ON THE DISTRIBUTIVITY AND SIMPLE CONNECTIVITY
OF PLANE TOPOLOGICAL LATTICES

BY
LEE W. ANDERSON(!)

D. Edmundson [1] has recently constructed a counter-example to the
conjecture by A. D. Wallace that every compact connected topological lat-
tice is distributive. He discovered a subset of Euclidean three-space which,
with the appropriate lattice operations, forms a nonmodular compact con-
nected topological lattice. The main result of this paper states that if a locally
compact connected subset of Euclidean two-space admits a pair of continuous
lattice operations then the lattice is distributive.

1. Preliminaries. We recall that a topological lattice is a Hausdorff space,
L, together with a pair of continuous functions A\: LXL—L and \V: LXL—L
which satisfy the usual conditions stipulated for a lattice. As is usual we de-
note A(x, y) by x Ayand VV(x, y) by x\/y. Unless explicitly stated to the con-
trary, we reserve the symbols 0 and 1 to denote the unique minimal and
maximal elements of a lattice, whenever they exist. A subset, C, of L is a
chain if x/\y=x or y for any pair of elements x and y in C. If @ and b are
elements of L with @ £b then Cis said to be a chain from a to b provided Cis
a chain contained ina V(b L) and containing both ¢ and 5. If 4 is a subset
of L, we denote by 4*, A° and F(4) =A*\A° the closure, interior and bound-
ary of A respectively.

Throughout this paper, R? will denote the Cartesian plane with the usual
topology, S* will denote the unit circle and I will denote the closed real num-
ber interval [0, 1]. A subset of R?is a simple closed curve if it is a homeomorph
of S'. We recall that Jordan’s theorem [2] states that any simple closed
curve cuts R? into exactly two components, one bounded and the other un-
bounded. If Cis a simple closed curve, we denote by B(C) the bounded com-
ponent of R?\C.

If X is a topological space and A4 is a subset of X, we denote by H*(X, A4)
the n-dimensional Alexander-Kolmogoroff cohomology group of X modulo 4
with coefficients in some fixed nontrivial additive abelian group. In this
paper we utilize two dimension functions, namely codimension (cd) and in-
ductive dimension (ind). For the definitions and essential theorems relating
to these dimension functions the reader is referred to the work of H. Cohen
[3]. It is a pleasure to acknowledge the advice and suggestions of A. D. Wal-
lace in the preparation of this paper.
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2. Illustrative examples. It will be useful in the sequel to have on hand
some examples of topological lattices which are topologically contained in R2
Clearly, R? is a topological lattice in the usual order, i.e. (x, y) S (x’, ¥) if
x<x'and y<y'. Let L={(x, y)|x>0 or y<O0} then L is a sublattice of R?
in the usual order. We observe that L contains maximal chains that are not
connected.

Let o and B be real numbers greater than zero. Define a relation, <, in
IXIby: (x,y)<(x, ') if, and only if, x £x’ and x*+yf Zx’*4y’f. Then < is
a partial ordering and I X I with this partial ordering is a topological lattice.
We note that the center of this lattice is empty.

For each n=1, 2, - - -, let L, be the set of all pairs of real numbers,
(x, ¥), such that n(n4+1)/2=2y=(n+1)(n+2)/2 and n/(n+1)y+n/2=x
<n/(n+1)y+(n+2)/2. Let L=U{L.|n=1, 2, - - - } and define A:LXL
—L as follows: if (x, y) and («/, ¥’) are in L, for some #, let

(N NG yY) = (5 w)

wherez=min [((n+1)/n) (min(y,5") —y) +x,(n+1)/n) (min (y,5") — y") +«
and w=min (v, ¥'). If (x, ¥)&EL, and (', y)EL, and if n<m, let (x, ¥)
A, ¥)=(x, ). Define V: L X L—L analogously, replacing max for min in
the above formulae. Then L together with the operations \/ and A form a
topological lattice.

