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In the w-dimensional affine space 3im with the coordinates (xx, • • ■ , xm),

the product a-8 of two curves a and 8 is the curve a followed by 8, and the

inverse or1 is obtained from a by changing the orientation of a. A curve is

irreducible if it cannot be expressed in the form a-y-y^-S, where a, 8, y are

curves. As in [3], we associate to each curve a the formal power series

9(a) = 1 + JZ JZ f dxh ■ ■ ■ dxirXit ■ ■ ■ Xir
p=l J a

in the noncommutative indeterminates X\, • • • , Xm. The main result of this

paper is briefly as follows: If 6(a) =0(8) tor two irreducible piecewise C1 and

continuous curves a and 8, then 8 can be obtained from a by translation.

We begin with considering curves in a differentiable manifold 9ft. For the

purpose of proving the main result, one may replace the manifold 9ft by the

affine space dtm in all arguments.

The main result relies heavily upon Fundamental Lemma which asserts

that, for each irreducible curve a, there is some iterated integral not vanishing

along a. This lemma is indeed the center of this paper, and the majority of

the definitions and lemmas in §§1-3 are aimed at its proof.

If coi, • • • , wm are differentials in a differentiable manifold 9ft, then we

may define for a curve a in 9ft, the formal power series

S(a) = 1 + JZ JZ f «4 • * • «V*«. • * * XH-
p=*l ** a

Theorem 4.2 shows that an irreducible continuous curve a is uniquely deter-

mined by its initial point and @(a) if the rank of coi, • • • , wm is equal to the

dimension of 9ft along the path a. A generalization of the main result is given

in Theorem 4.3 which states that, if coi, • • • , wm are linearly independent

Maurer-Cartan forms of an w-dimensional real Lie group ®, then any ir-

reducible contihuous curve a in © is uniquely determined by 9(a) up to a

left translation.

1. Paths in a differentiable manifold. Let 9TC be an w-dimensional O-

differentiable manifold, r^l. A path a in 9ft is a map a: [a, b]—>9ft which is
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continuous except for a finite number of jump discontinuities in the interior

of the closed interval [a, b]. In other words, the left limit

ot(h — ) = Hm a(t)
'-Co-

exists for a<t0Sb; the right limit a(ta+) =limt^t'0+(x(t) exists for aSto<b;

and only for a finite number of /, a<t<b, the inequality a(t — )^a(t+)

holds. A point / of [a, b] is called a value of a and is said to be an interior

or end value according as it is an interior or end point of [a, b]. If ct(t+)

p^a(t — ), then t is called a jump value of a, and a(t) is taken to be the pair

a(t+), a(t—), both of which are called points of a. The trace of a is the set

of all points of a. Two paths of disjoint traces are said to be disjoint.

It is clear that, if a(t) is given except for a finite number of values of t,

aStSb, then the path a is uniquely determined. Therefore we shall often

treat a path without providing separate descriptions regarding its jump dis-

continuities.

Let [a', b'] be a closed subinterval of [a, b]. Denote by a [a', b'] the portion

of a with the parameter running from o' to V. If the path a[a', b'] is simple,

then it is called an arc of a. We say that the arc a\a', b'] is right to the value

a', left to the value b' and near the value t,a' <t<b'. We also say that a[a', b']

is near the end value a (or b) when a' =a (or V = b).

A path B: [c, d]—>SDrE is equivalent to a or is obtained from a by change of

parameter if there exists an increasing continuous function r(t) which maps

[c, d] onto [a, 6] with ar = B.

Definition 1.1. Given two paths a: [a, &]—>9Ji and B: [c, d]-^>W, define

a-8 to be the path y: [0, b-a+d-c]^Wl such that y(t) =a(t+a) for

OStSb-a and y(t) = B(t+c + b-a) for b-aStSb-a+d-c. For any

a: [a, &]—>2tt define or1 to be the path y: [0, &-a]->9K such that y(t)

= a(b—t) for OStSb — a. Each of the paths a-8 and a-1 will undergo only

change of parameter when a and 8 are replaced by equivalent paths.

