AN OPERATIONAL CALCULUS FOR INFINITESIMAL
GENERATORS OF SEMIGROUPS

BY
A. V. BALAKRISHNAN

The primary feature of any operational calculus is the extension of an
algebra of numerically valued functions f(\), an algebra of operators f(4) over
a B-space, where A is a suitably restricted linear operator. In this paper the
operator A is taken to be the infinitesimal generator of a strongly continuous
semigroup(!) T'(¢) of linear bounded transformations over a B-space X. With
this restriction on A4, which is natural for the applications we have in mind,
we are able to let the operators f(4) be unbounded.

If f(\) is a Laplace-Stieltjes transform, i.e., if

) = j;we“dga

one might, with the heuristic correspondence principle ¢*~T7(£) in mind,
define f(A4) by

1.1) f(A)x = fwT(S)xdga, *xr & X

\, a being suitably restricted for the convergence of the integrals involved.
Such a calculus was first described by Hille [1] and has been extensively de-
veloped by Phillips [2; 3; 4]. In the Hille-Phillips calculus the operators f(A4)
are bounded operators, and for many purposes it would be convenient to have
a calculus in which the f(4) is not restricted to be bounded. This paper de-
scribes one way of extending the Hille-Phillips calculus to this end. [See the
reference in [2] for an alternate point of view due to L. Schwartz.] More
explicitly, we describe a calculus in which the functions f(A) are ratios of
Laplace transforms, and the operators f(4) are closed linear with dense
domain.

We begin in §2, with a summary of some of the basic facts concerning
semigroups of operators, including a brief description of the Hille-Phillips
calculus. The extended calculus is described in §3. In §4 we take up spectral
theory, the sine qua non of any operational calculus. §5 deals with semigroups
of convolution operators. Thus, if «(t), t>0, is a one-parameter family of
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(%) For the relevant material on semigroup theory see Hille [1]. See also [1] for the litera-
ture on Operational Calculi.
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countably additive set functions defined on the Borel sets of the half-line
[0, »), forming a semigroup under convolution in ¢, we obtain a new semi-
group over X, if we set, using (1.1)

Sz = fwT(E)xdga(t), x C X.

The generation of such semigroups is of importance for instance in stochastic
process theory. The relationship of the infinitesimal generator of the semi-
group S(¢) to that of T'(£) is of primary interest here, and is a problem to which
the extended calculus is particularly suited. Finally, in §6, we include an
application of the calculus and indicate how it may be used to generate non-
integral powers of the infinitesimal generator of a semigroup.

2. Preliminaries. Let T'(£), 0 <£, be a one-parameter semigroup of linear
bounded operators over a B-space X, such that:

(1) T+ &) = TE)T(E), £,£>0
(H) T(0) = I (Identity)
(ii) “T(E)x—x”—)O as t— 0, x1EX
(i) e 1IL0) B
£>0 ¢

Then w* < o, [see [1] for these and other properties that follow] and for
every ¢ >0, we can find an M(c) < « such that

(2.1) 7@ = M(o) Exp (w* + 0)i.
The infinitesimal generator 4 is defined by:
T —_
Ax = limig LOE T
£-0 £

and is a closed linear operator with dense domain. So is A" for every positive
n. Indeed D(A*) =N, D(A") is dense in X. The spectrum of A4, denoted
c[A], is contained in the halfplane Re A Sw+.

Next let 8(w) be the class of all countably additive set functions « defined
on the bounded Borel sets of [0, =), such that

S Ir@laal <

where |a| is the variation of a. If the integral above is taken as the norm
llaf| of @, $(w) becomes a B-space, indeed a B-algebra (commutative, with
unit) if the product of two elements is defined as their convolution. This
algebra was introdauced by Phillips [3; 4] and is basic to our theory. We
collect here only such properties of this algebra as we shall need, and refer



332 A. V. BALAKRISHNAN [May

the reader for more information to the papers cited. We denote by L(w) the
closed subspace (also an ideal) of those elements which are absolutely con-
tinuous with respect to Lesbesgue measure. For use in spectral theory, we
distinguish two classes of maximal ideals in §(w); the class U consisting of
those maximal ideals which contain L(w), and the class W of the remaining
maximal ideals. There is a 1:1 correspondence between the elements of W
and the complex numbers A, Re A Sw*, exemplified by the relation:

a(m) = f Mdia, aES(w),m EW, and m ~ .
0
We denote by ¢(\; @) the Laplace-Stieltjes transform of an element aE8(w):
o(\; @) = f Mdia
0

in its halfplane of absolute convergence Re A Swt*. Since by (iii) wt> — «, by
Lerch’s theorem ¢(\; &) completely characterises a.
The Hille-Phillips calculus. 1f for any aES(w) we define

