INTEGRATION OF PATHS—A FAITHFUL REPRE-
SENTATION OF PATHS BY NONCOMMUTATIVE
FORMAL POWER SERIES

BY
KUO-TSAI CHEN

In the m-dimensional affine space i#™ with the coordinates {(xy, - - -, %m),
the product a-f of two curves @ and B is the curve « followed by 3, and the
inverse a~! is obtained from «a by changing the orientation of a. A curve is
irreducible if it cannot be expressed in the form a-y-y~1-83, where «, B, v are
curves. As in [3], we associate to each curve « the formal power series

0((1) =1 + Z Z dx,'1 s v dx;,X.-l e X,"
p=1 a

in the noncommutative indeterminates X, - - -, X,». The main result of this

paper is briefly as follows: If 8(a) =0(8) for two irreducible piecewise C! and

continuous curves « and 3, then 3 can be obtained from « by translation.

We begin with considering curves in a differentiable manifold M. For the
purpose of proving the main result, one may replace the manifold I by the
affine space ™ in all arguments.

The main result relies heavily upon Fundamental Lemma which asserts
that, for each irreducible curve q, there is some iterated integral not vanishing
along «. This lemma is indeed the center of this paper, and the majority of
the definitions and lemmas in §§1-3 are aimed at its proof.

If wy, + + +, w, are differentials in a differentiable manifold 9, then we
may define for a curve o in I, the formal power series

Ol =1+ Wi+ wi, Xy o X
p=1 a

Theorem 4.2 shows that an irreducible continuous curve « is uniquely deter-
mined by its initial point and ©(e) if the rank of w;, - - -, w. is equal to the
dimension of M along the path a. A generalization of the main result is given
in Theorem 4.3 which states that, if wy, - - -, w. are linearly independent
Maurer-Cartan forms of an m-dimensional real Lie group ®, then any ir-
reducible contihuous curve « in @ is uniquely determined by ©(a) up to a
" left translation.

1. Paths in a differentiable manifold. Let 9 be an z-dimensional C'-
differentiable manifold, > 1. A path a in I is a map a: [a, b]—=IM which is
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continuous except for a finite number of jump discontinuities in the interior
of the closed interval [a, b]. In other words, the left limit

a(to—) = lim a(f)

=t —

exists for a <to=b; the right limit a(ty+) =lim..va(t) exists for a <o <b;
and only for a finite number of ¢, a<t<b, the inequality a(t—)=a(t+)
holds. A point ¢ of [a, b] is called a value of & and is said to be an interior
or end value according as it is an interior or end point of [a, b]. If a(t+)
#oa(t—), then ¢ is called a jump value of «, and «a(¢f) is taken to be the pair
a(t+), a(t—), both of which are called points of a. The trace of « is the set
of all points of a. Two paths of disjoint traces are said to be disjoint.

It is clear that, if a(¢) is given except for a finite number of values of ¢,
a Zt=<b, then the path a is uniquely determined. Therefore we shall often
treat a path without providing separate descriptions regarding its jump dis-
continuities.

Let [a’, b'] be a closed subinterval of [a, b]. Denote by a[a’, b’ ] the portion
of o with the parameter running from a’ to b’. If the path a[a’, b'] is simple,
then it is called an arc of . We say that the arc a[a’, b'] is right to the value
a’, left to the value b’ and near the value ¢, a’ <t <b’. We also say that a[a’, b’ ]
is near the end value a (or b) when a¢’=a (or b’ =b).

A path 8: [¢, d] =M is equivalent to « or is obtained from a by change of
parameter if there exists an increasing continuous function 7(¢) which maps
[¢, d] onto [a, b] with ar =8.

