ON THE REPRESENTATION OF CARDINAL ALGEBRAS
BY DIRECTED SUMS

BY
A. BRUCE CLARKE

1. Introduction. The term cardinal algebra was introduced by A. Tarski in
his treatise [4] to signify an algebraic system closed under an operation of
countable addition satisfying certain axioms abstracted from the common
properties of such diverse systems as the algebra of cardinal numbers, the
algebra of sets, relation algebras, etc. In [4] Tarski studied the arithmetical
properties of such systems, methods of their construction, and their connec-
tion with other algebraic systems. Some of these results are summarized in §2.

It is the purpose of this paper to develop a representation theory for such
algebras in some sense analogous to the classical semisimple ring theory. It
is desired to show how general cardinal algebras can be built up in a unique
fashion from special and more elementary types of algebras. Then by adding
some fairly mild restrictions these special algebras can in turn be described
more or less completely. In doing this it will be necessary to introduce some
new methods of algebraic construction. The methods used appear to be
powerful enough to deserve further investigation, and the present discussion
suggests several problems which still remain to be settled.

The classical method of Birkhoff on representation of algebras as direct
products does not appear to be particularly fruitful here.

Since a cardinal algebra is, in particular, a partially ordered set, it seems
natural to attempt to build representations in terms of the order structure,
as well as along more classical lines. Consequently in §3 an operation of
ordered or directed sums of cardinal algebras is defined (3.3) and necessary
and sufficient conditions (3.5) are given for this operation to yield a cardinal
algebra. The main theorem of this section (3.14) states that every cardinal
algebra has a unique representation as a linear directed sum of algebras not
further decomposable in this fashion. In §4 it is shown that, under one fairly
natural restriction, these indecomposable “summands” must be either idem-
multiple algebras or simple algebras (see §2 for definitions).

The structure of idemmultiple cardinal algebras is fairly well known—
although not as well as one would like. Every such algebra is isomorphic to
an algebra of sets under the operation of set-theoretical union. The isomor-
phism is given by

a—{z|x % a}.
The situation with regard to simple cardinal algebras is not so satisfactory,
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However theorem (4.7) gives a fairly weak condition under which a simple
algebra is a subalgebra of the nonnegative reals.

§5 is devoted to the definition and discussion of an operation on cardinal
algebras which is, in a certain sense, a generalization of both a directed sum
and a direct product. This operation is used in §6 to obtain a representation
theory for a still larger class of cardinal algebras.

2. Notations and known results. Although some acquaintance by the
reader with the treatise of Tarski [4] on cardinal algebras must be assumed,
this opportunity will be taken to summarize briefly those definitions and
basic results from that work to which specific reference will be made later.
The numbering on the right-hand side of the page refers to the numbering
system in [4].

(2.1) By a CARDINAL ALGEBRA is meant an algebraic system

A= (4, +, 20) (1.1)
satisfying the following postulates.

I A 1s closed under finite addition +;
11 A is closed under countably infinite additiony ;
III D ei=a+ X ai;
<o 1<w
v 2 (e +b) = 2 et 2 by
1<oo 1<o0 1<oo
\% there exisis a zero element “0” such that

a+0=a=0+a foreach acC 4;

VI at+b=2 c
<o

implies the existence of elements a;, bi& A for i < ©, such that

a=Ea.~, b=2b,~, and ¢; = a;+ b; for i< =

i<eo <o
VII a; = b; + aiy1 for eachi < o
implies the existence of an element cE A such that
@n = ¢+ D bays for eachn < .
<o

These postulates imply that Y is a generalization of +, and that the alge-
bra is unrestrictedly commutative and associative.
From now on the term cardinal algebra will be abbreviated by C.A.
In any C.A. a partial ordering =< is introduced by
(2.2) a=b if and only if b=a-c for some cEA. (1.5)
One has the following arithmetical theorems:
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(2.3) If a14as =b14bs, then there exist elements ¢y, ¢a, €3, c4& A such that

a =01+, aa=c3+cs, bi=c14c3 bo=c2+ca. (2.3)

(2.4) If a+c=0b-c, then there exist elements a’, b’', dE A such that a =a’ +d,

b=b'+d, c=a’+c=0b"+4c. (This is a modified cancellation law.) (2.6)

(2.5) If 3 a; < bforeveryn < ,then ), a; < b. (2.21)
<n 1<oo

(2.6) If n is an integer, 0 <n < o, and na <nb, then a b. (2.33)

The concept of an idemmultiple element or C.A. plays an important role
in the sequel.
An element a is said to be IDEMMULTIPLE if a+a=a. A C.A. is said to be

IDEMMULTIPLE if each of its elements is idemmultiple. 4.1,8.1)
One has the theorem

2.7 An element a is idemmultiple if and only if pa=gqa for some distinct

nonnegative integers p and q. (4.3)

A subset B CA is said to be an ideal in ¥ if it is closed under + and Y, and
if a =bEB implies that aEB. If X CA, the closure I(X) represents the small-
est ideal containing X. For single element sets I(a) will be used in place of
I({a}). If B is an ideal the relation =p defined by: a=pbif a+c=>b+c for
some elements ¢, ¢/ B, is an infinitely additive equivalence relation. The
algebra of equivalence classes %/B is also a C.A. The class of all ideals in a
C.A. is itself an idemmultiple C.A. under the operation Y i<, Bi=I(Uicq By).
This algebra is denoted by (). A simple C.A. A is a C.A. having no ideals
other than {0} and 4 itself.

In the following the usual set-theoretic notations will be used, the empty
set being denoted by .

3. Directed sums of cardinal algebras. The notion of a directed sum of
partially ordered sets over a partially ordered set is known from the literature
[1; 3]. Roughly speaking, one replaces each member a of a partially ordered
set A by a partially ordered set B, and obtains in this manner a new partially
ordered set. More precisely, suppose 4 is partially ordered by the relation =,
and for each a €4 suppose B, is partially ordered by a relation =,. Let C be
the set of all ordered pairs {(a, b) with a €4 and bEB,. For (a, b), (a’, b')
€ C define (a, b)<’(a’, V') in case either a Za’, a%£a’ orelsea=a’, b =,0'. The
relation <’ partially orders the set C, and the system (C, <’) is called the
directed sum of the systems (B, <,) over the system (4, <); in symbols

(€, =)= 2 (Bs Za)
(a,4,5)

Since a C.A. is in particular a partially ordered set, it seems natural to
attempt to define an operation on C.A.’s analogous to this operation of
directed addition of partially ordered sets.

Consider C.A.’s A=(4, +, 2_)and B =(Ba, +a, 2 a) for each aEA4. The
operation + induces a partial ordering < of the set 4 while, for each a €4,
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the operation =+, induces a partial ordering =, of the set B,. Let (C, =’) be
the directed sum of the systems (B,, <,) over the system (4, <). It is desired
to define operations

F and z
over the set C such that the algebra

C=(F, )

is a C.A. and =<’ is the partial ordering of C induced by the operation F.
This condition alone would not determine the operations

F andf

uniquely, since the operations of a C.A. are not uniquely determined by the
partial ordering which they induce. However, there appears to be one natural
definition, namely

> (ai, b:) = (a,b) where a =2, a; and b= D b
<o 1<oo a;=a

As will be seen later this construction does not yield a C.A. unless some
restrictive conditions are placed either on ¥ or else on some of the “sum-
mands” Ba.

In such directed sums, the element (0, 0,) will act as zero element for G,
where 0 is the zero element of % and 0, is the zero element of B,. Consequently
it seems natural to consider directed sums in which some of the summands
are not C.A.’s but systems obtained from C.A.’s by removing the zero ele-
ment. In some of the summands the presence of a zero element is clearly

indicated. If a is an element of 4 such that there exist elements a;EA for
which

a=Ea.- and a; < aforeachi < =,

1<
and if b;EB,, for 1< «; then it would follow that

3 (@i, b = (g, 0),

1<oo

where 0, is the zero element of B,. This suggests the following
DEFINITION 3.1. Let

A= (4, +yE>

be a C.A. An element a € A is said to be ACCESSIBLE in U if and only if, there
exist a;EA, 1< o, for which

a= 2 a; and a; < a for everyi < .

