PANSIONS AND THE THEORY OF FOURIER
TRANSFORMS!

BY
JACOB KOREVAAR
INTRODUCTION

1. The classical Fourier transformation. The Fourier transform g= Tf of
f defined by

g(x) = (Tf)(x) = 2m)~12 f_” F)e-i=vdu

will certainly exist if f is of class L, that is, if f is locally integrable and such
that | f| is integrable over (— », «). In that case g will be continuous and
bounded, but in general g will not be of class L;.

The function 4= Tf defined by

M) = @ = @i [ jgesin

is called the conjugate Fourier transform of f.
The famous inversion theorem for the Fourier transformation says that

if g=Tf then f= Tg.

Unfortunately this basic result is true only under rather severe restrictions,
for example if both fand Tf are in L, [3, p. 51].
Other well-known rules of restricted validity are the following:

TDf = {iz} T}, T{«}f = iDT},
TE(D)f = {E(in)} Tf, T{E(x)}f = EGD)Ty,
T(fi*f2) = Th-Tf..

Here D stands for differentiation, E(x) = D _a.x" denotes an entire function,
and fi*f; stands for the convolution

(fixfa)(x) = (ZW)'I”fwfl(x — w)fs(u)du.

The restrictions imposed by the classical theory make it hard to under-
stand how Fourier transforms can be such a successful tool in physics and
Received by the editors June 19, 1957.
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applied mathematics even when used indiscriminately. Thus one early came
to the conclusion that more general theories of Fourier transforms must be
possible, in which the above theorems are valid under more general condi-
tions. Plancherel developed his theory for the class L, which shows that L, is
closed under Fourier transformation (compare [21, p. 46]). Bochner defined
his k-transform for all functions of polynomial growth [3, p. 110]. Schwartz
imbedded the latter functions in his class of tempered distributions, which is
closed under Fourier transformation [16, II, p. 79]. A theory of generalized
functions and their Fourier transforms of comparable scope, but more along
the lines of classical analysis, was developed by the present author [11; 12].
Using the Schwartz-Sobolev approach of distributions the theory of Fourier
transforms was extended further by Gel’fand and Silov [8] and by Ehren-
preis [7].

2. The present method of generalization. In this paper we develop a very
general theory of Fourier transforms based upon a different set of ideas.
The class of objects for which a Fourier transform will be defined is the class
of formal series of normalized Hermite functions

0
¢ = 2 CkUk.
k=0

Some but not all of these objects are Hermite expansions of functions, and
we therefore call the objects pansions. If ¢ is the Hermite expansion of a
function f of a suitable class we identify ¢ with f. Various operations on pan-
sions will be defined, among them the Fourier transformation [T]:

[T]¢ = (éckrvk =) go (—i)*cxti.

There is no natural definition of convergence for pansions as there is for dis-
tributions. As a matter of fact no concept of convergence is introduced in this
paper and accordingly our theory is more or less algebraic in nature.

The following considerations led to the selection of series of Hermite func-
tions. Let uo, 21, - - - be any orthonormal set of functions on (—», «)
which is complete with respect to a preferably large class of functions C. We
will take C such that it contains the difference of any two of its elements. A
function f of C is uniquely determined by its expansion

f~Y dww where di= (f, m) = fwf(x)uk(x)dx.

For if f and g of C have the same expansion then f—g&C is orthogonal to
all u; and hence by the completeness of the u, we conclude that f—g=0.
There is no need to talk about convergence of the expansion.

To make a definition
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[T] E Crhy = Z . Tu

meaningful the ordinary Fourier transforms Tu; should exist and be simple
linear combinations of the #’s. The simplest theory will be obtained if Ty
is just a multiple of #;. We are thus led to search for a boundary value prob-
lem

Hy=1l, (B)

such that the differential operator H commutes with Fourier transformation,
and such that the Fourier transform of a function satisfying the boundary
condition (B) again satisfies (B). For if A,  is a characteristic pair of such a
boundary value problem (Hu =Au), then so is A, Tu. Hence if the boundary
value problem has essentially only one eigenfunction # to each eigenvalue A
we may conclude that Tw=cu, ¢ a constant.

The simplest differential operator which commutes with Fourier trans-
formation is H= {x?} —D?, and we are thus led to the boundary value prob-
lem of the linear harmonic oscillator

Hy = (2* — DY)y = ly, 0<f | y(x) |2dx < .

Accordingly our set of u;'s will be the set of normalized Hermite functions
(2.1) v(x) = (B1)7V2 2k 2 14(x — D)ke=='12, k=01,
for which

To, = (—i)ky,  Top = iFup.

3. Contents of the paper. In I we treat the linear harmonic oscillator using
the method of factorization or method of adjoint operators. This method
brings out some of the properties of H= {x?} —D? which are basic for the
paper, and it provides the convenient definition (2.1) of the Hermite func-
tions.

In II it is shown that the Hermite functions are complete with respect
to the class 4 of functions f for which there exists a number ¢ <1/2 such that
Sf(x) exp(—ax?) is of class L;. We study Hermite expansions and expansion
coefficients of functions of class 4. The expansions of {x} f, Df, Hf and Tf
are expressed in terms of the expansion coefficients di of f. It is important
to notice that every expansion coefficient of these transforms of f involves
only a finite number of d;’s.

As an application IV contains a simple proof of the Fourier inversion
theorem in the case where f and Tf are of class L.

In V we define a pansion ¢ as a formal series _cxvx where the v; are the
normalized Hermite functions (2.1). If ¢ is the expansion of a function f of
class A4 or a suitable larger class we identify ¢ with f. The global derivative
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[D]#, the global product [x]¢ and [H]¢ are defined for all pansions ¢ in
accordance with the rules valid for the expansions of the corresponding trans-
forms of functions f of A. We also define [E(D)]¢, [E(x)]¢ and [E(H)]¢
where E is an element of a class of entire functions appropriate to ¢. The
operator [¢°?] plays the role of a translation operator: for every function f of
class A and for real a one has [¢*?] f={f(x+a)} (Taylor’s formula!). Global
multiplication of two pansions is considered, as well as convolution. (For a
more detailed local study of multiplication and convolution, important for
certain applications, compare the author’s paper [12].)
VI deals with Fourier transforms of pansions. If ¢ = chvk we define

[T]¢ = (Z cx oy =) Z (—i)"ckvk,
[T]é = (2 aTw =)D tcrvn.

If ¢ is a function f of class L, then [T']¢ = Tf. For pansions the Fourier inver-
sion formula will hold without restriction, and likewise such rules as

[T][D]e = ilx][T]e, [T][x]é = i[D][T]e.

Other rules will also be valid under much weaker hypotheses than one has
in the classical theory.

As an application VII contains a very simple derivation of Plancherel’s
theory of Fourier transforms for L,. This derivation shows some similarity
with Wiener’s treatment based on Hermite expansions [21, p. 46], but it is
considerably shorter.

VIII deals with Fourier transform theory for pansions of polynomial
growth. Using global properties of the solutions of the differential equation
Hy=f it was shown in III that every function of at most polynomial growth
on (—, ®) can be represented in the form H"f, where f, is a sufficiently
differentiable function of class L,. Since [T] and [H] commute [T]H?f,
= [H]"go where go=[T]fo is also of class L,. Defining pansions of polynomial
growth as pansions of the form

¢ = [H]"f n 2 0, fi € Ly,

we thus obtain a class of pansions closed under Fourier transformation which
contains all functions of at most polynomial growth. The class is also closed
under the operations of global differentiation [D], global multiplication by
[x] and translation [¢??], a real. It is shown that a pansion is of polynomial
growth if and only if it is a finite order global derivative of a function of at most
polynomial growth. Hence the pansions of polynomial growth differ from
Schwartz’s tempered distributions only in that the latter have a natural
definition of convergence associated with theni [16, II, p. 95]. It is finally
noted that for a function f of polynomial growth [T'] f is essentially equal to
the global kth derivative of Bochner’s “k-Transformierte” of f [3, p. 110].
In IX we take up Fourier transform theory for pansions of exponential
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growth. In III a rather precise study was made of the global properties of the
solutions of the differential equation (H+4p)y=f. The results showed that
every function f of at most exponential growth on (— «, «) (of type m) can
be represented in the form E(H)f,. Here f, is an infinitely differentiable func-
tion of class Ly, E(z?) =c22[[(1+42%/p,) is a special entire function of ex-
ponential type (of type m), and the representation holds in the sense that
f=Hf*  f*=1limc]] (1 + H/p)fo
n—oo  jop
Since [T] and [E(H)] commute [T]E(H)fo=[E(H)]g, where go=[T]fo is
also of class L,. Defining pansions of exponential growth as pansions of the
form

¢ = [E(ED)]f, HE€ L

where E(2?%) is any even entire function of exponential type, one thus obtains
a class of pansions closed under Fourier transformation which contains all
functions of at most exponential growth. The class is also closed under the
operations [E(D)] and [E(x)] where E is any entire function of exponential
type. It is finally shown that a pansion is of exponential growth if and only
if it can be written as an infinite order global derivative of exponential type of a
Sfunction of at most exponential growth. The proof depends on explicit SOlUthIl
of the equation

é = [cos aD]f, a>0.

If ¢ =[E(H)]fi, AE Ly, E(2%) of exponential type, then a particular solution
of the above equation is given by

1 .
f*m—_a“)g BT
_ 2 E(H 1 d
g2(x) = T .. 2 1. f fi(w) E(H) [cosh {1r(x _ u)/za}]2c+l e

H=u?—d?/du® For given ¢ it is necessary to take ¢ and s sufficiently large
to guarantee the existence of g (and hence of f) as a function of at most ex-
ponential growth.

I. THE LINEAR HARMONIC OSCILLATOR

11. The boundary value problem. The linear harmonic oscillator in quan-
tum mechanics poses the boundary value problem [20, p. 56]

(11.1) Hy = (x* — DY)y = ly, D = d/dx,

(11.2) O<fw|y(x)lzdx<oo.
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A function fis said to be of class I, if it is so smooth that it can be written
as a p times iterated indefinite integral of an integrable function. By the
usual definition [4, p. 42] a solution f of the differential equation (11.1)
must be of class I,. (Since D% =(x%—1[)f the solutions f will actually be of
class I, for every p.) Hence the second inequality of (11.2) is truly a boundary
condition as x— + .

In the physical problem the expression I y(x)[2 is a probability density:
J2|¥(x)| 2dx represents the probability to find the particle on the interval
(a, b) when its energy is given by I. The values N of I for which equations
(11.1) and (11.2) possess a solution v for y represent the possible energy levels
of the particle. Physically speaking one therefore expects that all eigenvalues
X\ will be real and non-negative.

If v is an eigenfunction belonging to the real or complex eigenvalue A we
will call N\, v a characteristic pair of the boundary value problem.

Let L, denote the class of all functions f defined on (— «, ) which are
locally integrable and such that | f I ? is integrable over (— «, ). We will
use the scalar product notation

o= _°°f<x)g<x)dx

whenever the product fz is of class L;, hence in particular if both f and g are
iI‘l Lz.

12. Factorization of the operator H. The factorization method, also called
the method of adjoint operators, was first used by Dirac [5, p. 137] for the
problem of the linear oscillator. It was formulated as a method by Schrédinger
[15] and subsequently developed by him, Infeld and other authors [10]. The
present paper gives a rigorous version in the special case (11.1)4(11.2).

Introducing the operators

x4+ D =P, x—D=N
the operator H=x%—D? may be “factored” as follows:
H=PN—1=NP+ 1.

Thus the differential equation (11.1) may be written in each of the equivalent
forms

(12.1) Hy=1ly, PNy=(@+1)y, NPy={({-1)y.
We note also that P and N are formally adjoint in the sense that (Pf)g
—f(Ng) =D(fg).

