

(3) Ly=L,, g in M implies f=g almost everywhere;

(4) (L)*=Lp;

) iz <l 15022

LeEMMA 6.1. If 1 Sp <2, there is a bounded linear mapping U from L,(G)
to L, (G’) such that

W UGl ||l for all f in L,(G);

(2) of fis a simple function then U(f)=L;,.

Let f be a simple function. Then L, is a measurable operator with respect
to the ring &, || L[|, =(|f|l. and [| Z||« < [|f]|s. Setting U(f) = L, we have || U(f)]|.
<|fll: and || U()||2=]/fll>- Now by Corollary 3.1, Uf belongs to L, (G’) and

U(f)Hp' §||f“,,. From this inequality, the denseness of the simple functions
in L,(G), and Corollary 2.2, follows the fact that U has an extension to all
of L,(G) having the stated properties.

LemMA 6.2. If f is an element-of L,(G), 1 £p =2, then U(f) =L;.

Let f belong to L,(G), 1 £p =<2, and let f, be simple functions such that
fa—=fin L,(G). Let T'= U(f). By Corollary 2.1, we can assume that L;,—7 n.e.
and that there exists a strongly dense domain { %} such that the restriction
T® of T to X, is bounded and HT(") —L/,,Hw—>0, for each fixed 7. Let g be an
arbitrary element of X;. By Young’s inequality fxg is in L, where 1/r=1/p
—1/2 and ||frg—furg| <[f=fillollgll:>0. Thus farg—T( in Ly(G) and
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faxg—f*g in L.(G). Therefore T, =f+g almost everywhere. Thus L; agrees
with T on a strongly dense domain, is closed (Lemma 4.3) and is easily
seen to commute with right translations by group elements. Hence L;=T.
For L; and T are essentially measurable and agree on a strongly dense do-
main, and therefore by Lemma 5.1, have identical closures.

LeEMMA 6.3. If f belongs to L,(G), 1 Sp =2, then (Ls)* = L.

First of all, LACLs so that (Lp)*D(Lp)*. By Lemma 4.3 Ly=(L"1)*;
thus L;D(Ls*)*. Now by Lemma 6.2, L, is a measurable operator with re-
spect to the ring £. And as the adjoint of a measurable operator is measurable,
(L) * is measurable. Since L;C(Ls)*, it follows, by Lemma 5.1, that (L;)*
=L;. Upon replacing f by f*, we get the indicated result.

Before proceeding we mention that unless stated to the contrary, all
sums and products of measurable operators are understood to be strong sums
and strong products respectively.

LEMMA 6.4. If f=f1+f2+ st +fn, f.’ n Lm(G), 1§P,§2, then L/ 1
measurable and Ly=Ly+ - - - +Ly,.

By Lemma 4.3, L; is closed, linear and densely defined. Furthermore by
Lemma 6.2, L;, is measurable for each 7, and there is no difficulty in showing
that L;DL;+ - - - +Ly,. Since L; is affiliated with L we can apply Lemma
5.1 to conclude that L, is measurable and that Ly=L; + - - - +Ly,.

Proof of the theorem. If f is in 9N then f=fi+f.+ - - - +f» where f; be-
longs to L,,(G) and 1<$;=<2. So (1) follows from the preceding lemma and
(2) follows similarly. Now suppose that f, g belong to 9 and that L,=L,.
Then if % is a simple function fxk=g*h almost everywhere. From the defini-
tion of 9N and from the fact that % belongs to all Lebesgue classes it follows
that f«k and g*h are sums of continuous everywhere defined functions. Hence
by the regularity of Haar measure, f*h = g+h and evaluating at the identity we
get [fh*= [gh* for each simple function k. So f=g almost everywhere, and
this establishes (3). To prove (4), let Ly=L;+ - - - +L;, as above. Then
(Lp)*=(L;)*+ - - - +(Ly,)* which by Lemma 6.3 equals L;*+ - - - +Ly*
Since f*=f*+ - - - +f+ and since f¥ belongs to L,,(G), 1=p:<2, we can
apply Lemma 6.4 to conclude that Li#=L;*+ - - - +Ls. Thus (Ly)*=Ls.
If fis in 9% and if f does not belong to L,(G), then (5) is trivially true. On
the other hand if f is an element of L,(G), then the inequality follows from
Lemma 6.1 and Lemma 6.2.