1<oo
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Thus to say that an element is inaccessible means that it is indecomposa-
ble in terms of strictly smaller elements.
DEFINITION 3.2, Let

A= (4, +’2>

be a C.A. with zero element 0. By the POSITIVE PART of N is meant the algebra
(A_ {0}1 +1Z>'

When speaking of the positive part of a C.A., it shall be understood that
the C.A. has at least two members, so that the positive part is not empty.
Notice that every C.A. can be considered as the positive part of another C.A.

DEeFINITION 3.3. Let

A= (4,+,2)
be a C.A. with zero element 0. For each a E A let
5‘Ba = <Ba, +a, Za)-

If a=0 or if a is accessible in A assume that B, 1s a C.A. with zero element O,
otherwise assume that B, is the positive part of a C.A. By the DIRECTED SUM
of the algebras B, over U—in symbols

2 %,

(@)
—is meant the algebra
C=(F,2)
where C is the set of all ordered pairs {a, b) with aEA and bE B,, and where
> 4(as, i)
i<w

s defined to be the element {a, b) EC with
a= Y. a; and b= D .b..

i<wo Gi=a

Finite addition F is defined analogously.
We now inquire under what conditions this directed sum is a C.A. Before
stating the answer to this question it is convenient to introduce the following
DEFINITION 3.4. Let

A= (4, +,2)

be a C.A. An element aEA is said to be SEPARATING in U if and only if, for
each bEA, either a<b or b=a.

Obviously a C.A. is linearly ordered if and only if each of its elements is
separating.

THEOREM 3.5. Under the assumptions of (3.3), the directed sum € of the
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algebras B, over A s itself a C.A. if and only if, for each a €A, a is separating
and idemmultiple in N, or Ba consists of just one element.

Proof. First assume that € is a C.A. Consider an element a €4 which is
not idemmultiple, and suppose «, o’ €B,. Then 2a =a-+a is accessible in ¥,
whence 04, exists in B, and

2(a, a) = (24, 03) = 2(a, o).

By (2.6) this implies that (a, a)={(ae, &) and consequently a=a'. Thus B,
consists of just one element.

Now suppose a &4 is idemmultiple but not separating in . There then
exists an element 5& A4 such that neither ¢ £b nor b<a. Then a<a+b and
b<a+b so that a+b is accessible in A. Consequently Ouyp exists in Bgyp.
Choose a fixed element 3& Bs. For any elements «, o’ € B, one then has

(a, @) F (8, B) = {a + b, Ouys) = (o, @ +a ') + (b, B).

By (2.4) this implies the existence of elements {c, v), (a1, o1), (@2, ae) EC such
that

(a) a) = (67 '7) ? <01, al)’
(a’ a-+ta a,> = <C) 7) :F (‘12) a2>)
(b) ﬁ> -"T__ <al, al) = <b; B) = (b; ﬁ) ? <02) a2>'

These equations imply that a =c+a1, a =c+a,, and b+a,=b=>b+a,. Conse-
quently a1 Za, a:=Za, a1 <b, and a;<b. But a1#a#a; by the definition of b,
whence a; <a and a;<a. It follows that either c=a and a=y=a+. ¢/, or else
c<aand a=0,=a-4,a'. Ineither case one hasa’ <, «. Similarly a<a/, whence
a=a'. Thus B, consists of just one element. This concludes the proof of the
forward implication.

In order to prove the reverse implication it is necessary to check that
Axioms I-VII for a C.A. are satisfied. A number of special cases must be con-
sidered and the checking, while straightforward, is tedious. Consequently
this part of the proof is omitted.

The problem of representing an arbitrary C.A. as a directed sum will be
considered next. Since (3.5) gives assurance that in any such representation
the only nontrivial summand algebras will be those corresponding to idem-
multiple separating elements of the index algebra, it seems natural to con-
sider directed sums in which every element of the index algebra is idem-
multiple and separating. Hence, as essentially the most important case, one
should study directed sums over a linearly ordered idemmultiple C.A.

DEFINITION 3.6. If A is a C.A., B is the positive part of a C. 4., then

ADB = 2 G,

(.€)
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where € is the C.A. of order 2 containing only the elements 0 and »,€ (=9,
C.=83.

Thus every element of ¥ is less than every element of 8 in this sum.

DEFINITION 3.7. Let N be a C.A. Then N is said to be LINEARLY INDECOM-
POSABLE if and only if, whenever, =B ® G, then B must be a trivial one-element
algebra.

DEFINITION 3.8. Let

A= <A) +:Z>

bea C.A., B an ideal in A. Then B is said to be a SEPARATING IDEAL of ¥ if
and only if, b&EB and a €A — B implies that b <a.

THEOREM 3.9. Let A be a C.A., B an ideal in . If B is a separating ideal of
A, then B is a separating element in the C.A. F(N).

Proof. Trivial.
It is possible to show by a counter-example that the converse to (3.9) does
not hold.

THEOREM 3.10. Let
A= (A) +, Z)

be a C.A., B a separating 1deal in U. Then:
(i) For every x, yEA, x=py if, and only if, either x, yEB or x=1.
(ii) The algebra
A = (4 - BV {0}, +,20)
is a cardinal subalgebra of A, and
A’ = A/B.

(iii) A=B DL,
where B=(B, +, E), C=(4—-B, +, Z)

Proof. (i) If x, yEB or x =1y, then obviously x=3y. If x&€4 —B, bEB,
then x> «bE&EB, since B is a separating ideal and hence x+b=x. It follows
that if x€A4 — B, x=3y, then x=y.

(ii) Follows immediately from (i).

(iii) From (i) and (ii) one sees that the mapping («, a)—a gives an iso-
morphism of B@ € onto .

The concept of a separating ideal gives an intrinsic characterization of a
linearly indecomposable C.A. as follows:

THEOREM 3.11. Let
A= (4,+,2)

be a C.A. Then U is linearly indecomposable if, and only if, A contains no
separating ideals other than A and {0}.
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Proof. If U is linearly indecomposable, then it can contain no nontrivial
separating ideal by (3.10).
Assume

o=y

under an isomorphism f, where 8 = (B, 4/, Z’) isaC.A.and €=(C, +", Z”)
is the positive part of a C.A. Let B’ be the image of {(0, b)] bEB} under f.
Obviously B’ is an ideal in Y. If x&€A4 —B’, y&B’, then there exist elements
bEB, c&C such that x=f({0, b)), y=f((=, ¢)), whence x <y, since (0, b)
<{, c). Hence B’ is a separating ideal of . If % contains no nontrivial
separating ideals, B' = {0 }, and consequently ¥ is linearly indecomposable.

THEOREM 3.12. Let
A = (A’ +, Z)
bea C.A., and let K be the class of all separating ideals of N. If & #~LCK, then

N XEK and 1{ U X)EK.

XeL €L
Proof. Obviously Nxec; X is an ideal. Assume that x€EA4 —Nxer X,
yENxer X. Then x€A4—X and yEX for some XEL. Hence y<x and
Nxer XEK.
Assume xEA4 —I(Uxer X), yEI(Uxer X). In this case x€4 — X for each
X€EL, and
y=2 %
1<
where, for each i< o, y;€X,;EL. Since K is a linearly ordered subset of
(%), one has, for each n< o,
Y. y: € X, for some j < n,
i<n
whence x> D _ica ¥; for each n< . By (2.5), x2y. Since x#y, it follows that

x>7, and hence I(Uxer X) EK.
DEFINITION 3.13. Let

A= (A’ +y2>

bea C.A., aEA. Let K be the class of all separating ideals X of A such that
aEX. Let L be the class of all separating ideals X of N such that a&X. The
quantities Mu(a) and mu(a) are then defined by

Mu(a) = n X,
XeK
mu(a) = U X.