A path a: [a, &]—>3ft is regular at the value t, if the tangent vector of a,

denoted by a(t), is continuous and nonvanishing near the value /. The path

a is regular if it is regular at each value t, aStSb. A regular path is thus con-

tinuous. The path a is piecewise regular, if there are Oo, ai, • ■ • , a* with

o = a0<Oi< • ■ • <ah = b such that each path a[o,_i, a,-], * = 1, ■ ■ ■ , k, is

regular. A piecewise regular path may have a finite number of jump discon-

tinuities.

Unless otherwise specified, a path hereafter will be taken to be at least

piecewise regular.

Definition 1.2. Let B be a set of mutually disjoint paths j3i, • • • , 8m.

Let a: [a, b]—>3fJJ be a path satisfying the following conditions:

(a) There are paths a[oi, bi], a[a2, b2], ■ ■ ■ , a\ctk, bk], aSax<biSa2

< ■ ■ ■   S at < bk S b, each of which is equivalent to one of the paths
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8l,   '   "    '   1   0m,  8l    1   -   -   -   1  0m    ',

(b) If ct(t), og/g6, is a point of j8y,j = l, • • • ,m, then / is a value of one

of a\a,i, bi], i = l, ■ ■ ■ , k.
Then we say that a runs through B along the array of paths a [ai, 61], • • • ,

<x[ak, bk]. If B consists of only one path 8, then we simply say that a runs

through 8-
It is easy to see that a simple path a runs through another simple path (3

if and only if the trace of a contains that of 0.

Let a: [a, b]—»2ft and 0: [c, rf]—>9ft be two equivalent paths. Then there

is one and only one increasing function r(t) from [c, rf] onto [a, b] with

ar=B. Moreover, dr(t)/dl is bounded below by a positive number and has

only a finite number of jump discontinuities for cg/grf.

Definition 1.3. A value / of a continuous path a is normal relative to

another continuous path 8, if, for each value 5 of 0 with j3(s) = «(/), there exist

two arcs respectively of a and 0 near / and 5 such that both the arcs have the

same trace. If a value / of a is not normal relative to 8, then / is said to be

abnormal relative to 0. If the point a(t) is not a point of 8, then the value /

of a is said to be normal relative to 0.

Lemma 1.1. The set of the values of a simple path a: [a, b]—»9ft normal rela-

tive to another simple path 0 is open and everywhere dense in [a, b].

Proof. It is clear that the set S of the values of a normal relative to 0 is

open in [a, b]. Let [ax, 61] be a subinterval of [a, b]. If [ax, 61] contains no

normal values of a relative to 0, then each ot(t), aig/g6i, is a point of 0,

and the trace of the arc a[ai, 61] is contained in that of 0. Therefore 0 runs

through cc[oi, 61] which is absurd. Hence S is everywhere dense in [a, 6], and

the lemma is proved.

Definition 1.4. An interior value s of a path a is called a reducible value

of a. if there exists an arc left to 5 and another arc right to s, both of which

have the same trace; i.e., one of the arcs is equivalent to the inverse of the

other. The path a is irreducible if it has no reducible values. An interior

value 5 of a path a. is called a knotty value if it is neither a reducible value

nor a jump value of a and if there exists no arc near 5.

It is evident that a is regular neither at a knotty value nor at a reducible

value.

The following assertion is evident.

Lemma 1.2. If c is a reducible value of a; [a, b]—>9ft, then there are two

unique values c' and c" of a, a^c' <c<c" g6, such that a[c, c"] is equivalent

to (ct[cr, c])_1 awrf c'—a is not a reducible value of the path a[a, c']-a[c", b]

provided a<c' and c" <6.

2. Integration of paths. Let/i(Z), i= 1, ■ ■ ■ , p, be real (or complex) valued

functions piecewise continuous in an interval 7" which contains points a and 6.
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Define the iterated integral Jlfx(t)dt ■ ■ ■ fp(t)dt, p^2, by the inductive for-

mula

j   flit)dl   ■   ■   ■ fPit)dt  = J J Tfl(t)dt   •   •   ■ f^l(t)di\^fp(T)dT.

Such integrals are well defined for p^l.

If sEI, then, for p^l,

f MOdt ■ ■ -fPit)dt = f Mt)dt ■ ■ -fp(t)dt + ■■ ■
J a a) b

(2.1) + f fi(t)dt ■ ■ -fi(t)dt f fi+i(i)dt ■ ■ -fp(t)dt + ■ ■ ■
J a J b

+    f   fl(t)dt  ■   ■   ■ fp(t)dt.
J a

The above formula may be easily obtained by induction on p. The case

p = l is trivial. We show the case p>l by differentiating the both sides of

(2.1) with respect to 5 and applying the induction hypothesis.

