DERIVATIVE MANIFOLDS AND TAYLOR
SERIES IN THE MEAN(Y)

BY
D. S. GREENSTEIN

1. Introduction. Let f(x)ECx (— o, ») and let there be some p=1
such that f®(x) ELr(— o, ») (n=0). It has been shown [1, p. 38] that the
closed linear manifold D [f] of L spanned by f(x), f'(x), f’(x), - - - is con-
tained in the closed linear manifold T'[f] spanned by the translates f(x-+#).
For p=2 there is the stronger result [2, p. 130](?)

IO+ B — ()
l.i.m.

h—o h

= foD ().

It is thus of interest to determine when D [f]=T[f]. This question has
been studied by Mandelbrojt [1, pp. 39-40], who has found it necessary to
consider classes of functions designated L { M.}, where {M,} is a sequence
of positive reals and LP{ M,.} consists of all C* (— «, ») functions such that
llf™ (x)||,< M, (n=0). His principal result states that D[f]=T][f] for all
f(x)EL”{M,,} if and only if the class C{ M,,} is quasi-analytic, C{ Mn} being
the class of all f(x) EC (— », «) such that If(")(x)‘ SkM, (—o 2xSw)
(n=0) for some positive k. If C{ Mn} is not quasi-analytic, then there is at
least one f(x) ELr{ M,} for which D[f]#T[f]. Hence, if the derivatives of
f(x) are too large in norm, Mandelbrojt’s theorem cannot be used to decide
whether D[f]=T[f].

For p =2 we shall establish the following necessary and sufficient condi-
tion on f(x) for D[f]=TI[f]:

THEOREM 1.1. Let f(x) be a C*(— o, «©) function such that f™(x)
EL}(— o, o) (n=0) and let F(x) be the Fourier transform of f(x). Then
D[f]1=TIf] if and only if the distribution function Y (t) = J* .| F(x)|%dx is the
solution of a determined Hamburger moment problem.

Thus in L? it is not necessary to consider classes of functions. Further-
more, it will be shown that if D[f]=T[f] for an L? function, then D[f®]
=T|[f] (r=0), which in turn implies an interesting result in the theory of
orthogonal polynomials.

Presented to the Society, October 27, 1956 and December 29, 1956 under the titles:
Approximation in norm of translates by Taylor series. Preliminary report and Derivative mani-
folds in L? and the Hamburger moment problem, respectively; received by the editors April 15, 1957.

(1) This paper is the author’s dissertation, done under the supervision of Professor I. J.
Schoenberg and submitted to the Faculty of the Graduate School of the University of Penn-
sylvania in partial fulfillment of the requirements for the Degree of Doctor of Philosophy.

(®) As a corollary of our Theorem 3.1, this result is actually valid for general p.
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We shall also consider approximating translates by Taylor series; that is,
the possibility of representing f(x+%) by

n—1

Lim. > L8 F ().

n—o o 0 !
It will be shown that the class of L? functions admitting such a representation
is the generalization to L? of an analytic function class in L? studied by Paley
and Wiener [3, pp. 3-13] and that the “Taylor series in the mean” can be
used to prove a theorem of Paley and Wiener concerning the Fourier trans-
forms of functions in the Paley-Wiener class.

2. Derivative manifolds in L? and the Hamburger moment problem. In
this chapter we shall restrict ourselves to L% Our principal aim is to prove
Theorem 1.1, thus showing the intimate connection between the Hamburger
moment problem and the derivative manifold in L2

To characterize D [f] and T'[f] we work with the Fourier transform

F(x) = Lim. (2m)-1/2 f fe=dr
of f(x). Let A be the (measurable) set of all x for which F(x)#0. Then by a
theorem of Bochner and Chandrasekharan [2, p. 149], T'[f] consists of all
g(x)EL?(— =, ») whose Fourier transforms vanish almost everywhere on
the complement of 4. (As a special case of the theorem, T'[f]=L?if and only
if the complement of A has measure zero. This result is due to Wiener [4,
p. 100].)

Since the Fourier transform of f™(x) is equal to (ix)"F(x), D[f] consists
of all L? functions whose Fourier transforms belong to the closed linear mani-
fold spanned by F(x), xF(x), x2F(x), - - - . It therefore follows that D[f]=
T[f] if and only if F(x), xF(x), x2F(x), - - - span L%(4).

We next introduce the distribution function

0] =f l F(x) lzdx.