XeL
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By (3.12), Mw(a) and I(mg(a)) are separating ideals of . Obviously
a € Mu(a).

Where no confusion would result the subscript % will be dropped and the
quantities denoted by M(a) and m(a).

The main theorem on representation of an arbitrary C.A. by a directed
sum may now be stated. This theorem asserts that every C.A. has a unique
representation as a linear idemmultiple directed sum of linearly indecom-
posable C.A.’s and their positive parts.

THEOREM 3.14., Let

A= (4,+,2)
bea C.A. Then
A = Z B,
(.8)

where (1) B is a linearly ordered idemmultiple C.A.,
(i1) each By is the positive part of a linearly indecomposable C.A., and
(iii) 4f b=0 or if b is accessible in B, then By is a trivial one-element C.A.
Furthermore, the algebras B, By are uniquely determined, up to isomorphism,
by this representation and conditions (i), (ii) and (iii).

Proof. Let B be the class of all separating ideals X of A such that X =M (a)
for some a&A4. For each XEB, let

Bx = {al a€ 4 and M(a) = X}.

First it will be shown that the algebras

B = <Bx +7Z>
(considered as a subalgebra of the ideal algebra J(¥)), and
Bx = (Bx, +,2.)

for X € B, satisfy the conditions of the theorem.
To verify (i) it is sufficient to show that B is closed under addition. Sup-
pose X;EB for i< , and let

1<w0 1<w0

By (3.12), X is a separating ideal in . For each 1< «, choose elements a;
such that X;= M(a,), and let

a=Ea.~.

<o

Obviously e €X. If Y is a separating ideal of U such that aE Y, then ¢;EY
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for each 1< w0, X;CVY for each 1< o, and hence X CY. Consequently
X=M()EB.

It is most convenient to check (iii) next. If X ={0}, then Bx={0} and
the conclusion follows. Assume that X is accessible in 8. Hence

X=ZX.- where X > X, &€ Bforeachi < o,

1<
Choose elements x, y & Bx arbitrarily. Then
x = Zx;, with 2; € X;fori < o,
1<
Since B is linearly ordered, D icn X;=X;<X for some j<n, and for each
n< . Hence y& Zi<n X, for each n< o, and

> x; < yforeachn < «.
<n
By (2.5), x <y. Symmetrically y =x, and consequently x =y. We observe that
this single element of By is idemmultiple, whence (iii) follows.
In order to check (ii) one may now assume that X = M(a) €B is not equal
to {0} and is inaccessible in B, and proceed to show that the algebra

Bx = (Bx U {0}, +,2)

is a linearly indecomposable C.A.

Let K be the family of all separating ideals YEB with Y <X, and let

zZz=UC.
ceK

If y.€Z for i< », then for some Y;&EK we have y;EV;<X, whence
> ¥:€ > YV:<X. Equality is impossible since X is inaccessible, and it follows
that Y V;EK, > Y,€Z. This proves that Z is closed under addition and
consequently is itself a separating ideal, Z=X. If Z=X = M(a), then we
would have a= D_y;, ¥»:€Y;EK, ¥;<X. This would imply that X =Y Y,
again contradicting the inaccessibility of X. Thus Z is a separating ideal,
Z <X, and furthermore Bx=X —Z. Since Z is also a separating ideal in X,
(3.10) assures one that Bk is a C.A.

To show that Bk is linearly indecomposable, assume that Y is a separating
ideal in 8%. Then Y\UZ is a separating ideal in A with YUZ=X. If YUZ =X,
then Y=Bx\U{0}. If YUZ<X, choose yEY arbitrarily and we have
M((y)SYUZ<X, whence y&Bx, y=0. Thus Y=BxU{0} or Y= {0}, and
(3.11) requires that 8% be linearly indecomposable. This completes the veri-
fication of (ii).

Let

g=(C,+,2)= 2 B

(X,8)
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(3.5) implies that 2 is a C.A., and it is now a simple matter to construct the
isomorphism between A and €. For a4, let

fla) = (M(a), ) € C.

Clearly f is a one-to-one function mapping 4 onto C. For elements a;E4,

1< o, and
e = E as,

1<eo
it is necessary to show that f(a) = _E—f(a;), ie.,
M) = >, M(a) and o= > a;.

i<oo M (a;)=M(a)

Obviously M(a)= 3. M(a:) since the inequality holds for each index. But
a= ) a;€ Y M(a;), which implies that M(a)< Y M(a;), whence M(a)
= > M(a)). If M(a;) < M(a) for each i< «, then M(a) is accessible in B, and
(iii) implies that ¢ must be the zero element of B @), being its only element.
If M(a;) = M(a) for some indices ¢ < «, whenever M(e;) <M(a) =M(a;) one
has «a;<a; and consequently a;+a;=a;. Hence

a=20,~= Z a; + Z a; = Z a;.

i<oo M(a;)=M (a) M (a;)<M(a) M (a;)=M (a)

In every case it follows that
a = Z ag,
M(a;)=M(a)
and thus
1(Z o) = st
<o <o

This proves that f gives the required isomorphism.

The uniqueness of this representation follows by straightforward checking
that in any isomorphism of [ onto a directed sum satisfying (i), (ii) and (iii),
the counter images of the various “summands” are the algebras Bx.

This completes the proof of the theorem.

DEFINITION 3.15. Let

A= (4, +,2)

bea C.A. The subalgebras Bx of U, defined in the proof of (3.14), will be termed
the LINEARLY INDECOMPOSABLE SUMMANDS of .

THEOREM 3.16. Let
A= (4,+,2)

bea C.A.,a&A. If Bx is the linearly indecomposable summand of A containing
a, then
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Bx = M(a) — m(a).

Proof. By definition Bx CM(a). For bEA, bEBx if, and only if, M(b)
= M(a). M(b) =M(a) implies that b&m(a), and hence Bx C M(a) —m(a). If
bE M(a) —m(a), then M(b) < M(a) but M(b)<€ M(a), whence M(a)—m(a)
CBx, and Bx= M(a)—m(a).

The study of the structure of arbitrary C.A.’s has now been reduced to
the study of linearly indecomposable C.A.’s. In the next section this theory
will be applied to characterize certain classes of C.A.’s whose linearly inde-
composable summands may be described more or less completely in terms of
simple and idemmultiple C.A.’s.

4. Primary cardinal algebras. One of the most fundamental arithmetical
theorems for C.A.’s is (2.6) which states that, for integers » with 0 <n < «,

na < nb implies a = b.

This cancellation law for multiples can be split into two parts, namely:
na = nb implies ¢ = b,

and
na < nb implies a < b.

In the simplest examples of C.A.’s, one finds that the condition “n < «”
is necessary in the first of these two parts. However, in a great many ele-
mentary C.A.’s—idemmultiple, simple, linearly ordered, etc.,—one finds that
the second part holds for =« as well as » < «. Hence, in seeking to de-
scribe the structure of more complicated C.A.’s in terms of these elementary
ones, it seems natural to study the behavior of elements and algebras for
which the second part holds with #n = o ().

DEFINITION 4.1. Let

A= (4, +’Z>

bea CA., aEA.
(i) a s said to be PRIMARY in U if,

b < wa implies thatb < a, for b € 4.

(ii) U s said to be a PRIMARY C.A. if each of its elements is primary.

Note that, trivially, every idemmultiple element of a C.A. is primary.