DEFINITION 5.1. Let U be the linear mapping with domain 9 given
for f in 9N by U(f)=L,. U(f) is called the Fourier transform of f and the
restriction of U to L,(G) will be denoted by U,.

COROLLARY 6.1. If f, g, fxg belong to L,(G), L(G), and L.(G) respectively,
lépi q, r§2, then Lfog—_"Lng.
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L., Ly and L, are measurable and it follows easily from Lemma 4.4 that
Ly DL¢Ly; hence by Lemma 5.1, Ly, =L;L,.

COROLLARY 6.2. If f belongs to MM and if g belongs to D, then Uy(f*g) =L;L,
and Us(gxf)=L,L;.

Since fis in 9, g is in the domain of L; so that fxg belongs to L:(G). Let
f=fH-+ - +fawhere fiisin L,,(G), 1 £p;<2. Then fag=fixg+ - - - +faxg
and by the preceding corollary, U,(fs#g)=L;.L,; thus

Us(f*g) = (Lyy + - - + L)L,

and by Lemma 6.4, L;+ - -+ +L; =L; A similar argument shows that
Ux(g#f) = L,Ly.

An inverse Fourier transform V mapping certain operators to functions
also exists and we begin consideration of this question.

DEeFINITION 5.2. Let ' =L;(G")N\L2(G’) and let V'’ be the restriction of
U™ to ©'. Note that U~! exists, by (3) of Theorem 6, and, as U, is unitary
between Ly(G) and Lo(G’), that ©' is included in the range of U.

COROLLARY 6.3. If F is in ©' then ||V (F)||, <||Fll,, 1 =p 2.

First of all observe that F belongs to L,(G’) for 1 £p <2. For if F belongs
to L,(G")NL,(G"), r <s, there is no difficulty in verifying that HF”ﬁéHF”:
+|| F|$ for » Su<s. Now taking g to be a simple function, it results that
Jfg=m(L;LY). For f, g are in Ly(G) and (f, g) = (Uf, Ug). Since L;=F and as
F belongs to L,(G), | [fzg| <[ Fl[,|L¥||,. By Theorem 6, ||L,||,» <||L,||, and as
L] =)L)l it follows that | [fz| <||Fl[,||L,||, for all simple functions g;
hence ”f”p’énFHp-

THEOREM 7. Let G' be the canonical gage space determined by the locally
compact unimodular group G. Put ' for the smallest linear collection of meas-
urable operators on G' containing L,(G') for each p with 1 £pZ2. Then there
exists @ unique linear mapping V from M’ to measurable functions (mod null
functions) on G such that

(1) V extends V"',

@) V(P =||Fl|, 1sp=2.

V necessarily has the further properties,

(3) V(F*)=V(F)*;

(4) V(F)=0 implies F=0.

LemMmA 7.1. V" has a unique extension V' to the set theoretic union of the
L,(G), 1=p =2, such that

W) [V (B)|| <] 7]

(2) V/(F¥)=V'(F)*.

Since ®’ is dense in L,(G), and in view of the inequality given in Corol-
lary 6.3, V" has a unique bounded norm decreasing extension V, taking
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L,(G") into L, (G). By an easy continuity argument, V,(F*) =V, (F)*. We
now define V' as follows; if F belongs to L,(G’) for some p such that 1 £p =2,
put V/(F)=V,(F). To show that ¥V’ is well defined we must show that if F
also belongs to L,(G’), 1 =£¢=2, then V,(F)=V,(F). Suppose then that this
is the case. By Lemma 1.4 there exist elementary operators F, such that
F.,—Fin L,(G’') and F,—F in L (G"). Since F, belongs to ®’, V''(F,)—>V,(F)
in L, (G) and V' (F.)—>V(F) in Ly(G). Thus V,(F) =V (F) almost every-
where. Now for a given F and index p either F belongs to L,(G’) in which
case (1) is satisfied or || F||,= o and again (1) holds. Also V'(F*)=V,(F*)
=V, (F)*=V'(F)* for some p so that V’ exists. V' is unique. For if W extends
V' and satisfies (1) then the restriction of W to L,(G’) is a continuous exten-
sion of V"' and must therefore equal V.

Having the transformation V’ it is easy to establish a Parseval formula.

LeEMMmA 7.2, If f belongs to L,(G) and H is in L,(G"), 1=p=2, then
SV an I-=m(L1*).