Let f(x) =f(x, 1) be a solution of the differential equation (12.1). Then f
belongs to every class I, (11), hence Pf&I, and

PN(Pf) = P(NPf) = P{(l — 1)f} = (0 — 2+ 1)Pf,
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that is, Pf will be a solution of (12.1) with I replaced by I —2. Similarly Nf will
be a solution of (12.1) with [ replaced by /42.

For the boundary value problem 11 we need the nonzero solutions of
(12.1) which are of class L,. We shall see in a moment that if f is a solution of
(12.1) of class L, then Pf and Nf are also in Ls;. To prove this and further
results we need the following theorem.

12.2. THEOREM. (i) If v is in Dy = I\ L; and such that HyE L, then Pv and
Nv are in Dy=I1,N\L,.
(ii) P and N are adjoint operators in the sense that

(Pf7 g) = (f7 Ng)
for every f and g of I, for whick (f, g) and the above scalar products exist.

The proof of 12.2 will be postponed till 14 so as not to interrupt the pres-
ent argument.

Let A, v be a characteristic pair of the boundary value problem 11. Then
v and Hv=Mv are in D,, hence by 12.2 (i) Pv=wis in D;. By (12.1) Nw= NPy
=(—1)v, hence Nw is in L,. Application of 12.2 (ii) shows that

(12.3) (Pv, Pv) = (Pv,w) = (v, Nw) = (A — 1)(v, ).
Similarly Nv=zis in D; while Pz=PNv=(\+1)vis in L.. Thus
(12.4) (Nv, Nv) = (2, Nv) = (Pz,v) = (A + 1)(v, v).

The preceding results imply the following basic theorem.

12.5. THEOREM. Let N\, v be any characteristic pair of the boundary value
problem 11. Then \ is real and =1 (12.3). If A=1 then Pv=0, while if \>1
then Pv£0 and the pair N\—2, Pv is also a characteristic pair. The pair N\+2,
Nov 1s always a characteristic pair (12.4).

13. The characteristic pairs. Let N\, v be any characteristic pair of the
boundary value problem 11. Repeated application of 12.5 shows that either

A=1and Pv=0,or A\—2=1and P =0,o0r - - -. Thatis, N must be of the form
2k+1 for some non-negative integer k, and
(13.1) Prtly = (,

For k=0 equation (13.1) has the solution exp (—x%/2) (unique up to a
constant factor) which actually is an eigenfunction of H belonging to the
eigenvalue 1.

Repeated application of the last line of 12.5, starting with the character-
istic pair 1, exp (—«2%/2), now shows that each of the pairs

(13.2) 2k + 1, Nke—s"12, E=0,1,-

15 a characteristic pair of the boundary value problem.
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We will prove by induction that there is essentially only one eigenfunction
belonging to the eigenvalue 2k+41. Let »; and v, be any two eigenfunctions
belonging to 2k+1 (k=1), and suppose it has been shown already that there
are no two linearly independent eigenfunctions to the eigenvalue 2k—1. In
particular Pv, and Pwv, will be linearly dependent, hence there are constants
¢ and ¢, not both zero such that

P(c1v1 + c2v2) = ¢1Pv1 + c2Pvs = 0.

It follows that 914w =c exp(—x2?/2). Unless equal to zero ¢i914c.vs is an
eigenfunction belonging to 2k+1=3 while exp(—x2?/2) is an eigenfunction
belonging to 1. Thus ¢=0 and the result follows.
Hence the set (13.2) is a complete set of characteristic pairs of the problem.
Equation (12.4) enables us to obtain a normalized eigenfunction belonging
to the eigenvalue 2k+1 in the form

(x — D)vp_i(x) = ——1— (x — D)ke—="12

(13.3)  u(x) = (2k)1/2 2k12(R 1)1 2Ll4

(normalized Hermite function).
We finally show that the v, form an orthogonal set. If m >k we have by
12.2 and (13.1)

(6, Vm) = (v, anN™e~2"12) = (P™y, ane=="1?) = 0.

14. Proof of 12.2. (i) Let v be in Dy= I\ L, and let Hy& L,. Then the
function

Re Hov 5 = x| v() |2 — Re { D%(x) - 9(x)}

is integrable over (—w, ®), hence the expression

) b
f ReH'v-ﬁdx=f {a2| v(x) |2 + | Do(x) |2} dx

— [Re {Dv(x)-i)(x)}]:

has a finite limit as a— — », b— .

We note that there must exist a sequence b,— » along which the con-
tinuous function w(x)=Re {Dv(x) -%(x)} approaches zero. For if this were
false there would be numbers § >0 and § such that *+w(x)=0 for all x>p.
And this would contradict the fact that the anti-derivative |v(x)|2/2 of
w(x) is integrable over (— «, ). One similarly shows that there exists a
sequence a,— — « along which w(x)—0.

We conclude that

bn

lim {22| v(2) |2 + | Do(x) |2} dx

m,n— © am
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exists and is finite. Since the integrand is non-negative this shows that it is
integrable over (— «, «), hence both xv(x) and Dy(x) are in L,. They obvi-
ously are in I.

(ii) Let f and g be in I; and such that (f, g), (Pf, g) and (f, Ng) exist.
Since (Pf)g —f(Ng) =D(fg) and fg§ €I, one has for every finite a and b

b
f (Pf-g — /- NDdx = [f(2)2(@)]".

The function in square brackets is absolutely integrable over (—o, «).
Hence there exist sequences a,— — ©, b,— o along which fg approaches
zero. Thus since the scalar products (Pf, g) and (f, Ng) exist,

bn

(Pf,8) = lim Pf-gdx

m,n— o am

bn
= lim f:-Ngdx = (f, Ng).

m,n— o am

14.1 REMARK. Using part (i) of the proof it is easy to show that H is self-
adjoint and positive definite on D,. That is,

(Hf’ g) = (f’ Hyg)
for all f and g in D, such that Hf and Hg are in D,, and

(Hf,f) > 0

for all f>£0 in D, such that Hf is in D,.
We will later use the sharper result that (Hf, g) = (f, Hg) as soon as f and g
are in I, and such that (Df, g), (Hf, g), (f, Dg) and (f, Hg) exist.

II. HERMITE EXPANSIONS

21. The Hermite functions. (Compare [17, p. 101].) By v we will always
denote the normalized Hermite function (13.3)

1
— — kp—z’/2 = e

(21.1) (%) R (x — D)*e=="12 k=01, .
It is easily seen that v, is even if k is even and odd if % is odd, and that v;(x) is
equal to the product of exp(—x2?/2) and a polynomial in x of exact degree k.
The latter remark will be used to prove the completeness theorem stated be-
low.

21.2. The class 4. A function f is said to be of class 4 if there is a real
number @ <1/2 such that f(x)-exp(—ax?) is integrable (and absolutely in-
tegrable) over (— o, ®).

21.3. COMPLETENESS THEOREM. The set of the Hermite functions (21.1) is
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complete with respect to the class A. That is, the equations
(o) = [ Je@udr = o, E=0,1,- -

for a function fEA tmply that f=0 (f(x) =0 except perhaps on a set of measure
2er0).

In 21.3 the class 4 may be replaced by a somewhat larger class. However,
the simplest proof of the more general result is based on Fourier transform
theory. At this stage we want to avoid using results about Fourier transforms
and therefore we postpone the more general result till 42.

Proof of 21.3. Let (f, v) =0, fEA. Then

f f(x)e="12xkdx = 0, E=0,1,---

It follows that the function

g(z) = f wxf(x)e‘”zdx

which is analytic for Re 2>a for some a <1/2 vanishes at 2=1/2 together
with all its derivatives. Thus g(z) =0, that is, the Laplace transform

[t = =y} ey

is equal to 0 for z>a.

Applying the uniqueness theorem for the Laplace transformation [6,
p. 35] which is equivalent to a simple moment theorem one concludes that
the odd part of fis equal to 0. Similarly the even part is 0, hence f=0.

21.4. CorROLLARY. The Hermite functions (21.1) form a complete ortho-
normal set in L.

For if fE€L, then (1+x?)~Y2f(x) EL,, hence if fEL; is orthogonal to all
7, then f=0. For the orthonormality see 13.

22. Formulas involving the Hermite functions. In what follows { f(x)}
will denote the function whose value at x is equal to f(x). As before we will set

{x} +D=P, {«}-D=nN, {22} -D2=H.
By 12 and 13 we have the relations
Pu, = (2B)'20;_,,
(22.1) Nop = (2B + 2)V2g,y,
Hvy, = 2k + D).
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1 1/2 1 1\1/2
Dy, = (7 k) Vp—1 — (7 k+ 7) Vet 1,

1 1/2 1 1\ 1/2
{x}vk = (—2‘ k) Up—1 + <? k+ —2—) Vet 1.

By (22.2) and (21.1)

Thus

(22.2)

®© {(2j)!}1/27r1“
f_wvz,-(x)dx = '—‘—Ni!—',

(=i

20f lqrt14

(22.3)
v2;(0) =
We finally compute the Fourier transform T of v;. Since for functions
fELNL, such that {x}f and Df are also in L,
TNf = —iNTf
(compare 1) definition (21.1) shows that
To = TaNH{e="12} = (—i)katN*T{e="12}.
It is easily verified that T{exp(—x2/2)} = {exp(—x2/2)}, hence
(22.4) T, = (—1)*u, T = ikug.

23. Hermite expansions of functions of class A. The Hermite expansion
of a function fEA4 (21.2) is defined as the formal infinite series

(23.1) f~ i CkV
where
(23.2) = (fyw) = fwf(x)'vk(x)dx.

23.3. ExaMpPLE. By (22.3) and since vs;41 is odd,
w0 {(2j)!}1/21r”4
{1} ~ ]-Zo _—'———2]._“2],! V2.
The Completeness Theorem 21.3 implies

23.4. UNIQUENESS THEOREM. If two functions of A have the same Hermite
expansion they are equal (their values are equal almost everywhere).

A stronger uniqueness theorem will be proved in 42.
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Expansion of {x}f. Let fbe in A, f~ > ciox. Then {x}fis in 4. Formally,
by (22.2),

(s~ Zaldu~Zaf(5 k)‘”vk_1+(1k+ )}

and by rearrangement (compare [20, p. 59])
o 1 1\1/2 1 1/2

(23.5) {z}f~2 {(“ k+ —> crer1 + <— k) Ck—l} .
k=0 (\ 2 2 2

Formula (23.5) is really correct. For by (22.2)

el = G latw = (7 8) G + (T84 7) G

Applying (23.5) twice one obtains

)

1
{2~ 2 7{(’3 + 2)V%(k 4 1),
(23.6) =0

1
+ 2 (k + —2—> Ck + kl/z(k - 1)1/261;-2} Vi

Expansion of Ef. Let E(x) = )_a.x" be an entire function such that
3 | o] < Co,
and let f(x) exp(—bx?) € L, for some b such that a+b <1/2. Then the sequence
P
Z aﬂxnf(x)vk(x)7 p=0,1,.-"
n=0

is dominated by a function of L;, hence by Lebesgue’s convergence theorem
[18, p. 345]

(23.7) (Ef, w) = ({ X awa™}f, v) = 22 an({a}f, wo).

24. Expansion of Df, Tf, Hf.

Expansion of Df. Let f be of class I (11), and let the derivative Df be
in A. Then fis in A and bounded by a constant multiple of {eax2}, a<l/2.
Hence by integration by parts and by (22.2)

1 1/2 1 1 1/2
(Df, 'Uk) = — (f, ka) = — (—2— ) (f, vk_l) + <? k + 7) (f, vk+1).