(2.2) 0(a)x = fwT(E)xd;a, xEX

then 6(a) is a linear bounded transformation over X, ||f(e)|| <||e|, and 6
moreover defines a homomorphism from $(w) into E(X), the algebra of
endomorphisms over X. Let ® be the second commutant of the set
{ T¢),£>0 } Then ® is a commutative B-algebra with unit and 6 takes $(w)
into ®. Consequently, 6 induces a corresponding homomorphism on the
maximal ideals of ® into those of $(w), and via the Gelfand theory, affords
a means to study the spectral properties of the operators 6(a). Let W’ be
the maximal ideals of ® which map into W, and U’ those that map into U.
Then for every m’ & W’ there is thus a complex number N\, Re A Sw*, and

8(a)(m') = ¢(\; @),  a(m’) =\,
and for m'€ U’, if € L(w),
0(a)(m') = 0.
Moreover:
o[4"] = {a(m)", W € W'}.

The transformation (2.2) provides the basic construction of the Hille-
Phillips calculus. Thus let S(£) be any strongly continuous semigroup
[satisfying H (i) and (ii) ] over a possibly different B-space (although we shall
continue to denote it by X). We say that S(£) is majorized by T'(§) if for every
£>0,

s@l = M@l M< .
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It is evident that in the definition (2.2) we can replace T'(£) by S(§). If we
denote the infinitesimal generator of S(¢) by B, Hille [1] defines for « ©8$(w):

(2.3) £(B)x = f " S(8)2dea

where
Q) = ¢(\; @),
If in particular,
S(&) = I exp A, Re A £ wt,
(2.3) reduces to
fA\Dx = fN)=, or, f(N) = If(N),

and is thus a consistent operational extension.

8(w) as an Operator Algebra over L(w). Since L(w) is an ideal in $(w), each
element of $(w) can also be considered as a linear operator over L(w) if we
define, for any a€8(w) and every f& L(w),

Tof = a*f

where the asterisk denotes convolution. We shall denote the operator norm
by || Tall, || Tall =Sup ||a*fl|/||f]]. 1f for every £>0 we define a set function E;
such that for any bounded Borel set B of [0, «),

E«(B) = 1if £ € B, and 0 otherwise,

Eces(w), || E|=||T(®)||, and 8(E;) = T(£). Further, considered as operators
over L(w), they form a semigroup satisfying (H). This is of course a semigroup
of translation operators over L(w):

(Eex ) = f(t — &), f € L(w).
If in (2.2) we put T'(¢§)=E;, X = L(w), x~f, we obtain
mez * fdia
0

which is simply a*f. Let 4, denote the infinitesimal generator of the semi-
group E;. Then D(A4,) consists precisely of those f such that f(0)=0, f, f’
E€L(w), and A,f=—f. If fED(AL), k being a positive integer, we have, since
6 is a continuous homomorphism that for every xEX

0(Auf)x = limit £ 0(Ee * f — f)x
£—0

limit £ T ()% — ]

-0

A6(f)x
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and hence readily that

(2.4) 0(Auf)x = A 0(f)x, n=12---kxCX.
Setting T'(£) =1 exp NE, this specializes to

(2.5) No(;f) = 6(\; Auf), n=1,2,-,k

We conclude this introductory section with a Lemma of a general nature
we shall need:

LeMMA 2.1. Let C be a closed linear operator with domain and range in X.
Let x&D(C), and further let

T()Cx = CT(§)x  for every £ > 0.
Then for every aE8(w), (a)x&ED(C) and
0(a)Cx = Ch(a)x.
Proof.

0(a)Cx =f T(¢)Cxdia =f CT(§)xd:a
0 0
and since C is closed linear, we have readily,

waT(E)xdga = waT(E)xdga = Co(a)x

proving the lemma.