Lemma 2.1. The product Jlfi(t)dt ■ ■ ■ fi(t)dtfbfi+i(t)dt ■ ■ ■ fp(t)dt is a linear
combination of the integrals f^fi^dt ■ ■ ■ fiv(t)dt, (ii, • ■ ■ , ip) running over all

permutations of (1, ■ ■ • , p).

Proof. We use induction on p. The cases p = l, i = 0 and i = p are trivial.

For p^2, 0<i<p, set

g(r) =  ffi(t)dl ■ ■ -fi(t)dt f fi+i(t)dt ■ ■ -fP(t)dt.
J a J a

Then by the induction hypothesis the lemma holds for both

hi(r) =  fTfi(t)dt ■ ■ -fi-i(t)dt f fi+i(t)dt ■ ■ -fP(t)dl
J a ** a

and

^2(r) =  f fi(t)dt ■ ■ ■ fi(t)dt f fi+x(t)dt ■ ■ ■ fP-X(t)dl.

Hence

gib) =  f g'il)dt =   f hx(l)f,(t)dl + f hi(t)fP(t)dt
a) a a) a as a

is a linear combination of the integrals JZfi^dt ■ ■ ■ f,pit)dt.

If \f,it)\ SM, aStSb, i=l, ■ ■ ■ , p, then the inequality
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(2.2) If /i(/)rf/ • • -fp(t)dt g ip(b - ay/p\, p^l,
I J a

can be easily verified by induction on p.

Lemma 2.2. Let fi(t), g,(t), i = l, ■ ■ ■ , p, be piecewise continuous with

\fi(t)\ =M, \gi(t)\ gikf, \gi(t)-fi(t)\ g5/or og/g6. Then, for p^l,

I f gi(t)dt ■ ■ ■ gP(t)dl -  f /i(/)rf/ • • -fp(t)dt   g HMr-Kb - a)"/(p - 1)[
\ J a *J a

Proof. The case p = 1 is trivial. Using the induction hypothesis, we have,

for p^2 and a^r^b,

gp(r) f gi(t)dt ■ ■ ■ gP-i(t)dt - fP(r) f fi(t)dt ■ ■ ■ fp-i(l)dl

=     f  gi(t)dt ■ ■ ■ gp-i(t)dt -   f fi(t)dt ■ ■ -fp-i(t)dl   | gp(r) I

+ I  f Tfi(t)dt ■ • ■ fp-i(t)dt I I gp(r) - fp(r) |
I J a I

g SMp-^t - a)"~1/(p - 2)! + SW-^t - a)"-1/(p - 1)!

= poM*-1^ - ay~1/(p - 1)\.

Hence

Ij% b /* b
I   gi(t)dt • ■ ■ gp(t)dt -  I   /i(/)rf/ • • -fP(t)dt

J a J a

g f psM*-i(t - ay-Ht = oMr-^b - ay ■
J a

For a system of local coordinates x = (xi, • • • , x„) about p£9ft, denote

by x(p) the coordinates of p. In the local coordinate system a differential ir

takes the form JZfi(x)dx{. The differential tt is said to be C if all/i(x), ■ • • ,

/„(x) are C* for any choice of the local coordinate system x. We require ir to

be at least C°.

For any path a: [a, 6]—>9ft, the value of

»(«(<)) = JZfi(x(<*(t)))dxi(a(t))/dt

is independent of the choice of x. Let m, • • • , wp be differentials in 9ft, and

a: [a, 6]—>9ft a path. Define

/ti • • • irp =   I    wi(a(t))dt • • • Tp(a(l))dt.
a J a
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We observe that the above integral does not change its value when the path

undergoes a change of parameter. Moreover

•Ki ■ ■ • rr, =   I    Ti(a(t))dt ■ ■ • irp((a(t))dt.