Let L be the set of pairs of real numbers, (x, y), such that 0 <x=1 and
y=sin 1/x or x=0 and y=0. If (x, ¥) and (x’, ') are elements of L, let
(x, y) =(x’, ¥') whenever x =x’. Then L with this ordering is a connected,
nonlocally compact, nonlocally connected, nonlocally convex topological lat-
tice (see corollary to Theorem 4).

3. Cut points in topological lattices. If X is a topological space and p & X,
we say that p is a cut point of X if X\p is not connected, i.e. if X\p=UUJV
where U#[]#V and U*N\V==UNV*,

THEOREM 1. If L is a connected topological lattice and if pEL then p is a
cut point of L if, and only if, p£0, p#1 and L=(p\/L)J(pAL).

NEcEssiTY. This proof is due to A. D. Wallace and was communicated to
the author by him. Suppose that L is connected and that pEL cuts L. Let
INp=UUV where U#[]# Vand U*N\V == UNV* Let x be an element
of U and let ¥ be an element of V. We will show that either x <y or y=«.
Suppose this is not the case, i.e., assume that (x AL)YN(y\/L)==(xVL)
NAL). Now x Ay is in both x AL and y AL and so (x ALYN(y AL)==[].
Similarly (x\/L)YN(y\/L)#[]. Since x AL and y/A\L are connected sets,
ALY J(yAL) is also connected. Moreover, (x AL)\J(yAL) meets both
U and V and therefore p&(xA\L)J(yAL). Similarly, we have that p
€@xVL)J(yVL). Thus
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pECANLDYGADIANV L)V (VL)
=[ALDNEVLD]U[ALN @GV L]
UlbALDN VDIV ALNGVLD]={z}VUi{y

and so p=x or p=y. This, however, is a contradiction for x and y are both
contained in L\p. We therefore have that x <y or y <x. Let us assume that
x=<y. Now y AL is a connected set containing both x and ¥ and so pEyAL.
Also, x\/ L is a connected set containing both x and y and therefore pEx\/L.
Thus x <p <y which implies that p#0 and p#1 and L=(p AL)J(p\VL).

SUFFICIENCY. Since p#0, (p AL)\p is nonvoid and since p=#1, (p\/L)\p
is also nonvoid. Now L=(p AL)U(p\V/L) and so it follows that (p AL)\p
=IL\(pV L) and therefore, since p\/L is closed, (p AL)\p is open. Likewise,
(p\VL)\p is open. Thus L\p is the union of the disjoint open nonvoid sets
(p AL)\p and (p\V L)\p which implies that p cuts L.

A theorem in Wilder [4] states that a connected topological space X is
irreducibly connected about two of its elements ¢ and b if, and only if, each
point of X distinct from a and b cuts X into exactly two components, one
containing ¢ and the other containing b. If L is a connected topological lat-
tice then (x AL)\x and (x\/L)\x are connected sets for all x in L. Thus we
have the

COROLLARY. If L is a connected topological lattice with 0 and 1 then L is a
chain if, and only if, L is irreducibly connected about 0 and 1.

3. Local convexity in topological lattices. If 4 is a subset of a lattice L,
let C(A)=(ANL)YN(AVL). We say that the subset A4 is convex if A =C(A).
It is clear that this condition is equivalent to: if x and z are elements of A
and if y is an element of L such that x £y <z then y is an element of 4.

The proof of the following result is routine and will be omitted.

LemMA 1. If L is a topological lattice and if A is a subset of L then
(1) C(A) is open whenever A is open,
(i1) C(A) is connected whenever A is connected.

A topological lattice L is locally convex provided that whenever x is an
element of L and U is an open set containing x there is an open convex set
V such that x&VCU.

LeEMMA 2. If L is a locally convex connected topological lattice and if aE U,
an open subset of L, then there exists an open convex connected subset V of L
such that a&VCU.