3. The extended calculus. The Hille-Phillips calculus, as we have seen,
yields only bounded operators. The extension of this calculus to unbounded
operators requires first that the function class f(\) be suitably enlarged. To do
this we begin with the notion of a multiplier. Let ¢(\) be any Lesbesgue meas-
urable function of A, Re A=wt. We associate with it an operator C, with
domain and range in L(w) as follows:

fE D(C,) and C.f=g
if and only if
(3.1) oMo\ f) = o(N; ), [, 8 € L(w).

That the operator is well-defined follows from the uniqueness theorem for
Laplace transforms, since wt> — . Since ¢(\) is a multiplier it is immediate
that C, is a closed linear operator with nonempty domain. Moreover, D(C,)
is an ideal in 8(w):

LemMa 3.1. Let o(N\) ~C, and let fED(Cy). Then for any a&8(w), axf
€D(C,) and
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Cu(a*f) = (Cuf) *a.

The factor theorem (1, p. 362) has an immediate generalization in this
setting:

THEOREM 3.1. Let ¢(N\) ~Cy. Then a necessary and sufficient condition that

o) = 6(\; @) for some o & S(w)
s that
D(C,) = L(w).

Proof. See [5] if necessary.

CoRrOLLARY. Let o(N) ~Cy. If u€p(Cy) (Resolvent set of Cy), then there is
an aE8(w) such that R(u; Cp) =T, and

e\ @) = (b — e(\)7
Proof. Since for every f& L(w)
[ = oM ]o(; R(u; Co)f) = ¢(A; f)

it follows readily that (u—¢(N\))~! is a multiplier whose domain is L(w). The
theorem above thus applies and the corollary is immediate.

We may note in passing that Lemma 3.1 characterizes the operators C,
in the sense that if any closed linear operator C with domain and range in
L(w) has the property

C(Eg*f) = E¢xCf for every £ > 0,

for every f in its domain, then there is a multiplier ¢(\) such that ¢(A\) ~C,
=C.

We know as yet no way of extending an arbitrary multiplier ¢(\) to a
corresponding operator ¢(A4) over X. Fortunately, for the semigroup theoretic
applications we have in mind, this generality is unnecessary. From this point
on, we accordingly confine our study to those C, with the property that
D(C,) is dense in L(w), and denote this class by 9. We begin with two results
which provide essentially the basis for the extension of the Hille-Phillips
calculus.

We shall say that a sequence {a”}es(w) approximates the identity
strongly (over L(w)) if for every fEL(w), ”a,.*f—f”-—)O.

THEOREM 3.2. Let {a,.} be a sequence approximating the identity strongly
over L(w). Then 0(a.) approximates the identity strongly over X, i.e., HO(a,,)x —-x“
—0, for every xEX.

Proof. A proof has been given by Phillips [3]. Here we give a different
and self-contained proof, obtaining en route some results which we shall use
later on again. We need two lemmas.
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LEMMA 3.2. We can find a sequence {g.} €ED(AY) such that
(i) gn approximates the identity strongly over L(w) and 6(g,) over X,
(ii) [[enll >y, 157 < .

Proof. Let { f,.} be a sequence of Lévy stable densities [see [6]] such that
é\; fn) = Exp — (—=\)¥/n, 0<¢<1, Rex=0.
Let ¢ >wt and set
(3.2) (&) = fa(§) Exp — o, £z0.
Then clearly g.(-)&EL(w), actually to D(4,). Further for xEX,

16(g)x — || < fo °°e-f'ffn(z)!lr(z)x — af|dt + ||| | #(—0; fu) — 1].

Since e“’f” T(E)x—x“ is a bounded continuous function, the first term goes to
zero by the weak convergence property of the densities { f»}, and the second
term obviously goes to zero. Hence 6(g.) approximates the identity strongly.
In particular, we see that g, approximates the identity strongly over L(w).
To prove (ii), we note that

ledl = [ Tzl

where t,=(+1/n)'%. Clearly, the sequence {||g.|l} is bounded. If ||T(®)|| is
continuous at the origin, ||g.|/|—1. Otherwise, we can choose a convergent
subsequence, and in any case:

1 < liminf||T®)|| £ v < lim sup || T®)||.
£—0

LEMMA 3.3. Let aES(w). Then
(@Il = 7| el
Proof. Let x&X, ||x| =1. Then using Lemma 3.2,

l6()x|| = lim ||6(a)8(g.) ||
< lim sup [|a * gif| < lim sup || 7]/ .
A Tl

Hence ||6(a)|| <7|| 7.l

The theorem follows easily from the lemmas. Since {a.} converges
strongly, || T,/ is bounded, and by Lemma 3.3, so is ||8(ev.) ||. For any f& L(w)
and xEX,

[|6(a)0(Nx — 0(f)al| < [Jaw*f = flllll] — 0.
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Since it follows in particular from Lemma 3.2 that the elements of the form
0(f)x are dense in X, an application of the Banach-Steinhaus theorem [1,
p. 25] yields the desired result.