DEFINITION 1.1. Given two paths a: [a, 5]—I and 8: [¢, d]>IM, define
a-B to be the path v: [0, b—a+d—c]—IM such that y(t) =a(t+a) for
0=t<b—a and v(t)=B(t+c+b—a) for b—a=<t<b—a+d—c. For any
a: [a, b]—I define a~! to be the path y: [0, b—a]—I such that v(¢)
=a(b—t) for 0=¢t<b—a. Each of the paths a- and a~! will undergo only
change of parameter when a and 8 are replaced by equivalent paths.

A path a: [a, b]—>I is regular at the value ¢, if the tangent vector of «,
denoted by &(¢), is continuous and nonvanishing near the value ¢. The path
o is regular if it is regular at each value ¢, ¢ £¢ <b. A regular path is thus con-
tinuous. The path « is piecewise regular, if there are ao, a1, - - -, ax with
a=ay<@; < - - - <ar=>b such that each path afa;, a;], i=1, -+, k, is
regular. A piecewise regular path may have a finite number of jump discon-
tinuities.

Unless otherwise specified, a path hereafter will be taken to be at least
piecewise regular.

DEerFINITION 1.2. Let B be a set of mutually disjoint paths B, * * *, Bm.
Let a: [a, b]—>M be a path satisfying the following conditions:
(a) There are paths afai, b, afas, b:], - - -, alar, b, aSa1<biZa,

< -+ Zar <b. £b, each of which is equivalent to one of the paths
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By, * -y Bm 1‘1'..., 1.

(b) If a(t), a<t<b,is a pointof B;, j=1, - - -, m, then ¢ is a value of one
ofa[a,-, bi], ‘L=1, trty k.

Then we say that a runs through B along the array of paths a[as, b1], - - -,
alax, bi]. If B consists of only one path @8, then we simply say that « runs
through B.

It is easy to see that a simple path a runs through another simple path 8
if and only if the trace of a contains that of 3.

Let a: [a, b]—I and B: [¢c, d]>M be two equivalent paths. Then there
is one and only one increasing function 7(f) from [c, d] onto [a, b] with
ar =f. Moreover, dr(f)/dt is bounded below by a positive number and has
only a finite number of jump discontinuities for ¢ ¢ =d.

DEeFINITION 1.3. A value ¢ of a continuous path « is normal relative to
another continuous path B, if, for each value s of 8 with B(s) =a(¢), there exist
two arcs respectively of a and 8 near ¢ and s such that both the arcs have the
same trace. If a value ¢ of a is not normal relative to 8, then ¢ is said to be
abnormal relative to §. If the point a(f) is not a point of 8, then the value ¢
of a is said to be normal relative to .

LEMMA 1.1. The set of the values of a simple path a: [a, b]—M normal rela-
tive to another simple path B is open and everywhere dense in [a, b].

Proof. It is clear that the set S of the values of a normal relative to 8 is
open in [a, b]. Let [a;, b:1] be a subinterval of [a, b]. If [ai, ;] contains no
normal values of « relative to (8, then each a(t), a1 St=<by, is a point of B3,
and the trace of the arc a[ai, b;] is contained in that of 8. Therefore 8 runs
through a[a,, b,] which is absurd. Hence S is everywhere dense in [a, b], and
the lemma is proved.

DerInNITION 1.4. An interior value s of a path a is called a reducible value
of a if there exists an arc left to s and another arc right to s, both of which
have the same trace; i.e., one of the arcs is equivalent to the inverse of the
other. The path « is irreducible if it has no reducible values. An interior
value s of a path « is called a knotty value if it is neither a reducible value
nor a jump value of a and if there exists no arc near s.

It is evident that « is regular neither at a knotty value nor at a reducible
value.

The following assertion is evident.

LEMMA 1.2. If ¢ is a reducible value of a: [a, b]—M, then there are two
unique values ¢’ and ¢’ of o, a ¢’ <c<c" £b, such that alc, ¢''] is equivalent
to (a[c’, c])™ and ¢’ —a is not a reducible value of the path ala, ¢']-alc”, b]
provided a <c' and ¢’’ <b.