For any two paths a and B in 9Ji, the following are direct consequences of

(2.1):

I        TTX   ■   ■   ■  TTP   =    I    TX   ■   ■   ■  1TP +   •   ■   ■

(2.2) Ja' J*

+    I    JTl  '   •   •  Tj   I    X,'+i   ■   •   • Tj> +   "   '   • +    I    JTl   •   •   ■   TTP;
J a a) 3 J a

(2.3) j        jti • • • t, = 0.
J a-a~l

Let wi, • • • , um be differentials in 9JJ, and Xi, • • • , Xm distinct non-

commutative indeterminates. Define as in [3 ], the exponential homomorphism

and antihomomorphism © and @* such that

6(a) -1+tlL"- m.Xi, ■ ■ ■ Xip
p—1 a) a

and

©*(«) = l + tsf«v ^n^n • • • Xv

It follows immediately from (2.2) and (2.3) that &(a-B) =@(a)@(B), @*(a-8)
= ®*(B)@*(a), ©(a'1) = [0(a)]-1 and @*(a~l) = [0*(a)]-1.

3. Fundamental lemma.

Lemma 3.1. Let a path a run through a set B of mutually disjoint simple

paths Bi, - • ■ , Bm. For each i, i = l, • • ■ , m, take an open set £,• containing a

point of 8i and disjoint to the traces of all Bj, jj^i. Then there exist O-1 differen-

tials «i, ■ • • , tom such that

(a) each co< vanishes outside S<;

(b) if o>i does not vanish at a(t), then a(t) is a point of Bt;

(c) ftfi>i>0.

Proof. Let p\ be regular at some interior value s with j3,(.s)£Si. Choose a

system of local coordinates x about 8t(s) such that Xj(Bt(s)) =0,j = l, ■ ■ ■ , n,

and [dxj(Bt(t))/dt]t-, = 8ij, where 8y is the Kronecker symbol. Take suffi-

ciently small positive numbers c and p satisfying the following conditions:

(a) The cube of all points p with |x,(p)| S2p, j = l, ■ ■ ■ , n, is contained

in S,-.
(b) For |£| Sp, the equation (=Xi(8i(t)) may be solved uniquely for (
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with \t — s\ <c; and /=/(£) is a C1 function of £, —/xg£g/x.

(c) For t(—p)^t^t(p), we have |Xj(0t(t))| g/x, j = l, ■ ■ ■ , n.

(d) If |xy(a(/))| <u,j = l, ■ • • , w, then a(/) is a point of the arc

8i[t(-p), /(jx)].

It is clear that there exists a C°° function g(x) such that g(x)=0 for

|x| ^/x, g(x) 3^0 for |x| <p, and g(0)>0. Construct the differential co< which

takes the form g(xi) • • • g(xn)rfxi within the cube of all points p, |x,-(p)| <Mi

j = l, ■ ■ ■ , n, and vanishes outside the cube. If oii does not vanish at a(t),

then a(t) lies within the cube and is thus a point of 0,. Moreover,

^ = g(xi(8i(t))) ■ ■ ■ g(xn(8i(t)))dxi(8i(t)) > 0.
Pi        J u-f)

Hence the lemma is proved.

Corollary.

/co,, ■ • • wip = 0 if some iq ^ j.

Lemma 3.2. Let a path a: [a, 6]—>9ft 6e divided into arcs a[a0, aj], ■ ■ ■ ,

a[o,-_i, aj], ■ ■ ■ ,a[a„_i, ag],a = ao<Oi< • • • <aq = b, and let eacAa[o,-_i, a,-]

rww through the set B of disjoint simple paths 0i, • • • , 0m along the arcs

7i l, • • • , 7.- kt, such that

(a) 7,- j and y.-y+i are disjoint, j = l, • • • , ki — 1;

(b) either 7,_i *(_„ 7,1 or yihi, 7,+i 1 are disjoint, i = 2, ■ ■ ■ , q — 1;

(c) for each i, i = l, • • • , q — 1, a[a,-_i, a,] awrf a\a,i, a<+i] are respectively

disjoint to some 7,+i „ awrf 7,x, 1 =^ = ki, 1 gygfe.+i.

If differentials Wi, • • • , wm are constructed as in Lemma 3.1, then some

J   w.-, • • • CO,p 9± 0.