Let f; be simple functions such that f;—f in L,(G) and choose H; in D
such that H;—H in L,(G’). Then (Uf;, UV'H,) =(Uf;, H;). As V'(H,)—>V'(H)
in L, (G) and Uf,—L;in L, (G') it follows that [f[V'(H) ]~ =lim; [f;[V'(I{) ]~
=lim; m(Uf;H}) which by Corollary 1.3 equals m(L;H*).

LEMMA 7.3. If F;belongsto L, (G'), 1£p: =22, and of F1+Fa+ - - - +F,=0
then V'(F\)+V'(F)+ - - - +V'(F.) =0 almost everywhere.

Let f;=V'(F,) and put f=fi+ - - - +fa. Let & be a simple function. Then
Jfh=[fih+ - - - +[f+h and applying the Parseval formula we get [fk
=m(FRL)+ - -« +m(F.LY)=m((Fi+ - -+ +F.)Lf)=m(0-Ly)=0. Since
h was an arbitrary simple function, f=0 almost everywhere.

LEMMA 7.4. If F belongs to L,(G'), 1 £p =2 and if g is an element of L,(G),
then V' (L,F) =gxV'(F).

Since g belongs to Li(G), L, is bounded, and L,F is in L,(G"). Let F,
belong to ®' be such that F,—F in L,(G’). Then F,=L;, where f,is in Ly(G).
Now L,F,—L,F in L,(G") so that V(L F.)—=V'(L,F) in L, (G). Since gfn
belongs to Ly(G), Corollary 6.1 applies and L.y, =L,L;, =L;F,. Thus gxf,
=V'(Lyy)—=V'(L,F) in Ly(G). Let f=V'(F). Then ||gxf—gxfull, <llgll
Nf=fall »—0. For V/(F.)—=V'(F) in L,/(G). Thus gxf=V'(L,F).

LEmMA 7.5. If H, K belong to Ly(G'), then V'(HK) =V'(H)+V'(K).

Let A =V'(H) and put k=V'(K). There exist k; in D such that h;,—#% in
Ly(G). Hence Ly, —I in Ly(G"), Ly, K—HK in L(G"), and V'(Ls,K)—V'(HK)
in Lo(G). By the preceding Lemma, V'(Ly,K)=h*k. Now hxk—h+k in
L.(G). For || ktk —hi*k|| o <||h — k||| k|l-—0, and it results that V/(HK) = h*k
almost everywhere. '
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Proof of the theorem. Let F belong to 9M’. By definition there exist F; in
L,(G"), 1£p:<2 such that F=F,+ .- - +F, Put V(F)=V'(F)+ - -
+V'(F,). By Lemma 7.3, V(F) is uniquely defined and the resulting map V
is obviously linear on 9M’. If F is in L,(G’), then V(F)=V'(F) and (2) is
satisfied and if F is in 9 but not in L,(G’), then ||F|l,=« and (2) holds
trivially. Thus (1) and (2) hold and from Lemma 7.1, V is easily seen to be
unique. Since F*=Ff+ - . - + FX V(F*) =V (F)*4 - - - +V(F)*=V(F)*
and we have established (3). Let g belong to ®. Then L,F=L,Fi+ - - -
+L,F, and V(L,F)=V'(L,F\)+ - - - +V'(L,F,) and setting f;=V'(F;) and
applying Lemma 7.4, we get V(L,F) =g+fi+ - - - +gxfu=gx(fi+ - - - +fa)
=g+xV(F); thus if V(F)=0, V(L,F)=0 as well. Since L, is an element of
L, (G") for all p such that 1 £p =<2, it follows from Holder's inequality that
L,F; belongs to L;(G’). Consequently L,F is in L;(G’) and is therefore the
product of two operators in Lo(G’). So suppose L,F=HK with H, K in Ly(G"),
and that V(F) =0. Putting h=V(H) and k=V(K) it results that 0=V (L,F)
=V(HK) =h+k (by Lemma 7.5); since %, k are elements of L,(G) and hxk=0
we may apply Corollary 6.1. Thus Lux=LyL,=HK =0. As a result L,F=0
for all g in . Letting g run through an approximate identity we see that
F=0.

During the course of the proof we have shown:

CoROLLARY 7.1. If F belongs to M’ and if g is an element of Li(G) then
V(L,F) =g+V(F).

COROLLARY 7.2. VU, =1, (the identity on L:(G)) and UV, =1, (the identity
on L:(G")).