In this section it is shown (4.5) that for a primary C.A. the linearly inde-
composable summands are either idemmultiple or simple algebras. Conse-
quently, for such algebras, Theorem 3.14 provides a fairly complete repre-
sentation. Three lemmas are required.

(1) See Tarski [5] where algebras satisfying a similar but stronger property are discussed
with special reference to the algebra of cardinal numbers.
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LEMMA 4.2. Let
A= (A’ +, Z)

be a CA., a€EA. Then a is primary in A if and only if, 0b< ©a implies
wb<a, for bEA.

Proof. The reverse implication is obvious. Assume then that a is primary
and b an element of 4 such that ©b< wa. Then «(»b) = xbh< xa, whence
©h<a.

LEMMA 4.3. Let
A =(4,+,2)

bea C.A., and let a, x, and y be nonzero elements of A, satisfying a=x-+y.
If a is primary and nonidemmultiple, then x and y must have a nonzero com-
mon lower bound.

Proof. If @ is not idemmultiple, the same must be true of either x or y.
Say 2x>x. Obviously ©x< wg=wx-+ 0y, Assume first that ox< wag,
whence by Lemma 4.2, 2x £ wx <a=x+7y. Thus, for some 2E A4, one would
have x+x+z=x+y. By postulate VI for a C.A. one may write x=x1+y
=%3+7y2, 2=x3+7y; where x1+x24x3=x, y1+y:+y;=y. If y1=9,=0, then
x1=x=x;, and x=ux1+x2+x3=2x contradicting the assumption that x is
not idemmultiple. Consequently y;, and y. cannot both be zero, and one will
be a nonzero lower bound for both x and y. On the other hand, if wx= wa
= wx+ wy-+y, then, by postulate VI, one could write y= D_y; where each
y:=x. Some y; would again have to be nonzero, and thus in each case the
existence of a nonzero lower bound for x and y has been demonstrated.

LEMMA 4.4, Let
A= (A) +’ Z)

be a primary C.A. If an element a E A is nonidemmultiple, then ©a is separating
in 9.

Proof. Assume «a is not separating in %. This means that there exists an
element b&E A4 such that neither 8 < ©a nor ©a b, whence

wg < ©0g+b and b < © a4 b.

In this case ®wa< x(¢+b), which implies that xa<a+b, e+b=oa+tu
=g+ wa+u=a+(a+bd), for some element u&A4. Thus,

2a+b=a+0b.

By (2.3) there exist elements ¢, ¢, ¢3, c4€ A4 such that
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2a = ¢1+ ¢ a = ¢+ cs

. b=63+64, b=62+64.
Obviously «¢, = wa, but equality would imply that «a =< «b, which in turn
would imply that «e<b or b= wa, contradicting the choice of 5. Hence
¢y < w0a, whence ¢, <a, and consequently

a= o+ v=c2+F ©c2t+v=1c2+ a,

for some element v& A4. Similarly a =¢;+a. Hence

2a=¢ci+cata=cit+a=c1+c2+ a=2a+ a = 3a.

By (2.7), this implies that a¢ is idemmultiple, contradicting the hypothesis.
It follows that no such element & can exist, and the lemma is proved.

In view of Theorem 3.14, in order to determine the structure of primary
C.A.’s it is necessary only to study linearly indecomposable primary C.A.’s.
The next theorem describes such C.A.’s.

THEOREM 4.5. Every linearly indecomposable primary C.A. is either simple
or idemmultiple.

Proof. Let
A= <A7 +, Z)

be a linearly indecomposable primary C.A., and assume that ¥ is not idem-
multiple. Let a be an arbitrary nonidemmultiple element of A. By (4.4) the

ideal generated by a, I(a), is a nonzero separating ideal in ¥, and by (3.11),
I(a)=A.
Let

B={x|2€ 4 and »x < »a}.

Obviously ¥y =x&B implies that y&EB, and to prove that B is an ideal one
need only show that it is closed under addition. Assume that ;& B for : < «.
Since, for 1 < ©, ©b;<a, one has

nYy, obi= 2, ob; < na, for each n < o,
i<n <n

By (2.6), this implies that

2 ©b; < q, for each n < o,
<n

and by (2.5),
@ Eb;= Ewbgéa.

1<oo 1<oo

Equality is impossible, since ® Y.<, b; is idemmultiple while a is not. Hence
ZK“, b;EB. This proves that B is an ideal in Y. If x&B then ©x= wa,
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whence b <x for each b&B. Thus B is a separating ideal in ¥, and, by (3.11),
B= {0 } . Consequently «x= »a for each nonzero element x&4. Thus ¥ can
have no proper ideals and must be simple.

Combining (3.14) and (4.5), one obtains the following general representa-
tion theorem for primary C.A.’s.

THEOREM 4.6. Let A=(A, +,.) be a primary C.A. Then
A=~ E Bs,

(5,8)

where (i) B=(B, +,Y.) is a linearly ordered idemmultiple C.A.;

(i1) for each bEB, By is the positive part of a simple C.A. or of a linearly
indecomposable idemmultiple C.A.;

(iii) for each bEB, if b=0 or if b is accessible in B, then By contains exactly
one element.

The algebras B and By, for bEB, are uniquely determined (up to isomor-
phism) by U and conditions (i)—(iii).

Theorem 4.6 reduces the study of primary C.A.’s to that of idemmultiple
and simple algebras. As mentioned in §1, every idemmultiple C.A. can be
realized as an algebra of sets. However the structure theory of simple C.A.’s
is not as satisfactory. The only known examples of simple C.A.’s are the alge-
bra R of non-negative real numbers (with « added) and its three subalgebras:
the non-negative integers (with « added), the two-element algebra {0, « },
and the trivial algebra {0}. The problem of determining whether these are
the only such algebras is still unsolved. In view of the preceding structure
theorem, a definite answer to this question would be of importance. The
following theorem fits rather naturally into the present development. It
gives a fairly simple necessary and sufficient condition for a simple C.A. to
be one of the above four, namely that its ordering be “Archimedian.”

THEOREM 4.7. Let
A= (A; +)E>

be a simple C.A. having the property that, for each pair of elements a, bEA, if
a is finite and b0, then a Enb for some integer n < . Then U is isomorphic
to one of the four subalgebras of the algebra R of non-negative real numbers (with
© added).

Proof. See reference [2].

In order to fit this theorem into the theory of this section one makes the
following definition:

DEFINITION 4.8. Let

A =(4,+,2)

bea C.A. An element a €A 1is said to be STRONGLY PRIMARY 1f, for each b& A,
b< wa implies that b Sna for some integer n< .
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THEOREM 4.9. Let
A= <A) +, Z)
be a C.A. Then every strongly primary element of A s also primary.

Proof. Let a be strongly primary, and let  be an element of A such that
b < «a. Then by the definition of strongly primary, «b=<mna for some inte-
ger n< ., ob=n(xb), and consequently (2.6) implies that «b=a, whence
b=a. Thus a is primary.

In view of theorems (4.7) and (4.9) one sees that if, in the statements of
all theorems and definitions of this section one replaces the word “primary” by
“strongly primary”, and the phrase “simple C.A.” by “cardinal subalgebra of
R”, all theorems will remain valid.

5. Star-products of cardinal algebras. One readily observes that the direct
product of two nontrivial C.A.’s is always linearly indecomposable. Conse-
quently the theory of the preceding two sections cannot be applied to such
products. In analogy with the construction of semi-simple rings from simple
rings one might ask whether there exist intrinsic characterizations for alge-
bras which are built up as direct products of C.A.’s for which the directed
sum decomposition gives an adequate description (e.g. of primary algebras).
In a direct product of primary C.A.’s, for instance, the only nonidemmultiple
primary elements are those of the factors, and such elements may be char-
acterized as those nonidemmultiple elements of the product which cannot be
written as sums of “disjoint” elements, (i.e., elements which have no nonzero
common lower bound, see Definition 6.1). One can then ask whether the
condition that all such elements be primary characterizes the class of all
C.A.’s which are direct products of primary C.A.’s.