Proof. Since L is locally convex, there is an open convex set W such that
a€EWCU. Let M be the maximal connected subset of W which contains a
We will show that M is an open set. Let y be an element of M. Now y Ay=y
=yVy and A and V/ are continuous functions hence there exists an open
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set N such that NANCW and N\/VNCW. If x is an element of N then x Ay
and x\/y are elements of W. Now W is convex so that (x Ay)V [(x\VVy) AL]
CW. However, (xAy)V [(x\VVy)AL] is a connected set containing both x
and y and therefore x & M which implies that NC M. Thus M is an open con-
nected subset of W. By Lemma 1, C(M) is open and connected and moreover,
C(M)CC(W)=W. Thus if we let V=C(M) we have that V is an open con-
vex connected subset of U which contains a.

In particular, Lemma 2 implies that a locally convex connected topologi-
cal lattice is locally connected. It has already been shown [5] that a locally
compact connected topological lattice is locally convex so that we have the

THEOREM 2. A locally compact connected topological lattice is locally con-
nected.

A nondegenerate locally compact locally connected separable connected
metrizable topological space is a Peano space in the terminology of Wilder
[4]. It is known [4] that such a space is arc-wise connected in the strong
sense (two distinct points can be connected by a homeomorph of I) and that
such a space is also locally arc-wise connected. We have thus proved the

THEOREM 3. A nondegenerate locally compact connected separable metrizable
topological lattice is a Peano space and hence is arc-wise connected and locally
arc-wise connected.

We will now specialize some of the foregoing results to the case of a topo-
logical chain.

LeMMA 3. If L is a connected topological chain and if A is a subset of L then
A is convex if, and only if, A is connected.

Proof. If A is convex and if x and y are elements of A then, since L is a
chain, we have that x <y or y Z«x. Suppose x <y then x\/(y AL)CC(4)=A4.
Now %\ (¥ A\L) is connected and so 4 is connected. Let us now assume that
A#C(A). Since ACC(A), we have that C(4)\A4 is nonvoid. Let x be an
element of C(4)\A4 then, clearly, x#0 and x1. By Theorem 1 we have that
x cuts L into exactly two components (x AL)\x and (x\/L)\x. Since 4 meets
both of these sets, 4 is not connected.

We recall that a base for the intrinsic topology of a chain (see [6]) is the
collection of sets of the form {x|x<a} or {x|a<x} or {x|a<x<b} where a
and b are elements of the chain.

THEOREM 4. If L is a connected topological chain then the following are
equivalent

(1) L s locally convex,

(11) L s locally connected,

(iii) the topology in L is equivalent to the intrinsic topology in L.

(iv) L s locally compact.
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Proof. The fact that (i) implies (ii) is an immediate consequence of
Lemma 3. Clearly, the collection of sets of the form {x|x<a} or {x]|a<x}
or {x|a<x<b} coincides with the collection of open connected sets and so
we have that (i1) implies (iii). To prove that (iii) implies (iv) we rely on a
result proved by Ward [7, p. 149] which implies: If L is a connected topo-
logical chain endowed with its intrinsic topology and if L has 0 and 1 then L
is compact. Now suppose that L satisfies (iii) and that a is an element of L
and that U is an open set containing a. If a is distinct from 0 and 1 then, by
hypothesis, there are elements b and ¢ in L such that a€ {x|b<x<c} CU.
By Ward’s result, {x|b <x < c}* = {x|b < x = ¢} is compact and so
{x]|b<x<c} is an open subset of U containing a whose closure is compact. If
a=0 then there is an element b in L such that {x|0<x<b} is an open set
containing 0 which is contained in U. Again {x|0=<x<b}*={x|0<x=<b}
is compact. If a=1 then, by a similar argument, there is an element 4 in L
such that the open set {x|b<x=<1} is contained in U and has a compact
closure. Thus L is locally compact. It is known [5] that a locally compact
connected topological lattice is locally convex and so (iv) implies (i) which
completes the proof.