THEOREM 3.3. Let D be a dense subset of L(w). Then we can find a sequence
{fa} in D such that:

(1) fa approximates the identity strongly,

@) [Ifl| .

Proof. Let {h,,} be any sequence in L(w) approximating the identity
strongly. Since D is dense in L(w), we can find {f,} in D such that

7w — full < 1/n

and this implies that the sequence { f,.} approximates the identity strongly
as well. (This observation is due to R. S. Phillips and replaces a lengthier
argument of the author’s.) In particular, we may choose the sequence {gn}
defined by (3.2) in place of {k.}, and since ||g.||—, it follows that (ii) can
be satisfied as well.

COROLLARY. The intersection of two dense ideals in L(w) is dense.

Proof. Let {f.}, {g.} be sequences approximating the identity in two
dense ideals D; and D, respectively. Then the sequence { f,,*g,.} &D,N\D; and
approximates the identity as well. Hence DiyN\D, is dense in L(w).

Since by definition D(C,), for any ¢(N\) EM, ¢(N\) ~C,, is a dense ideal,
it follows from the theorem and corollary just proved that we can find a
sequence in D(C,)N\D(A,) approximating the identity strongly.

We next show that the class 91 is an algebra.

THEOREM 3.4. Let ¢1(N), o2(N) EM. If w1, s are any two complex numbers,
w1 (N) Fpepe(N) M. The product ¢1(N)p2(N) SN also.

Proof. Let ©1 (7\)~C1, §02(>\) ~C, and ¢1(X)¢2(X)~Cs. Clearly ,ulgal()\)
+u202(N) is @ multiplier, and since its domain certainly includes D(C,)ND(Cs)
which is dense by the corollary to Theorem 3.3, it belongs to 91. Let {g,.},
{h,,} be sequences approximating the identity in D(C;) and D(C,) respec-
tively. Then the sequence {g,,*h,,} approximates the identity and belongs to
D(C3) as well. Hence ¢1(\)@2:(A\) E9N also.

Any multiplier ¢(A\) €9 is analytic in Re N <w*, continuous in Re A £ w+,
This follows readily from the fact that it has a dense domain. Moreover, the
correspondence ¢(A) ~C, is 1:1 for any p(\) EIMN.

The class 91 certainly includes all polynomials in X. Actually, the poly-
nomials belong to an important subclass of 9, namely the subclass of multi-
pliers whose domains include D(A4,). This subclass, which we shall denote by
M, is easily verified to be a subalgebra of 91, since a multiplier 91, takes
D(A,)) into itself. This is a proper subclass, however, as the following example
shows. Let
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o(\) = Exp (¢ — M)A, 0<B<1,o>wt

where 2 is taken positive for z positive. Then if B<{, the sequence {g.}
defined by (3.2) certainly belongs to its domain, so that this is a multiplier
in M. On the other hand, the clement g&D(4,) where

#(\; g) = Exp — (¢ — M), 0<9n<B

does not belong to its domain.

Construction of the operator extensions. Given any ¢(A) EN, we shall now
describe how an operator extension ¢(A4) may be obtained as a closed linear
operator with dense domain. First let f, g&D(Cy), Co~e(\) ENM. Suppose
that for some x, yEX, 0(f)x=6(g)y. Let {h,,} be a sequence approximating
the identity in D(C,). Then using Lemma 3.1,

0(hn)0(Cuf)x = 0(hn * Cof)t

= 0(Cuhn)0(f)x

= 0(Cuhn)0(g)y

= 0(:)0(Cug)y.
Using Theorem 3.2 and taking limits we obtain:
0(Cuf)x = 6(Cug)y.

Analogous to (2.4) and (2.5) we can therefore define an operator Cy with do-
main and range in X as follows:

D(Co) = Elements of the form 8(f)x, f € D(C,) and x € X;
Ch(f)x = 8(Cuf)x.