VU,=V,U, where V, is the unique continuous extension of V'’ to L,(G’)-
Since Us!is such an extension, Vo= U;! and V,U,= Us'U,=1I,. On the other
hand UV,=UU;'= U, Us'=1,.

COROLLARY 7.3. If f is in 9N and if L; belongs to M, then V(L;) =f.

Let g belong to ®. Then by Corollary 6.2, U(g*f) = U:(gxf) =L,L;. So
gxf =V U,(gxf) (Corollary 7.2) =V(L,L;) =g*V(L;) (Corollary 7.1). Thus g*f
=gxV(Ly) for all g in D. So f=V(L;) almost everywhere.

CoROLLARY 7.4. If F belongs to M’ and if f=V(F) belongs to M, then
Lf=F.

Let g be in ®. By Corollary 7.1, V(L,F) =g+f and by Corollary 6.2,
U, V(L,F) = Us(gxf) = L,L;. Thus V(L,F) = VU V(L,F) (Corollary 7.2)
=V(Ly,L;) and by linearity and (4) of Theorem 7, L,F=L,L;. As a result
L,(F—L;)=0 for all gin ®. From this it follows that F=L,.

COROLLARY 7.5. Suppose that f, g, and fxg belong to L,(G), L(G), and L.(G)
respectively where 1 <p, ¢<2, 1/r=1/p+1/9—1 and r>2. Then L;L, belongs
to L..(G'), v’ satisfies the inequality 1 <v' <2, and V(L;L;) = f*g.
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1z1-1/r=1/r=1-1/p+1-1/q=1/p"+1/¢ and as L;, L, belong to
L, (G"), Ly(G') respectively it follows from Corollary 3.2 that L;L, is in
L. (G"). Since 1/r'=1—1/r=21—1/2=1/2 we see that 1 <r' <2 so that the
inverse Fourier transform of L;L, exists. To show that fxg=V(L;L,) choose
fnga in D such that fo—f in L,(G) and g.—g in L,(G). A simple application
of Young’s inequality shows that fu.*g.—f*g in L.(G) and from the inequality
given in Corollary 3.2 follows the fact that U(fa*g.) = U(f.) U(gs)—LsL, in
L,/ (G); here we use, of course, the facts that U(f.)—L; in L, (G’) and U(g,)
—L, in Ly (G"). Hence VU(fu*g.)—V(LsL,) in L, (G). Now 7/ =r and by
Corollary 7.2 VU(fn*gs) =fu*ga. Thus faxg.—V(L;L,) in L.(G) and as we have
already shown that f.xg.—f*g in L.(G) it follows that fxg=V(L,L,) almost
everywhere.

COROLLARY 7.6. If G is compact and if Haar measure is normalized so that
the measure of G is 1 then for any measurable operator F on G', || F||, is a non-
increasing function of p.

By a standard sort of argument, which we will omit, it suffices to show
that || F|l.=||F||.. If ||F|lli=«, the inequality holds trivially. So suppose
|| F||, is finite and put f=V(F). Then ||f||..<||F||: and because G has measure
1, “fl ll§||f|[°°. Thus f belongs to L,(G) so that L;=F and || Fl|.. <||fll: =Ifll.
Z||F

1.

COROLLARY 7.7. If G is compact every F in W is the Fourier transform of its
inverse transform.

Let F=F,+F,+ -+ +F, with F; in L, (G"), 1=9;<2; then V(F)
=V(F)+ - - +V(F,.) and since G is compact V(F;) belongs to Li(G).
Therefore V(F) is in Li(G) and by Corollary 7.4, UV(F)=F.

For compact groups, Theorem 6 and the result just established provide
us with complete global analogues to both parts of the classical theorem of
Hausdorff and Young; however, a more direct and much more explicit ex-
tension of the theorem can be obtained from a concrete representation of the
canonical gage space as follows:

Let A be the collection of equivalence classes of continuous irreducible
unitary representations of G which we assume to be compact with Haar
measure normalized to be 1. For each X in A, let ¢\ be a concrete repre-
sentation of class N and suppose that ¢, acts on a space of dimension d,.
The regular gage space I' = (Lz(A), @, ) as constructed in the example follow-
ing Theorem 1 will be called a concrete representative of G’. 1f f is an inte-
grable function on G the operator F= [f(x)¢r(x)dx is well defined and setting
F={F,} the above terminology is justified by