—0

Since

2.1) f Priy(l) = f | € P (x) [2dx < o,

¥ (¢) has moments of all orders. Conversely, if Y(¢) is an absolutely continuous
distribution having moments of all orders and F(¢) is any measurable function
such that lF (t)l 2=y/(¢) almost everywhere, then

(2.2) f(x) = Lim. ! an(t)e“’dt

n—~> 0 (27!')1/2
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is equivalent to a C*(— «, «) function all of whose derivatives belong to L2
Consider now the Hilbert space LJ consisting of all Y-measurable g(t)
such that

lslls = [ 16 a0 < .

It follows from (2.1) that
(2.3) #lle = [laF@)].

We are thus led to consider the following isometry of L2(4) onto L}

g(%) (eL2(A4)) > h(t) (eLy),

(2.4) h(t) = g(1)/F(D),

(2.9) g(x) = F(x)h(x).

(Note that the points where k(f) might be undefined by (2.4) are of -
measure zero.) Hence, D[f]=T|[f] if and only if 1, ¢, ¢2, - - - are complete in
12

The question of completeness of polynomials in L is completely resolved
by the following theorem of M. Riesz [5; 6, p. 62]:

THEOREM 2.1. Let Y(t) be a distribution function having moments of all
orders. Then 1, t, 1%, - - - span L} if and only if one of the following condtions
holds:

(1) Y(2t) is the solution of a determined Hamburger moment problem.

(2) The Hamburger moment problem of which Y(t) is a solution is inde-
terminate, but Y (t) is one of R. Nevanlinna's [6, p. 60; 7] extremal solutions.

We need not consider here the definition of “extremal solution”; for our
purpose we need only remark that such distribution functions are known
[6, p. 60; 7] to have discontinuous spectra. Since our ¥(t) is absolutely con-
tinuous, the validity of Theorem 1.1 follows.

Theorem 1.1 allows us to construct functions for which D[f]=T[f]. If
Y(t) is an absolutely continuous solution of an indeterminate Hamburger
moment problem(®) and F(t) is a measurable function such that | F(t)|®
=¢/(#) almost everywhere, then such an f(x) may be obtained from F(f) via
(2.2). An example of such a ¢'(¢) is exp (—|t| 12y [6, p. 22]. Hence for

flx) = f: exp (—1%/2) cos xidt

we have D [f]=T|[f].

@) It is of interest to note that Hamburger [6, p. 61; 9] has shown that every indeter-
minate Hamburger moment problem has absolutely continuous solutions.
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Theorem 1.1 may also be used to show that if D[f]=T]f], then deriva-
tives of all orders are not necessary to approximate translates. In fact, we
have:

THEOREM 2.2. Let f(x) EC*(— o, ©) and let f™(x) EL? (— », ») (n=0).
Then if D[f]=T][f], D[f™]="TI[f] (n=0). In other words, for each non-nega-
tive integer n and each real k, f(x+h) is the limit in norm of finite linear combi-
nations of the form

Caf ®(x) + + + + + Coynf ™ (x).

To prove Theorem 2.2, we first show that D[f]=T[f] implies that f(x)
E€D|f']. Taking Fourier transforms and using the isometry (2.4) of L%(4)
onto L3, this is seen to be equivalent to showing that 1 belongs to the closed
linear manifold of L? spanned by ¢, ¢2, - - - . To show this, we evaluate

If w,(2) is the orthonormal polynomial of degree n (i.e., w.(¢) is of degree n
and 2 ,0m(t)w.(t)dY(t) =8un) and if

n

Kn(ty 0) = Z wk(o)wk(t);

k=0

then for any polynomial P(¢) of degree not exceeding »
.0 = [ " PO KL, 0dy0).
Applying the Schwarz inequality,
| 2.0 = [P0} X wi0).

k=0

Hence, it is seen that p,=1/ Z:-o w3(0), the minimum being attained when
the C; are the coefficients of

K.(t, 0) _
K.(0,0)

But in the theory of the Hamburger moment problem [6, p. 44], it is
shown that 1/ Z;"_o w2(0) is the minimum mass at ¢t =0 for any distribution
having the same moments as Y (¢). Hence, since ¥/(¢) is absolutely continuous
and determined by its moments, lim,., p,=0.

