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The primary feature of any operational calculus is the extension of an

algebra of numerically valued functions/(X), an algebra of operators/(yl) over

a P-space, where A is a suitably restricted linear operator. In this paper the

operator A is taken to be the infinitesimal generator of a strongly continuous

semigroup^) P(£) of linear bounded transformations over a P-space X. With

this restriction on A, which is natural for the applications we have in mind,

we are able to let the operators fiA) be unbounded.

If /(X) is a Laplace-Stieltjes transform, i.e., if

/(a) =   f   e^a
J o

one might, with the heuristic correspondence principle eXf~F(£) in mind,

define fiA) by

/> oo
TH)xdia, x G X

0

X, a being suitably restricted for the convergence of the integrals involved.

Such a calculus was first described by Hille [l ] and has been extensively de-

veloped by Phillips [2; 3; 4]. In the Hille-Phillips calculus the operators fiA)

are bounded operators, and for many purposes it would be convenient to have

a calculus in which the/(v4) is not restricted to be bounded. This paper de-

scribes one way of extending the Hille-Phillips calculus to this end. [See the

reference in [2] for an alternate point of view due to L. Schwartz.] More

explicitly, we describe a calculus in which the functions /(X) are ratios of

Laplace transforms, and the operators fiA) are closed linear with dense

domain.

We begin in §2, with a summary of some of the basic facts concerning

semigroups of operators, including a brief description of the Hille-Phillips

calculus. The extended calculus is described in §3. In §4 we take up spectral

theory, the sine qua non of any operational calculus. §5 deals with semigroups

of convolution operators. Thus, if ait), t>0, is a one-parameter family of

Presented to the Society, December 28, 1954, under the title An operational calculus for

closed operators; received by the editors July 29, 1957.

(') For the relevant material on semigroup theory see Hille [l]. See also [l] for the litera-

ture on Operational Calculi.
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countably additive set functions defined on the Borel sets of the half-line

[0, oo), forming a semigroup under convolution in t, we obtain a new semi-

group over X, if we set, using (1.1)

S(t)x =   j     T(£)xdka(t), x G X.
J o

The generation of such semigroups is of importance for instance in stochastic

process theory. The relationship of the infinitesimal generator of the semi-

group S(t) to that of /(£) is of primary interest here, and is a problem to which

the extended calculus is particularly suited. Finally, in §6, we include an

application of the calculus and indicate how it may be used to generate non-

integral powers of the infinitesimal generator of a semigroup.

2. Preliminaries. Let T(£), 0<£, be a one-parameter semigroup of linear

bounded operators over a 5-space X, such that:

(i)    rfo + fc) -rttorftO, fi,fc>o
(H) r(0) = / (Identity)

(ii) || T(£)x - x\\ -> 0 as / -> 0, x G X

Log ||ne) 11
(iii) w+ = Inf-> — oo.

Then w+<*>, [see [l] for these and other properties that follow] and for

every o*>0, we can find an M(a) < oo such that

(2.1) ||rtt)|| g M(o-) Exp (w+ + «r){.

The infinitesimal generator A is defined by:

T(i)x - x
Ax = limit-

and is a closed linear operator with dense domain. So is A" for every positive

re. Indeed D(AX) =D„ D(An) is dense in X. The spectrum of A, denoted

cr[^4], is contained in the half plane ReXgw+.

Next let S(w) be the class of all countably additive set functions a defined

on the bounded Borel sets of [0, oo), such that

/»  00

||rtt)||<ft|a|   <  oo
o

where \a\ is the variation of a. If the integral above is taken as the norm

||a|| of a, S(w) becomes a 5-space, indeed a B-algebra (commutative, with

unit) if the product of two elements is defined as their convolution. This

algebra was introauced by Phillips [3; 4] and is basic to our theory. We

collect here only such properties of this algebra as we shall need, and refer
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the reader for more information to the papers cited. We denote by P(w) the

closed subspace (also an ideal) of those elements which are absolutely con-

tinuous with respect to Lesbesgue measure. For use in spectral theory, we

distinguish two classes of maximal ideals in S(w); the class U consisting of

those maximal ideals which contain Liw), and the class W of the remaining

maximal ideals. There is a 1:1 correspondence between the elements of W

and the complex numbers X, Re X^w+, exemplified by the relation:

/l  00 ex{cf{a,        a G Siw), m G W, and m ~ X.
o

We denote by c/>(X; a) the Laplace-Stieltjes transform of an element «GS(w):

/> oo
e^ditx

o

in its half plane of absolute convergence Re X ̂ w+. Since by (iii) w+> — <*>, by

Lerch's theorem tp(K; a) completely characterises a.

The Hille-Phillips calculus. If for any a£5(w) we define

/>  00

Ti£)xdia, xEX
0

then 0(a) is a linear bounded transformation over X, ||0(a)|| ^||a||, and 0

moreover defines a homomorphism from S(w) into EiX), the algebra of

endomorphisms over X. Let (R be the second commutant of the set

{ F(£). £>0}. Then (R is a commutative P-algebra with unit and 0 takes S(w)

into (R. Consequently, 0 induces a corresponding homomorphism on the

maximal ideals of (R into those of Siw), and via the Gelfand theory, affords

a means to study the spectral properties of the operators 0(a). Let W be

the maximal ideals of (R which map into W, and U' those that map into U.

Then for every m'<EiW there is thus a complex number X, ReX^w+, and

0(a)im') = *(X; a),        aim') = X,

and for m'GP', if «G7(w),

0(a) im') = 0.

Moreover:

cr[An] = {a(m')n,m'G W').