Thus if f~ Eckvk then

) 1 1 1/2 1 1/2
(24.1) Df~ 2, {(— kE+ —) Chp1 — (— k) ck_,} .
o W\ 2 2 2
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Expansion of Tf. Let f be in L;. By Fubini’s theorem [14, p. 77] we may

invert the order of integration in the formula below to obtain the expansion
coefficients of the Fourier transform Tf (see also (22.4)):

(Tf’ vk) = (21[')—1/2f_ka(x)dxf_wf(u)e—izudu

= fwf(u)du-(21r)"”2fka(x)e‘i’“dx = (—)*, w).

Hence if f~ Y civ; then

(24.2) Tf ~ > (—i)*cin.
k=0

Similarly

(24.3) Tf ~ Y k.
k=0

Expansion of Hf. Let f be in I, and such that D*fEA. Then DfEA, fEA,
and if f~ chvk then

(24.4) Hf ~ > 2k + e
k=0
For by 14.1 and (22.1)
(Hf, v) = (f, Hu) = (2k + 1)(f, w).
Expansion of E(D)f and E(H)f. For sufficiently well-behaved functions f
and sufficiently restricted entire functions E(x) = Y_a.x"
(24.5) (E(D)f,m) = (22 aaD™f, 0) = 2 an(D, ) = 22 (—1)an(f, D"us),
(EEf,w) = (2 auHf, ) = 22 an(HY, v)
= 20 au(f, Hw) = 2 aa(2k 4+ 1)™(f, m) = E(2k + 1)(f, v).
25. Order of magnitude of expansion coefficients. We will treat several
special classes of functions.

25.1. The case of L. By the completeness of the set of the v, in L, (21.4) a
function f& L, has expansion coefficients ¢; such that

(24.6)

L

Z | Ck [2 =1 (Parseval).
k=0
The expansion Y_cw, of f will converge to f in the mean on (— e, ©). Con-
versely the Riesz-Fischer theorem [21, p. 27] asserts that a formal series
D _cis is the expansion of a function €L, whenever the series | c:|? con-
verges.
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25.2. LEMMA. Let fE A have the expansion _cwvx. Then the expansion coeffi-

cients ¢ of {x}f satisfy the inequality

(n)

e | {E+n) - (k+1)

'z_nﬂ(l Chin | + (1:)|Ck+n—2| + -+ |6k—n|)

<{(k+mn) - k+ D222 max (| cinl, - - | on] ).

The proof is obtained from (23.5) by induction with respect to #.

25.3. The case {|x| +1}=*fEL,. Let f be of the form indicated here with
nan integer =0. Then we may write f= {x-l—z} *fo where fo & L,. Set f~ chvk,
fo~ > dwvx. By 25.2

lee| < Ma(k+ D)2 max (| dign|, -+, | deenl)y, E=0,1,---

}1/2

Hence by 25.1 the series

> el + 1)
k=0
converges.
For a related case see 32.3. We note the following corollary.
25.4. The case of Li. Let f be in Ly, f~ D v Then there are constants
M and p, p=1, such that

|a| = M@+ 1)7, E=01,---.

For an inequality of this kind with p =£1/2 will hold for the expansion coeffi-
cients of the bounded function [§f (25.3). The result now follows by applying
the operator D (24.1).

By a more straightforward argument ¢, = (f, v) is bounded by a constant
times the maximum of |v(x)|, — o <x < . Hence by [17, p. 236] the above
inequality for the ¢; holds with p=—1/12.

25.5. The case of A. For fEA (21.2) one can write f= Ef, where E(x) = %"
with an @ <1/2 and fo& L,. One may then use (23.7) to express the coefficients
of f in terms of those of {x}"fo. Subsequent application of 25.2 and 25.4
should lead to an estimate for the expansion coefficients of f. It turns out,
however, that 25.2 is not sufficiently precise to give a convergent majorant
for the coefficients of f when a exceeds the value 1/4.

However, (f, v) will be bounded by a constant times the maximum of
|e"2vk(x)|, — o <x< ®. Applying the estimate given in [17, p. 195] one
obtains

| (f, w)| = Mm*, k=01, -

where m may be any number greater than (142a)'2/(1—2a)"2.
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Lemma 25.2 is sufficiently precise to deal with the class of functions of
exponential growth. However, the representation obtained for these func-
tions in 35 automatically gives an estimate for their expansion coefficients.

III. REPRESENTATION OF FUNCTIONS OF POLYNOMIAL
AND EXPONENTIAL GROWTH

31. The differential equation (H4p)y=f. We will always take p real
and =0, and start by considering the homogeneous equation

(31.1) H+py=—-y"+@+py=0, — o<z,
The Liouville transformation [1, p. 109]

= f:(“z + p)!du,  2(l) = (&* + p)'4y(x), (xz0)

d%z { 3x? — 21)}

— =l ———32=0

de? 4(x? 4+ p)°
The latter equation possesses solutions which together with their first order
derivatives behave as ¢ exp(£¢) as t—» [1, p. 126, p. 60].

Returning to (31.1) let w(x) be a solution which tends to 0 as x— «, and
which is such that w(xo) >0 for some xo. Then w(x) >0 for all x. We first prove
this for x> xo. Suppose that x; is the smallest number > x, such that w(x,) =0.
Then %' (x,) £0, and since w’(x;) #0 (or w would be the zero solution) we have
w'(x1) <0. It follows that there is an interval (x1, x2) on which w(x) <0. Then
by (31.1) w'’(x) =0 on (x1, x2), hence w'(x) <w'(x1), and thus w continues to
decrease. This contradicts the assumption that w(x)—0 as x— . Since the
graph of w(x) remains convex as long as w(x) >0 it is impossible for w(x) to
become equal to 0 for x <x,. It follows actually that w(x)— » as x— — x. One
has w'(x) <0 for all .

The functions w(x), w(—x) form a pair of linearly independent solutions
of (31.1). The Wronskian —w(x)w'(—x) —w(—x)w'(x) of these two solutions
is constant since there is no y’ term in the differential equation [4, p. 83].
The Wronskian is a positive constant. It is no restriction to assume that it
has the value 1.

One has as a first approximation

(31.2) w(x) ~c(+) (22 + p)~iexp {— fﬂ;(u2 + p)”zdu} , x—+ o,

transforms (31.1) into

Corresponding estimates for %’'(x) may be obtained by formal differentiation
of (31.2).

31.3. THEOREM. Let w(x) be the positive solution of (31.1) such that w(x)—0
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as x— o and with the normalization w(0)w'(0) = —1/2. Let fEA (21.2). Then
the differential equation

(31.4) H+py=f (rz0)

possesses exactly one solution fCA. It is given by the formula
(31.5) flx) = w(x)f fw)w(—u)du + w(-—x)f f(w)w(u)du.

Proof. By (31.2)

Cx—p/2—1I2e—.zz/2, x— o,

(31.6) |w(@)| = {

C| x|piz-1i2er2, r— — o,

Hence the integrals in (31.5) exist. Simple estimates based on (31.6) show that
f as defined in (31.5) is of class 4.

Since the Wronskian of w(x) and w(—x) has the value 1 the general solu-
tion of (31.4) is of the form [4, p. 87]

J() + crw(x) + cow(—x)

which is of class 4 only if ¢, =¢.=0.

32. Functions of polynomial growth. A function f defined on (— », «©) is
said to be of (at most) polynomial growth if it is locally integrable and if there
exist constants M, m such that

(32.1) [f@)| £ M@+ 1)m, — 0w <x< ®.

32.2. LEMMA. Let f be of polynomial growth and let M, m be such that (32.1)
holds. Let f be the unique function of class A such that (H+p)f=f (p=0; 31.3).
Then there is a constant N depending only on M, m and p such that

| f(x)| < N(«2+ D)™, — o <z < o,

Proof. The function f is given by (31.5) where w satisfies the inequalities
(31.6). The first term on the right hand side of (31.5) is bounded by

1 z
(jlx_p”_l/28_"72/2 <f | f(u) I w(—u)du + f u2m+p/2—3l2d6“2/2>
— 1

< sz—p/2——ll2e—zzl2,x2m+P/2—3l28z2/2, x> 1,

Ca| xlplZ—l/Ze::zIZfz | ul?m—p/2—3/2l de‘“2/2|

—

< C4| xlp/2—1/2ezzl2, I x!!m—p/2—3/2e—1:2/2’ x < — 1.

A similar pair of estimates for the second term on the right hand side of
(31.5) completes the proof.
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32.3. THEOREM. Let f be a function of polynomial growth and let M, m be
such that (32.1) holds. Then f may be written in the form

f=H,

for any integer n=20 and >m+1/2 and a corresponding function fo& Ly, The
Hermite expansion Y_cyvy, of f is such that for any n as above there is a constant
R such that

| | < RQ2k)", E=1,2,---.

Proof. Repeated application of 32.2 with p =0 proves the representation
f=H"fy,. By 25.1 the expansion coefficients dix of the function fo&L, are
bounded, while by (24.4) the expansion coefficients of f are of the form
ce=(2k+1)"d;.

33. Functions of exponential growth. A function f defined on (— «, )
is said to be of (at most) exponential growth if it is locally integrable and if
there are constants C, ¢ such that

(33.1) [f@@)| < Cetet, — o <z< ®,

We define the type of the function f of exponential growth as the number m
given by

1
(33.2) m = max (4, 0), p = lim sup ———Ogllf?x) | .
x

|Z| > »
It will be necessary for us to construct a majorant of I f(x)| with certain
special properties.
33.3. THEOREM. Let f be of exponential type m. There exists a majorant of
| f(x)l of the form
(33.4) Eo(x?) where Eo(z) = ¢ [1 (1 + 2/p5),
i

the p; are real, >0 and such that the infinite series _1/p; converges, while
Ey(x?) 1s of the same exponential type m as f.

Proof. It is no restriction to assume that |f(x)| <1 for | x| <1. Set
log |f(@)|

e — Mny ”=1)2)""
|| 2n—1 le

and define
My = max (u., m + 1/n).

Since . | u one concludes that m, | m as n— . The function 2 cosh m.x
will be a strict majorant of |f(x)| for |x| =Zn—1. We denote the infinite
product for 2 cosh m.x by .
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Let 71 be the partial product of m of lowest order =1 which strictly
majorizes [ f(x)| on (—1, 1). Let »; denote the number of factors of w1, and
let mo* denote the product obtained from 7, by omitting the first »; factors.
Since the factors of 7, are smaller than those of m; but greater than 1 one has
for all x

[f@)] £ murd <m0

Now let e be the partial product of mums* of lowest order =2 which
strictly majorizes |f(x)| on (—2, 2). Let v, denote the number of factors of
w22, and let m3* denote the product obtained from 73 by omitting the first »,
factors. Note that vo=v;. Then for all x

|f(x) I = 1r227l': =m.

Continue in this manner and define E(x?) =lim m,,(x). The limit exists
since ., is increasing (v, =v,-1) while m,,<m. Since m,,» majorizes | f(x)l on
(—mn, n) the limit will majorize ]f(x)l on (— o, ). Noting that 7,, consists
of 741 minus its first v, factors and hence —1 as n— o we find that E¢(x?)
=lim man ()7, (x). The sequence m..myy, is decreasing. It follows that the
type of Eo(x?) is no larger than the type of 7,,mp;. But ax is a polynomial,
hence the latter function has the same type as mr,y, that is, its type is #.41.
Thus Eq(x?) has type <m. Since E¢(x?) majorizes | f(x)] its type can not be
less than m.

We note that p; is at least equal to the square of the absolute value of the
jth zero of cosh m,z on the positive imaginary axis:

(33.5) | 9] = G— 1/2)°n /m3, i=1,2-.

33.6. LEMMA. The majorant Eo(x?) 1n 33.3 may be chosen such that all the
pj are larger than the number

(33.7) ~ lub {(Z 2 )2+Z 2 }
. TG i 2+ p; s

Proof. By (33.5) the quantity « is finite for the original majorant con-
structed in the proof of 33.3. It is as a matter of fact no larger than

Lu.b. {mf tanh? myx 4+ 3 2my/(j — 1/2) %} = 2m;.
J

Now replace all original p; which are £a by a+1, increasing ¢ in (33.4)
if necessary to ensure that the new E¢(x?) is still a majorant of [ f(x)[. The
new value of a will be no larger than the old one.