It is shown in Wilder [4] that a locally compact connected separable
topological space which is irreducibly connected about two of its points is
homeomorphic with I. Thus we have the

CoRrOLLARY. If L is a locally convex connected separable topological chain
with 0 and 1 then L is homeomorphic with I.

4. Simple connectivity and lattices. In this section we show that a locally
compact connected subset of R? which admits a pair of continuous lattice
operations is simply connected, i.e., the one-dimensional homotopy group of
the space is trivial [9].

LeEmMA 4. If L is a locally compact connected topological lattice and if L is
topologically contained in R? then each compact subset of L has an upper bound
and a lower bound in L.

Proof. We will establish the existence of upper bounds for compact sub-
sets of L, relying on the principle of duality for the proof of the existence of
lower bounds.

PropERTY (F). An element a in L is said to have the property (F) if
aEF(xA\L) for all x&a\/L.

Now suppose A4 is a compact subset of L. If no element of 4 has the prop-
erty (F) then for each x €A there is an element, say y(x), in x\V L such that
xE (y(x) AL)°. Thus the family {(y(x)/\L)°l xEA } is an open covering of 4
and therefore, since 4 is compact, there is a finite subfamily, say

{G@E) ALP|i=1,2,--,n},
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which cover 4. Clearly y(x1) Vy(x2)V -+ - V(%) is an upper bound for 4.
Now let us assume that some a A4 has the property (F). We will show that
a\/ L is a chain. Let x and y be elements of a\/L. Then x\/y is also in a\/L
and so a EF((x\/y) AL). It is known [5] that if 2€L and if wEF(zAL)
then [w\/ (e AL)]CF(zAL). Thus letting

B=aV [(xV9y) AL

we have that BCF((x\Vy) AL). We will now show that the codimension
of F((x\Vy)AL)=1. Let us assume that cd(F((x\Vy)AL)=2. Now H.
Cohen [3] has shown that if X is a locally compact Hausdorff space then
cd(X) £ind(X). Moreover, it is known [8] that if X is a subset of R? and if
ind(X) =2 then X contains a nonvoid subset which is open in R2 It follows
then that there exists a nonvoid set, W, which is open in R? with W
CF((xVy)A\L). Now W=WNF((x\/y) AL)=WNL and so W is open in L.
However, (x\/y) AL is a closed subset of L hence F((x\/y) AL) is nowhere
dense in L which implies that W is empty; but this is a contradiction. We
therefore have cd(B) Scd(F((x\Vy) AL)=<1. Now B is a closed subset of L
and therefore is locally compact. Moreover, B is a connected sublattice of
L and so B is a chain (see [5]). Now x and y are elements of B and so x Ay=x
or y which implies that ¢\/L is a chain. Now a\/A4 is a compact subset of
a\V/L and so a\/A4 has an upper bound in a\/ L. Clearly, any upper bound
for a\/ 4 is also a upper bound for 4.

One would suspect that this result can be proved without assuming that
L is topologically embedded in R?, however the author does not know how to
eliminate this hypothesis.

THEOREM 5. If L is a locally compact connected topological lattice and if L is
topologically contained in R? then wi(L) is trivial.

Proof. Let f: I—L be a continuous function such that f(0) =f(1) =x,.
Since f(I) is a compact subset of L, by Lemma 4, there are upper and lower
bounds say a and b, for f(I) in L. Now a\V/(b/A\L) is a locally compact con-
nected sublattice of L and so a\/(bA\L) is arc-wise connected. Let g: I—
a\V/ (bAL) and k: I—a\/ (b/\L) be continuous functions such that £(0) =g(0)
=a, g(1) =x0 and k(1) =b. Define F: I—L as follows:

2(30) if 0=:<1/3,
Fi) ={fBt—1) if 1/3 <t < 2/3,
g3 =30 if 2/3 <1< 1.