The transformation (2.2) provides the basic construction of the Hille-

Phillips calculus. Thus let S(£) be any strongly continuous semigroup

[satisfying H (i) and (ii) ] over a possibly different P-space (although we shall

continue to denote it by X). We say that .S(£) is majorized by F(£) if for every

£>0,

||5tt)|| 1kM\\Tit)\\, M<*.
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It is evident that in the definition (2.2) we can replace F(£) by S(£). If we

denote the infinitesimal generator of S(£) by B, Hille [l ] defines for aG§(w):

(2.3) f(B)x =   f  5(|)xc7{a
J o

where

fi\) = <j>(\; a).

Ii in particular,

S(£) = / exp U,        Re X g w+,

(2.3) reduces to

/(X/)x = /(X)x,    or,   /(XT) = //(X),

and is thus a consistent operational extension.

S(w) as an Operator Algebra over L(w). Since L(w) is an ideal in $(w), each

element of S(w) can also be considered as a linear operator over L(w) ii we

define, for any aG&(w) and every fGL(w),

Taf=a*f

where the asterisk denotes convolution. We shall denote the operator norm

by ||Fa||, || Fall =Sup ||a*/||/||/||. If for every £>0 we define a set function££

such that for any bounded Borel set B of [0, oo),

Ei(B) = 1 if £ G B, and 0 otherwise,

E(G&(w), \\E(\\ = \\T(l-)\\, and d(E() = /(£). Further, considered as operators

over L(w), they form a semigroup satisfying (H). This is of course a semigroup

of translation operators over L(w):

(Et*f)(t) =/0- &, fGL(w).

Ii in (2.2) we put T(^)=E(, X = L(w), x~/, we obtain

I    Ei*fdia
J o

which is simply a*f. Let Aw denote the infinitesimal generator of the semi-

group ££. Then D(AW) consists precisely of those / such that /(0) =0, /, /'

GL(w), and Awf= —/'. If fGD(A^), k being a positive integer, we have, since

d is a continuous homomorphism that for every xGX

8(Awf)x = limit f^iEt *f-f)x
£-0

= limit fl[T(&« - x]
$->o

= A8(f)x
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and hence readily that

(2.4) eiAlf)x = AnOif)x, n = 1, 2, • • • k; i£ X.

Setting P(£) =7 exp X£, this specializes to

(2.5) XVX;/) = 4>iX; Awf), n=l,2,---,k.

We conclude this introductory section with a Lemma of a general nature

we shall need:

Lemma 2.1. Let C be a closed linear operator with domain and range in X.

Let x^DiC), and further let

Ti£)Cx = CTi£)x       for every £ > 0.

Then for every a(£$iw), 9ia)x(E.DiC) and

6ia)Cx = C9ia)x.

Proof.

/> oo f% oo

Ti£)Cxdka =   I    C7(£)xi£a
o J o

and since C is closed linear, we have readily,

/I  00 *»  00

C7(£)xci£a = C I     7\£)x</£a = C9ia)x
o -^ o

proving the lemma.

3. The extended calculus. The Hille-Phillips calculus, as we have seen,

yields only bounded operators. The extension of this calculus to unbounded

operators requires first that the function class/(X) be suitably enlarged. To do

this we begin with the notion of a multiplier. Let cp(\) be any Lesbesgue meas-

urable function of X, ReX^w+. We associate with it an operator Cw with

domain and range in P(w) as follows:

/ G DiCw)    and    Cwf = g

if and only if

(3.1) *>(X)*(X;/) = *(X;g),       figGLiw).

That the operator is well-defined follows from the uniqueness theorem for

Laplace transforms, since w+> — oo . Since <p(X) is a multiplier it is immediate

that Cw is a closed linear operator with nonempty domain. Moreover, P(Cu>)

is an ideal in S(w):

Lemma 3.1. Let <p(X)-~C11. and let /GP(CV). Then for any a&iw), a*f

GP(GW) and
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Cw(a*f) = (Cwf)*a.

The factor theorem (1, p. 362) has an immediate generalization in this

setting:

Theorem 3.1. Let tp(X)~Cw. Then a necessary and sufficient condition that

<p(\) = cj>(\; a)    for some    a G S(w)

is that

D(CW) = L(w).

Proof. See [5 ] if necessary.

Corollary. Let tpQi)~Cw- If pGp(Cw) iResolvent set of Cw), then there is

an aGS(w) such that Rip.; Cw) = Ta, and

«(X; a) = (p. - <p(X))-».

Proof. Since for every fGLiw)

[n - c*(X)]0(X; R(n; Cw)f) = c6(X;/)

it follows readily that (p — cc(X))-1 is a multiplier whose domain is Z(w). The

theorem above thus applies and the corollary is immediate.

We may note in passing that Lemma 3.1 characterizes the operators Cw

in the sense that if any closed linear operator C with domain and range in

.L(w) has the property

C(££ */) = Ei * Cf for every £ > 0,

for every/ in its domain, then there is a multiplier <p(X) such that <p(X)~C„,

= C

We know as yet no way of extending an arbitrary multiplier <p(X) to a

corresponding operator <piA) over X. Fortunately, for the semigroup theoretic

applications we have in mind, this generality is unnecessary. From this point

on, we accordingly confine our study to those Cm with the property that

DiCw) is dense in Z(w), and denote this class by 3Tt. We begin with two results

which provide essentially the basis for the extension of the Hille-Phillips

calculus.

We shall say that a sequence {an} G&(w) approximates the identity

strongly (over L(w)) if for every fGL(w), ||a„*/—/||—>0.

Theorem 3.2. Let \an} be a sequence approximating the identity strongly

over L(w). Then 9(an) approximates the identity strongly over X, i.e., ||0(a„)x — x||

—»0, for every x£J.