Thus defined, the operator C, is not necessarily linear or closed, but is
readily extended to be so. We recall that an operator U (linear or not) is
said to be closed if whenever x,&D(U), x,—x and Ux, converges, x&D(U)
and Ux=limit Ux,. An operator U is said to have a closed linear extension
if there is an operator C which is closed, D(C)DD(U) and Cx= Ux for
xED(U). In this case the smallest closed extension of U has an obvious defini-
tion, and we denote the latter by [U]..

THEOREM 3.5. Let C,y~@(N) EM. Then the operator Co defined by (3.3) can
be extended to be closed. Let C denote the smallest closed extension of Co. Then C
is closed linear, and D(C) contains a dense sub-domain of D(A>). For any
TEE(X) which commutes with T(&) for every £>0,

3.4) TCx = CTx for x € D(C).
Proof. We begin by showing that C, can be extended to be closed. For

this, let {xu}, {yn} be two sequences in D(Cy) both converging to the same
element x, and suppose Cox, and Coy, are also convergent with limits y and 2

3.3)
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respectively. To see then that y and 2z must be equal, we may use a sequence
{h,,} approximating the identity in D(C,). We have, using Lemma 3.1,

(3.9) 0(hm)Coxn = 0(Ciohim)%n
for every n, so that taking limits,

0(hm)y = 0(Cwhm)x.
Similarly,

0(hw)z = 0(Cuhm)x.

Hence 6(h,)y=0(hn)z, and using Theorem 3.2 and taking limits in m we
get y=2. Hence C, can be extended to be closed by closing the graph of C
(see [1] for the notion of graph). More explicitly, we define an operator C
with domain and range in X by:

x € D(C) if and only if there is a sequence {x,,} in D(Cy), 2, — %, and
(3.6) Cox, converges; and
Cx = limit Cox,.

It is evident that C is closed since the graph of C is closed, and is indeed
the smallest closed extension of Cy. The latter property leads easily to (3.4).
For, if x&€D(C), we have by definition that Cx =limit Cox., x,—x. Now as in
3.5),

0(hm)Coxn = O0(Cuhtm)tn = CoB(hm)xa
so that by passage to the limit in # we have
0(hm)Cx = 0(Cophm)x = CoB(hm)x
and hence
3.7) Cx = limit (Cyphn)x = limit Cof(hn)x.

If T is as in the hypothesis, we have first from Lemma 2.1 trivially that T
commutes with 0(k,) for every m, and for x€D(C) therefore

TCx = limit T6(Cyhn)x = limit 6(Cyuhn) Tx
limit Cof(hm) Tx

and since C is closed we obtain
(3.4) TCx = CTx.
To show that C is linear, let x, y&D(€). Then

CoB(km)(x + y) = Co(km)x + Cob(hm)y
= 0(hn)Cx + 0(hm)Cy
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where we have used (3.4). Passing to the limit in m we have:
C(x + y) = Cx + Cy.

That ACx = C\x for any complex number follows trivially from (3.4). Hence
C is linear. Finally, since the sequence {h,.} can be chosen in D(C,)N\D(A5)
and elements of the form 8(k,)x belong to D(4*) (cf. (2.4)), it follows that
D(C) contains a dense subdomain of D(4%).

We have thus the basic construction of the extended calculus:

DEeFINITION 3.1. Let ¢(A) €M, and let ¢(A) ~C,. The operator extension
¢(4) is then defined to be the closed linear operator C given by (3.6). More
generally, if B is the infinitesimal generator of any strongly continuous semi-
group S(£) majorized by T'(¢), we again define ¢(B) as the operator C given
by (3.6) except that now in the definition of 8 given by (2.2) we replace T'(¢)
by S(%).