2. Integration of paths. Let fi(¢),2=1, - - -, p, be real (or complex) valued
functions piecewise continuous in an interval I which contains points @ and b.
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Define the iterated integral [2fi(¢)dt - - - fo(¢)dt, p=2, by the inductive for-
mula

j;bjl(t)dt e f(0dt = Lb[faffl(’)d‘ .. 'fp—l(l)dl:lfp(r)dr.

Such integrals are well defined for p =1.
If s&€1, then, for p=1,

I Fu0de - - fy(de = f Ot fyde+
a b
2.1) + f fuDde - - - fi(0de L eadt - fy0dt+ - - -

b
+ f fuo)dt - - - fy0at.

The above formula may be easily obtained by induction on p. The case
p=1is trivial. We show the case p>1 by differentiating the both sides of
(2.1) with respect to s and applying the induction hypothesis.

LEMMA 2.1. The product [ofi(t)dt - - - fi(t)dt[ofsna(t)dt - - - fo(8)dt is a linear
combination of the integrals [ofi (£)dt - - - fi (O)dt, iy, - - -, 1,) running over all
permutations of (1, - - -, p).

Proof. We use induction on p. The cases p=1, 4=0 and 7=p are trivial.
For p=2, 0<1<p, set

e = [ 10ae- - foa [ Juntoan - poa
Then by the induction hypothesis the lemma holds for both
) = [ 10 oo [ i o
and
) = [ 0 g0t [ fuatoar - frosoar
Hence
5 = [ goa= [ mosoa+ [ mono

is a linear combination of the integrals [f:(£)dt - - - fi,(£)dt.
If |f.~(t)| <M, a<t<h, i=1, - - -, p, then the inequality
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(2.2) fbfl(t)dt e 'fp(t)dll = M*(b — a)?/p!, pz1,

can be easily verified by induction on p.

LemMA 2.2, Let fi(¢), g:t), i=1, - - -, p, be piecewise continuous with
[fO] M, |e)] M, |gt) —f.(0)| £8 for a<t£b. Then, for p21,

b b
[ atoa- g0z~ [ fl(t)dt--'f?(t)dt‘é«SM”“‘(b—a)”/(P—1)!

Proof. The case p=1 is trivial. Using the induction hypothesis, we have,
for p=2 and a =7 =50,

gp("')ffgl(t)dt e gpa(D)dt —fp(”)fffl(t)dt t 'fp—l(l)dt’

=

f ")t - - - gpa(t)dt — f it - - -fH(t)dtll &™) |

_|_

[ 10a - 0] | ) = 50|

S Mr s — a)P7 Y/ (p — 2)! + SMP N (r — a)* Y/ (p — 1)!
= pdM* (v — a)?1/(p — 1)L

Hence

1] b
¢ - 0! [ ain - g~ [ fl(t)dt---fp(t)dt‘

b
gj"wMHa—@VW=awH@—@m

For a system of local coordinates x=(xy, - - -, x,) about pEI, denote
by x(p) the coordinates of p. In the local coordinate system a differential
takes the form _fi(x)dx.. The differential 7 is said to be C*if all fi(x), - - -,
fa(x) are C* for any choice of the local coordinate system x. We require 7 to
be at least C°.

For any path a: [a, b]——>§m, the value of

w(a()) = X filx(e(t)))dua())/dt

is independent of the choice of x. Let m, - - - . 7, be differentials in 9¢, and
a: [a, b]—M a path. Define

.ﬁm.um=ﬁﬁmwmouﬁwma
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We observe that the above integral does not change its value when the path
undergoes a change of parameter. Moreover

j;_x"l ey = fbarl(c.v(l))dt Ce Wp((&(l))dt.