Proof. A proof has been given by Phillips [3]. Here we give a different

and self-contained proof, obtaining en route some results which we shall use

later on again. We need two lemmas.
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Lemma 3.2. We can find a sequence {gn} GP(-<4£) such that

(i) gn approximates the identity strongly over P(w) and 0(g„) over X,

(ii)  lk»||—>Y> 1 =^7< °°-

Proof. Let {/„} be a sequence of Levy stable densities [see [6]] such that

4>(\;fn) = Exp - (-X)7«,       0 < f < 1, Re X g 0.

Let tr>w+ and set

(3.2) *.(*)=/.«) Exp - (r£, ££0.

Then clearly g„(-)G7(w), actually to P(^4"). Further for jt£X,

||0(gn)x -  X||   ̂     f     *-«/,tt)||rtt)*  -   «||rf£ +  ||x||  |  Cbi-cr;fn)   -   l|.
«/ 0

Since e_,r{|| F(£)x —x|| is a bounded continuous function, the first term goes to

zero by the weak convergence property of the densities {/„}, and the second

term obviously goes to zero. Hence 0(gn) approximates the identity strongly.

In particular, we see that gn approximates the identity strongly over 7(w).

To prove (ii), we note that

lkn|| = f \\mtn)\\e-°»iiim
J 0

where /„ = ( + l/M)1/r. Clearly, the sequence {||gn||} is bounded. If ||F(£)|| is

continuous at the origin, ||gn||—>1. Otherwise, we can choose a convergent

subsequence, and in any case:

1 ^ lim inf || P(£)|| g y g lim sup || 7(£)||.

Lemma 3.3. Let aGS(w). Then

||0(a)|| 1ky\\Ta\\.

Proof. Let xG-X", ||x]| =1. Then using Lemma 3.2,

||0(a)x|| = lim ||0(a)0(g„)x||

^ lim sup ||a * gn\\ ^ lim sup ||7a||||gn|!

-TllrJI-
Hence ||0(a)|| ^7||P«||.

The theorem follows easily from the lemmas. Since \an} converges

strongly, || PaJ| is bounded, and by Lemma 3.3, so is ||0(a„)||. For any/G7(w)

and xG-X",

||0(an)0(/)x - 0(/)x||  ^ ||a.«/-/||||x||—0.
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Since it follows in particular from Lemma 3.2 that the elements of the form

B(f)x are dense in X, an application of the Banach-Steinhaus theorem [l,

p. 25] yields the desired result.

Theorem 3.3. Let D be a dense subset of L(w). Then we can find a sequence

{fn} in D such that:

(i) fn approximates the identity strongly,

(H) ll/nlhr
Proof. Let {hn} be any sequence in L(w) approximating the identity

strongly. Since D is dense in L(w), we can find {/„} in D such that

|| K -fn\\   g   1/re

and this implies that the sequence {/„} approximates the identity strongly

as well. (This observation is due to R. S. Phillips and replaces a lengthier

argument of the author's.) In particular, we may choose the sequence {g„}

defined by (3.2) in place of {hn}, and since ||gB||—*y, it follows that (ii) can

be satisfied as well.

Corollary. The intersection of two dense ideals in L(w) is dense.

Proof. Let {/„}, {g„} be sequences approximating the identity in two

dense ideals Dx and D2 respectively. Then the sequence {fn*gn} GDxr\D2 and

approximates the identity as well. Hence DxC\D2 is dense in L(w).

Since by definition D(CW), for any <p(X)G3TC, tp(X)~Cw, is a dense ideal,

it follows from the theorem and corollary just proved that we can find a

sequence in D(Cm)C\D(AZ) approximating the identity strongly.

We next show that the class 311 is an algebra.

Theorem 3.4. Lettpx(X), <p2(X)G3TL If Hi, p2 are any two complex numbers,

fx,<pi(X)+pi2ip2iX)Gy]^- The product <pi(X)(p2(X)G3TC also.

Proof. Let c£>i(X)~G, <p2(X)~C2 and <pi(X)(p2(X)~C3. Clearly picpi(X)

+M2<p2(X) is a multiplier, and since its domain certainly includes /)(Ci)A/>(C2)

which is dense by the corollary to Theorem 3.3, it belongs to 311. Let {gn},

{h„} be sequences approximating the identity in Did) and Did) respec-

tively. Then the sequence {g„*A„} approximates the identity and belongs to

Did) as well. Hence cpi(X)<p2(X)G3TC also.

Any multiplier cs(X)G3H is analytic in Re X<w+, continuous in ReXgw+.

This follows readily from the fact that it has a dense domain. Moreover, the

correspondence <p(X)~C„ is 1:1 for any <p(X)G3TC.

The class 311 certainly includes all polynomials in X. Actually, the poly-

nomials belong to an important subclass of 3TC, namely the subclass of multi-

pliers whose domains include DiA%). This subclass, which we shall denote by

3TCM, is easily verified to be a subalgebra of 3TC, since a multiplier GSTC* takes

DiAZ) into itself. This is a proper subclass, however, as the following example

shows. Let
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<pi\) = Exp (o- - \y, 0 < 8 <l,cr> w+

where ze is taken positive for z positive. Then if /3<f, the sequence {gn}

defined by (3.2) certainly belongs to its domain, so that this is a multiplier

in 9TC. On the other hand, the element gE:D(Aw) where

<p(\; g) = Exp - (cr - X)', 0 <v <8

does not belong to its domain.

Construction of the operator extensions. Given any <p(X)G3E, we shall now

describe how an operator extension cpiA) may be obtained as a closed linear

operator with dense domain. First let/, g€zD(Cw), CM~cp(X)G3TC. Suppose

that for some x, y(EX, 0(/)x = 0(g)y. Let {hn} be a sequence approximating

the identity in DiCw). Then using Lemma 3.1,

9ihn)9iCwf)x = eihn * Cwf)x

= eicwhn)eif)x

= eicwhn)eig)y

= eihn)eicwS)y.