34. Once more the equation (H+p)y=f. In this section we will prove a
number of lemmas which will be used in the proof of the representation
theorem for functions of exponential growth (35). The first lemma is basic.
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34.1. LEMMA. Let f be of class A (21.2) and such that
[f@)] = g@) = (& + p)h(a), —w << w,

where p>0, h(x) >0, hELNA (11), while for some a<p one has lh”(x)|
Sah(x), — 0 <x< . Then the unique function f of class A such that (H+p)f
=f (31.3) satisfies the inequality

If()l / ()1 — o <x < w©,

Proof. By (31.5) and the positivity of w the solution f is majorized by the

solution g in A of the equation (H+-p)g=g. Using the fact that (x*+p)w(x)
=%''(x) one obtains from (31.5) that

ix) = w(x)fzh(u)w”(—u)du + w(-—-x)f h(w)w' (u)du.
Integration by parts transforms the right hand side to
h(x) + w(x)ka”(u)w(—u)du + w(—x)f K (w)w(u)du.

Here we have used the facts that the Wronskian —w(x)w'(—x) —w(—x)w'(x)
has the value 1 and that w(x) as well as w’(x) are so small at 4 « that the
contributions of the integrated terms at + » vanish (compare (31.2); since
h"EA the functions k and #' are dominated by expressions of the form
C exp(bx?) with b<1/2).

We finally use the inequality for [ K I to replace 4" in the last two integrals
by the majorant (a/p)g. Thus

g(x) = h(x) + (a/p)8(x)
and the result follows.

34.2. LEMMA. Let f be locally integrable and let | f(x)I be majorized by
Eo(x2) where Eo(z) =c [ (14+2/p;) is an infinite product with the properties
of 33.3 and 33.6. Let go=f and let g. denote the unique function in A such that

(1 + H/pn)gn = &n—1, n = 1, 2, e
Then
|&a@] = ¢ II ———I1 (1 + 2¥/p)
jsn L — a/ bii>n
(34.3)

I\

1
H —}Eo(xz), —w<x<o,n=01- -,
{J 1"‘(1/?]'
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Proof. (34.3) is true for n=0. Suppose it has been proved already with
replaced by n—1 where n—12=0. That is,

| ognaa(®) | S (32 + pu)a(®)

where

ha(@) = Co [T (A + 2%/p), Co=c¢ [ ———

>n jsn—1 11— a/[),
One has

;_Dznx'l"Pa

hence by (33.7)
hl/
N

174 pi — 2x?
Sa —o<zx< o,
\<)+§(x+p,)'~* weESE

Application of 34.1 with p=p,, h=£has, f=pngna therefore shows that the
solution g, in 4 of (H+pn)gn=2pngn1 satisfies (34.3).

34.3. LEMMA. Let f, Eq and g. be as in 34.2. The sequence of functions { g,.}
is uniformly convergent on every finite interval. The limit function g is bounded
on (— o, ©). It is infinitely differentiable, H'g,—H"g uniformly on every finite
interval and Hg is of class A for every integer r 20.

Proof. For n=1 (34.2)
(34.5) Hgo = pn(gn-1 — gn)-

Thus Hg,E€ A4 and by the definition of g, one may describe Hg, as the unique
function of 4 such that

(14 H/px)Hgn = Hgu, n=23"---.

We may now apply 34.2 with f replaced by Hg. Since Hgi=p1(go—g1) is
majorized by 2pEo(x?)/(1 —a/p1) (34.3) one concludes from 34.2 that all
functions Hg, are majorized by

2x) = 2p:E:a) [T 1/(1 — /).

Hence by (34.5)
|g”(x)_gﬂ—l(x)l éﬂ(x)/fm _°°<x<°°:n=1727"'-

We conclude that the sequence g,=go+(g1—go)+ : + + +(gn—gn1),
n=1,2, - - - is uniformly convergent on every finite interval. By (34.3) the
limit function g will be bounded by the constant ¢ [[; 1/(1 —et/p,).

By a similar argument the sequence {Hg,.} is uniformly convergent on
every finite interval. Since {x2}g,— {x2}g it follows that the sequence D?g, is
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uniformly convergent on every finite interval. Calling the limit function g*
one concludes that g.— [[g*, hence g=[/fg* is of class I, (11). Furthermore
D% =g* and Hgn—->{x2}g—g*=Hg. Since the Hg, are majorized by a fixed
function of class A the limit Hg is in 4. One next proves that H?g,—H?g and
that H?s&€ A4, etc.

35. Representation of functions of exponential growth.

35.1. THEOREM. Let f be a function of exponential growth, and let m be the
type of f. Let Eo(x2) be a majorant of I f(x)[ of type m such that Eq is an infinite
product with the properties stated in 33.3 and 33.6. Then there is an infinitely
differentiable function fo& Ly such that

f = H-Eo(H)fo
in the sense that

f=Hf f=1lmf, fo=cIl U+ B/p)fo

7fi— o jsn

The Hermite expansion Y v of f is such that for every number b>m there is a
constant M such that

| ce| < M exp {b(2k)12}, E=0,1,---.
Proof. Let go=f and let g be the unique function of 4 such that
(A4+H/p.)gr=gra, r=1, 2, - - . By 34.2 the g, are majorized by a fixed

constant multiple of E,(x?), and by 34.4 they converge to a bounded in-
finitely differentiable function g as r— . Moreover H"g,—H"g as r— o and

H*¢cA,n=1,2, - .
We define f, as the unique function of 4 such that
(35.2) cHf, = g.

Since g is bounded f, will be bounded and in L, (32.2). Moreover f, will be
infinitely differentiable because g is: D2fy= {x2 } fo—g/c. By the above
HrfycA, n=0,1, - - -,

We next define

(35.3) fo=cIl (L + H/p)fo, n=12..-.,
jsn
Clearly fo.EA.
In order to prove the convergence of the f, we write
an = lim 8nry 8nr = H(l + H/p:)gr (f g ﬂ).
r— o jsn

Since g, &1, (11) we have g..EI,,_2.. Because H"g, is a linear combination
of gr, - -+, gr—s we have g,, & 4. It therefore follows from the definition of the
g- that for fixed = the functions g., may be described as the unique functions
of A4 such that
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A+ H/p)gnr = =1, 7> 15 gun = go = .
Application of 34.2 shows that the functions |g,.,(x)| are majorized by

{Hi>" 1/(1—a/p;)) }Eo(xz), r=mn,n-+1, - - - . Letting r— = it follows that
(35.4) | Hfo(x) | < {H /(1 - a/;bf)} Eo(x?), n=12,-
>n
By (35.3)
fo = far = Hfaor/pa, n=1,2---.
Hence by (35.4) and the convergence of Zl/pn the sequence f,=fi+ (f2—f1)
+ -+« + +(fa—fa) is uniformly convergent on every finite interval. More-

over since f; is bounded (35.4) implies that
(35.5) |f@] 2 [A@] + 2 | Hi@) | /pir S CEa?, n=1,2,- .

jzl
It follows that the limit function f* of the f, is of class 4.

We will next show that f= Hf*. Let f have the Hermite expansion Y cxv.
Then by (24.4) and the definition of g,

(grw) =a / T {1+ @+ 1)/p;}.

jsr
Now the g, are all majorized by the same multiple of Eq(x?). Hence by
dominated convergence

(g w) = lim (g, m) = / IT {t + @& + 1)/p;} = cxe/Eo(2k + 1).

T— 0

Thus fo~ D_dxvx where by (35.2) and (24.4)
Ck
dr = .
(2k + 1) Eo(2% + 1)
It next follows from (35.3) that
(far v) = a/k + 1) IT {1 + & + 1)/},

i>n

(35.6)

and hence by dominated convergence (35.5) that

(f*, w) = lim (fa, w) = a/(2k + 1).
However, these numbers are also the expansion coefficients of the function
f of A such that Hf=f (24.4). Since both f* and f are in A we conclude that
f*=f (23.4) and hence f=Hf*.
We finally estimate the expansion coefficients ¢; of f. Since fo&L, its
expansion coefficients dj are bounded. Thus by (35.6)
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loe| = K(2k+ 1)Eo(2k + 1)
(K a constant), and the desired estimate follows because E,(x?) is of exponen-
tial type m.
IV. FOURIER TRANSFORM THEORY FOR L;

41. The inversion formula. For f&E L, the Fourier transform g=Tf is
defined by

(41.1) £ = (I = @ay [ e
and the conjugate Fourier transform & =Tf by
(41.2) h(x) = (Tf)(x) = (21r)‘”2fwf(u)e""du.

In general g will not belong to L;. However, g will be a bounded continu-
ous function. As a matter of fact, by the Riemann-Lebesgue lemma g(x)—0
as x—+ o [19, p. 11].

For real f the conjugate Fourier transform % is the complex conjugate of
the Fourier transform g. For even f one has h=g.

41.3. INVERSION THEOREM. Let fE L, and let g=Tf also be in L,. Then
Tg=f. (Compare [3, p. 5i].)

Proof. Let f have the Hermite expansion Y ;. Then by (24.2)
g =Tf ~ 2 (—i)an,
and by (24.3)
Tg~ Y (=i cm = D cxvg.

Thus f and Tg have the same Hermite expansion. Since both functions are of
class A they are identical (23.4).
41.4. Transform of convolution. Let fi, fo& Li. Then the convolution

1@ = (e @ = o [ fws ~ wdu

is in Ly, and
Tf = Tfi- Tt

That the convolution is in L, follows from Fubini’s theorem, and the same
theorem justifies the inversion of the order of integration which proves the
formula for Tf (compare [19, p. 59]).

42. Application to uniqueness theorems. Using the inversion formula
41.3 we will strengthen the Uniqueness Theorem 23.4.



76 JACOB KOREVAAR [April

42.1. The class B. A function f is said to be of class B if there is a real
b>0 such that f(x) -exp(—x2/2+b| xl) is integrable (and absolutely integra-
ble) over (— «, «).

42.2. UNIQUENESS THEOREM. If two functions of B have the same Hermite
expansion they are equal.

Proof. Suppose that fEB has the Hermite expansion 0. Then

f f(x)e="12x*dx = 0, E=0,1,-

hence the function
(42.3) £(2) =f f(x)e—:tz/Ze—izzdx

which is analytic in some strip | Im z| <b vanishes at 3=0 together with all
its derivatives. Thus g(z) =0, that is, the Fourier transform of the function
f(x) exp (—x2%/2) of L, is equal to 0. By 41.3 one concludes that f=0.

In the above proof the analyticity in the strip ] Im zl <b may be replaced
by quasi-analyticity on the real line.

42.4. Classes Q. Let {Ak} be a nondecreasing sequence such that »_1/4;
diverges. A locally integrable function f is said to be of class Q{Ak} if

f |7 | &5 «|'dx < A, E=0,1,---.

42.5. UNIQUENESS THEOREM. If two functions of Q{Ai} have the same
Hermite expansion they are equal.

Proof. The function g(z) defined in (42.3) will be quasi-analytic on
(_ ®, °°):

Ig(k)(z)|§A:, — w0 <gzg< o, b=0,1,---.

By hypothesis g®(0) =0, k=0, 1, - - - . Thus since »_1/4; diverges, Carle-

man’s theorem [13, p. 14] implies that g(z) =0. Application of 41.3 completes
the proof.

V. PANSIONS

51. Definitions. A pansion ¢ is a formal series

©0
E CkVk

k=0

where the vy are the normalized Hermite functions (21.1). The coefficients ¢, are
real or complex numbers.

We define
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(¢', 1));) = Ck

and will often write ¢~ chvk instead of ¢ = chvk.