For any two paths a and 8 in I, the following are direct consequences of

(2.1):
[ rim= [ mt o
a-f

2.2) g
T Ty
a B a
(2.3) f mecwp = 0.
a-at
Let wy, - - -, wn be differentials in M, and X, - - -, X, distinct non-

commutative indeterminates. Define asin [3], the exponential homomorphism
and antihomomorphism ® and ©* such that

P

Ol@ =14+ 22 | wi - wi Xy Xs
p=1 a

and

@*(a) = 1+iz w.-p- -'wilX,'l- N 'X,',.
It follows immediately from (2.2) and (2.3) that @(a-B) =0(x)B8(B), O*(«-B)
=0*(8)0*(), O(a?) = [O(e) ]* and O*(a?) = [O*(e) ] .

3. Fundamental lemma.

LeMMA 3.1. Let a path o run through a set B of mutually disjoint simple
paths B, - - -, Bm. For each 1, i=1, - - -, m, take an open set §; containing a
point of B; and disjoint to the traces of all B, j#1. Then there exist Cr=! differen-
tials wy, - + -, W, such that

(a) each w; vanishes outside €;;
(b) if w; does not vanish at a(t), then a(t) is a point of Bi;
(c) [awi>O0.

Proof. Let 3; be regular at some interior value s with §8;(s) €€;. Choose a
system of local coordinates x about B;(s) such that x;(8:(s)) =0, j=1, - - -, n,
and [dx;(B:(t))/dt)ims=281;, where 8;; is the Kronecker symbol. Take suffi-
ciently small positive numbers ¢ and u satisfying the following conditions:

(a) The cube of all points p with |x;(p)| <2, j=1, - - -, n, is contained
il’l @,‘.

(b) For IE! <u, the equation {=ux,(3:(t)) may be solved uniquely for ¢
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with |t—s| <¢; and t=t(£) is a C" function of §, —u<£=Zp.
(c) For t(—p) St=t(u), we have |x;(8:(8))| S, j=1, - - -, n.
) If lxj(a(t))l <up,j=1, - - ., n,then a(t) is a point of the arc

Bilt(—n), tw)].

It is clear that there exists a C* function g(x) such that g(x) =0 for
lx‘ =, g(x) =0 for |x| <u, and g(0) >0. Construct the differential w; which
takes the form g(x;) - - - g(x.)dx; within the cube of all points p, |x;(p)| <u,
j=1, .-, n, and vanishes outside the cube. If w; does not vanish at «(f),
then a(¢) lies within the cube and is thus a point of 8;. Moreover,

t(u)
Joi= [ " s - go0)in@o) > o.
i tH(—p)
Hence the lemma is proved.
COROLLARY.
f Wgy * t Wy, T Oifsomeiq ?éj.
B;

LEMMA 3.2. Let a path a: [a, b]—>M be divided into arcs alao, a], - - -,

alaiy, ai], - - -, afag, ), a=ao<ai< - - - <a,=b, and let each afa;, a;]
run through the set B of disjoint simple paths By, + - -, Bm along the arcs
Yiv * 0y Vikao such that

(@) vijond v; j1 are disjoint, j=1, - - -, k;—1;

(b) etther Yi1 ki_yy Yi1 0 Vi Yirr1 are disjoint, 1=2, - - -, g—1;

(c) for each i, 1=1, - - -, ¢g—1, ala;, a;] and ala;, a:y1] are respectively
disjoint to some Yy, and yin, 1SENZk;, 1Sv=Skia.

If differentials wy, + + -, wn are constructed as in Lemma 3.1, then some

fw;l-”w;p?fo.