Using Theorem 3.2 and taking limits we obtain:

0(CV)x = 9iCwg)y.

Analogous to (2.4) and (2.5) we can therefore define an operator Co with do-

main and range in X as follows:

P(C0) = Elements of the form 0(/)x,/ G P(C„) and j£I;

Co0(/)x = eiCwf)x.

Thus defined, the operator Co is not necessarily linear or closed, but is

readily extended to be so. We recall that an operator U (linear or not) is

said to be closed if whenever x„GP(P), xn—*x and Px„ converges, xGP(P)

and Px = limit Px„. An operator U is said to have a closed linear extension

if there is an operator C which is closed, DiQZ)DiU) and Cx=Ux tor

xGP(P)- In this case the smallest closed extension of U has an obvious defini-

tion, and we denote the latter by [U]c.

Theorem 3.5. Let C„~co(X)G9TC. Then the operator Co defined by (3.3) can

be extended to be closed. Let C denote the smallest closed extension of Co- Then C

is closed linear, and D(C) contains a dense sub-domain of D(AX). For any

T<E.E(X) which commutes with P(£) for every £>0,

(3.4) TCx = CTx for x G D(C).

Proof. We begin by showing that Co can be extended to be closed. For

this, let Jx„}, [yn] be two sequences in D(C0) both converging to the same

element x, and suppose CoX„ and C0yn are also convergent with limits y and z
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respectively. To see then that y and z must be equal, we may use a sequence

\hn} approximating the identity in DiCw). We have, using Lemma 3.1,

(3.5) 8(hm)Coxn = 8iCV)hm)xn

for every re, so that taking limits,

8(hm)y = 8iCwhm)x.

Similarly,

8ihm)z = 8(Cwhm)x.

Hence 6(hm)y=6(hm)z, and using Theorem 3.2 and taking limits in m we

get y=z. Hence Co can be extended to be closed by closing the graph of Co

(see [l] for the notion of graph). More explicitly, we define an operator C

with domain and range in X by:

x G DiC) if and only if there is a sequence {xn| in £>(Co), x„ —> x, and

(3.6) Cox„ converges; and

Cx = limit Cox„.

It is evident that C is closed since the graph of C is closed, and is indeed

the smallest closed extension of C0. The latter property leads easily to (3.4).

For, if xGD(C), we have by definition that Cx = limit CoX„, x„—>x. Now as in

(3.5),

d(hm)C0xn = 8iCwhm)xn = CQ8(hm)Xn

so that by passage to the limit in re we have

6(hm)Cx = 8(Cwhm)x = Co6(hm)x

and hence

(3.7) Cx = limit 6(Cwhm)x = limit Cf)(hm)x.

If T is as in the hypothesis, we have first from Lemma 2.1 trivially that T

commutes with 6(hm) for every m, and for xGD(C) therefore

TCx = limit T8(Cwhm)x = limit 8(Cwhm)Tx

= limit Co8(hm)Tx

and since C is closed we obtain

(3.4) TCx = CTx.

To show that C is linear, let x, yGD(C). Then

Co8(hm)(x + y) = Co6(km)x + C0B(hm)y

= 8(hm)Cx + 6(hm)Cy
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where we have used (3.4). Passing to the limit in m we have:

C(x + y) = Cx+ Cy.

That \Cx = C\x for any complex number follows trivially from (3.4). Hence

C is linear. Finally, since the sequence {hn\ can be chosen in D(CW)C\D(AZ)

and elements of the form 9(hm)x belong to D(AX) (cf. (2.4)), it follows that

D(C) contains a dense subdomain of D(A°°).

We have thus the basic construction of the extended calculus:

Definition 3.1. Let cc(X)G3TC, and let <p(X)~Cw. The operator extension

tp(A) is then defined to be the closed linear operator C given by (3.6). More

generally, if B is the infinitesimal generator of any strongly continuous semi-

group S(£) majorized by F(£), we again define tp(B) as the operator C given

by (3.6) except that now in the definition of 0 given by (2.2) we replace F(£)

by 5(0.
Some consistency properties of these operator extensions are next in order.

First let cp(X) =tp(\; a), ac£§(w). Then clearly <p(X)G9TC and has L(w) as its

domain. Further if /GL(ic), C«,~<0(X),

6(Cwf)x = Co0(/)x = 0(a */)x = 0(a)0(/)x

so that the smallest closed extension of Co is 6(a). Hence Definition 3.1 is

consistent with the Hille-Phillips calculus. Again, if we take S(%) =7 exp X£,

Re \^w+, we have readily that <p(X7) = 7co(X). If we take .S(£)=F{, X = L(w)

we obtain <p(Aw) = Cw. Finally let <p(\) be any polynomial in X, say <p(X)

= zZoakW, a„9*0. We shall now show that <p(A) = Zo akAk. We note first

that for any x£X, using (2.4) and (2.5):

n

(3.8) e(Cwhn)x = Z akAke(hn)x
0

where since D(CW) obviously contains DiAZ), {h„} is a sequence in DiAZ)

approximating the identity strongly. For xGP(^4n) on the other hand, by

Lemma 2.1, since Ak is closed,

n n

Z akAke(hn)x = 9(h„) Z ^Akx.
0 0

Hence taking limits in (3.8) we have:

n

<p(A)x = Z akAkx, x G D(An).
o

Again for xGP(<p(4)), by (3.7)

n

<p(A)x = limit e(Cu,h„)x = limit Z a,kAke(hn)x.
o
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Since Eo o-kAk is closed, it follows that

n

tp(A)x = E akAkx, x G D(tp(A)).
o

Hence tp(A)=zZoakAk.