Proof. Denote by © the exponential homomorphism with respect to

«i, • • • , (j)m. Then

e(8d = 1 + f wiXi + f w.-w.-z- + • • •
J 0i J »i

is a power series in the indeterminate X( alone, and so is

©03-) = ®(6i)" = 1 + kuiXi + ■ ■ ■ ,

where Hi=fpfi>i.  If a path a[a', 6'], oga'<6'g6, is disjoint to each 8i,
i = l, ■ ■ ■ , m, then ®(a[a', 6'])=1. Consequently

©(«) = @(7i 1) • • • @(7i *,)••• ®(y, 1) • • • @(74 *,)•
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We define the paths yx, ■ • • , yq in the following manner:

If y,- ki andy^ 1, 1 SiSq — 1, are equivalent; let / be the integer such that

yikf-j+i and y^ j are equivalent for j = l, ■ ■ • , I but not for j = l + l. It

follows from (c) that kt —1^1 and l + lSki+x. Set yi = y,i ■ • -7,^-1 and

7i+i=7;+i i+i • ■ ■ 7t+i *j+1. In this case we have obviously

6(7*1) • • • 0(y,*,.)e(yi+i i) • • • 6(y,-+i*i+1) = ®(yi)®(ym).

If, for any j, 1 SjSq, the above procedure does not apply, we set

7y = 7j 1 •   •  • 7; kj.

It  follows  that  ©(a)=©(7i) • • • @(yg)=©(yi • • ■ yq).   Now   7i ■ • • y,  is

evidently equivalent to a product Blf\ ■ ■ ■ /3j» with 1x9^0, X = l, • • ■ , p, and

ii9^ii^ ■ ■ ■ 9^ip. Thus

0(a) = 0(4) • • • @(b'0

= (1 + liya.Xi, + -..)... (1 + lplUpXip +■■■).

The coefficient of the term Xtl • • • Xip in the power series 0(a) is Zi/i,-, • ■ •

hPi^O. Hence /„&),•, • • • coip7^0.

Lemma 3.3. An irreducible path a: [a, &]—>2ft can be divided into arcs

a[a0, Oi], • • • , a[a5-i, aq],        a = a0 < ■ ■ ■ < aq = b,

possessing the following properties:

(a) Each arc a[a;_i, a,] is regular.

(b) If the value a,, lSiSq — l,is not knotty, the two adjacent arcs a [a,-_i, a,]

and a[ai, ai+i] have no point in common other than possibly the point a(a/).

(c) No two consecutive values a;_i awa" ai are both knotty.

(d) If a(t+) or a(t — ) is one of a(at+), a(at —), i = 0, • ■ ■ , q, then t must

be one of ao, • • • , aq.

Proof. Let a[ci, c2] and a[c2, c3] be any two regular arcs of a with c2

not a knotty value of a. There exist two arcs a[c', c2] and a[c2, c"], Ci<c' <c2

<c" <c3, which have at most the point a(c2) in common. Then any two adja-

cent arcs among a[ci, c'], a[c', c2], a[c2, c"], a[c", c3] have not more than one

point in common. Since the path a can be easily divided into a finite number

of regular arcs, it is therefore obvious that a can be further divided into arcs

a[»o, bi], ■ ■ • , a[bk-i, bk], a = bo< • ■ • <bk = b, satisfying the conditions

(a), (b), (c) of the lemma. Let ao, Oi, • • ■ , aq, taken in order, be all the values

of a such that either a(at+) or a(a{ — ) is one of the points a(bj+), a(bj — ),

j = 0, • • • , k. Then, the values b0, ■ ■ ■ , bk are among the values o0, • • • , a„

and consequently the division of the path a into arcs a[a0, ax], ■ • • ,

a[og_i, aa] satisfies the conditions (a), (b), (c). Suppose that, for the value t,

either a(t+) or a(t —) is some a(af+) or a(ai~). If a,- is a jump value of a,

then Oi, at which a is not regular, must be one of bo, ■ ■ ■ , bk- li at is not a
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jump value, then a(at + ) =a(aj) is one of <x(b0+), ■ ■ • ,a(bk+),a(bo — ), • • •,

a(bk~). In both cases, / is one of oo, • • ■ , a„. Hence the condition (d) is also

satisfied, and the lemma is proved.

Lemma 3.4. Let B be a finite set of mutually disjoint simple paths. Then any

path a has an arc y such that each path of B either runs through y or is disjoint

to y.