Some consistency properties of these operator extensions are next in order.
First let o(\) =¢(\; @), aE8(w). Then clearly ¢(A\) EM and has L(w) as its
domain. Further if fEL(w), Co~eo(N),

0(Cuf)z = Cof(f)z = 0(c ¥ /)z = 6(a)0(f)x

so that the smallest closed extension of C, is 8(«). Hence Definition 3.1 is
consistent with the Hille-Phillips calculus. Again, if we take S(&) =1 exp A§,
Re A =wt, we have readily that ¢(AI) =Ip(\). If we take S(§)=E;, X =L(w)
we obtain ¢(4,)=C,. Finally let ¢(A\) be any polynomial in N\, say ¢(\)
= > ®mNk, a,70. We shall now show that ¢(4) = D 5 axd*. We note first
that for any x& X, using (2.4) and (2.5):

3.8) 0(Cphn)x = Z”: ap A%0(ha)x

where since D(C,) obviously contains D(4}), {h,.} is a sequence in D(4})
approximating the identity strongly. For x©€D(A4") on the other hand, by
Lemma 2.1, since A* is closed,

> aA*(ha)x = 0(ha) X axA*x.
0 0

Hence taking limits in (3.8) we have:

n

o(Ad)x = Y, arAkz, x € D(A").

0

Again for x€D(¢(4)), by (3.7)

e(A)x = limit 6(Cyh,)x = limit D, ax A*9(h,)x.
0
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Since Z{,‘ axA* is closed, it follows that

n

o(A)x = 2 ardrz, x € D(e(4)).

0

Hence o(4) = Y o aid*.
When 4 €E(X), ¢(4)EE(X). Thus:

THEOREM 3.6. Let ACE(X). Let o N\) EM. Then ¢(4)ER.
Proof. Since A €E(X), for any a&.S(w) we have:

0(a) = f edéda,
0
Moreover, from the Gelfand theory,
o[o(e)] = f Exp o[4]tdsa.
0

In particular, if {h,,} is a sequence in D(¢(4,)) approximating the identity
strongly,

o[8(h)] = fo “ha(®) Exp o[ 4]2d

Again since AE€E(X), o[A] is a compact subset of Re A<w*, and since
¢(\; k.)—1 uniformly in each compact subset of Re A Swt, it follows that
we can find N such that ¢(X\; kx) is bounded away from zero for A€o [4 ], or
6(hy) has an inverse in ®. Hence for any x X, there is a yEX, such that
6(kx)y=x, so that xED(¢(4)). By the closed graph theorem [1, p. 30],
o(A)EE(X). From (3.4) it follows that ¢(4) ER.

We turn finally to the algebraic properties of the operators ¢(4).

THEOREM 3.7. Let ¢1(N), o2(N) EM. Then letting
e3(A) = e1(\) + ¢2(0),
es(\) = o1(N\)02(N)

we have
e3(4) = [e1(4) + 02(4)].,
ei(4) = [01(4) - 2(4)]..

Proof. Let {h,,} be a sequence in the intersection of the domains ¢;(4,)
and ¢2(4.). For x€ED(¢:1(A4))N\D(¢:(A)) we have then using (3.7)

e1(A)x + ¢a(A)x = limit [p1(4) + ¢2(4)]6(k)x.
By Theorem 3.4, ¢3(A) €9, and further
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le1(4) 4 02(4)]6(hn)2 = @3(A)0(ka)x.
Hence taking limits and noting that ¢3;(4) is closed:
[e:1(4) + ¢2(4)]2 = @5(4)2.
Hence [¢1(4) +¢5(4)] can be extended to be closed. Further if x&D(p3(4)),
using (3.7) again
e3(A)x = limit ¢3(A4)0(h.)x
= limit [p1(4) + ¢2(4)]0(kn)x
= [lex(4) + eo()]]e.

Hence (3.9) follows. (3.10) can be established similarly.

We may note that if we define sum and product by (3.9) and (3.10) the
class of operators ¢(4) for each 4 can be made into a commutative algebra
which contains 0(S(w)) as a subalgebra. We can obtain a spectral theory for
this algebra which parallels that for 8($(w)) given by Hille [1] and Phillips
(4].

4. Spectral theory. In this section we study the spectral properties of the
operators ¢(4). We begin with a result which has been proved in a special
case by Phillips [3] by a different method.

THEOREM 4.1. Let p(N\) €. If
b€ ple(4w))

then
n € pe(4))
and
(4.1) R(u; ¢(4)) = 0(R(k; ¢(Aw)).

Proof. Let {h,.} be a sequence in D(p(4,)) approximating the identity
strongly. Then

[kEo — o(40)|R(u; ¢(A)) tn = hn,
R(u; ¢(Au)[1Es — ¢(Aw)]ha = ha.
For any x&€ X, using the Corollary to Theorem 3.1,
[WI = o(A)]8(R(u; o(A))0(hn)x
= 0(ka)z = 0(R(u; 0(Aw)) [ul — ¢(A4)]6(hn)x.