When AGE(X), tp(A)GE(X). Thus:

Theorem 3.6. Let AGE(X). Let tp(X)GW. Then tp(A)G&-

Proof. Since AGE(X), for any aGS(w) we have:

8(a) =   I    eAidta.
J o

Moreover, from the Gelfand theory,

cr[0(a)] =   |      Exp o-[A}^dia.
J 0

In particular, if {hn} is a sequence in D(<p(Aw)) approximating the identity

strongly,

/> 00

hn(0   Exp Cr[4]£(f£
0

Again since AGE(X), a[A] is a compact subset of ReXgw+, and since

<p(X; h„)—>l uniformly in each compact subset of ReXgw+, it follows that

we can find N such that <p(X; /jjv) is bounded away from zero for XGa[A ], or

d(hN) has an inverse in (R. Hence for any xGX, there is a yGX, such that

0(hN)y = x, so that xGD(tp(A)). By the closed graph theorem [l, p. 30],

tp(A)GE(X). From (3.4) it follows that tp(A)G<5i.
We turn finally to the algebraic properties of the operators tp(A).

Theorem 3.7. Lettpx(X), c22(X)G3TC- Then letting

<p3(\) = <px(X) + ¥>2(X),

^>4(X) = tpx(X)tpi(X)

we have

Vl(A) - [tpxiA) + <P2(A)]c,

tpi(A) = [tpx(A) ■ tpt(A)]c.

Proof. Let {hn} be a sequence in the intersection of the domains tpx(Aw)

and tp2(Aw). For xGD(tpx(A))C\D(tp%(A)) we have then using (3.7)

tpx(A)x + tp2(A)x = limit [<px(A) + <p2(A)]8(hn)x.

By Theorem 3.4, <p3(X)G3TC, and further
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[<PiiA) + <piiA)]eihn)x = to3iA)9ihn)x.

Hence taking limits and noting that tp3iA) is closed:

[cpiiA) + <PiiA)]x = <p3iA)x.

Hence [<pi(yl)+<p2(v4)] can be extended to be closed. Further if xGP(<p3^4)),

using (3.7) again

<PziA)x = limit <psiA)eihn)x

= limit [toiiA) + <piiA)]9ihn)x

= [[<piiA) + <PiiA)]]cx.

Hence (3.9) follows. (3.10) can be established similarly.

We may note that if we define sum and product by (3.9) and (3.10) the

class of operators <piA) for each A can be made into a commutative algebra

which contains 0(S(w)) as a subalgebra. We can obtain a spectral theory for

this algebra which parallels that for 0(S(w)) given by Hille [l] and Phillips

[4]-
4. Spectral theory. In this section we study the spectral properties of the

operators tpiA). We begin with a result which has been proved in a special

case by Phillips [3] by a different method.

Theorem 4.1. Let <p(X)G9TC. If

p. G pi<piAw))

then

p G pi<piA))

and

(4.1) Rb;v(A))=0(RQi;<p(Aw)).

Proof. Let [hn] be a sequence in Di<piAw)) approximating the identity

strongly. Then

[pE0 - <piAw)]Rip; (piAw))hn = hn,

Rip; <piAw))[pEo - <piAw)]h„ = hn.

For any xG-^, using the Corollary to Theorem 3.1,

[pi - <piA)]eiRip; <piAw))eihn)x

= 9ihn)x = 0(P(M; cpiAw))[pI - <piA)]9ihn)x.

Using the first part of this equality and taking limits in m, we obtain since

tpiA) is closed:

[pi - <piA)]eiRiu; <piAw))x = x.
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If xGD(tp(A)), we have from (3.7):

tp(A)x — limit tp(A)6(hn)x

and the second half of the equality in (4.2) readily yields

x = 8(R(jx; tp(Aw))[p.I - <p(A)\x

thus establishing (4.1).

We next prove a spectral mapping theorem analogous to the one proved

by Hille [l, p. 313]. For this purpose it is convenient to use the Gelfand

theory for the J5-algebra (it as developed by Phillips [4] (cf. §2).

Theorem 4.2. Let ^(X)G3H. Then

(4.3) <t[v(A)] D >p(o-[A]).

If for some fiGp [tp(Aw) ],

R(jx; <p(Aw)) G L(w)

then

(4.4) a[<p(A)} = MM).

Proof. We begin by showing that if ptGp['p(A)], then necessarily,

i?(p; tp(A))G®- For if TGE(X) and commutes with F(£) for every £>0, we

have from (3.4)

Ttp(A)x = <p(A)Tx, x G D(<p(A)).

Hence for any xGX,

R(n; tp(A))Tx = R(p; <p(A))T[p.I - <p(A)]R(p; v(A))x

= TR(n; tp(A))x

or, R(p; <p(A))G<R- Next, using the terminology and notation of §2, let

m'GW, aim') =X where XG<rp4]. We can certainly find fGDitpi A w)) such

that tp(X; f)^0. Since

Rip; <piA))[p.8if) - 8i<piAw)f)} = 0(/)

we have

Rip.; 4>iA))im')[p.8if) - «(^„)/](«') - «(/)(«').

Or,

Rip.; <piA))im')[p. - ?i\)] = 1.

Hence u9£tp(X) ior any XGc[.4], which proves (4.3).

To prove (4.4), we note first that if i?(ju; <piAw))GLiw) since

*i\; Rb; viAJ) = \ji - ^(X)h1
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the complement of the set ce(<r [A ]) is not empty. Let y belong to the comple-

ment of cc((r[^4]). Now for m^W, m~X,

[P„ + (7 - p)Riu; <piAw))]im) = T~y^.
p. — <p(X)

For m(E: U, Riu; <p(^4m))(m) =0, so that

[P„ + (7 - n)R(n; *U„))](») = 1.