Proof. Without loss of generality, the path a: [a, b]—>9ft may be assumed

to be simple. According to Lemma 1.1, the set of values of a normal relative

to a path of B is open and everywhere dense in [a, b]. Therefore some interior

values s of a is normal relative to each path of B. Since B consists of only a

finite number of paths, it follows from Definition 1.3 that there is an arc y

of a near the value 5 such that each path of B either runs through y or is dis-

joint to y. Hence the lemma is proved.

Lemma 3.5 (Fundamental Lemma). If a is an irreducible piecewise regular

path in an n-dimensional C differentiable manifold 9ft, 1 g r g oo, then there

exist m differentials wi, • • • , com, such that some Jaca, ' ' ' wtp^0. To be more

exact, for the path a, there exist distinct points pi, • ■ • , pm in 9ft such that, given

any neighborhoods S,- of p,-, i = 1, • • ■ , m, we can construct Cr_1 differentials w,

vanishing in 9ft — £,-, i = 1, • • ■ , m, with ©(a) ^1 and 0*(a) j^l, where 0 awrf

©* are respectively the exponential homomorphism and anti-homomorphism with

respect to «i, • • • , wm.

Proof. Let the path a: To, 6]—>9ft be divided into arcs a[aa, aj, • ■ • ,

a[a3_i, aq], a = ao< • • • <aq = b, according to Lemma 3.3. Let B be any set

of mutually disjoint simple regular paths 0X, • ■ ■ , 0m such that each arc

a[ai_i, a;] runs through B along the arcs 7,i, • • ■ , 7< kt. Then the condition

(a) of Lemma 3.2 holds, for a[ai_i, aj] is simple; and the condition (b) of

Lemma 3.2 also holds owing to the conditions (b) and (c) of Lemma 3.3. In

order to prove this lemma, it is therefore sufficient to construct a set B in such

a way that, for each i, i=l, ■ ■ ■ , q — 1, a[o,-_i, aj] and a[ai, o!+i] are respec-

tively disjoint to some 7,+i „ and yt \. Such a set B will be said to be admissible

with respect to the division of a into the arcs a[a0, ax], • • • , a[aa_j, aq]. It is

clear that B will remain to be admissible with respect to the same division of

a into the arcs if each 8% is replaced by an arc of 8i- We shall carry out the con-

struction of an admissible set B with respect to the division of a by induction

on q.

The case q = l is trivial. For g^2, the path ot[a0, og_i] is divided into the

q — 1 arcs a[a0, Oi], • • • , a[aa_2, ag_i] according to Lemma 3.3, and thus the

induction hypothesis can be applied. Let Bx be an admissible set of paths

with respect to this division of a[a0, o„_i]. None of the traces of a[at^2, oa_i]

and a[ag_i, aq] is contained in the other; otherwise, a would be reducible at

the value a,_i. Thus there are an arc y of a[aq-2, a9_i] disjoint to a[a8_i, at]
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and an arc y' of a[o,_i, aq] disjoint to a[aq-2, aq-X]. By applying Lemma 3.4,

the arcs y and y' may be chosen such that every a[o<_i, a,], i = l, ■ ■ ■ , q — 2,

as well as each path of Bi either runs through or is disjoint to each of y and

y'. We carry out stepwise the following replacements and supplements in Bi:

(a) If a path B oi Bx runs through y, we replace B by y in Bi.

(b) If y is disjoint to each path of Bi, we supplement Bi with the path 7.

(c) We further replace B' of Bx by 7', if B' runs through 7', and supple-

ment Bi with 7' if 7' is disjoint to each path of Bi.

Thus a new set B of paths is constructed from Bi. It is not difficult to see

that B is admissible with respect to the division of a. Hence the lemma is

proved.

Definition 3.1. Let a, B, y, ai, a2 be paths in 9Jc such that a and B are

respectively equivalent to ai-yy~l-a2 and ai a2. Then a is said to be reduced

to B, and the process of reducing a to B is called a reduction. If a* is an irre-

ducible path obtained from a path a by applying successively a finite number

of reductions, then a* is called an irreducible path of a. We take the empty

path for the irreducible path of y-y-1.

Theorem 3.1. A piecewise regular path a in 3D? has one and only one ir-

reducible path a* up to equivalence.