Consideration of such questions as these leads naturally to the study of a
certain operation on C.A.’s which is at once a generalization of both a direct
product and a directed sum. This operation turns out to be an extremely use-
ful and suggestive tool, and is deserving of more detailed consideration.
Theorem 5.1 and Definition 5.2 are the only parts of this section essential to
the development of the theory of §6.

THEOREM 5.1. Let
A= (4, +,2) and B= (B, +,2")

be C.A.’s, and let ¢ be a homomorphism of B into the ideal algebra J(N). Define
the relation R on A X B as follows: for (a, b), (a/, b')EA XB, define

(a, B)R(d’, ')

if, and only if, b=0b" and a =,p)a’, (see definition following (2.7)). Then R is
an infinitely additive equivalence relation over A XY, and (AXB)/R is a C.A.
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Proof. R is obviously an equivalence relation. In order to show that R is
infinitely additive, choose elements {(ai, b:), {a!, b!)EA XB with (a;, b;) R
{al, b!), for i< ». Hence, for 1< o, b; = b! and there exist elements
%, ¥iE@(b;) such that

o+ % = ai + 9.

Hence

Zlbi=z:lbtla

1< 1<
2 oait ) mi=2al+ Dy,
1<oo <o <o 1<

and X %, 2, 9:€2, ¢(b)=¢(> bi). Consequently
i< i<w i<w i<w

2 (@i, bR 2 (al, bl).

1<oo 1<oo
This shows that R is infinitely additive.

The algebra (A XB)/R obviously satisfies Postulates I-V for a C.A., (2.1).
Choose elements {(a, b), (¢’, ¥')EA X B and (a!’, b!' YEA XB for 1< », such
that

({a,8) + (¢, b)) R 2_ (al’, b!").
1<oo
This means that
b _|_' by = E/ b.!’,
1<oo
and that there exist elements x, yE¢(b+' b') such that
a+a'+x=za{'+y.
1<oo
Since
$(b +'b) = ¢(b) + $(3') = 2 $(b!"),
1<oo
one can find elements 2E¢(d), 2’ S (b’), and y;E¢p(b!’) for 1< =, such that
x=z+7, y=2 y.
1<
Hence
(a+2)+ (@ +2) =X (al' +9).
1<oo
By Postulate VI one can choose elements a;, af €A for i < «, such that

e42=2 a, o +7 = al,

1<wo 1<oo
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and
al’ + 3= a;+ al for i < o,

One can also choose elements b;, b €B for i< =, such that

b= b, b =2'b],

1<w 1<
and
b’ = b;+'b! for i < oo,
Hence
(0, )R 30 (as, bs),  (a, B)R 2 (af, bi),
i<w <w
and

(ai’, 0" YR ({as + bs) + (af, b)) for i < .

This shows that (% X B)/R satisfies Postulate VI for a C.A.
For n < «, assume that (@, b.), (@, ba )EA X B such that

(@ny bn) R ({@nt1, bay1) + {ad, b ));

this means that

bn = bpprt+' 04,
and that there exist elements x., ¥»&¢(bs) such that
*) @+ %2 = Gnp1 + 0 + Yo
Note that

#(bo) D ¢(b1) D ¢(b2) D - - -

For n< «, elements 2,E¢(bas1), 24 (b, ) may be chosen such that

Yn = 2Zn t+ 2,

since ¢(bn) =@ (bns1) +¢ (b, ). Furthermore, since 20E¢(b1) =¢(b2) +¢(b! ), ele-
ments #oEp(bs), v0Ed(b’) may be chosen such that

20 = Ug + Vo.

21+ uoE@(by) =p(bs) +¢(b7 ), and consequently there exist elements u, E¢(b3),
1 E¢(b7) such that

z1 + %o = u1 + 1.

Proceeding by induction, for each # < «, elements UnEP(bri2), V2 EP(br1y)
may be chosen such that
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Zn + Un—1 = Ua T+ Vs,

where one defines #_; =v_;=0. For n< «, let

x,.’ = Z Xnti + Un—1 + Vn—1 E ¢(bn)y

<eo
Vi = a1+ 24 E ¢(bd).

Adding D i< Xatist +un1+vay to each side of (*), and recalling that v,
=2,-+2., one obtains, for n < «,

an + % = <0n+1 + D nprpi + un—l) + (a7 + va1) + yn

<o

= (am + 2 Fuprs + U + zn) + (ad + var 4+ 2)

1<w

= (a'H-l + E Xnt 144 + Un + vn) + (a,.’ + Vn—1 + Zn,)
1<
= (ant1+ 2np1) + (an + 9n).

Hence, by Postulate VII, there exists an element a €4 such that
o+ 2n = a4+ 2 (Gnps + Yuri), for each n < .
1<oo
Also there exists an element 5& B such that
b =0+ Z' bf.+,-, for each n < o,
1<oo

Since x E¢(ba) and D i< Vi E(b ) Cd(ba), for n< o, one has

(8, BY + 22 (anti, by} = <a + 2 nts, bn> R(a, b).

<o <o

This shows that (% X®B)/R satisfies Postulate VII for a C.A., and completes
the proof that it is itself a C.A.

DEFINITION 5.2. Let A, B, ¢, and R be as in Theorem (5.1). The C.A.
(AXWB)/R is termed the STAR-PRODUCT of A and B modulo ¢ and is denoted by

2[*4,%.

The relation R is said to be generated by ¢.

REMARKS. (i) Let ¢ be the special homomorphism with ¢(0) = {0 }, o(b)
=4 for b5£0. Then

A B=A DY,
where B’ is the positive part of 8.
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(i) If ¢(b) = {0} for all bEB, then
A*B=AQ V.

Hence the operation *4 can be considered to be a generalization of both a
directed sum and a direct product.

(iii) If ¢ is a homomorphism of B into (%), let é be the natural homo-
morphism of B into J(A/$(0)) induced by ¢. Then it is easy to see that

A B = (A/6(0)) % B.

Hence one can always reduce the operation *4 to the case where ¢(0) = {O } .

(iv) Since $(¥) is an idemmultiple C.A., ¢(b) =¢(ob). Thus ¢ is deter-
mined by its values on the subalgebra of all idemmultiple elements of 8.
Hence ¢ can be considered as a homomorphism between idemmultiple C.A.’s.

The operation *¢4 has been defined as an “outer” product. It is natural to
ask whether there exists a corresponding “inner” product. That is, if a C.A.
% is represented in the form B*,E€, are there natural projections of 8 and €
into U, and can the class of all subalgebras of % which are obtained by such
projections be characterized intrinsically? The answer is contained in the
following two theorems.

The symbol 4 (x) is used in the sense of Tarski, i.e.

A@) = {y|x+y ==}

THEOREM 5.3. Let A=(4, +,2.), B=(B, +',2.), and €=(C, +",2.")
be C.A.s, let ¢ be a homomorphism of € into F(B) such that $(0) = {O}, and
assume

B Cx2Y,
under the isomorphism f. Define
B’ = {f((, 0)/R)| b € B},
¢’ = {f(0, e)/R) | c € ¢},
R being the relation on B X C generated by ¢. For ' €', define
¢'(c) = {7((4, 0)/R) | b € 6(c)},

where ¢ C such that ¢’ =f({0, ¢)/R). Then
(i) B’ is an ideal in 9.
(ii) Every coset of % mod B’ contains precisely one element ¢’ of C', with
¢’ Za for each element a of the coset.
(iii) For '€,
¢'(c") = A(C) N\ B = I(c') N\ B'.

Proof. (i) is obvious from the definition of B’.
Choose a €A arbitrarily. Hence a =f({b, ¢)/R) for some bEB, c¢EC. Let
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b = f(6, 0)/R) € B,
¢ = f(0, c)/R) € C".