Proof. Denote by © the exponential homomorphism with respect to
Wi, * * *, wn Then

0B) =1+ | wXit | wwXit -
Bi Bi

is a power series in the indeterminate X; alone, and so is

O@F) = 06 = 1+ kuXit - - -,

where p;=fsw;. If a path ala’, ¥'], a<a’<d’'<b, is disjoint to each B
i=1, - - -, m, then O(afa’, b']) =1. Consequently

@(a) = @(’Yl )0 lq) e 9(‘)’4 ) - @(’Yq ko)-
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We define the paths vy, - - -, v, in the following manner:
If v, and v 1, 1 S1=<g—1, are equivalent; let [ be the integer such that
Yir—s+1 and vy ; are equivalent for j=1, - - -, I but not for j=I+1. It

follows from (c) that k;—I/=1 and I4+1=k;. Set vi=%v:1"- - Yir— and
Yirt =Yit1 141 © * * Vit k;4,- 10 this case we have obviously

O(vi) * - O(yae)O(viz1 1) -+ - O(yis1 ki) = O(¥)O(yis).
If, for any j, 1 £j =g, the above procedure does not apply, we set
Vi = Yir: o Vikje
It follows that O(a) =0O(y1) - - - O(y) =O(y1 - - - vqg). Now ;- -7, is

evidently equivalent to a product B - - Bf; with i #0, A=1, - - -, p, and
1'1751.2?5 s ?éip Thus

O(a) = O(BL) - - - OB
=1+ lps X, + s ) "‘(1+lpﬂi,Xi,+ s

The coefficient of the term X, - - - X, in the power series ©(a) is Lu;, - - -
Lopi, #0. Hence [ow:, - - - wq, #0.

LEMMA 3.3. An irreducible path a: [a, b]—IM can be divided into arcs
a[ao, a;],---,a[aq_l, aq]1 a=a <--- <aq=b’

possessing the following properties:

(a) Each arc alaiy, a;] is regular.

(b) If the value a;, 1 £i<q—1, is not knotty, the two adjacent arcs a[a; 1, a;)
and alai, aiy1] have no point in common other than possibly the point a(a;).

(c) No two consecutive values a;—, and a; are both knotty.

(d) If a(t+) or a(t—) is one of a(a;+), a(a;i—), 1=0, - - -, q, then t must
be one of ao, * + -, aq.

Proof. Let afc, ¢;] and a[c, ¢] be any two regular arcs of a with ¢
not a knotty value of a. There exist two arcs a[¢’, ¢;] and a[cs, ¢’ ], a1 <c' <ca
< ¢'" <3, which have at most the point a(c,;) in common. Then any two adja-
cent arcs among a[a, ¢'], e[, ¢;], ales, ¢'], a[¢”, c3] have not more than one
point in common. Since the path « can be easily divided into a finite number
of regular arcs, it is therefore obvious that a can be further divided into arcs

albe, 0], - - -, albea, i), a=bo< - - - <be=b, satisfying the conditions
(a), (b), (c) of the lemma. Let @, a3, - - -, @,, taken in order, be all the values
of « such that either a(a;+) or a(a;—) is one of the points a(b;+), a(b;—),
j=0, + - -, k. Then, the values by, - - -, by are among the values ao, - - -, aq,

and consequently the division of the path o into arcs ala,, a], -+,
alaq_, a,] satisfies the conditions (a), (b), (c). Suppose that, for the value ¢,
either a(t+) or a(t—) is some a(a;+) or a(a;—). If a; is a jump value of «,
then a;, at which « is not regular, must be one of b, * - -, bx. If a;is not a
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jump value, then a(a; +) =a(a;) is one of a(bo+), - - -, @a(br+), a(bo—), -+ -,
a(br—). In both cases, ¢ is one of a,, * « +, a,. Hence the condition (d) is also
satisfied, and the lemma is proved.

LeEMMA 3.4. Let B be a finite set of mutually disjoint simple paths. Then any
path o has an arc v such that each path of B either runs through v or is disjoint
to 7.

Proof. Without loss of generality, the path a: [a, b]—9% may be assumed
to be simple. According to Lemma 1.1, the set of values of & normal relative
to a path of B is open and everywhere dense in [a, b]. Therefore some interior
values s of « is normal relative to each path of B. Since B consists of only a
finite number of paths, it follows from Definition 1.3 that there is an arc ¥y
of a neai the value s such that each path of B either runs through v or is dis-
joint to . Hence the lemma is proved.