Two pansions are said to be equal if they have the same coefficients ¢g.

The scalar multiple a¢ and the sum ¢+¢ of two pansions are defined by
the corresponding operations on the coefficients.

If the pansion ¢ is the expansion of a function f of class A (21.2) or of the
larger class B (42.1) we identify ¢ with f. Instead of B one could also use a
fixed class Q as defined in 42.4.

52. Global differentiation [D]. Let ¢ be the pansion Y civi. We define the
global derivative [D]¢ to be the pansion

(52.1) [D]¢ ~ (2] Dy ~) i {(B/2 + 1/2) 2041 — (B/2)Y26—1} 0.

k=0

If ¢ is a function f of class I, whose derivative Df is of class A or B then [D]¢

=Df (24).
Using (22.2) one easily verifies that
(522) ([D]¢1 vk) = - (d’) ka)'

Now let fEB. By (52.2) the coefficients of the global nth derivative [D]*f
are given by
(523) ([D]nf, vk) = (_1)n(f’ D"'”")*

Dirac’s 8. The 8 “function” [5, p. 58] may be defined as the global deriva-
tive of the unit step function U given by U(x) =0, x <0, U(x) =1, x>0. Thus

(67 'Uk) = ([D]Ua vk) = - (U: ka)
= —Lw{ka(x)}dx = 7,(0),

hence by (22.3)
@ (—1)if (25)1}172
5 ¢ )i 2!}

(52.4) 6 = [D]U~j=0 prm

Vej.

52.5. THEOREM. Every pansion is the global derivative of another pansion.
The antiderivative is determined up to a constant function: [D )¢ =0 if and only
if o= {c}, a constant function.

Proof. To obtain an antiderivative chk of a given pansion devk one
has to solve the equations

(/2 + 1/2) 2641 — (k/2) Y26y = dy, E=001,---

(52.1). It is clear that ¢ can be chosen arbitrarily and that all other ¢ can
be expressed in terms of ¢y and the d’s.
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One has [D]{c} =D{c} =0. Now suppose that [D]¢ =0 where ¢~ > cxvi.
Solving the above equations with d;,=0, k=0, 1, - - - one obtains ¢, =¢;
=Ca= DY =0'

CZj—2= . .. _-—-—Eo.

2ij1

(21' - 1)]/? {2t}

Coj = .

%

Thus by 23.3 the pansion ¢ is the expansion of the constant function

{2‘”211"1/400}, that is, ¢ is equal to that function.

52.6. COROLLARY. If two functions f and g of class B (42.1) have equal
global derivatives of order n then f and g differ at most by a polynomial of degree
n—1.

For h=f—g satisfies [D]*h=0. Hence by 52.5 [D]*h={c}, or

[D]*1(h — {cam1/(n — 1)1}) = 0.

Continuing one finds that % is equal to a polynomial of degree <n—1.

It follows from 52.6 that the Dirac § can not be equal to a function f (of
class B). For this would imply that U(x) = [§f+c almost everywhere, hence
U(x) would differ from ¢ by less than e=1/2 for almost all x on some interval
(=7 )

53. Global multiplication by {x}. Let ¢ be the pansion Y cws. We define
the global product [x]¢ to be the pansion

(53.1) [l ~ (2 aulwdoe~) 2 (/2 + 1/2) 200+ (2/2) 20}

If ¢ is a function f of class B then [x]¢p = {x}f (23.5). Using (22.2) one easily
verifies that

(53.2) ([x]e, v) = (&, {a}m).
53.3. Product rule. One has
[D][z]¢ = ¢ + [«][D]e.
For by (52.2) and (53.2)
([D]lx]é, w) = — ([x]é, Du) = — (¢, {x} Dus)
= — (¢, D{z}w) + (6, w) = ([«][D]g, w) + (¢, vs).

53.4. COROLLARY. If ¢ is the global nth derivative of a function fEB the
same is true about [x]¢.

For if ¢ = [D]*f, fEB, then by the product rule 53.3

[«][D] = [D]"({x}f —n f | f).
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53.5. THEOREM. Every pansion can be written as [x] times another pansion.
The latter pansion is determined up to a constant multiple of the & pansion:
[x]¢ =0 if and only if ¢ is a constant multiple of b.

Proof. To write a given pansion »_dw; as the product of [x] and a pan-
sion Y _cxv; one has to solve the equations

(k/2 + 1/2)"%cy1 + (k/2)' %1 = di, =01,-

(53.1). It is clear that ¢y can be chosen arbitrarily and that all other ¢; can
be expressed in terms of ¢y and the d’s.

A pansion ¢~ D cu; satisfies [x]¢p=0 if and only if the ¢ satisfy the
above equations with d,=0, k=0, 1, - - - . Thatis,ci=¢c;=¢;= - - - =0, and

27 — 1\1/2 (2 )| 1/2
62]- = — ( ] ; > 62]~_2 = e e . ( 1)] { ] } Co.
25 2751

Thus by (52.4) ¢ =w4c,8.
54. [H] and other global operators. Let ¢ be the pansion Y. civi. Then
we define

(54.1) [H]p ~ <Z ceHu, ~> fj 2k + Vv,

k=0

Note that [H]= [x]*—[D]2 If ¢ is a function f of class I, such that D% is of
class 4 or B then [H]¢=Hf (24.4).
Let E(x) = D_a.x" be an entire function. Then we define (compare (24.6))

(54.2) [EH)]p ~ (Z aE(H)u ~) 2= EQ2k + ek,

We define [E(x)]p and [E(D)]p by the equations (compare (23.7) and
(24.5))

(54'3) ([E(x)]d” vk) = Z an([x]”¢: vk)’ k= 01 1’ vt
(54°4) ([E(D)]¢) vk) = E a,,([D]"d), vk), k= 0’ 1: Tt

whenever the series on the right hand side are absolutely convergent. The follow-
ing lemma gives some information about the applicability of definitions
(54.3) and (54.4).

54.5. LEMMA. Let E(x) be an entire function of growth Sorder 2, type 0. In
other words, E(x) = D_a.x" where the a, satisfy an inequality

| an| £ K(e)(nl)~12n, n=201,---

for every €>0 [2, p. 11]. Then definitions (54.3) and (54.4) are applicable to
every pansion ¢~ Y cxvy such that for some m>0
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(54.6) o] < Mmk, E=0,1,---.

The coefficients of [E(x)]¢ and [E(D) ] will satisfy a set of inequalities of the
form (54.6) with a larger m.

When ¢ is a function f of class 4 then [E(x)]¢={E(x) }f.

Proof. Because of the similarity of the formulas for [x]*¢ and [D]¢ it
will be sufficient to prove (54.3). We may apply the proof of Lemma 25.2 to
obtain the estimate

I ([x]nd’) vk) |

<{E+mn - G+ D} agn| + Coal o] + -+ [aal)
< M 2Gm12(g)122=2 2k (m + 1 /m)", n,k=0,1,--.
Hence by the given inequality for the a, the series in (54.3) will certainly
converge if (m+1/m)e <1. The sums of the series are bounded by M,(2'/%m)*,

E=0,1, - - -. It is likely that a more precise lemma than 25.2 would show
that 2Y2m may be replaced by any number p>m in this final estimate.

54.7. COROLLARY. Let E,, E, be entire functions of growth < order 2, type 0,
and let the coefficients of p~ D _cwvy satisfy (54.6). Then

[E(D)][Ex(D)]¢ = [E«(D)Ex(D)]s,
[Ex(®)][Ex(2)]¢ = [Ei(x) Ea(2)]o.

The crucial step in the proof is to show that [D][E(D)]¢ = [DE(D)]é.
Set [E(D)]¢ =¢. Writing for Dy, the linear combination of v;41 and v, it is
equal to one, has by (54.4)

([DW, w) = — (&, Du) = — 2 au([D]"¢, D) = 2 an([D]"*'0, ).

55. The translation operator [¢*?]. By 54.5 the operator [¢*?] may be
applied to any pansion ¢~ D cwr whose coefficients satisfy an inequality
(54.6). In particular [¢*?] may be applied to any function f of class 4 (25.5).
By (54.4) and (52.3)

([e=2]f, w) = 22 a([ D", w)/n!
= > (—a)*(f, D) /n! = (f, 2_ (—a)"Drn/n))
= (f, {u(x — 9)}).

The third step may be justified by dominated convergence. As a matter of

fact
1 2
—f ———k(Z) dz
2 J ogim2a) (2 — )T

Dy (x)
< |2e] max |w@)| = C|2a|(] x| + DEexp (] 2ax| — x2/2),
!

n!
lz—z| =]2
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and hence the order of summation and integration may be inverted.
Now let a be real for a moment. Then

(, {u(x — o)) = (= + )}, w).
Thus we have the following result to justify the name translation operator.
55.1. THEOREM. Let f be a function of class A and let a be real. Then
[e=2]f = {/(= + o)}
(Taylor's formula!).
Another translation rule is as follows.

55.2. RULE. Let E(x) be an entire function of growth < order 2, type 0, and
let the coefficients of ¢ satisfy a set of inequalities (54.6). Then for real or complex a

[e?][E@)]¢ = [E(x + a)][e]s.

Proof. The proof follows from the product rule 53.3 in the case E(x) =x.
Now let E(x) = D>_bax*, [E(x)]¢ =¢. The general case follows from the iden-
tity

([D]”!ﬁ, vk) = (—l)p(\b’ Dpvk) = (—1)"2 b"([x]”d’: D"‘Uk)
= 2. bu([DI7[x]"8, u)

where D?y, denotes the linear combination of the v; it is equal to.
Multiplying by a?/p! and summing over p one obtains

([e2]¥, w) = 22 ba([x + al*[eP]o, m).

55.3. RULE. Whenever the coefficients of ¢ satisfy (54.6) one has by 54.7
[eaD] [ew]¢ = [e(a-i-b)D]qs.
55.4. COROLLARY. If [e*?]pp=0 then ¢=0.
55.5. COROLLARY. One has [x—a]p =0 if and only if
¢ = b, = c[eP]s.
Proof. One has by 55.2
[# — olé = [+ — a][e=P][e*P]6 = [e=P][x][e"]9,

hence the left hand side is equal to 0 if and only if [x][e*?]¢=0. The result
now follows from $3.5.

The preceding results have important counterparts obtained by inter-
changing x and D. For example,

(55.6) [e=][E(D)]¢ = [E(D — o)][e=]#,
while [D—a]¢ =0 if and only if ¢ =c{e}.
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56. Global multiplication. We will begin by considering the expression
(56. 1) (vrvs, 'Uk) = Orsk.

Permutation of », s and & does not change a,x. We need the following esti-
mate.

56.2. LEMMA. For every €>0 there is a constant C(s, k, €) such that
| ek | = Cls, &, ©(3~12 4 &), =01, --.

Proof. Using the generating function of the Hermite polynomials [17,
p. 102] to obtain an integral representation for »,(x) one may write

arsr = v1(s, k) (r!)1/22"/2wa,(x)Hk(x) exp (—3x2/2)dxf w1
—0 |

w|=1

-exp (22w — w?)dw

= 71(s, k)(r!)l/22—r/zf

Jwl=1

wlexp (—'w2/3)dwpr,+k(x — 2w/3)
cexp { —3/2(x — 2w/3)*}dx.

Here H; denotes the Hermite polynomial of degree k, and p,+x is a polynomial
of degree s+% with coefficients which depend on s and k and are polynomials
in w of degree <s-+%. Thus the last integral over (— «, «) is equal to a poly-
nomial in w of degree <s+k with coefficients depending only on s and k. It
follows that ay, is equal to a finite sum of terms of the form

Cj(s, k)(r!)l/2 2_,,23~i/j!

where j runs from (r —s—£k)/2 to r/2. This proves the result.
56.3. Global product ¢v. Let ¢~ D _c,v, where the ¢’s satisfy an inequality
(54.6) with m <3V2, Then we define the pansion ¢vy by

(Ppvr, 1) = 2 Cr(vrvp, ,) = > crttrar, s=0,1,---.