Then a=b"+¢’, and consequently a=p- ¢.
Now given elements a €4, ¢/ EC’ such that a=p- ¢/, there exist elements
b, u, vEB, and ¢, ¢o& C such that a =f((b, ¢)/R), ¢' =f({0, ¢o)/R) and

Hence, f being an isomorphism and R being additive,
(b +' u, c) R (v, co).

Consequently ¢=cy, ¢’ <a. This shows that (ii) is satisfied.

It remains only to check (iii).

Note that, since (0, ¢) R {0, co) if, and only if, c=c¢,, ¢’ is well defined.
Choose an element ¢’ € C’ arbitrarily. Thus ¢’ =f({0, ¢)/R) for some c&C. By
definition

¢I(Gl) C Bl.
Choose b’ E¢’'(c’). Consequently b’ =f({0, b)/R) for some b&E¢(c). Since
b=4(»0, one has (b, ¢) R {0, ¢) and &'+’ =f({b, ¢)/R) =f({0, ¢)/R) =¢'. Hence
VEA()CI(), and ¢'(¢") CA()NB' CI(¢')YN\B’. Choose b¥'&I(c')YNB’.
Consequently &' =f((b, 0)/R) for some b& B, and
J(b, = ¢)/R) = f((b, 0)/R) + f({0,  ¢)/R)

=p + P

= o ¢, since ¥’ € I(¢),

= f({0, = ¢)/R).

Thus (b, ©¢) R{0,%¢), b=4g(s) 0, b6EP( 0 ¢) = 0 p(c) =¢(c), and consequently
b’ E¢'(c’). Therefore I(c')NB’' C¢'(c’), whence

(") = A()N B = I(c') N\ B,

completing the proof of the theorem.
The next theorem states that conditions (i)—(iii) of the preceding theorem
are the characterization which one is seeking.

THEOREM 5.4. Let
A= (4, +,2)
bea C.A. Let B', C', ¢’ satisfy conditions (i)—(iii) of (5.3). Let
8=(B,+,2), €=, +,2).

Then
(i) € s a cardinal subalgebra of Y.
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(ii) ¢’ is a homomorphism of § into 3(B) such that ¢'(0) ={0}.
(iii) For c&C’ and b, ' EB’,

b=g¢c)d

if and only if, b+c=0b"+c.
(iv) B*4 € =¥,
under the mapping f where, for bEB', c&C’,

f(b, ¢)/R) = b+,
R being the relation on B’ X C' generated by ¢'.

Proof. Since every coset of I mod B’ contains precisely one element of €
to prove (i) it is sufficient to show that C’ is closed under Y. If this is the case,
the mapping ¢c—¢/B’ gives an isomorphism of € onto the C.A. A/B’. Choose
elements ¢c;EC’ for i< «, and let ¢= ZKw ¢;. Choose an element a© 4 with
a=p. c. Hence there exist elements %, v&B’ such that a+u=c+v= Z;«o Ci
+v. There exist elements a’, #’, a;, u;EA for 1< © such that

v=2d + o, ¢ = ai+ u; fori < o,
a= D 8+ d, = ui+u.
i<w <wo

Since #;& B’ for 1< ©, a; <c¢;=p’ a;, and since each ¢; is minimal in ¢;/B’, one
has a;=c; for 1< . Hence
a= 2 ci+uw =c+ o,
1<oo
whence ¢ £a. This shows that ¢ is minimal in ¢/B’, and cE(’.

(ii) is obvious from condition (iii) of (5.3), assumed to hold.

Turn now to (iii). Choose elements &, ¥’ EB’, ¢ (’, and assume that
b=4(» b’. Hence there exist elements u, v&EA(¢c)MNB’ such that b+u=>"+v.
Since ¢c+u =c=c++v, this implies that b+c=b+u+c=b"+v4+c=>b"4c¢. Con-
versely, assume that b+c=0>"+c. By (2.4) there exist elements d, ¢, ¢ €A
such that b=d+te, b'=d+e’, ct+e=c=c+¢'. Hence ¢, € E¢'(c) and d+¢’
=d+e-+e' =b"+e. This shows that b=, () b’ and completes the proof of (iii).

(iii) implies that the mapping f defined in (iv) is a function on (B’ X C’)/R.
Choose elements b, &' €B’, ¢, ¢ €C’ such that

b+c=0b0 4.

Hence c¢=3' ¢’ and consequently c¢=¢’, since each coset contains only one
element of C’. By (iii) one has b =4/, b’, whence (b, ¢} R (', ¢'). The function
f is thus one-to-one. If an element a &4 is chosen arbitrarily, then there
exists an element ¢EC’ such that

I\

a=pc ¢ =S a,
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i.e. there exists b& B’ such that
a=1b-+c.

Hence f is a one-to-one function from B*,4.€ onto . f is obviously additive,
and thus is an isomorphism. This completes the proof of the theorem.

Given two C.A.'s ¥ and € one may ask, in analogy with the theory of
group extensions: What is the class of C.A. extensions ¥ of B such that B is
an ideal in ¥ and

A/B = C?

Theorems (5.3) and (5.4) answer this question in part. Let E be the class of
all extensions U of B such that

(i) Bis an ideal in U;

(ii) A/B=GC;

(iii) every coset of A mod B contains an element ¢ such that ¢<a for
each element a of the coset;

(iv) if ¢ is such a minimal element, then

A(c) N B = I(c) N\ B.

Then E is in one-to-one correspondence with the class of all homomorphisms
¢ of € into (V) such that ¢(0) = {O}

Notice that property (iv) above is in a certain sense a generalization of
the property of being primary. If ¢ is primary in ¥ and ¢#0, b&I(c)MN\B, then
b < ¢, whence ©b<c¢, b+c=c¢, b&A(c)MB. Hence in this case property
(iv) follows.

6. Semi-primary cardinal algebras. In a direct product of primary C.A.’s
the only nonidemmultiple primary elements are those of the factors, and these
may be characterized as those nonidemmultiple elements which are dis-
junctively indecomposable (see Definition 6.1 below) in the product algebra.
One might suspect then that this property would characterize such algebras
in some sense. On further investigation however one discovers that this
property is more intimately connected with the general star-product of C.A.’s
discussed in §5 rather than with the ordinary direct product.

DEFINITION 6.1. Let A =(4, +,).), be a C.A.

(i) Two elements x, yE A are said to be DISJOINT in U, in symbols, x Ay =0,
if 2=x and 2=y implies that z=0.

(ii) An element a © A 1is said to be DISJUNCTIVELY INDECOMPOSABLE % ¥ if
a=x+y with x \y=0 implies that x=0 or y=0.

DEFINITION 6.2. A C.A. A= (4, +,).) is said to be SEMI-PRIMARY if every
disjunctively indecomposable element of W is primary.

The fundamental lemma required for the study of such semi-primary
C.A!’s is the following:
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TuEOREM 6.3. Let A=(4, +, Z) be a semi-primary C.A., and let a and b
be disjunctively indecomposable elements of N. Then one of the following cases
must hold: either (i) a /\b=0,

or (ii) wa = «b,

or (iii) 0b=< wa,

or (iv) a and b are idemmultiple.

Proof. Assume that neither (i), (ii), nor (iii) holds. The theorem will be
proved if one can show that (iv) must then hold. If a4-b=x-+y where x Ay
=0, x#05%y, then by (2.3) there exist elements ¢, ¢, ¢3, c4EA such that

a = ¢1 + ¢ b=c3;+ cq, x = ¢1+ ¢ y = ¢+ ¢4

From x /Ay =0 one sees that c; Aca=0=c¢3;/\ ¢4 Since a and b are disjunctively
indecomposable, ¢;=0 or ¢;=0, and ¢;=0 or ¢4=0. Since x70>y, one has
a=x,b=y,ora=y, b=x, whence a /\b =0, contradicting our assumption that
(i) does not hold. Hence a5 is disjunctively indecomposable, and conse-
quently primary.