Proof. It follows easily from Lemma 1.2 that a has at least one irreducible

path a*. Suppose that a' be another irreducible path of a. Let «i, • • • , com

be any Cr~l differentials in 9JJ, and ©, the corresponding exponential homo-

morphism. Then ©(a) =©(a*) =0(a'), and 0(y) = l where 7 =a-a'-1. If 7 is

empty, then both a* and a' are empty, and the theorem holds. Assume that

7 is not empty. As a consequence of Fundamental Lemma, 7 is reducible

and its irreducible path is empty. Since both a* and a' are irreducible, the

path 7 has only one reducible value. By applying Lemma 1.2, we conclude

that a* and a' are equivalent. Hence the theorem is proved.

4. The uniqueness theorems.

Lemma 4.1. If a: [a, b]—->9l"1 is an irreducible piecewise regular continuous

path in the m-dimensional real affine space 9tm with coordinates (xi, ■ • • , xm),

then some fcdx^ ■ ■ ■ dxip^0.

Proof. According to Fundamental Lemma, there are, in dtm, differentials

wi, • • • , co„ not necessarily distinct, such that, for the path a: [a, 6]—>9?m,

JaPii ■ ■ • wa5^0 where the differentials Wi= ^/.yMaxy, i = l, ■ ■ ■ , q, can be

made to vanish outside some bounded open set S. By Weierstrass Approxi-

mation Theorem, each /,y(x) can be approximated by a polynomial /,y(x) to

any desired degree in the set E. Set co,= 2^Jaix)dxj. In the light of Lemma

2.2, \fawi ■ ■ ■ Uq—faUi • • • w,| can be made arbitrarily close to zero. Conse-

quently, there exist polynomials/,;(x) such that facii • • • ",5^0, which im-

plies that some fafij1(x)dxil ■ • ■ fqj (x)dxj 9^0. At last we conclude that there

exist monomials gx(x), • ■ • , gq(x) with
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(4.1) J  gi(x)dXjt ■ ■ • gq(x)dxJQ ?* 0.
J a

It suffices to show that the integral in (4.1) is a linear combination of

elementary integrals along a, by which we mean integrals of the type

/arfxtl • • • dxip. We shall carry out the proof by induction on q. It follows

from Lemma 2.1 that the product of any finite number of elementary inte-

grals along a[a, t] is a linear combination of elementary integrals along

a[a, /]. Since Xi(a(t)) =Jaia,t]dXi+Xi(a(a)), the integral fau,t]gi(x)dxji is a

linear combination of elementary integrals along a[a, /]. Our assertion there-

fore holds for a = l. For g^2,

I  gi(x)dxjl ■ ■ ■ gq(x)dxjq

=  I I        gi(x)dxh • • • gt-\(x)dxiq_i   gt(x(a(t)))dXjq(a(t))
J a    L •/«[(»,<] J

and, according to the induction hypothesis and Lemma 2.1, the integrand of

the integral at the right side of the above equation is a linear combination of

elementary integrals along a[a, /]. Hence the integral in (4.1) is a linear

combination of elementary integrals along a, and consequently some

/rfx,-! • • • rfx.-j, 9^ 0.
a

Theorem 4.1 (Uniqueness Theorem). Let $lm be the m-dimensional real

affine space with coordinates (xi, • • • , xm). Let 8 be the exponential homomor-

phism with respect to rfxx, • • • , rfxm. Then one of the two irreducible piecewise

regular continuous paths a and 8 can be obtained from the other by translation of

dtm and change of parameter if and only if 8(cx) =8(8).

Proof. Since any translation in 9tm and any change of parameter of a do

not alter 8(a), the necessity of the theorem is clear. Without loss of generality,

let a: [0, l]—>5ftm and 8' [0, l]—>$Rm be the two irreducible continuous paths

in consideration. Denote by T the translation of 3£™ with T8(l) =a(l). Then

y=a-T8~1 is again a continuous path. Since 8(y) =8(a)8(T8-1) =8(a)8(8)~1

= 1, the path y: [0, 2]—>9tm must be reducible at the value 1. It follows from

Lemma 1.2 that there are values s and / of 7 such that (7 [5, l])_1 and 7[l, /]

are equivalent, and moreover s is not a reducible value of the path 7[0, s]

■y[t, 2] provided 0<5</<2. Since, by Lemma 4.1, the irreducible path of 7

is empty, we conclude that 5 = 0 and / = 1, i.e. a and F/3 are equivalent. Hence

the theorem is proved.