LeEMMA 3.5 (FUNDAMENTAL LEMMA). If a is an irreducible piecewise regular
path in an n-dimensional CT differentiable manifold M, 1 Sr< o, then there
exist m differentials wy, - - -, wm, such that some [ow;, - - - w;,#%0. To be more
exact, for the path a, there exist distinct points P, + + -, Pm tn M such that, given
any neighborhoods €; of p;, i=1, - - -, m, we can construct C* differentials w;
vanishing in M—C,, i=1, - - -, m, with O(a) %1 and O*(a) #1, where O and
O* are respectively the exponential homomorphism and anti-homomorphism with
respect to wy, * * ¢, W

Proof. Let the path a: [a, bl>M be divided into arcs a[a,, al, - -,

alag, ag], a=ae¢< - - - <a,=b, according to Lemma 3.3. Let B be any set
of mutually disjoint simple regular paths 8y, - - -, B such that each arc
ala;_y, a;] runs through B along the arcs v:i 1, « - -, vi k- Then the condition

(a) of Lemma 3.2 holds, for a[a:, a;] is simple; and the condition (b) of
Lemma 3.2 also holds owing to the conditions (b) and (c) of Lemma 3.3. In
order to prove this lemma, it is therefore sufficient to construct a set B in such
a way that, for each 4, =1, - - -, g—1, afa;,, a;] and «[a;, a4:1] are respec-
tively disjoint to some v.41 » and ;. Such a set B will be said to be admissible
with respect to the division of a into the arcs a[ao, a.], - - -, a[aq, a,]. Itis
clear that B will remain to be admissible with respect to the same division of
ainto the arcs if each B; is replaced by an arc of 8;. We shall carry out the con-
struction of an admissible set B with respect to the division of & by induction
on q.

The case ¢ =1 is trivial. For ¢=2, the path a[a,, a,_1] is divided into the
g—1arcs afao, a1], - - -, afae s, a,1] according to Lemma 3.3, and thus the
induction hypothesis can be applied. Let B; be an admissible set of paths
with respect to this division of a[a,, a,_1]. None of the traces of alags, ag]
and a[e,1, @,] is contained in the other; otherwise, & would be reducible at
the value a,;. Thus there are an arc ¥ of a[a,s, a,1] disjoint to afa,, a,]
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and an arc ¥’ of a[a,_1, a,] disjoint to a[a,_s, a,1]. By applying Lemma 3.4,
the arcs v and ¥’ may be chosen such that every a[a;_l, ai],i=1, - -, q—2,
as well as each path of B, either runs through or is disjoint to each of v and
v’. We carry out stepwise the following replacements and supplements in By:

(a) If a path B8 of B; runs through v, we replace 8 by v in B;.

(b) If v is disjoint to each path of By, we supplement B; with the path «.

(c) We further replace 8’ of By by v/, if 8’ runs through v/, and supple-
ment B; with 4" if 4’ is disjoint to each path of Bj.

Thus a new set B of paths is constructed from B;. It is not difficult to see
that B is admissible with respect to the division of a. Hence the lemma is
proved.

DEerFINITION 3.1. Let «, B, v, a1, a2 be paths in I such that & and B are
respectively equivalent to a7y -y~ '-as and o1-ae. Then « is said to be reduced
to B, and the process of reducing « to B is called a reduction. If a* is an irre-
ducible path obtained from a path a by applying successively a finite number
of reductions, then a* is called an irreducible path of . We take the empty
path for the irreducible path of y-y~.

THEOREM 3.1. 4 priecewise regular path a in I has one and only one ir-
reducible path a* up to equivalence.