If we define H: I XI—L by H(¢, t') = F(t) A\k(¢') then clearly H is continu-
ous, H(0, t)=H(1, t) =a, H(¢, 0) =a and H(¢, 1) = F(t). Thus F is homotopic
to a constant mapping and so f is also homotopic to a constant [9]. For fur-
ther results, see [13].
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5. The distributivity of plane lattices. In this section we show that a
locally compact connected topological lattice which is topologically contained
in R? is distributive. The proof of this result is in two parts. The first part
demonstrates that such a lattice is modular and the second that it is dis-
tributive.

LEMMA 6. Let L be a locally compact connected topological lattice which is
topologically contained in R2. If L contains four distinct elements, a, b, m, and n
suchthata\/b=manda Nb=mnthen: (i) Theset M= [a\/ (m AL) ] [a A(n\/L)]
is a compact connected chain from n to m containing a and the set N
=[bV(m AL U[bA®NL)] is a compact connected chain from n to m con-
taining b. Moreover, M and N are the only connected chains from n to m which
contain a and b respectively. Let J=bA\M and let K=b\/ M. (ii) The set
MVUN is a simple closed curve. (iii) MAK = [B(M\UN)|*=M\/J.

REMARK. It is known [5] that a locally compact connected topological
lattice is a chain if, and only if, it is at most one-dimensional. Thus L con-
tains two unrelated elements, a and b, if, and only if, L is a two-dimensional
subset of R2.

Proof of (i). We will first prove that m A(a\/ L) is a chain. Since a %3, it
follows that m=a\/b is in F(a\/L) (see [5]). As in the proof of Lemma 2 we
have that cd(F(a\V/L)) 21 and so cd(mA\(a\VL))=1. Now mA(eVL) is a
locally compact connected sublattice of L and thus is a chain (see [5]). The
corollary to Theorem 4 states that a locally compact connected chain with
maximal and minimal elements is compact and so the set m A(a\VL) is a
compact connected chain from a to m. Dually, one shows that #\/(a AL) is
a compact connected chain from # to a and therefore M=[n\/(aAL)]
U[mA(aVL)] is a compact connected chain from n to m containing a. If
C is any connected chain from n to m containing a then clearly CC M. Since
M is irreducibly connected about m and # and C is a connected set containing
both m and %, we have that C= M. In a dual fashion, one can demonstrate
the existence and uniqueness of the set N.

Proof of (ii). Since M and N are each homeomorphic with the closed real
number interval I and MNN = {m, n}, the result follows immediately (see
[12]).

Proof of (iii). In an effort to simplify our notation, we let U= B(M\UN)
and let V=R\[UUMVUN]. The first step in the proof of this result is to
establish that U*C M AK. Now (MAK)A(MNK)=MANK and so MAK
is a compact connected topological semigroup [10] under the operation A.
Since 7 is a A-zero and m is a A-unit for M AK, we have, by a result of
A. D. Wallace [11], that H}(MAK)=0. Now MUNCMAK and so
R\(M AK) CRA\(M\UN) = UU V, thus RA\(M A K) = [U\(M A K)]
U[V\(MAK)]. Since V is not compact and M AK is compact, V\(M AK)
is nonvoid. Therefore if U\(M AK) is nonvoid then the compact connected
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set M AK cuts R? which implies that H*(M AK) 0. This, however, is a
contradiction and so UCMAK. Since MAK is closed we have that
U*CMANK. We observe that since U¥*, the closure of U in L, is compact
and so U* is also closed in E? thus the closure of U in L =the closure of U in
R2=U\UM\UN. We resort to the principle of duality for the proof of the
fact that U*C MV J.

Consider the function f: M—K defined by f(x) =x\/b. Clearly, f is con-
tinuous, order preserving and onto. Now if x is an element of K, f~!(x) is a
closed nonvoid subset of M, hence sup(f~!(x)) exists and is contained in
f~Yx). For each xEK\m, let k(x) =sup (f~!(x)). Thus if x€ K\m then k(x) /b
=x and k(x) <a. Dually, we let j(x) =inf {yEMIy/\b=x} for each x&€J\nm.