We have to prove that the new definition is consistent with the usual
definition if ¢ is a function f. Suppose that f(x) exp (—ax?) =fi(x) is in L,
where a <1/4. Then by 25.5 the expansion coefficients ¢, of f satisfy an in-
equality (54.6) with m <3Y2. We have to show that in this case D Qi
= (fux, v5). One has by 56.2°

|f(x)ankv,(x) l =< |f1(x) | C1(3712 + ¢)" max l €9%'v,() |
< Gl A@ ] G2+ mr, r=0,1,---

where m <32 (25.5). It follows that the series ), fotres?, is dominatedly con-
vergent on (— », ), hence
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f _:( Zfankv,) dx = ; Crttrar.

r

To evaluate the integral we remark that the series ), @ty is dominatedly
convergent. Hence the expansion coefficients of its sum which is of class 4
are the numbers o, #=0, 1, - - - . But these are the expansion coefficients
of 9,0;. One concludes that D, v, =2,0: and thus the above integral has the
value (fu, v,):

56.4. LEMMA. Let f be a function such that for some a <1/4 the product
f(x) exp (—ax?) is in Ly. Let f~ Y cv,. Then

Z CrQlrsk = (ka) 'DB)-
T

56.5. Global product ¢. We defined [x ]y such that ([x]¥, ) = ¥, {x}vk)
where {x}u stands for the linear combination of the v, it is equal to. For
b~ D cv,, Y~ D d., we similarly define the pansion ¢y by

(0¥, w) = (¥, due) = (!P, 2 < Zr: C'rank)'v.>

8

=Edazcrank’ k=0,1’...

whenever the latter series converge.

One has in particular 1.y =y. However, ¥ -1 does not have to exist. The
above multiplication is not commutative, nor associative. When ¢ is an entire
function E of growth = order 2, type 0 the above definition agrees with (54.3).

57. Convolution. We first consider the expression

(57.1) (vr * 05, V) = Brok.
57.2. LEMMA. One has
Bk = (i) = (= 1) Pl
Proof. By 41.4 and (22.4)
T (v, * v,) = Tv,- Tv, = (—1)"0,0,,
hence by 41.3
vx 0, = T(—1)" 0,0,
Thus by 22.4
Brax = *(—1) (0,0, 1) = (—1)FeR)2g,,

since a,70 only if r+s and & have the same parity.

57.3. Convolution ¢psvy. Let ¢~ D c,v, where the ¢'s satisfy an inequality
(54.6) with m <3'% Then we define the pansion ¢p+v; by
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(¢* Uk, 'U,) = E Cr('”r * U, 7/':) = E CrBrks) s=0,1,---.
This definition agrees with the usual definition 41.4 if ¢ is a function f:

57.4. LEMMA. Let f be a function such that for some a <1/4 the product
f(x) exp (—ax?) is in Li. Let f~ Y c,v,. Then

Z CBrks = (f* Uk, vi)’

r

Proof. The condition a <1/4 guarantees that f+v;, will be a function of
class 4. For f+v, = F*Dy, where F(x) = [3f is bounded by C, exp (ax?). Since
Dy,(x) is bounded by C; exp (—bx?) where b=1/2 —¢ one has

| (F*o)(x)| < csfw exp {a(x — u)? — bu?}du
< Ciexp {abx2/(b — a)}.

Now let Ru; be the function defined by (Ruv:)(x) =vx(—x). Then a simple
calculation shows that

(f* Vky ‘”8) = (f’ Ry * vs)-

The method of the proof preceding 56.4 shows that the series Z, JBrisvyr 1S
dominatedly convergent on (— ©, «), and that its sum is f(Rv*v,). Integra-~
tion over (— «, ) completes the proof.

57.5. Convolution ¢+J. For the ordinary convolution 41.4 one has (f*g, v)
= (g, Rf*v.) where (Rf)(x) =f(—x). Let ¢~ > c,0,, Y~ > d.v,. We define R
as Y.¢.Rv,= D (—1)"c,v, and then define the pansion ¢x by

@+ ¥,m) = (b R+ ) = (w, > ( > (- 1>fc-,ﬁ,ks) )
=Zdaz:crﬁrslcy k=0’1’-..

whenever the latter series converge.
We note the following particular cases:

(57.6) @m)5 Y = ¢,

(57.7) (2m)'2[D]s x ¢ = [Dly.

Proof. By (52.4) and 23.3 the expansion coefficients of & and {1} are
related as follows:

(2m) 12, (8) = i7¢,(1), r=0,1,---
Hence by 57.2 and 56.4
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(2m)r2 Z (8)Brar = 1*(—1)* Z (Do = #(—13)2(m, v.) = (v, ),

so that by 57.5
(@)1, ) = di = (¥, w).
Expressing the coefficients of [D]6 in terms of those of 8 one similarly has

2m)2 3 {(r/2 + 1/2)1%41(8) — (7/2)"/%6—1(8) } Brak

r

= #H(—4)* 3 {(r/2 + 1/2) 2%, 11(1) + (7/2)21(1) } atrat

= (=) ({x} o, v,)

—(k/2)1/2 fs=%k~—1,
=4{(k/24+1/2)12 ifs=Fk+ 1,
0 otherwise.

Hence by 57.5
(2m)12[D]s * ¢, m) = — (k/2)Y%dk—r + (k/2 + 1/2)%s11 = ([D]Y, w).
A simpler proof may be obtained from the theory of Fourier transforms.

VI. FOURIER TRANSFORMS OF PANSIONS

61. The operators [T'] and [T]. Let ¢ be the pansion D civr. Then we
define the Fourier transform [T)¢ and the conjugate Fourier transform [T|¢
by the formulas

61.1) (716~ ( aTn~) 3 (—ian,
k=0

(61.2) [Tle ~ (X exToe ~) i *cxg.
k=0

If ¢ is a function f of class Ly then [T|¢ = Tf and [T]p =TS (24).

The above definitions imply that
(61°3) ([T]d’) 'uk) = (¢) Tvk), ([T]d’y 1)[;) = (¢) T‘vk)'

61.4. INVERSION FORMULA. If ¢ = [T']¢p then [T =4¢.

Proof. Let ¢ ~ D ctx. Then ¢ = [T]p ~ D (—i)*am, hence [Tl¥
~ Z'Lk( —i)"ckvk = chk.

61.5. ExampLE. By 23.3 and 52.4

[TI{1} = @mve,  [T]s = [T]s = {(2m)12}.

62. Rules for Fourier transforms. One has the following rules for [T'] and
corresponding rules for [T]:
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(62.1) [7][D]e = i[][T]e,
(62.2) [T][x]¢ = i[D][T]e,
(62.3) [7][7]s = [H][T]s,
and, more generally, if E is an entire function,
(62.4) [TI[E®]e = [E(®][T]s.
Also

(62.5) [TI[E(D)]¢ = [EG)][T]e,
(62.6) [T][E@)]s = [EGD)][T]s

provided one of the two sides exists according to (54.4) or (54.3). In particular
one has the following formula for the transform of a translation:

(62.7) [T][e*P]¢ = [ei=][T]e

whenever the coefficients of ¢ satisfy an inequality (54.6).
Finally, for the convolution,

(62.8) [T1(¢ *¥) = [Tle- [Ty

provided one of the two sides exists according to 57.5 or 56.5.
Proofs. Let ¢~ Y _cwwx. Then by (52.1) and (61.1)

[T][D)e ~ X (—i)¥{ (/2 + 1/2)"2crsr — (k/2) 201} vi
=i {(B/2 4 1/2)V2(—i)k¥igpy + (B/2)V2(—i) 01} v

which by (53.1) and (61.1) is equal to 7[x] [T]¢. This proves (62.1); the proof
of (62.2) is similar.

A proof of (62.3) and (62.4) follows from (54.1) and (54.2).

To prove (62.5) we remark that by (62.1)

(—)*([D]r¢, w) = ([T][ D¢, w) = in([x]"[T]g, vs).
Thus the individual terms in the sums defining
([TI[E(D)]$, v) = (—i)*([E(D)]s, u)

and ([E(ix) ][T]o, v) are equal. The proof of (62.6) is similar.
To prove (62.8) we use the notation of 57.5. One has, using 57.2,

([T](¢*¢), vk) = (_i)k E d, Z Crﬁrak
= (-1)1'; Z d, E C'ik(_i)ﬁ-aank
= Z (—i)‘d! Z (—i)'crarak-

But by 56.5 the last sum also represents ([T']¢- [T]¥, vi).
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62.9. APPLICATION. Let f be the Fourier transform of a function g of L. Then
of = f(0)s.
For (2m)'28f = [T](1#g). Since

(Argw = 1xw) = [ g@dunn [ @i

the convolution 1#g is equal to the constant function {(2m)~2 g(u)du}

= {£(0)}. Hence 8f=(2m)~2[T]{f(0) } =£(0)s.

VII. FOURIER TRANSFORM THEORY FOR L,
71. L, theory. The present derivation of Plancherel’s theory shows some
similarity with Wiener’s treatment [21, p. 46]. Both derivations are based on
Hermite expansions. However, the treatment given below is considerably

shorter.
Let f be a function of class L, and let f have the Hermite expansion

Y k. By the completeness of the v,
2 alr=0N
k=0

(25.1). In the spirit of this paper we define the Fourier transform of f to be
the Fourier transform of the pansion Y civ:
(71.1) [T]f = [T] X awe = 2, (—)*ckva.

That is, [T]f is a pansion ) dw such that ) |ds|? converges. But then the
Riesz-Fischer theorem asserts that there is a function g in L, such that
g~ Y dwwi (25.1). By our convention we identify Y div; with g. Note that

o =2 &= |al>= 1.

Application of the inversion formula 61.4 completes the proof of the basic
theorem.

71.2. THEOREM. Let f be a function of Ly. Then g= [T]f is also a function of
L;. One has [Tlg=f and

(7). [T]H) = (7, .

72. Plancherel’s definition. Plancherel was the first to prove that the
class L; is closed under Fourier transformation. He used a different definition
of the Fourier transform of a function of L,. However, we will show that our
definition leads to the same Fourier transform as his original definition.

72.1. PLANCHEREL'S THEOREM. Let f be in Ly. Then the functions
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ha(x) = (2m)-112 f " w)e-vdu

converge in the mean on (— «©, ©) to a function k of Ly as a— «. One has (h, k)
=(f, f). Reciprocally the functions

ko(x) = (21r)‘”2fah(u)e""“du

converge in the mean to f as a— .

Proof. We will show that the functions %,(x) converge in the mean to
g=I[Tlf.

Let f.(x) be equal to f(x) for |x| <a and equal to 0 for |x| >a. Then f,
is in L, (Schwarz’s inequality) and hence h,=Tf,= [T]f. (61). By 71.2 the
transform g=[T]f is in L. Clearly

g§— ha= [T](f — fa).
The function f—f, is in L. Hence by 71.2

J e =tilas = 1y =l = (f 7+ ) sk

As a— o the right hand side approaches 0, hence %, converges in the mean to
g. This proves that Plancherel's Fourier transform h of f exists and that h=g.
The reciprocal relation may now be proved in the same way.

VIII. FOURIER TRANSFORM THEORY FOR PANSIONS OF POLYNOMIAL GROWTH
81. Pansions of polynomial growth. The example [T]{1} = (2m)!25 (61.5)
shows that the transform of a function of polynomial growth need not be a
function of polynomial growth (52.6).
By 32.3 every function f of at most polynomial growth may be written
in the form H"f, where f& L,. Or, using a weaker formulation (54.1) which
could actually be derived in a simpler fashion,

f=1[H]I"l, foE L.
Hence since [T'] and [H] commute (62.3)
[T]f = [H]*go, g0 = [Tlfo € Le.