Thus D[f']=T[f]. But T[f] =T[f'], since {x| F(x) %0} and {x|xF(x) =0}

differ by at most a set of measure zero. Hence, we have

Dlfl = T[] = Tlf] = D[f"] = - - - = D[f™] = - - -.
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Theorem 2.2 is considerably stronger than the following theorem of
Mandelbrojt [1, pp. 39-40], which only states that the first derivative is not
needed for approximating translates provided f(x) belongs to a class of func-
tions {g(x)} for each of which D[g]=T[g]:

THEOREM 2.3. Let f(x) EL?{ M.} and let C{M,} be quasi-analytic. Then
for each real h, f(x+h) is the limit in norm of finite linear combinations of the
form

f@) 4+ Cof "(%) 4 - - - + Cxf™(a).

It is interesting to note the following immediate consequence of Theorem
2.2:

THEOREM 2.4. Let F(x) be a measurable function which is positive almost
everywhere on the interval (a, b), where a may equal — « and b may equal + »
and let

b

f 27F(x)dx < = (n = 0).

Then if (F(x))'?%, x(F(x))'?, x*(F(x))Y%, - - are complete in L*(a, b), it

follows that for each positive integer n, x"(F(x))1/2, x*+1(F(x))1/2, x*+2(F(x))1/2,
- - are also complete in L*(a, b).

Theorem 2.4 is believed to be new. It would be interesting to see a proof
which does not depend on Theorem 2.1.

3. Taylor series in the mean. We shall now consider the use of Taylor
series to approximate translates; i.e., given f(x)&EC®(— o, «) such that
fW(x)ELP(— o, ©) (n=0), we wish to represent f(x-+%) by

(3.1) (Lim.), ”f ]i' O (x).
n— o y=0 V.

The expression (3.1) will be called the “L?-Taylor series” of f(x) (h being
restricted to real values for the present).

To study the convergence of L?-Taylor series, we shall first establish the
following analog of Taylor’s theorem:

TuEoREM 3.1. Let f(x)ECH(— o, «) and let fO(x)ELr(— o, o)
(0=v=n). Then the remainder

n—1 hv
ran(®) = flx +h) — 2 — 0@
y=0 .
admits the following estimates:
h n
6.2 roalls 5 P o,

n!
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I!f<"><x>ll [| k] /(1 + gtn — D)]¥e if p > 1,

(3.3) |raa@| = (l [,:1)'
(=@l =1,

where q=p/(p—1).

The proof of Theorem 3.1 depends on the well-known formula

kB (h — Hr1
(3°4) fn,h(x) = j:) ﬁﬂ")(x + fdt.

Applying the generalized Minkowski inequality [9, Theorem 202] to (3.4):

h—
L e

which immediately yields (3.2).
To prove (3.3) for p=1, we note that

h n— n—1
|7an(@) | < [1)"[ e +t)|dt‘ < K ‘1)'f | f® (x4 )| dt.
For p>1, we note that
(h — t)»1
m & L0, k)

and apply Hélder's inequality.

The right hand side of (3.2) is equal to the norm of the first neglected term
of the L»-Taylor series, a quantity which must tend to zero in order that the
series converge. Hence, for the convergence of the Lr-Taylor series, it is
both necessary and sufficient that the nth term converge strongly to zero.
Furthermore, convergent L?-Taylor series always converge to the proper
limit f(x+#%), in contrast to the behavior of ordinary Taylor series.

We are now able to compute the radius of convergence of the Lr-Taylor
series. Using the well-known root criterion of Cauchy, it is seen that for the
series to converge, the relation

(n) 1/n
| #| lim sup [M—(—'%] =1
n!

n— o

must hold. Hence, the following theorem is true:

THEOREM 3.2. Let f(x) EC*(— », «) and let f™(x) EL?(— o, ©) (n=0).
Then for
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—p < | &l <P=<Iimsup|:“f(_n)(:c)_n’.’:|”">—1’

n.:
f® (@ + k) =(lim), ni —:f("”’(x) (k2 0).

For |h| >p, the LP-Taylor series for f(x) and its dertvatives do not converge.

Thus if p>0, f™(x+h)ED[f] for all » and for Ih[ <p. We shall now
show that the restriction on % is not needed; i.e., the condition p>0 implies
that f® (x+k) ED[f] for all & and for all #. This follows from the result of
Mandelbrojt [1, pp. 39-40] cited in Chapter 1, since the class C{||f™(x)[,}
is regular in the strip —p<Im z<p. It is also possible to give a proof based
on Theorem 3.2. Consider any ko smaller than p in absolute value. Since L?
norms are invariant under translation, the L?-Taylor series of f(x+h,) also
has p as its radius of convergence. Hence by a finite number of “continuations
in the mean,” every translate of f™®(x) can be shown to be in D [f].