Corollary. //, for two piecewise regular continuous paths a and 8 in 9tm,

8(a) =8(8) then the irreducible path of 8 can be obtained from the irreducible

path of a by translation and change of parameter.
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The author has conjectured in §3 of [2] that the exponential homomor-

phism of the path group into the noncommutative formal power series ring

is an isomorphism. The above theorem gives an affirmative answer to that

conjecture.

Theorem 4.2. Let © be the exponential homomorphism with respect to the

Cr_1 differentials iri, ■ ■ ■ , irm in the n dimensional real CT manifold 9Jc, r^2.

If the differentials iri, ■ ■ • , irm, m^n, are of rank n along two irreducible piece-

wise regular continuous paths a and 8 in 9Jc such that a and B have the same

initial point and ®(a)=®(8), then B may be obtained from a by change of

parameter.

Proof. Let a: [0, a]—►2ft and 8: [0, b]—>9Jc be the given paths, and con-

struct the paths 5: [0, a]—»9T and 0: [0, b]-^dim such that Xi(a(t))

=f0tTTi(a(s))ds and Xi(jl(t)) =JoTr,((3(s))ds, i=l, ■ ■ ■ , m. Then both 5 and $~

are piecewise regular and continuous with 5(0) =j3(0) and 0(5) =0(/3). Conse-

quently there exists an increasing continuous function r(t), OStSb such that

t(0)=0, r(b)=a and ar(t)=fi(t). We are going to show that ar(t)=B(t) for

OStSb.
The equation ar(t) = B(t) obviously holds for t = 0. If it holds for 0^/<s

Sb, then ar(s) = B(s) by continuity. It remains to prove that, if ixt(s) = B(s)

= p, 0Ss<b, then ctr(t)=B(t), sSt<s+S, for some 5>0. Without loss of

generality, we may suppose that tti, • • • , x„ are linearly independent about

the point p. For a local coordinate system y about p, we may write ir,-

= 2~l7-if'jiy)dyj, * = 1. ■ ■ ' > n- Then, for sSt<s + 8', b' being some positive

number,

2ZhiyiPit)))dyjifiit))/di = *i0(t))
j-i

= dXi(fi(t))/dt = dXi(ar(t))/dl

= 2Zhiyicrit)))dyj(ar(t))/dt.
3=1

In other words, for sSt<s+b', both y =y(B(t)) and y=y(ar(t)) are solutions

of the system of differential equations

n

(4.2) 2Zfiiiy)dy}/dt = iri(p(l)), i=l,---,n,
j'-i

with the initial condition y =y(p) when t=s. Since the determinant |/</(y)|

^0 about y=y(p), we obtain, by solving (4.2) for dy,/dt,

n

(4.3) dyi/dt = £ g,y(yW,3(0), i = 1, ■ ■ ■ , n,
y=i
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where each ga(y) is C'~x about y=y(p). According to the fundamental exist-

ence theorem of differential equations, (4.3) possesses a unique solution about

t = s with the given initial condition, and so does the system (4.2). Hence

y(0(t)) —y(ar(t)) i.e. 0(t) =ar(t), sg/<s+o, for some §>0, and the theorem

is proved.

Theorem 4.3. Let © be the exponential homomorphism with respect to a

base wi, • • • , wm of the Maurer-Cartan forms of a real Lie group ®. Then one

of'two irreducible piecewise regular continuous paths a and 8 in ® cow be ob-

tained from the other by left translation and change of parameter if and only if

0(a)=©(/3).

Proof. Observe that, if T is a left translation in @, then ®(Ta) = @(a) be-

cause coi, • • • , tom are left invariant. Thus we only need prove the sufficiency.

Let T be the left translation carrying the initial point of a to that of 8- Since

®(Ta) =©(«) =@(/3), we apply the preceding theorem and assert that 0 may

be obtained from Ta by change of parameter. Hence the theorem is proved.

Finally we remark that Theorems 4.1—4.3 are also valid when, in the

assertions, the exponential homomorphisms 8 and © are replaced by the cor-

responding exponential antihomomorphisms 8* and ©*.
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