THEOREM 8. The canonical gage space G' of a compact group G is algebrai-
cally equivalent to any concrete representative I' in such a way that when f s
integrable on G, Ly corresponds to Lp.
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Since L,(A) is algebraically isomorphic to L4(I") for 1 £¢g=< «, Theorem 8
and the preceding results show that the Hausdorff-Young Theorem can be
formulated along more traditional lines as follows:

COROLLARY 8.1. Let G be a compact group with Haar measure 1 and let T'
be a concrete representative of the canonical gage space of G. Then W: f—F is a
bounded linear mapping from Li(G) to Lo(A) such that for 1 = p =2,

@) [[Flly =|fll5 for all £ in L,(G),

(b) for any F in L,(I') there exists a unique f in L, (G) such that ]| f” o
<||Fll, and w(f)=F.

Lemuma 8.1. If T={Ty} is an arbitrary element of § and if Ly denotes the
operation of left multiplication by T on Ly(A), then || L)l = || T||..

Since the ordinary trace defines a regular gage on the ring of all bounded
linear operators on a complex finite dimensional space, all of our results apply
to the operators T). Thus for each p there exists a sequence F& such that
|F®Plla21 and || TuFP||o—|| Tl Let KM =d;Y2F® if A=y and put K =0
if As#£p. Let K™ ={K®}. Then |[K®|,=|F®™|,<1 and |Lz(K®)],
=||T.F®||2>|| T\|~ as n— . Hence ||Lr||w2]||TW|. for each u so that
[ Lo« 2 [T

LeEmMA 8.2. If T belongs to Lo(A), then Ly is bounded and ||Lr||o = T]| «-

For Fin Ly(A), | Lr(F)|[3= 2 | WAl = 20 | D2 Allia < || 71 Al
Thus Lr is bounded and ||Lz||.<||T||.; however, by the previous lemma,
[ Le]| 2| 7| Hence || Lz]|=|| T

Proof of the theorem. Let W, be the restriction of the mapping f—F to
Ly(G). That W, is a Hilbert algebra isomorphism between Ly(G) and L,(A)
is the essential content of the L, part of the Peter Weyl Theorem; we will
assume this as known. Thus the left ring £ of L:(G) is unitarily equivalent to
the left ring of Ly(A), the latter ring being equal to Wo&W5 L. If fis in L,(G)
then L; is bounded and by Theorem 6, L, is measurable with respect to £.
Hence L; belongs to £ and we will show that W,L,W;!=Lp. Suppose K is
an arbitrary element of L;(A). Then putting k= W5s!(K) it results that
WL, Wi'(K) = W.L;(k) = Wy(f*k) and by a straight forward argument in-
volving the Fubini Theorem W,(fxk)=FK =Lp(K). From this follows the
fact that L is bounded for each F in Ly(A). For if f= W5 *(F), then Lp=
W.L;W; ' and as Ly(G) is contained in L,(G), Ly is bounded. Now if Ry denotes
the operation of right multiplication by F, it is clear that LyRr = RyLy for all
T'in L,(A) and all Fin Ly(A). As the Rp generate the commutor of the left ring
of Ly(A), Lr is in the left ring for each Tin L,(A). The mapping T— Ly is easily
seen to be a * isomorphism of L. (A) into the left ring. Now let X be an arbi-
trary member of the left ring. Then for any T in Ly(A), XLr=Lx ), as Lr is
bounded [4, Corollary 16.3]. For each fixed u let Ef=1I,, the identity on the
pth component, if N\=p and otherwise put Ef=0. Set E+= {E{} Using the
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aboverelation we see that X (E#F) = X (E*#) Fforall Fin Ly(A). Since E*E#* = E*#,
X (E¥) = X(E*)E* and therefore if V=X (E#),, Y§=0 for N>pu. Set V= { V*}.
Now if Fis in Ly(A), F=Y_, E*F and X(F)= ), X(E*F)= Y, X(E¥F
=>,{V¥R}={V'F.,} = YF=Ly(F). Thus X =Ly, Ly is bounded and by
Lemma 8.1 || Ly|| =|| ¥||.. Hence the map T—Ly from L.(A) is a * isomor-
phism onto the left ring of Ly(A) and therefore @ =W,LW;!. Finally, the
alleged gage on @ was just the canonical one so that the gage spaces G’
=(L:(G), £, m) and I'=(Ls(A), @, n) are indeed equivalent.
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