Hence [E0 + iy — u)Riu; tpiA J))] has an inverse in S(w), and it is readily veri-

fied that

Rip; v(AJ))[Ea + (7 - n)RQt; <piAw))]~l

is indeed Riy; <piAw)). By Theorem 4.1, 7G [<pG4)L proving (4.4).
We may note that (4.4) is not true in general. It is known for instance

that (see [l]) we can find a(E.&iw), <p(X)=c/>(X; a) for which (4.4) does not

hold.
It would appear that it is possible to obtain results relating to the fine

structure of the spectra of tpiA) similar to those in the Hille-Phillips calculus,

but we shall not pursue this here.

5. Semigroups in S(w). In this section we study semigroups of convolu-

tion operators i.e., semigroups of elements in S(w) considered as operators

over P(w). Let ait) be a one-parameter semigroup of elements in S(w) such

that:

(i) aiti)*aiti)=aitx+k), h, t2>0.

(F)       «(0) = P„,

(ii) For any/G7(w),

lk'W-zll-0, as <->0.

Let Sit) =0(a(/)). Then as Phillips [3] has shown, Sit) is a strongly continu-

ous semigroup over X. The generation of such semigroups is of importance

in several contexts, especially in stochastic process theory. The extended

operational calculus we have been describing provides a natural setting for

the study of these semigroups, and in particular, for determining the relation-

ship of the infinitesimal generator of 5(/) to that of P(£). We begin with a

basic result in this direction.

Theorem 5.1. Let ait) be a semigroup in S(w) satisfying (F). Let Sit)

= 0(a(/)) and <p(X) =Log cp(K; a(l)). Then Sit) is a strongly continuous semi-

group over X. cp(X)G3TC, and the infinitesimal generator of Sit) is <piA).

Proof. 0 being a homomorphism, Sit) is obviously a semigroup. The strong

continuity at the origin is immediate from Theorem 3.2. The condition (F)

implies that <p(X; «(/))  is continuous and multiplicative in t for every X,
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ReXgw+. Hence we have:

0(X; a(t)) = Exp ltp(\).

Let Bw denote the infinitesimal generator of the semigroup a(t) considered

as operators over L(w). Then ii fGD(Bw) it is easy to see that

<KX; Bwf) = <p(X)<p(\;f).

Conversely, suppose there is an fGL(w) and gGL(w) such that

*(X;g) = <p(\)<p(\;f).

Since Bw is an infinitesimal generator, D(BW) is dense. Let } hn} be a sequence

in D(BW) approximating the identity strongly. Now

<KX; Bw(hn */)) = <p(\)tt>(\; hn)<p(\;f) = <^(X; hn * g).

Hence

Bw(hn*f)   =   K* g-

Bw being closed, this shows thatfGD(Bw). Also D(BW) being dense, ¥>(X)G3TC,

and further, Bw = tp(Aw). Again, for fGD(Bm) entirely analogous to (2.4),

8(Bwf)x = B8(f)x

where we have denoted the infinitesimal generator of S(t) by B. Hence

•f>(A)B(hn)x = B(Bwhn)x = B8(hn)x

and for xGD(<p(A)) therefore, using (3.7),

tp(A)x = limit tp(A)8(h„)x = Bx.

For xGD(B), since S(t) commutes with 6(hn) ior every re,

8(hn)Bx = B8(hn)x.

Hence

Bx = limit B(hn)Bx = limit B6(kn)x = limit tp(A)8(kn)x = <p(A)x.

Or, B=tp(A).
Given a one-parameter family of elements in S(w) it is of interest to

determine conditions under which it forms a semigroup satisfying (F). We

now state a simple sufficient criterion.

Theorem 5.2. Let a(t), t>0, be a one-parameter family of elements in S(w)

such that:

(i) c>(X; a(ti+h)) =<I>(X; a(ti))d>(X; a(h)), h, h>0.
(ii) <p(X; a(t))—*l, uniformly in each compact subset of Re Xgi»+, as t—*0.

(iii)  ||a(*)||-*l, ast-*0.

Then a(t) satisfies (F).
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Proof. Condition (i) suffices trivially to insure the semigroup property.

The strong continuity will follow from the following

Lemma 5.1. Let \an} be a sequence of elements in S(w) such that cp(K; a„)—>1

uniformly in each compact subset of ReX^Sw+ and |k||—>1. Then an approx-

imates the identity strongly over 7(w).

Proof. Letting |a„| denote the variation of an, for any P>0, we have

lim sup   j     exp w(£)cfj | an |   g lim ||a„ll = 1.
Jo

Since exp u>(£) =^exp cr£ for — =o <cr^w+, it follows that

f   <f£|a„|   g MoiL) < oo.
J o

Hence if F„(£) =a„[0, £), forO<£gZ,

F„a) ^  f   di\an\   ^ MoiL)
J o

or, Fni£) is bounded in every closed bounded interval. Again from the well-

known Helly-Bray theorem it follows readily that for every £>0, F„(£)—»1.