Next one shows that a+b is idlemmultiple: Obviously

was w(a+d), ©b=»(a+t+d),

but equality in either case would imply (ii) or (iii), contradicting the initial
assumption of the proof. Hence

wa<a-d, wb<a+b,
whence
w (a+bd) < 2(a+ D).

This shows that a+b is idemmultiple.
Since a+b=<2a+b=2(a+b) =a+b, one has that

204+ b=2a-+0.

Now choose elements dy, ds, ds, dis&€A such that 2a=di+d;, b=d;+ds,

a=d,+d;, b=d;+d,. Hence «wd,< xa, but equality would imply that

w0 a < b, contradicting the assumption. Consequently «d;<a, whence a+d;

=gqa. Similarly a+ds=a. Thus
Za=d1+d3+a=d1+a=d1+dz+a=3a.

By (2.7), a is idemmultiple. Similarly b is idemmultiple.

THEOREM 6.4. Let A =(A4, +, D) be a semi-primary C.A. Then either U is
linearly indecomposable, or

A=B @ €,

where (i) B is a linearly indecomposable semi-primary C.A.
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(i1) @€ is the positive part of a primary C.A.
The algebras B and € are uniquely determined up to isomorphism by N and
conditions (i), (ii).

Proof. If A is primary, the theorem is obvious. Assume ¥ is not primary.
Choose an element ¢ €4 such that e is nonprimary, and let

B = M(a),. C=4-B,
8=(B+,2) C=(+,2).
By (3.12), B is a separating ideal of U, and by (3.10),
A=B & €.

Next we show that if x is a nonprimary element of %, then m(x) = {0}. As-
sume ¥ is nonprimary. Thus x =y -z for some elements y, 2E4 with yAz=0
and y#07z. If X is a separating ideal of ¥ with x& X, then yEX, z&¢X
would imply that y <z, a contradiction; similarly y& X, zE€X would give a
contradiction. Thus y>wu, z2>u for each «€X, and hence X = {0}, since
yAz=0. Consequently m(x) = {0 ).

In particular, m(a) = {O }, which shows that 8 is a linearly indecomposable
semi-primary C.A. Furthermore, ¢€C implies that

m(c) D B 5 {0}.

Hence ¢ must be primary and € is the positive part of a primary C.A.

The uniqueness of the algebras 8 and € follows from (3.15), 8 being line-
arly indecomposable.

DEFINITION 6.5. Let A =(4, +,2.) be a C.A.

By the WiDTH of A—in symbols, w(A)—is meant the Lu.b. of the cardinal
numbers of all sets X CA — {0 }, such that x \y =0 for all x, yEX with x#y.

THEOREM 6.6. Let A=(A4, +, > Y bea C.A., w(N) < w, aEA. Then there
exists a unique set UCA — {0} such that

(1) The number of elements in U is <w(¥).

(i) a= Zzev x.

(iii) If x and y are elements of U with x5y, then x/\y=0.

(iv) Every element of U 1s disjunctively indecomposable.

Proof. Since w(¥) < »«, choose U to be a set of maximum cardinality
satisfying (ii) and (iii). U must then satisfy (i). If, for some element xE U,
x=y4z with y Az=0, y#0 3£z, then the set (U— {x})U {y, z} would contra-
dict the maximality of U, hence U satisfies (iv) also. Assume U’ also satisfies
(1)—(iv). Then

a= Y x= ), 9.

zelU yeU’
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By (2.3) one can choose elements x,EA4, for xE U, yE U’, such that
y= 2 % for yE U, x= ) x, for x EU.

z€U yevu’

For x, ¥ €U, v, y EU’, x#x’, y£y', one has x Ax’=0=y/y’, and conse-
quently x, Ax, =0=x,/A\x,.. By (iv) one sees that, for each x& U, x=y for
some y& U’, and conversely. Thus U=U".

DEFINITION 6.7. Under the hypotheses of (6.6), the set U shall be denoted by
Na), and the elements of N(a) shall be called the DISJUNCTIVELY INDECOM-
POSABLE SUMMANDS of a.

THEOREM 6.8. Let
A=(4,+,2") B=(+"2"
be C.A.'s, ¢ a homomorphism of B into J(A) with $(0) ={0}. Then
w(U *4 B) = w(A) + w(kernel ¢).
Proof. Let
C=UAxB = +,2).

By Theorem (5.3) one may assume that 4 and B are subalgebras of €, 4 an
ideal,  minimal in /4 for each 6&B, and ¢(b) =I(b)NA4 for each bEB.

A N kernel ¢ = {0}.
Consequently,
w(€) = w(A) + w(kernel ¢).

Let X be any set of mutually disjoint elements of C. For each element
x€X, by (5.3), x=y+2, yE4, zEB. One may assume that y=0 or z=0,
since if 250, x may be replaced by z. If y=0 and ¢(z) #0, then x may be re-
placed by any nonzero element of ¢(z) =I(z)/\B. Hence one may assume
that,

X C A \U kernel ¢.

Consequently
w(€) = w(N) + w(kernel ¢).
COROLLARY 6.9. Let
A= (4, +,2), B=(B+",2"

be C.A.’s, A= {0}, B’ the positive part of B. Then
(i) w(AXB)=w(¥A)+w(Y),
(i) w(ASY') =w(¥).

DEFINITION 6.10. Let A = (A, +,>.) be a C.A. The set of all ideals X of A
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which are factors of U, s.e. such that A =X XY for some ideal Y of U, will be
denoted by F(A).
DEFINITION 6.11. Let

A= (4, +,2)

be a C.A. ¥ is said to be STRICTLY NONIDEMMULTIPLE #f, for each X EF(A), X
=J(N), where N is the set of all nonidemmultiple elements of X.

THEOREM 6.12. Let A=(4, +, D) be a semi-primary C.A. with w(A) < «.
Then A=2B*4,C, where (1) B is a strictly nonidemmultiple semi-primary C.A.,

(ii) € is an idemmultiple C.A.,

(i) @ s @ homomorphism of € into F(B) such that $(0) = {0}.

This representation is unique up to isomorphism.

Proof. Let P be the class of all disjunctively indecomposable, nonidem-
multiple elements of 9. Let

B=I(P)7
C = {alaEA and )\(a)(\B=,®'},
B=(B,+,2) C=(C+,2)

For each element ¢&C, let ¢(c) =I(c)NB.

Assume that X E€F(8), and choose an element x&X arbitrarily. Since
B=I(P),

x = Z ®© Xy
i<n

where x;EP for :<n = . Without loss in generality one can assume that
x/\x;7#0 for each 7<%, and consequently x;EX for 7 <n, since each x; is dis-
junctively indecomposable. Hence

X = I(N))

where NV is the set of all nonidemmultiple elements of X. Thus B is a strictly
nonidemmultiple, semi-primary C.A.

If a is an element of C, then every disjunctively indecomposable summand
of a is idemmultiple. Thus @€ satisfies (ii).

Next one wishes to show that every coset of % mod B contains precisely
one element of €, which is minimal in it. Choose an element a €4 arbitrarily,
and let

U = X(e) N\ B, V =X(a) — B,
b= > =, c= > 9.

zeU yev
Hence bEB, ¢&C, and a=b-+c, i.e.

c=a=pec.
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Assume that ¢, ¢/ €C with c¢=p ¢’. There then exist elements b, b’ ©B such that
c+b=¢c +V.