It might be thought possible to obtain a larger radius of convergence for
the Lr-Taylor series by considering weak L? convergence instead of strong
L» convergence. This is not so. If the Lr-Taylor series converges weakly,
then its partial sums, and hence its terms, must be bounded in norm. But for
| 2| >p the terms are not bounded in norm. Hence the weak and strong radii
are equal.

We shall now determine what functions may be represented by Lr-Taylor
series. From the estimate (3.3), it is seen that if p>0, then the ordinary
Taylor series for f(x) about each real xo converges to f(x) for xo—p <x <xo+p.
Hence f(x) may be extended to an analytic function f(z) which is regular in
the strip S,: —p <Im z<p.

Hence we may extend the definition of L?-Taylor series to complex k.
For any & such that || <p, the series

o0 | h [n

5

n=0 n:
converges, so that the limit (3.1) exists for such % and is necessarily equal to
f(x+h). More generally, if h=£(4+inES,

S+ 1) = (lim), 3 (Z”fyf“)(x +8)
and
n l n
s+ 1l = £ 28 o)l

neo 7!

Thus we have:



1959] DERIVATIVE MANIFOLDS AND TAYLOR SERIES 319

THEOREM 3.3. If the L*-Taylor series of f(x) has radius of convergence p>0,
then f(x) may be extended to an analytic function f(z) which is regular in the
strip S,. Furthermore, for each positive o which is less than p, supses, ” f(x—l-h)”,,
<,

We thus find it convenient to make the following definitions:

DeriNiTION 3.1. The function class W, () consists of all analytic functions
f(2) which are regular in S, and are such that f(x+k) EL?(— «, «) for each
hin S,, ||f(x+P)||, being bounded in each Sy for which A <a.

DErFINITION 3.2. The function class Tp(o) consists of all f(x) EC*(— », =)
such that f®(x) EL?(— «©, ) (#=0) whose L?-Taylor series have radius of
convergence at least equal to o.

According to Theorem 3.3, T,(6) CW,(s). We shall show that T,(c)
=W,(o). To prove this we first establish the following generalization of a
theorem of Paley and Wiener [3, p. 5].

THEOREM 3.4. Let f(3) be regular in Sy, the closure of Sy. Furthermore, let
sup [[f(e + Bl = M < .

hES)

Then for each { &Sy
e 1L ©  flx—i\) Y iCR
(3.5) 120 = 2m‘[f_m (x — ix — {)mH * —o (¥4 i\ — o) dx]
(nz0).

To prove Theorem 3.4, we use Cauchy’s integral formula, observing
that for sufficiently large 4

f“ L C ) 4 fle 40
+—-dx—f ————dx
—a (x — N = ot —a (x4 N = )t
S CE L N if)‘ S+ i) dy]
a (A4 4iy =t o (=4 +iy— v

n!
706 ==

+ 4

n!
= —— [[,(4) — I:(4) + il3(4) — il(4)].
2w
Thus for sufficiently large B

@) = = [ M) = L(4) + iL(4) — iT(A))dA.
271 B

B+1 B+1 f(A+1y)
fB Iy(A)dd = f_hf Gt

If p>1, we apply Heélder’s inequality to obtain

Now
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B+1
‘f I:(4)dA ‘
B

by B+1 1/p B+1 dA 1/q
<ol s miss)(f )
f_)\ y( 5 lf( +1y)[ 5 |A+iy—-§'|‘1("+l)

2\M
< .
'-|B— Reg-ln+1

For p=1, the same inequality is even more easily established. Hence
S I(4)dA—0 as B— . Similarly, [5+'I,(4)dA—0. Clearly [3*'I,(4)dA
—I(), [BHI,(A)dA—I,(®), and the theorem is proven.

We are now ready to prove:

THEOREM 3.5. Under the conditions of Theorem 3.4, f™(x)ELP(— 0, »)
(n=0) and

(3.6) lr@ @), <

n!M

- (n = 0).