Proof. It follows easily from Lemma 1.2 that « has at least one irreducible
path a*. Suppose that ' be another irreducible path of a. Let wy, « - -, wn
be any Cr—! differentials in I, and ©, the corresponding exponential homo-
morphism. Then O(a) =0(a*) =0(a’), and O(y) =1 wherey=a-a’~1. If vy is
empty, then both a* and o’ are empty, and the theorem holds. Assume that
v is not empty. As a consequence of Fundamental Lemma, v is reducible
and its irreducible path is empty. Since both a* and &' are irreducible, the
path v has only one reducible value. By applying Lemma 1.2, we conclude
that a* and o are equivalent. Hence the theorem is proved.

4. The uniqueness theorems.

LEmMMA 4.1. If a: [a, b]>R™ is an irreducible piecewise regular continuous
path in the m-dimensional real affine space R™ with coordinates (x1, * * * , Xm),
then some [udx;, - - - dxi,#0.

Proof. According to Fundamental Lemma, there are, in ™, differentials
wy, - - -, Wg, not necessarily distinct, such that, for the path a: [a, b]—-Rm,
Jowr - - - w70 where the differentials w;= D _fi;(x)dx;, i=1, - - -, ¢, can be
made to vanish outside some bounded open set €. By Weierstrass Approxi-
mation Theorem, each f;;j(x) can be approximated by a polynomial f;j(x) to
any desired degree in the set €. Set @;= ) J;j(x)dx;. In the light of Lemma
2.2, | fa@r - - - @g— faw1 - - - wg| can be made arbitrarily close to zero. Conse-
quently, there exist polynomials f,;(x) such that f,a - - - @0, which im-
plies that some [fofi;,(x)dx;, - * * fo,(x)dx; #0. At last we conclude that there
exist monomials gi(x), - - -, go(x) with
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4.1) f Q(x)dxs, - -+ ga(x)dits, 5 0.

It suffices to show that the integral in (4.1) is a linear combination of
elementary integrals along «, by which we mean integrals of the type
Jalxiy - - - dx;,. We shall carry out the proof by induction on g. It follows
from Lemma 2.1 that the product of any finite number of elementary inte-
grals along afa, t] is a linear combination of elementary integrals along
ala, t]. Since xi(a(t)) =faa,ndx;+x:(a(a)), the integral [op,ag1(x)dx;, is a
linear combination of elementary integrals along a[a, t]. Our assertion there-
fore holds for ¢=1. For ¢=2,

fgl(x)dxj, - go(%)d,
-[ [ [ e, et | a0 da)

and, according to the induction hypothesis and Lemma 2.1, the integrand of
the integral at the right side of the above equation is a linear combination of
elementary integrals along «[a, t]. Hence the integral in (4.1) is a linear
combination of elementary integrals along o, and consequently some

fdx,~l c e dwg, # 0.

THEOREM 4.1 (UNIQUENESS THEOREM). Let R™ be the m-dimensional real
affine space with coordinates (x1, + * -, Xm). Let 0 be the exponential homomor-
phism with respect to dxy, + - -, Axm. Then one of the two irreducible piecewise
regular continuous paths o and (3 can be obtained from the other by translation of
R™ and change of parameter if and only if (a) =0(B).

Proof. Since any translation in 8™ and any change of parameter of @ do
not alter 8(«), the necessity of the theorem is clear. Without loss of generality,
let a: [0, 1]—>%™ and B: [0, 1]—=%R™ be the two irreducible continuous paths
in consideration. Denote by T the translation of ®™ with T8(1) =a(1). Then
v=a-TB™! is again a continuous path. Since 8(y) =0(a)0(TB 1) =0(a)d(B)!
=1, the path v: [0, 2] >%™ must be reducible at the value 1. It follows from
Lemma 1.2 that there are values s and ¢ of 7 such that (y[s, 1])~* and v[1, ¢]
are equivalent, and moreover s is not a reducible value of the path v[0, s]
-y ¢, 2] provided 0 <s<t<2. Since, by Lemma 4.1, the irreducible path of ¥
is empty, we conclude that s=0and t=1, i.e. @ and T8 are equivalent. Hence
the theorem is proved.