Since yEN(D), ¥y Ax#0 for some xE&\(c), implies that ©y<x, x+y=x, by
(6.3) and the definitions of B and C, and consequently one has that

c+b= 2 x4+ Xy= 22+ 2 9

zEN(c) YEN(D) zEN(c) YEN (D) iyAc=0

Hence

Me+8) = Ao U W,
where W=A(b)N{y|yAc=0}. Similarly

A+ b)) =) YW,
where W’ =\®")N{y|yAc' =0}. Since

Ab 4 ¢) = A0 + <),
Ae),Nc)CC, W,W' CB, BNC=]{o0},

one has

M) = A, c=¢.

Consequently every coset of % mod B contains precisely one element of € and
this element is minimal in the coset. € being idemmultiple, for each ¢&C,

o) = I(c) B = A(c) N\ B.
Hence, by Theorem (5.3)
A=Y *g @,

and this representation is unique.
Choose an element ¢&C, and let

Y = {y|ly € B and \») N ¢(0) = &}
Y is thus an ideal in 8, and ¢(c)N\Y = {0} For each bEB,

b= X x= X xt+ X x=b+b,

zEN(b) zeX (5)N¢ (c) ZEN(B)—3 ()
where b'E¢(c), ¥’ EY. Thus B=¢(c) X ¥, and consequently
o(c) € F®).
This completes the proof of the theorem.
THEOREM 6.13. Let
A= (4, +,20)
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bea C.A. with w(N) < . Then there exist unique ideals Ao, A1, - -+, Am—1 Such
that
A = H A,‘,
<m

where (i) m Sw(N),
(i) For i<m, A, is a directly indecomposable ideal in .

Proof. By Tarski (10.16).
Theorems (6.4), (6.8), (6.12) and (6.13) can now be combined to give a
general decomposition theorem for semi-primary C.A.’s of finite width.

THEOREM 6.14. Let A= (A, +, D) be a semi-primary C.A. with 1 <w(A)
<o, Then

A=A D D,
Ao =2 B *g @,
and
B = H %iy
<m
where (1) Wo is a linearly indecomposable, semi-primary C.A.
(ii) D s the positive part of a primary C.A. which is trivial in case U is
linearly indecomposable.
(iii) € is an idemmultiple C.A.
@iv) m=w(q).
(v) For i<m, B; is a strictly nonidemmultiple, directly indecomposable,
semi-primary C.A.
(vi) ¢ is a homomorphism of € into F(B) with $(0) = {0 }.

(vii) For i<m,
w(B:) < w(¥).

Furthermore, conditions (1)—(vi) uniquely determine the algebras Ao, D, €,
Bo, * * + ), B (up to isomorphism), the homomorphism ¢, and the integer m.

Proof. All parts except (vii) follow from theorems (6.4), (6.8), (6.12) and
(6.13).
If kernel ¢ = {0 }, or if m>1, (vii) follows, since by (6.8) and (6.9)

w@) = > w(B,) + w(kernel ¢).

<m
Assume kernel ¢ = {0 }, m=1. Then, by (v) and (vi),
A =B DCE,

where €' is the positive part of €. By (i), € is trivial and A,=B.
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Let P be the set of all disjunctively indecomposable, nonidemmultiple
elements of B. Choose an element 5& B such that w(/(b))is maximal. Let
PP={x|zx€Pand x Ab=0}, P'=P—P,
X = I(P), Y = I1(P").
Obviously,
X+ Y =I(P) = B.

One now wishes to show that XN\ Y= {0}. It is sufficient to show, for each
xEP', yEP”, that xA\y=0. Choose elements xEP’, y& P". Thus x/\b 0,
y/Ab=0. Assume that x Ay #0. By (6.3)

ox £ ®y or 0y = ox,

But 0 x < oy would imply that x Ab =0, contradicting the hypothesis. Hence
w0y < wox. By (6.3) again,

wx < wobh or wh = oz,

However, wx<wb and y Ab=0 would imply that x Ay=0, again contra-
dicting hypothesis; while ©b<wx=wy and yAb=0 would give w(I(x))
>w(I(b)), contradicting the choice of b. Since in every case one arrives at a
contradiction, one concludes that

xNny={0}, B=XXTV.

By (v), this gives B=X, P=P’.
Choose an element a ©B arbitrarily. If x&\(a), then x Ab5£0, and hence,
by (6.3)

wx <wb, or wh = wx.

wx < wb for each xEN(a) would imply that ©a < «b, while ©b= «x for
some x ©A(a) would imply that «b =< «a. Consequently

Z={a|a € B and © a < = b}

is a separating ideal in 9. Since w(8)>1, Z# {0}, and B is linearly decom-
posable. However this contradicts (i), since 8=,. Therefore, for : <m,

w(®B:) < w(¥),

which completes the existence part of the theorem.

The uniqueness of %, and D follows from (6.4), that of B, € and ¢ follows
from (6.12), while (6.13), together with the fact that any direct factor of a
strictly nonidemmultiple semi-primary C.A. is of the same type, assures the
uniqueness of By, + + -, Bm_1 and m. Thus the theorem is proved.

This theorem gives a decomposition of a semi-primary C.A. of finite
width in terms of such algebras of smaller width. By repeating the process
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one would finally arrive at a decomposition of a semi-primary C.A. of finite
width in terms of semi-primary C.A.’s of width 1. To complete the discussion
therefore, we need only the following

THEOREM 6.15. Every semi-primary C.A. of width 1 is primary.

Proof. Since no two nonzero elements of such a C.A. are disjoint, every
element must be disjunctively indecomposable and hence primary.

The results of Theorems 6.14 and 6.15 may be stated in a less complete
but possibly more suggestive form as follows:

THEOREM 6.16. Let K be the class of all semi-primary C.A.’s of finite width.
Then K 1s the smallest class of C.A.'s with the following properties:

(1) If A is a primary C.A. of finite width, then UEK.

(i1) If A=BEK, then ACK.

(iii) If A, BEK, then AXBEK.

(iv) If AEK, B is a primary C.A., and ¢ is a homomorphism of B into
F ) such that w(kernel ¢) < «, then

ﬁ*;%EK.

Proof. Theorems 6.14 and 6.15 give assurance that every semi-primary
C.A. of finite width may be obtained from primary C.A.’s using the opera-
tions (ii)~(iv). One needs only to check now that the property of being semi-
primary of finite width is preserved under these operations.

(ii) and (iii) are obvious.

Assume that

A= (4, +,2)
is a semi-primary C.A., w() < «,
B = (B, +7, ")

is a primary C.A., and ¢ is a homomorphism of B into F(A) such that
w(kernel ¢) < . Since ¢(0) EF(A), A/$(0) is isomorphic to an element of
$(A) and hence is semi-primary. Consequently, without loss in generality,
one may assume that ¢(0) = {0 } Let

€= (C) +:Z> = QI*¢%°

By (5.3), one may assume that 4 is an ideal in §, b€ B if, and only if, bEC,
b minimal in b/4, and

¢(d) =I()MN A4 = A() N A.

Furthermore, since ¢(b) EF(A) for bEB, each element ¢EC may be repre-
sented as

c=a-+b,
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where a €4, bEB, and a is an element of the ideal complement of ¢(b), i.e.
a/\b=0. Hence every disjunctively indecomposable element of € is an element
of A or B.

If @ is a disjunctively indecomposable element of 4, then ¢ is primary in
A, whence a is primary in €, 4 being an ideal in €. Choose elements bE B,
¢&C arbitrarily such that

w ¢ < oh,
Choose elements a’ €4, ¥’ €B such that c=a’+b'. Then
wb S wa + o0d < b

Since 8 is primary, one has b’ <b, while wa’ < b implies that

dEIG)N A =¢0d)=A4A0B)N 4.
Consequently,

c=4d 4+ <b.
Thus every disjunctively indecomposable element of € is primary, i.e. € is
semi-primary.
w(€) = w(A) + w(kernel ¢) < oo,

This completes the proof of the theorem.
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