Proof. Applying the generalized Minkowski inequality [9, Theorem 202]
to (3.5), we have for n=1

(Lo s 5L e e =)

N w dx (fw[ &+ L+ ')\)l”dt>1/p—|
o |+ \J 1 ' J

n!M[f°° dx +f°° dx :I
2r Ly |x—in|mh o | ® A an |

n!M f°° dx n!M
7l,An—l —w x? + )\2 - >\n

IIA

Now we shall prove:

THEOREM 3.6. The classes W,(o) and T,(c) are identical. Given f(2) & W,(0)
the radius of convergence p of the LP-Taylor series of f(x) is given by

(3.7) b = sup {o| /) € W,(0)}.
Proof. By Theorem 3.3, T(6) CW,(s). Let f(z2) EW,(0) and let |h| <o.
Choose X\ so that |h| <N<o. Then by (3.6)
W < LA
—-llrm@ll, = ——-0 (n— ).
n! A®

Hence p=¢ and W,(o) =T,(g). Since f(2) E W,(p), (3.7) is clear.
The class Wa(o) was studied by Paley and Wiener [3, pp. 3-13]. Their
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principal theorem concerning this class may be stated as follows:

THEOREM 3.7. Let f(2) € Wa(o) and let F(x) be the Fourier transform of f(x).
Then for each h&S,, e"*F(x) is the Fourier transform of f(x+h) and is ab-
solutely integrable so that

(3.8) #(2) = (20)1r2 f ¢ F()dL ES.).
Conversely, if e*F(x)L*(— «, ») for each h&S,, then it is absolutely integrable

for each such h and F(x) substituted in (3.8) yields an f(z) E Wa(a).

We shall give a new proof of the first part of the theorem. By Theorem
3.6, f(x+h) is represented for all h=£4+inES, by
n—1 'l v
(3.9) lim 5 &

n—wo 4o vl

[P+ §).

Since the Fourier transform of f® (x+£) is equal to (ix)"e®*F(x), the Fourier
transform of (3.9) is seen to equal
w (=)

lim >

oo y_( Ve

et F(x) = eCmHiF (x) = eih=F(x).

The absolute integrability of e**2F(x) is easily established by applying
the Schwarz inequality

w 0 *
f e | F(x)| de = f ewe= 7| F(x) | dx +f e 97| F(x) | dx
0

— —®

0 1/2 0 1/2
= <f ez‘zdx> (f e~20rtoz | F(x) [2dx)
© 172 ® 1/2
+ <f 6—2"‘dx> (f e‘z("—‘”‘l F(x) lzdx) .
0 0

The rest of the theorem is easily verified.

Returning to general p, we shall show that two Lr-Taylor series can be
multiplied (in a manner analogous to the multiplication of ordinary Taylor
series) to give a new L?-Taylor series whose radius of convergence is at least
equal to the smaller of the radii of convergence of the series being multiplied.
In other words, if fi(x) and fa(x) both belong to T,(c), then so does fi(x)fa(x).

By Theorem 3.6, fi(z) and fa(z) both belong to W,(¢). But any f(z) € W,(c)
is bounded in each Sy for which A <¢. This follows immediately from (3.5),
by simple estimation when p=1 and by Hélder’s inequality when p>1.
Hence if B=sup,es, Ifl(z)[ and M =supses, “fg(x—l-h)”p then

[fi(x + Bfa(x + B)||, < BM (h € S)
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and f1(2)f2(2) EW,(e). Since the Lr-Taylor series of fi(x)f:(x) can be formed
from the Lr-Taylor series of fi(x) and fa(x) by the usual Cauchy method of
multiplying power series, our assertion concerning the multiplication of L?-
Taylor series is valid. Two of our results are important enough to be num-
bered as theorems; viz.,

THEOREM 3.8. If f(2) E W,(0), then f(2) is bounded in each S\ for which A <g.
THEOREM 3.9. The class Wp(o) is closed with respect to multiplication.

As an immediate consequence of Theorem 3.8, we have:

THEOREM 3.10. If p1 < ps, then Wy, (0) CWy,(0).

We also have the following more general multiplication theorem:

THEOREM 3.11. If fi(2) E W, (o) and fi(z) EW,p,(0), then fi(2)fs(2z) E W,(0)

for all p such that p Zmin (P, p2). If 1/p1+1/pa= 1, then fi(2)fo(2) E W,(0) for
all p=1.

The first part of the theorem being an obvious consequence of Theorems
3.8 and 3.10, let us consider the case 1/p;+1/p2=1. In this case ps=q, the
index conjugate to p;. Hence fo(3) W, (s) and by Hélder's inequality,
fi(@)f2(2) € Wi(a).

We close with some examples of functions belonging to various W,(o).
It is readily verified that e=*& W,(o) for all p=1 and for all positive ¢. The
function (z—1g) "1/ & W,(a0) for each p> po. Its Lr-Taylor series has radius
of convergence g, for each such p.
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