COROLLARY. If, for two piecewise regular continuous paths o and 8 in ™,
0(a) =0(B) then the irreducible path of B can be obtained from the irreducible
path of o by translation and change of parameter.
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The author has conjectured in §3 of [2] that the exponential homomor-
phism of the path group into the noncommutative formal power series ring
is an isomorphism. The above theorem gives an affirmative answer to that
conjecture.

THEOREM 4.2. Let © be the exponential homomorphism with respect to the
Cr! differentials m, + - -, Tm 10 the n dimensional real CT manifold M, r=2.
If the differentials my, - - -, Tm, m = n, are of rank n along two trreducible piece-
wise regular continuous paths o and B in M such that o and B have the same
initial point and O(a) =0O(B), then B may be obtained from a by change of
parameter.

Proof. Let a: [0, a] -9 and B: [0, 5]—IM be the given paths, and con-
struct the paths a: [0, a]—-*iR": and B: [0, b]->R™ such that x,(a(t))
= [eri(&(s))ds and x;(B(t)) = fsmi(B(s))ds, =1, - - -, m. Then both & and B
are piecewise regular and continuous with &(0) =p(0) and 6(a) =6(B). Conse-
quently there exists an increasing continuous function 7(¢), 0 =¢ <b such that
7(0) =0, 7(b) =a and ar(t) =B(¢). We are going to show that ar(t) =p(¢) for
0=t=h.

The equation ar(t) =B(t) obviously holds for ¢=0. If it holds for 0 =¢<s
<b, then ar(s) =B(s) by continuity. It remains to prove that, if -ar(s) =8(s)
=p, 0=S5<5b, then ar(t) =p(f), s<t<s+3§, for some §>0. Without loss of
generality, we may suppose that my, + « «, 7, are linearly independent about
the point p. For a local coordinate system y about p, we may write m;
=Y " fii()dy;, i=1, - - -, n. Then, for s<t<s+4¥, 8 being some positive
number,

3 Foly BNy BO)/d1 = )
= dx;(B(1))/dt = dxi(ar(t))/dt
= 3 fulrlar®))dys(ar()/d.

In other words, for s £t <s+¥&’, both y =y (8(¢)) and y =y(ar(f)) are solutions
of the system of differential equations

(4.2) 3 fu)dyifdt = w0, i1, ,m

J=1

fii(J’)l

with the initial condition y =y(p) when ¢=s. Since the determinant
#0 about y =y(p), we obtain, by solving (4.2) for dy;/dt,

4.3) dyifdt = 3 gu(3)mB0), i=1,m,

Jj=1
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where each g;;(y) is C"~! about y =y(p). According to the fundamental exist-
ence theorem of differential equations, (4.3) possesses a unique solution about
t=s with the given initial condition, and so does the system (4.2). Hence
y(B() =y(ar(t)) i.e. B(t) =ar(t), s=t<s+0, for some §>0, and the theorem
is proved.

THEOREM 4.3. Let © be the exponential homomorphism with respect to a
base wy, - - -, wnm of the Maurer-Cartan forms of a real Lie group &. Then one
of two irreducible precewise regular continuous paths a and 8 in & can be 0b-
tained from the other by left translation and change of parameter if and only if

B(c) =0(B).

Proof. Observe that, if T is a left translation in @, then ®(Ta) =0(a) be-
cause wy, * * -, Wy are left invariant. Thus we only need prove the sufficiency.
Let T be the left translation carrying the initial point of a to that of 8. Since
O(Ta) =0(a) =0(B), we apply the preceding theorem and assert that 8 may
be obtained from T« by change of parameter. Hence the theorem is proved.

Finally we remark that Theorems 4.1-4.3 are also valid when, in the
assertions, the exponential homomorphisms 6 and © are replaced by the cor-
responding exponential antihomomorphisms 6* and ©*.
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