The following sublemmas will be useful in proving that M AK and M\/J
are contained in U*.

SuBLEMMA A. If x €K\ {b, m} then [(k(x)\/ M) AxIN[MUN] = {k(x),x}.

Proof. Suppose w=3Ax for some zE(k(x)\/ M). Since k(x) Sz and k(x)
<x, we have k(x) <zAx=w. Now w\VV/x=(2Ax)Vx=x and so x=xVw
=)V Vw=>bV(k(x)Vw)=b\/w. Thus if wEM then w=Sk(x) and
therefore w=~k(x). Now if wEN then w\/b=>b or w\/b=w and so x=b or
x=w. However x€K\ {b, m} and so x=w.

Dualizing this result we have

SusLEMMA A'. If x€J\{b, n} then [(j(x) Am)VxIN[MUN] = {j(x), x}.

SusLEMMA B. If xEK\{b, m} then the set [(k(x)\/ M) Ax]\{k(x), x}
1s either contained in U or in V.

Proof. Since (k(x)\/ M) Ax is a connected chain from k(x) to x, it is ir-
reducibly connected about k(x) and x, therefore k(x) and x are noncut points
of (k(x)\VVM)Ax. Now by Sublemma A,

[(k(x) V M) A x]\{k(x), s} CRAMUN) =TU UV,

hence the result follows.
Dualizing this argument we have

SuBLEMMA B’. If xEJ\{b, n} then the set [(i(x) AM)Vx]\{j(x), x} is

etther contained in U or in V.

SusLEMMA C. If x€K\{b, m} and if [(k(x)V M) Ax\{k(x), x} CU then
(k(x)V M) Nx=k(x)\/ J.

Proof. Choose an element w in (k(x)VV M) Ax. We will show that
wCk(x)\VJ. Now k(x) = (k(x)Vn)Ck(x)\VVJ and x = (k(x) \Vb) EEk(x)\/J and
so if w=x or k(x) then w&k(x)\V/J. If w##x and wsk(x) then, by hypothesis,
wc UC MV J. Hence there exists y& M and z&J such that w=yVz. Now
k(x) Sw=x, thus k(x) £yVz=x and since 2=b=x, we have x=x\/(yVz)
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=(xV2)Vy=x\Vy. Now y& M, therefore y S k(x) or k(x) <y. If k(x) =y then
x=yVx=yV (k(x)\Vb) =(yVk(x))Vb=y\/b which implies that y k(x) and
therefore y =k(x) so that w= (k(x) \Vz) Ek(x) VJ. If y Zk(x) then w=w\/k(x)
=(yVz)VEkx) =2V (yVEk(x))=2VVEk(x)Ek(x)\VJ. We have thus established
that (k(x)\V/m) AxCk(x)\VVJ. Now k(x)\/J is a connected chain from &(x)
to x, therefore, by the corollary to Theorem 1, k(x)\/J is irreducibly con-
nected about k(x) and x. However, (k(x)\V M) /Ax is a connected subset of
k(x)\/J which contains both k(x) and x, therefore (k(x)\V M) Ax=k(x)\VJ.
The dual of Sublemma C states

SusLEMMA C'. If xEJ\{b, n} and if [((x) Am)Vx\{j(x), x} CU then
G AM)Vx=j(x) \K.