Let A(£) be the characteristic function of the interval [0, h]. Then 4(-)£L(ai)

and by a direct computation:

||«» * h - h\\ = | F„(£) - 11  exp w(S)d£
J 0

+ f    I Fnit) - Fnit - h) | exp w(Qdi.
J h

Since exp w(£) is bounded in [0, h], and the F„(if) are also bounded therein,

the first integral goes to zero. As for the second integral, we note first that

||a» *h\\=  f   I F.tt) | exp w(S)dt + f    | F»({) - FB(£ - h) \  exp w(&di
Jo J h

^ |k||N| = Ikll exP ̂(£)c/£.
J o

Hence

f    | Fn(f) - Fnia - h) I   exp wWl

g |k||  f   exp w({)d{ -  f   | FB({) | exp «>({)#.
t/ o ^o
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Since in the larger member of this inequality, ||a„||—»1, and

/> k /• h
I F„({) I expw(f)d£-> I     exp »($)<£

o Jo

it follows that the second integral in (5.2) goes to zero also. The linear exten-

sion of the class of step functions h(-) being dense in L(w), the Banach-

Steinhaus theorem applies and shows that the sequence {«„} approximates

the identity strongly.

Corollary. Let a(t) be as in the theorem with S(t) =6(a(t)). Then ||S(/)||—»1

also as t—>0.

Proof. Since \\S(t)\\ g||a(/)||, it follows from (iii) that lim sup,<0 \\S(t)\\ gl.

On the other hand, the strong continuity implies that lim inft,0 ||»SW|| =1, or

||S«||->1.
We may note that condition (iii) is not necessary in order that a(t), be

strongly continuous, as may be seen by taking a(t) =Et, choosing || /(£)|| dis-

continuous at the origin.

The more general problem of characterizing multipliers <p(X) which are

infinitesimal generators of semigroups in &(w) satisfying (F) is a natural one

to consider in this context. If we restrict ourselves to semigroups of measures,

the Kolmogoroff-Levy representation theorem for infinitely divisible dis-

tributions (see [l, p. 435, for example]) is readily seen to be a special result

of this kind, and has been generalized to semigroups of measures in S(to) by

Phillips [3].
6. An application. We conclude with an application of the extended cal-

culus to the problem of defining nonintegral powers of the infinitesimal gen-

erator of a semigroup. Hille [l, p. 276] has given a method of doing this for

a bounded operator with a suitably restricted spectrum. The method to be

presented here is different, and it is doubtful that Hille's construction can be

carried over to unbounded operators.

For the purposes of this section we shall specialize T(£) and suppose in

addition to (H) that

||7X£)||£~">_1# < oo.        for some a0, 0 < cr0 < 1
i

(v) w+ = 0.

Condition (Q) is satisfied for example if we take ||/(£)||=Log (e+i-) or,

||F($)||=(l+£)'forOgcr<cro.

While the definitions below will be given specifically for the semigroup

/(£), it will be apparent that they will also apply to any strongly continuous

semigroup majorized by /(£). In particular if w+<0, the considerations are

simplified greatly. (See [5].)
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Theorem 6.1. For X such that Re \-=0, let

(6.1) v(X;f)=Exp(fLog(-X))

where the principal value of the logarithm is taken ii.e., Log z is real for z posi-

tive), and f =tr+i8, noo=tr = n, for positive integral n. Then <p(X; f)G3TC

iactually 3TC,,). Further, for f satisfying in addition

a2 + 82 < 2cr

we have:

(6.2) %;^(i»;f))GIW, p9*vi\;t).

Proof. Let ct0^<t<1. Letting Cw~(pi\; $"), we shall show first that DiCw)

DD(4»). For this we note first that P(l; Aw) £.L(w) and that

*(X;J?(1; Aw)) = (1 - X)-1, Re X g 0.

Hence to show that P(C„,)DP(4„) it is obviously enough to show that there

is an element h^Liw) such that

(6.3) <pi\; h) = (1 - X)"V(X; f).

Now, by a direct computation (details may be found in [5]) it can be shown

that there is a function in Pi[0, oo) whose Laplace transform is given by the

right side of (6.3) and further this function is 0(£_<r_1) as £—>°o, so that it

actually belongs to 7(w).

For f = 1 +iB, a direct evaluation similarly shows that there is an element

gG7(w) such that

<KX;g) = (1 -x)-V(X;f)

so that P(C«,)DP(^4^,), or, <p(K; f)G9TCc» again. For other values of f, since f

can by hypothesis always be expressed:

f = M7 + i8, oo = 7 =S 1

it follows readily from Theorem 3.4 that <pi\; DG 9TCoo also.

To prove (6.2) next, it is enough to show that

4>(X) = [u - <pi\; f)]"1, Re X ̂  0

is the Laplace transform of an element in Liw). A direct estimation again

verifies this to be the case. (Details may be found in [5].) This proves the

theorem.

We next define:

(6.4) {-A)t-9{A;t).

This we may term the "principal value" of (— A)1 corresponding to the prin-

cipal determination of (— X)f taken in (6.1). It is clear that this definition
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interpolates the integral powers of (—A), and so of course will

tp(A ; f) exp 2irik£

for integral values of k. Other properties of these powers follow.

Theorem 6.2. The operators (—Ay defined by (6.4) [with f values limited

as in Theorem 6.1] have the following properties:

(6.5) (-Ay+y=(-A)'(-Ay,

(6.6) o-[(-Ay]D[o-(-A)]t.

For cr2+/32<2cr, and any positive integer re,

(6.7) <r[(-A)'t) = [*(-A)]«.

Further for a0 g f < 1, — (— Ay is the infinitesimal generator of a strongly con-

tinuous semigroup S(t; f), 0 <t, over X such that

S(fA) = 0(/(/;f))

where the f(t; f) for each f is a semigroup in t of Lgvy stable densities GL(w).

Moreover the semigroup S(t; f) is such that for f >cr0

/OO

||S(/;f)||rr-y/< oo, fory^o-o/t.

Proof. Properties (6.5) and (6.6) follow directly from Theorem 4.2. For

« = 1, (6.7) follows from (6.2) and Theorem 4.2. For other values of re it

follows thence from the known similar result for the spectrum of integral

powers of a closed operator with nonempty resolvent set. Proceeding next to

the semigroup generating properties, let

*(X; f) = Exp - <p(X; f), <r0 g f < 1.