In order to obtain a class of objects which contains all functions of poly-
nomial growth and which is closed under Fourier transformation we are thus
led to the following:

81.1. DEFINITION. A pansion ¢ is said to be of polynomial growth if it can
be written in the form

(81.2) ¢ = [H]"f, [1€ Ly
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where n is an integer =0.

81.3. THEOREM. The class of pansions of polynomial growth is closed under
Fourier transformation (as well as conjugate Fourier transformation).

Proof. Let ¢ be of the form (81.2). Then
[T]le = [H]"[T]f: = [H]g, g € L.

In the next section we will give several characterizations of the class of
pansions of polynomial growth. We will show in particular that a pansion is
of polynomial growth if and only if it is the global derivative of some finite order
of a function of at most polynomial growth. Thus the pansions of polynomial
growth correspond to Laurent Schwartz’s tempered distributions, that is, the
class i)f distributions for which Schwartz defines a Fourier transform [16, II,
p. 79].

82. Characterizations of pansions of polynomial growth. We will prove

82.1. CHARACTERIZATION THEOREM. The following four statements about a
pansion ¢~ Y cxvx. are equivalent:
(1) ¢ is a pansion of polynomial growth:

¢ = [H]f, f1 € L,

(ii) ¢ can be written as a finite order global derivative of a function of at most
polynomial growth:

¢ = [D]r(x? + 1)9,, f2 in Ly and bounded,

(ili) @ can be written as the global product of a power of [x] and a global poly-
nomial derivative of a function of La:

¢ = [«][D? — 1], fa € La.
(iv) there are constants M and m such that
loe| < Mkm, E=1,2---.

Proof. (i)—(ii). Let (i) hold. In the case n=0 one has fi=[D]f where
f(x) = [5f1 is a function of at most polynomial growth.

Now let #=1 and suppose it has been shown already that ¢ = [H]"~f; is
equal to [D]*»—1g where g is a function of polynomial growth. One has
¢=[HY=[x]3— [D]%. Hence it is sufficient to show that [x]x is equal to a
global derivative of order 2z —1 of a function of polynomial growth whenever
x is. Set x = [D]?»~1h. Then by 53.4

lebx = e [D]~ = (D)= {a}i = 2n = 1) [ 7h)

and the result follows.
The above proof shows more precisely that (i) implies the representation
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s = D]y

where |f(x)| < C(|x| +1)4+1/2,
(i)—(iii). Let (i) hold. Then w=[T]¢ is also a pansion of polynomial
growth (81.3), hence we may apply (ii) to obtain

o = [D]"(x* + 1)°fs, f4 € L.

By the inversion formula 61.4 and other rules for Fourier transforms
(62.1), (62.6)

¢ = [T]w = ir[x][:2D? + 1]°[T]fs
= [l - 1],

where fy=4"+2[T|f,€ Ls.

(ii)—(iv) and (iii)—(iv). It will be sufficient to prove the first of these.
Let (ii) hold. The expansion coefficients of f& L, are bounded (25.1). Hence
the coefficients dx of (x241)%, are bounded by a constant times (k-+1)¢
(23.5), and it follows from the definition of [D] (52.1) that the coefficients
cx of ¢ are bounded by a constant times (k+1)7+7/2,

(iv)—(). Let (iv) hold. Let » be an integer =0 and >m+1/2. Then the
numbers e, = (2k+1)"c; are the expansion coefficients of a function fiE L,
since Z|ek| 2 converges (25.1). And by the definition of [H] (54.1) we have
¢=[H]"f.

83. Applications. We can now prove the following result in addition to
81.3.

83.1. THEOREM. The class of pansions of polynomial growth is closed under
the operations listed: [H), global differentiation [D], global multiplication by
[x], translation [e*P], global multiplication by [e®*] (provided a and b are real).

Proof. The statement on [H], [D] and [x] follows from 82.1.
Once more using the representation ¢ = [D]?f, f a function of polynomial
growth, one has (54.7)

[e2P]¢ = [e=”][D]?f = [D]7[ee]f

and by 55.1, [e®?]f={f(x+a)}. Thus [e*P]¢ is a pansion of polynomial
growth.
Finally by (55.6)

[e]¢ = [e*][D]f = [D — bl{e}f
which shows that [e®*]¢ is a pansion of polynomial growth.

83.2. CoROLLARY. The class of pansions of polynomial growth may be char-
acterized as the smallest vector space which contains L, and which is closed under
global differentiation [D] and global multiplication by [x].
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For every vector space with the properties stated contains all ¢'s of the
form 82.1 (ii).

Alternate computation of Fourier transforms. In the case of a function f of
at most polynomial growth the present Fourier transform [T]f is essentially
equal to the global kth derivative of Bochner’s “k-Transformierte” of f [3,
p. 110]:

83.3. THEOREM. Let f be a function such that f/{|x| +1}* is in Ly, k an
integer 20. Define fi(x) =f(x) for |x] =1, fi(x) =0 for lx| >1, and set fa=f—fi.
Then

[7]f = Ty + [DIT o/ { —i}%)
where T is the ordinary L, Fourier transformation.

Proof. Since f; and fs=f,/ {x}* are in L, one has
(Tlh=1f, [Tl = Tfs
(61). Hence by rule (62.2)
[7]f: = [T]({«}*s) = [iD]*Tfs.

We may apply the preceding result to obtain a formula for the Fourier
transform of any pansion of polynomial growth:

83.4. THEOREM. Let ¢ be a pansion of polynomial growth. Then we may
write ¢ = [D]7f where p=0 and f/{ |x| +1 }"EL; for some integer k=0. Using
the notation of 83.3 one has

[T]¢ = {ix}*ThH + [ix]r[i DT (f2/{ x}%).

The proof follows from 82.1 which gives the representation ¢ = [D]?f,
83.3 and (62.1).
83.4 shows once more that [T]¢ is a pansion of polynomial growth.

IX. FOURIER TRANSFORM THEORY FOR PANSIONS OF EXPONENTIAL GROWTH

91. Pansions of exponential growth. By 35.1 every function f of at most
exponential growth may be written in the form E(H)f, where fo& L, and
E(3?) is an even entire function of z of exponential type. More precisely, if
fis of exponential type m then E(3?) may be taken of exponential type .

Using a weaker formulation which could actually be derived in a much
simpler fashion we have the representation (54.2)

1= [E@]fs, fo € L.
Hence since [T] and [E(H)] commute (62.4)
[T1f = [E(®@)]gs, g0 = [T1fo € La.

In order to obtain a class of objects which contains all functions of ex-
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ponential growth and which is closed under Fourier transformation we are
thus led to the following:

91.1. DEFINITION. A pansion ¢ is said to be of exponential growth if it can
be written in the form

(91.2) ¢ = [E(H)]f1, f1 € Ly,

where E is an entire function such that E(z?) is of exponential type as a function
of z.

A pansion ¢ is said to be of exponential type m if it can be written in the
form (91.2) with E(z?) of type m, but not with E(2?) of type <m. A function
f of exponential type m will be of type <m when considered as a pansion.

91.3. THEOREM. The class of pansions of exponential growth is closed under
Fourier transformation.

For if ¢ has the form (91.2) then
[T]ls = [E@IIT]f: = [E(E)]g, g1 € L.

In the next sections we will obtain several characterizations of the class
of pansions of exponential growth. It will be shown in particular that a
panston is of exponential growth if and only if it is an infinite order global de-
rivative of exponential type of a function of at most exponential growth.

92. Characterization by coefficients. We will prove the following:

92.1. CHARACTERIZATION THEOREM. 4 pansion ¢~ chvk is of exponential
growth if and only if there are constants M and b such that

(92.2) | | = M exp {6(2k)12}, E=0,1,---.
The type of ¢ as defined in 91 is equal to

(92.3) ! = max (), 0), A = lim sup

Proof. (i) Let ¢ be of the form (91.2) with E(2?) an even entire function of
z of exponential type m. The coefficients di of fi& L, are bounded (25.1).
Hence the coefficients ¢, = E(2k+1)d; of ¢ (54.2) are bounded by an expres-
sion of the form M(e) exp {(m—l—e)(Zk—I—l)”"’} for every €>0. This proves
(92.2). It also follows that the number [ in (92.3) has a value =m. In par-
ticular / can not exceed the type of ¢.

(ii) Let ¢ be a pansion whose coefficients ¢ satisfy (92.2). Then /=max
(A, 0) is finite, and the function f defined by

flx) = |a|, @RVEZ 2| <(2k+ 272 E=0,1,---

will be of type [ on the real axis. Thus by 33.3 there exists an entire function
Ey(z) such that E,(z2) is of exponential type ! as a function of z while f(x)
<E,(x?. That is, |ci| SE,2k+1), k=0,1, - - - .
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Now define
dr = cx/(2k + 1)Eo(2k + 1), k=0,1,---,

and let fi be the function of L, which has the numbers d; as its expansion
coefficients (25.1). Then

¢ = [H'EO(H)]fl.

It follows that ¢ is a pansion of exponential growth. Moreover the type of ¢
does not exceed the type ! of 22E,(22).
We can now prove the following result in addition to 91.3.

92.4. THEOREM. The class of pansions of exponential growth is closed under
the following operations: the taking of infinite order global derivatives [E(D)]
and global multiplication by [E(x) ]| where E is any entire function of exponential
type. If ¢ is of type m and E of type p then [E(D) )¢ and [E(x)]¢ are of type
s=m+p.

Proof. Let ¢~ Y _civ; be of type m. By 92.1 we will have an inequality
(92.2) for every b>m. Let E be of type p. Then E(x) = >_a,x" where the a,
satisfy an inequality la,.i <Rr*/n! for every r>p [2, p. 11].

Just as in 25.2

| (#ld,0)| < {4 - - - B+ D)2 curn] + Cos| cosncs] + - - )
s{kE+mn - (k+ 1D}2272M exp {52k + 2n)112}.

Hence by (54.3) and the inequality for the a,,

I ([E(x)]¢y vk) | = Z an([x]nd’) vk)

n

SMRYI {(k+n)---(k+ 1D}2exp {52k 4 2n)1/2} . (212%)n/nl.

Take & large. Then the maximum term in the above series has an index »
roughly equal to (2k)'%r. Comparing the sum of the series with the maxi-
mum term one finds by routine calculation that

| ([E@)]#, v) | = S(e) exp { (& + 7 + €)(2k)172},

where €>0 is arbitrary. Since we may take b=m+e¢ and r=p+}e€ it follows
that [E(x) ]¢ is of type Sm+p.

The proof for [E(D)]¢ is similar.

93. The basic representation theorem. Instead of a pansion we first con-
sider a function g, of class Li, say. We try to write g in the form

(93.1) g = [cos aD]f, a>0,
where f is another function of L;. Taking Fourier transforms we obtain (62.5)

Tg = [cosh ax]TY.
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One solution of this equation is
Tf = {1/cosh ax}Tg;

the general solution differs from it by an infinite linear combination of trans-
lates of § (55.5), (62.9).
An easy calculation shows that {1/cosh ax} is the Fourier transform of

{(7r/ 2)Y2/a cosh (7rx/2a)}. Hence the Convolution Theorem 41.4 leads one
to expect that

® 1
—w cosh {x(x — u)/2a}

will be a particular solution of (93.1). This result is actually true even if g
is a function of exponential growth, provided the type of g is less than 7/2a.
A proof may be given by computation of the Hermite expansion of [cos aD]f

where f is given by (93.2) (see 95). Or one may use the methods of Hirschman
and Widder [9, p. 16].