We are now in a position to prove that M AKC U*. We choose and fix
some ¢&J such that ¢V M meets U. Such an element exists since UCJV M.
Moreover, by Sublemmas B’ and C’, we have that ¢\ (j(c) AM) =j(c) AK.
Now suppose that x is an element of K. We will show that x AMCU*.
Clearly, xAM=[xA(kEx)VM)]JI[xAREAM)] and xAkEx)AM)
=kx) AMCMCU\VU M\UN = U* Thus it remains to show that
cANEE)NVM)CU* If s A(R(x)VM)CMUN then xA(k(x)\V M)CU*. If
A\ (k(x)VM)LMUN then, by Sublemma B, [x/\(k(x)\/M)]\{k(x), x} is
contained in Uorin V. Now k(x) <a <j(c) and ¢ <b<x hence j(¢c) EK(x) V M
and so (xAj(e))ExA(k(x)V M). We also have that (xAj(c))Sj(c) ANK
=c\/ (j(c) AM), therefore if xA\j(c)EM then, by Sublemmas A and A’,
xA\j(c) =j(c) and x Aj(c) =k(x) which is impossible. If x A\j(c) EN then, by
Sublemmas A and A’, x Aj(c)=x and xAj(c) =¢ which is also impossible.
Thus (xAj() € [G(©) AKN\Li(0), ¢} 1=V @AM N\Li(e), ¢} CU. Con-
sequently, x A (k(x)\/ M) meets U and so x A (k(x)\VM)CU*. A dual argu-
ment demonstrates that J\/ M C U*.

A lattice is modular if for any three elements x, ¥ and z, x\/(y/A32)
= (x\Vy) Az whenever x <z. It is well known (e.g. see [6]), that a lattice is
nonmodular if, and only if, it contains five distinct elements a, b, ¢, m and =,
such that

(@) aNc=bANc=mn,
B aVe=b\Vec=m,
() a Nb=a.
LEMMA 7. Let L be a topological lattice and let a, b, ¢, m and n be five distinct
elements of L satisfying (), (B) and (v). If M is a compact connected separable

chain from n to m containing both a and b then (c/\M)\/ M is not contained in
(cNVMYAM and (c\/ M)A\ M is not contained in (c \M)\ M.

Proof. Let J=cAM and K=cVVM. As in Lemma 6, we let k(x)
=sup{y€M[y\/c=x} for x€K\m and j(x)=inf{y€M|y/\c=x} for
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x&J\n. Now suppose that K AMCJ\ M. Since K and M are each homeo-
morphic with the closed real number interval I, there is a strictly monotone
increasing sequence, say {x:}, in K\{m, ¢} with lim(x;)=m and a strictly
monotone decreasing sequence, say {¥:}, in (b\/M)\{m, b} with lim(y;) =b.
Now A is a continuous function therefore we have that lim(y;A\x;) =b/Am
=b. We will now show that for each 7=1, 2, 3, - - - there exists an element
of J, say z;, such that y;A\x;=2;\Vk(x:) and z;=y;/\c. Now y; Ax;EKAM
CJVM and so y;A\x;=u\/w for some u&EJ and some w& M. Clearly
wSuVw=y;\x;=x; and so if k(x;)Sw then x;=w\Vx;=w\V (k(x;)Vc)
=(wVk(x:))Ve=w\ec. Therefore w=<k(x) which implies that w==Fk(x,).
Now k(x;) <y:/A\x; hence if w=k(x;) then y;Ax;=k(x:)V (y:A\x:) =k(x;)
VwVu)=(kx)Vw)Vu=Fk(x;)\Vu. Also, u=c and u=Sw\Vusy;A\x:<y;
and so # =y;/\c¢. Thus, if we let z;=u then y; Ax;=k(x;) \V2; where 2;E&J and
z:<y:/Ac. Clearly, {k(x:)} is a strictly monotone increasing sequence in M
which is bounded above by a, hence lim(k(x;)) exists, say lim(k(x;)) =ao, and
a9=a. Now n=z,Zy;Ac and lim(y;/\c¢)=b/Ac=mn, therefore lim(z;)=n.
Thus it follows from the continuity of \/ that lim (k(x;) \V2:) =as\/n=a, We
now have that b=lim (y; Ax;) =lim (k(x;) \V2:) =a, which is a contradiction.
If we assume that J\V M CK A M, we can dualize the foregoing argument,
replacing k(x) by j(x), and arrive at an appropriate contradiction.

We observe that the separability of M is not needed in Lemma 7. We
need only to replace the notion of sequences by that of nets in this proof to
eliminate this hypothesis.