It is known (see [6] for instance) that for each such f,

J 0

where /f(£) is a Levy stable density function. Further, an estimation  (such

as in [5]) readily shows that

(6.9) /ftt) = Oft-*-1) as {-»«

so that/f(-)G/-(w). If we define:

/(/; r; £) = mtMrWQ, o < /, o < {

it follows readily that/(/; f;  ■) is a semigroup in t of elements in L(w) as

well. Let
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Sif, a) =9ifit;i; ■)).

Then Sit; f) is also a semigroup for each f. Moreover it is strongly continuous

at the origin. For

\\Sit;$)x - x\\ ̂   f   ||rtt)*-*||/(/;r;{)#.
J o

Since ||F(£)x —x|| is bounded continuous in [0, l], the weak convergence

property of the densities fit; f; •) shows that the integral

f \\Tit;)x-x\\fif,t;it)d!i
J o

goes to zero with /. Further

J   || m)x - x\\fit; f; k)dk = O(0 J "|| T(Qx - x\\ft-ld!;

where we have used (6.9). Hence Sit; f) is strongly continuous at the origin.

That the infinitesimal generator of the semigroup S(t; f) is —(—Ay fellows

from Theorem 5.1. Finally, a direct computation yields (6.8). Thus

f   S(f,t)t-r-W-   f     f   \\TW«)\\fi(i)t-*-ldtdi,
J i J i   J o

= ow + f° fwTwnWhmm

= 0(1)+ j frWptdtf  \\Tit)\\i-y^di

/CO (%   CO

Mk)?>dSJ    \\Tit)\\t-'«-ldt

<    CO.

The connection between the operators i—Ay as defined by (6.4) using

the extended calculus, and the Riemann-Liouville fractional integrals (which

may be expected owing to the similarity between infinitesimal generators and

differential operators) is made precise in the following theorem.

Theorem 6.3. The operators ( — Ay defined by (6.4) have the following

alternate representation:

i-Ayx =-I     T(Qx - Z- rr_1#
(6.10) r(-r)Jo L o    ki r

for x G DiA"),       «-l+cjo^Ref<M
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where the integral on the right is a Bochner integral.

Proof. Let S(%) be any (strongly continuous) semigroup majorized by

/(£), with infinitesimal generator B. For xGD(Bn), we have [l, p. 236]:

n—1    fiBkX ■t n i

S(t)x = E —7- + 1-777       « ~ Q^SiQ&xdi
o       k\ (re — 1)! J o

so that the integral

/">[* ^ tkBkx "1

exists in the Bochner sense. Specializing to 5(£) = E^, X = L(w) and /G/'(^4»),

let

s = nnr,     \El*f-zZ-r-U-^dt.
r(-f)J0 L o     *!  J

Since 9 is a homomorphism,

I      CT Vi ikAkd(f)l

Again,

^     /* °° r        n_1 tk\k~\

*(a; «) = ——       Ux' - E — \t-^dttp(\;f)

which, by a straightforward evaluation of the integral,

= tp(\;l;)<p(\;f).

Hence for xG^,

0(g)x= (-Ayd(f)x.

Further for xGD(An),

(6.12) 8(g)x= (-Aye(f)x.

On the other hand using (6.11), for xGD(A"),

0(0     CT Vi  tkAkx\
(6.13) 8(g)x = -—-\     \T(i)x-zZ—rr\t-^dt.

T(-i)Jo   L o       kl   J

Hence

l       r "T "—1  tkAkx~\
(-AyB(f)x = 8(f) —— 7(0 x - E -77-   rf"1*'

1( — f j J o   L o        k\   J



352 A. V. BALAKRISHNAN [May

The domain of AZ being dense, we can use a sequence in it approximating

the identity strongly in place of/, and since ( — Ay is closed, (6.10) follows.

One might inquire at this point whether other determinations of non-

integral powers of (— A) are possible which are not of the form (— A y exp 2-rriki;,

(— Ay being the principal value defined by (6.4). The answer to this is in

the affirmative (settling a question raised by Hille [l, p. 276] in a similar

context). For this, one has only to take F(£) to be a continuous group such

that ||P(£)|| —M. Specifically, we may take the group of translations over

7i(— oo, oo). Then since i—A) is the infinitesimal generator of P( — £), we

can define iAy as well as ( — Ay using (6.4), and it is easily seen that

iAy exp 7r# 9* i—A)t exp 2rrikt;

for any integer k, although iAy exp iri^ certainly interpolates integral powers

oii-A).
On the other hand, the principal value as defined by (6.4) has an extremal

property similar to the one given by Hille [l, p. 276]. To avoid lengthy

details, we may assume now that the semigroup F(£) is such that it satisfies

a stronger version of iQ), viz:

/OO

lln^Hr'-1^ < °°»for every *> o < cr < i.

Then obviously, ( — Ay may be defined by (6.4) for every f/ such that Re f >0,

and will further have the representation (6.10) where now the <t0 is taken to

be zero. Moreover, for any x^DiA") it can be shown that (—^4)fx is analytic

in f for Re f >0. (Details may be found in [5].) Moreover, a simple computa-

tion using (6.10) shows that

Log||(-4)*+«'*||
(6.14) lim sup-j—j- :S tt/2, 0 < c.

lil-« | »J|

We now assert that it is not possible to find a determination preserving

analyticity for xGP(^4°°) and interpolating integral powers, and having the

property (6.14), other than that given by (6.4). For, if there were one, an

application of a classical result of F. Carlson (as in Hille [l, p. 277]) shows

that it must coincide with (6.4).
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