Now consider the equation
(93.3) ¢ = [cos aD]f, a> 0,

where ¢ is a given pansion of exponential growth. Then ¢ = [E(H)]fi where
fi€ Ly, E(2?) of exponential type. Proceeding as above one obtains a formal
solution of (93.3) in the form (93.2) with g replaced by ¢ = [E(H) ]f.. To find
the proper interpretation of this answer we recall that H is self-adjoint (14.1).
It follows that E(H) is self-adjoint, hence one is led to the conjecture that a
particular solution of (93.3) is given by

(93.2) f(x) = (1/20)

g(u)du

(93.4) f(x) = (1/24) f " W EE) - du, H=u—d/du.

osh {1r(x — u)/Za}

Unfortunately there is a complication which makes the solution (93.4)
valid only when E(z?) is of sufficiently small exponential type. The reason for
this restriction is as follows. E(H)(1/cosh bu) will exist for small % only when
1/cosh bu is analytic in a sufficiently large disc about the origin. That means
that & must be small. On the other hand E(H)(1/cosh bu) will go to 0 as
u— o only when b is sufficiently large. No value of b will satisfy both require-
ments unless E(z?) is of small type.

One can get around this difficulty by replacing equation (93.3) by the
equation

(93.5) ¢ = [cos aD / IIa- D2/pf~):| *, a>0,

jss

where p;=(j—1/2)7/a. Proceeding as before we now need the conjugate
Fourier transform of
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{/eos o) T 01+ /)

jss
Induction with respect to s shows that the above function is the Fourier
transform of
(x/2)12{2-4 - - - 25/1-3 - - - (25 — 1)a} - {cosh (xx/2a)} =21,

Hence one may expect that for suitable @ and s equation (93.5) will have the
particular solution

93.6) f¥(x) = — SR AT : d
(93.6) fla) = 1 -1 Zaf_,,‘,f1 “ [cosh {w(x — u)/2a} ]2+ “
H=w—d*/dur.

In order to obtain a solution f of (93.3) one finally has to solve the ordinary
differential equation

2, 2
(93.7) =11 - D/pf.
jss
After some further preparations in 94 we will in 95 prove the following:
93.8. REPRESENTATION THEOREM. Let ¢ be a pansion of exponential type m.
That is, we may write ¢ = [E(H)|f, where fi€ L, and E is an entire function
such that E(2?) is of exponential type m as a function of z. Then for a >18m?

+2 log 2 and s=0 so large that w(s+1/2) >3ma one has the representation
(93.3) where f is a function of exponential growth given by (93.7) and (93.6).

94. Lemmas on E(H). We will prove a few lemmas which will be used in
the proof of 93.8.

Throughout this section we will assume that E(z?) is of exponential type
m. Then E(z) = )_a.s" where the a, satisfy a set of inequalities

(94.1) | an| < Mu2/(20)), n=0,1,---

for every u>m [2, p. 11].
The letter H will stand for u?—d?/du?.

94.2. LEMMA. Let F(x) = D _d,x? where for some p>8m
| d,| = R, p=0,1,---.

Then the series Y a,H"F(x—u) is convergent for. Ix —ul <p/2. One has the
Jollowing inequalities for the partial sums and the sum of the series:

N
JH*"F(x —
.éa (= S Miexp (M:|z]), |x—u| Sp/2—¢

| E(H)F(x — u) |
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where the M; are independent of x and u.
Proof. One has first of all
H™(u — z)? = > Ani(uw — 2)7*i,  p 20,220,

max (—2n,—p)sjs2n
where
Anprj = Anj—2+ 204050+ 2 40; — (p+ 5+ (P + 5 + 1) Anjse.
Hence by induction with respect to #
|4ns| < 381+ O™ 2(p + 20+ £/ {(p + H(n + j/2)1}
S 3n22mteti(1 4 )" (20) 1/ (n + /2)!

where &= lxl +2.
We next consider the series

(94.3)

H*F(x — u) = Y dH"(x — u)?
p=0

where we take |x—u[ =p/2—¢ By (94.3) the sum is bounded by
| H*F(x — ) |

< R3m22vH(2p) | ‘Z A+ O/ (n+ /20 X 2|z — ulr+i/pr

j=—2n pamax (—7,0)

(94.4)

j=—2n p2—j  j=1 p20
< M3722+(2m) |[(0/2)"" exp {p?(1 4 £)/4}
+ 2n(1 + &7/n! 4 2n(1 + £ | & — u |/ (2n)1).
We finally turn to the series D a.H"F(x—u). Estimate (94.4) combined
with (94.1) with m <u <p/8 implies that this series converges uniformly for
|x—u| £p/2—¢, —c=<x=c. It also follows that for |x—u| <p/2—e the par-

tial sums and the sum E(H)F(x —u) are bounded by the expression given in
94.2.

94.5. LEMMA. Let F(x) = D _e, exp {(a—i—pﬁ)x} where >0, 3>0 and
| e,| < Serr, p=0,1,---.
Then the series D a,H*F(x—u) is convergent for u—x>9m?+log 2+4a/B. One

has the following inequalities for the partial sums and the sum of the series:

Z o E =D o exp ate — )+ G+ 9| ul ],

| E(H)F(x — u) |
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provided u—x=9m?+log 2+0/B+e. Here My is independent of x and u.
Proof. One has for real ¢
2n
Hretv = ) B,ulet

=0
where
But1,j = Ba,jo2 — (j + 2)(j + 1)Ba,j+2 — 2((j + 1)Ba j41 — 12B,;.
Hence by induction with respect to n
08.6) | Baj| = 2°(1 + n)~i2(2n + 7)1/ {71j)(n — j/2)1}
< 2 (1 4 )i 2n) Y/ {ji(n — j/2))

where 7= |¢].
Combining (94.1) and (94.6) we obtain the estimate

0
= 2 [an] | Hren|

n=0

N
2 aanetu

n=0

047 M2 § | w7/ Z/ G + )i/ (n — j/2)!

IA

S Mg2reexp {9u2(1 + )} 2 {3u| | }i/5!

=0
= Msexp {(9u2+log 2) ||} exp {tw+ 3u|ul}.
We now turn to the series »_a.H"F(x —u). Estimate (94.7) implies that
> | a,,| | H*F(x — u)[ <> Serr Y | a,,| I H" exp {(a + p8)(x — w)} l
p=0 n=0

n=0
S Miexpla(c—u) + 3u|u|} 2 exp {pB(9u2 +log2 + o/8 + 2 — u)}.
p=0

The result follows since u may be any number >m.
95. Proof of Representation Theorem 93.8. Let

(95.1) F(x) = (cosh bx)~2+—1, b=m/2a,520,

and let E(z?) = ) a.2** be of exponential type m. By 94.2 and 94.5 with
p=a—e¢, o=¢ the partial sums of the series Y a,H"F(x—u) as well as its
sum E(H)F(x—u) are bounded by

Miexp (M:|z|) for |z—u| <a/2—¢
Myexp {n(s + 1/2)(x — u)/a + (B3m + e)|u| } for u — x = 9m? + log 2 +e,

provided a>8m. An inequality similar to the second one holds for u—x
= —9m?—log 2 —e.
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Now choose
(95.2) a > 18m? + 2 log 2, w(s + 1/2) > 3ma.

(Hence a>8m.) Then the above inequalities cover all values of x and #, and
we can summarize our information as follows.

95.3. LEMMA. Let F(x) be given by (95.1) where a and s satisfy (95.2). Let
E(z?) = Zanz?” be of exponential type m. Then there are positive constants c;
such that

i a,H*"F(x — u)

n=0 §019XP(52]x| _C3|“l)’
| E(H)F(x — )|
—wo<x,u<o, N=0,1, - -,

Proof of 93.8. Let ¢ = [E(H)]fi where fi€ L, and E(z?) is of exponential
type m. Let @ and s satisfy (95.2) and define f* by (93.6). By 95.3 the func-
tion f* will be of exponential growth. Finally let f be any solution of (93.7).
Then f will also be of exponential growth. We have to show that ¢ = [cos aD]f.

We will use the notation

(95.4) G(D) = cos aD/ IsI (1= D/p) =2 anD¥, p;=(j — 1/2)n/a.
Then by (93.7) (compare 54.7)
(95.5) [cos aD]f = [G(D)]f*.
By (54.4) and (52.3)
(G(D)]f*, w) = 22 an([D]?f*, w)
= as(f*, D¥v) = (f*, G(D)w).

The last step may be justified by dominated convergence: we have the in-
equalities

(95.6)

N
az, D7 (x)
(95.7) =0 < C(| x| + Vkexp (] 2ax| — 22/2),
| G(D)ui(x) |
—w<x<w, N=0,1, - - - (compare 55).

We now replace f* in the last scalar product of (95.6) by its definition
(93.6). In the resulting repeated integral we may invert the order of integra-
tion because of 95.3, (95.7) and Fubini’'s theorem. We obtain

(95.8) (f*, G(D)w) = 'yfwfl(u)duwa(H)F(x — u)-G(D)re(x)dx

—
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where F is given by (95.1), y=2-4 - - - (25)/{1-3 - - - (2s—1)2a}.
We will first consider the integral with respect to x in (95.8). By 95.3 and
(95.7) the series

> a H*F(x — u)-G(D)u(x) (u, k fixed)

is dominatedly convergent on — » <x < «. Hence it may be integrated term
by term and it follows that the integral with respect to x in (95.8) is equal to

(95.9) E(H) f “Flx — 0)G(D)u(x)d.

In order to compute the integral in (95.9) we remark that F and G(D)v;
have the following Fourier transforms (compare 93 and (62.5)):

—1/2 2, 2 . wk
@™ {(a/cosh o) IL L+ 5720} {6 (—0'w(a).
jss
Hence by the Convolution Theorem 41.4 and the definition of G (95.4) the
Fourier transform of the integral in (95.9) equals (1/v)(—%)*v. Thus by the
Inversion Theorem 41.3 the integral in (95.9) is equal to (1/v)v(u).
Collecting results, starting with (95.5),

([cos aD]f, v) = (f*, G(D)u) = (f1, E(H)w),
which by the definition of [E(H)] (54.2) equals
((E®]f1, %) = (¢, ).

That is, the pansions [cos aD|f and ¢ have the same coefficients, hence they
are identical.
96. Applications. We will first prove the following

96.1. BASIC CHARACTERIZATION THEOREM. A pansion is of exponential
growth if and only if it can be written as an infinite order global derivative of ex-
ponential type of a function of at most exponential growth.

The proof follows immediately from 93.8 and 92.4. We can also say that
the class of pansions of exponential growth is the class of pansions of the form

(96.2) ¢ = [cos aD]{cosh bx}fs, a=20,b20,f, € L.

96.3. CoRrROLLARY. The class of pansions of exponential growth may be char-
acterized as the smallest class of pansions which contains L, and which is closed
under the operations [E(D) | and [E(x) ] for every entire function E of exponential
type.

Alternate computation of Fourier transforms. Let f be a given function. In
what follows we shall define f,(x)=f(x) for x=0, fi(x)=0 for x <0, and

f-=f—f+
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96.4. THEOREM. Let f be a function such that {e==}f, and {er=}f_ are in
L. Then

(717 = [em]T{eme s + [P ] T e}
where T is the ordinary Ly Fourier transformation.
Proof. One has [T]f=[T]f++ [T]f-. Furthermore
(71 = [THem}{em=}fs = [emP]T{e} 1,

by (62.6) and because {e~™=}f, is in L;. Similarly for [T]f-.
We may apply the preceding result to obtain a formula for the Fourier
transform of any pansion of exponential growth:

96.5. THEOREM. Let ¢ be a pansion of exponential growth. Then we may
write ¢ = [cos aD |f where f is a function of exponential growth and hence satisfies
the conditions of 96.4 for suitable m and p. Using the notation introduced above
one has

[T]¢ = [emP]{cosh a(x — im)} T{e™=}f, + [e#P]{cosh a(x + ip)} T{er=}f_.
The proof follows from (62.5), 96.4 and 55.2.
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