THEOREM 6. If L is a locally compact connected topological lattice which is
topologically contained tn R? then L is modular.

Proof. Suppose L is not modular, i.e. assume that L contains five distinct
elements, say a, b, ¢, m and n, which satisfy (a), (8) and (). Now ¢ and ¢ are
unrelated elements of L hence, by Lemma 6, the set M=[mA(a\VL)]
U[#V (@ AL)] is a compact connected separable chain from # to m contain-
ing a. Since a £b<m, M also contains b. By Lemma 6, we also have that
MANA(CNVM)y=M\/(cA\M). However, Lemma 7 states that MA(c\V M)
E MV (¢ A\ M) which is a contradiction.

A lattice is distributive if x A\(yVz)=(xAy)V (xAz) for any three ele-
ments x, y and z. It is well known (e.g. see [7]) that a modular lattice is not
distributive if, and only if, it contains five distinct elements, say a, b, ¢, m,
and #, satisfying

) aVb=aVec=b\Vc=m,
e aNb=aANc=b/ANc=n.

THEOREM 7. If L is a locally compact connected topological lattice which is
topologically contained in R? then L is distributive.

Proof. By the previous theorem, L is modular hence if L is not distribu-
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tive then L contains five distinct elements, a, b, ¢, m and n which satisfy
(8) and (e). Now a, b, and ¢ are pairwise unrelated and so, by Lemma 6,
there are unique compact connected chains from » to m, say 4, B and C
which contain a, b and ¢ respectively. Clearly, AAUB\UC is a f-curve in the
terminology of Whyburn [12] hence the bounded component of the comple-
ment of the union of two of these sets, say 4 and C, contains the third set,
say B, excepting its end points m and ». That is to say B\{m, n} CB(A\UC).
Now by Lemma 3, B(A\UC)CA AC, thus b&4 A C and so b=x/\y for some
xEA and some yEC. If yScthen n=bAc=0bAY) Ac=bA@Nc)=bAy=b
which is a contradiction. If ¢y then m=b\/c<b\/y=y=<m and so y=m.
Thus b=x Am=xEA which is also a contradiction, hence L is distributive.

BIBLIOGRAPHY

1. D. E. Edmondson, A nonmodular compact connected topological lattice, Proc. Amer.
Math. Soc. vol. 7 (1956) p. 1157.

2. M. H. A. Newman, Elements of the topology of plane sets of points, 2d ed., Cambridge,
Cambridge University Press, 1951,

3. H. Cohen, A cohomological definition of dimension for locally compact Hausdorff spaces.
Duke Math. J. vol. 21 (1954) pp. 209-224.

4. R. L. Wilder, Topology in manifolds. Amer. Math. Soc. Colloquium Publications, New
York, 1948.

5. L. W. Anderson, 4 note on topological lattices, Proc. Amer. Math. Soc., submitted.

6. G. Birkhoff, Lattice theory, Rev. ed., Amer. Math. Soc. Colloquium Publications, New
York, 1948.

7. L. E. Ward, Jr., Partially ordered topological spaces. Proc. Amer. Math. Soc. vol. 5 (1954)
pp. 144-161.

8. W. Hurewicz and H. Wallman, Dimension theory, Princeton, Princeton University
Press, 1948.

9. P. J. Hilton, An introduction to homotopy theory, Cambridge, Cambridge University
Press, 1953.

10. A. D. Wallace, The structure of topological semigroups, Bull. Amer. Math. Soc. vol. 61
(1955) pp. 95-112,

11. , Cohomology, dimension and mobs, Summa Brasil. Math. vol. 3 (1953) pp. 43-54.

12. G. T. Whyburn, Analytic topology, Amer. Math. Soc. Colloquium Publications, New
York, 1942.

13. B. Eckmann, Riume mit Mitteldbildungen, Comment. Math. Helv. vol. 28 (1954) pp.
329-340.

TuLANE UNIVERSITY OF LOUISIANA,
NEw ORLEANS, LA.