Using the first part of this equality and taking limits in »#, we obtain since
¢(A) is closed:

(4.2)

[k — o(A)]0(R(k; (Aw))x = 2.
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If x€D(e(A4)), we have from (3.7):
o(A)x = limit o(A4)0(h,)x
and the second half of the equality in (4.2) readily yields
2 = 0(R(u; ¢(4s)) [0l — ¢(4)]x

thus establishing (4.1).

We next prove a spectral mapping theorem analogous to the one proved
by Hille [1, p. 313]. For this purpose it is convenient to use the Gelfand
theory for the B-algebra ®& as developed by Phillips [4] (cf. §2).

THEOREM 4.2. Let o(\) EM. Then
(4.3) ale(4)] D o(o[4)).
If for some uEplp(Aw)],
Ru; ¢(4u)) € L(w)
then
(4.4) ole(4)] = o(a[4]).

Proof. We begin by showing that if u€p[p(A4)], then necessarily,
R(u; ¢(4))ER. For if TEE(X) and commutes with T(§) for every £>0, we
have from (3.4)

To(A)x = ¢(A4)Tx, x € D(p(4)).
Hence for any x&EX,
R(u; ¢(A4))Tx = R(u; o(A) T[pI — o(A)]R(u; (4))x
= TR(u; p(A4))x

or, R(u; ¢(4))ER. Next, using the terminology and notation of §2, let
m' €W, a(m’) =\ where A€o [4]. We can certainly find fED(¢(A4.)) such
that ¢(\; f) 0. Since

R(u; () [10(f) — 6(e(4u)1)] = 6(f)
we have
R(u; ¢(A4))(m') [u8(f) — 6(e(4u)f)(m") = 6(f)(m").
Or,
R(u; o(4)m)[u — oM)] = 1.

Hence u#¢(\) for any A€o [4 ], which proves (4.3).
To prove (4.4), we note first that if R(u; ¢(4w)) E L(w) since

o(\; R(u; o(A4w) = [u — oW)]?
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the complement of the set ¢(a[A4]) is not empty. Let v belong to the comple-
ment of ¢(c[A]). Now for mE W, m~N\,

¥ — o)

[Eo + (v — ) R(u; ¢(4w)](m) = e,

For m& U, R(u; ¢(4w))(m) =0, so that
[Eo 4+ (v — 0)R(u; ¢(40))](m) = 1.

Hence [Eo+(y—u)R(u; ¢(Aw))] has an inverse in $(w), and it is readily veri-
fied that

Ru; (A0)[Eo + (v — 8)R(1; o(4w) ]

is indeed R(v; ¢(4.)). By Theorem 4.1, yE [p(4)], proving (4.4).

We may note that (4.4) is not true in general. It is known for instance
that (see [1]) we can find aE8(w), o(\) =¢(\; @) for which (4.4) does not
hold.

It would appear that it is possible to obtain results relating to the fine
structure of the spectra of ¢(4) similar to those in the Hille-Phillips calculus,
but we shall not pursue this here.

5. Semigroups in 8(w). In this section we study semigroups of convolu-
tion operators i.e., semigroups of elements in §(w) considered as operators
over L(w). Let a(t) be a one-parameter semigroup of elements in 8§(w) such
that:

(1) a(tl)*a(tQ) =a(t1 +t2), t, t2>0

(F)  «(0) = Ey,
(ii) For any f&L(w),
lla®) *7 = 1l =0, as t—0.

Let S(t) =0(a(t)). Then as Phillips [3] has shown, S(¢) is a strongly continu-
ous semigroup over X. The generation of such semigroups is of importance
in several contexts, especially in stochastic process theory. The extended
operational calculus we have been describing provides a natural setting for
the study of these semigroups, and in particular, for determining the relation-
ship of the infinitesimal generator of S(#) to that of T(§). We begin with a
basic result in this direction.

THEOREM 5.1. Let a(t) be a semigroup in $(w) satisfying (F). Let S(t)
=0(a(t)) and ¢(\) =Log ¢(\; a(1)). Then S(t) is a strongly continuous semi-
group over X. o(\) EM, and the infinitesimal generator of S(t) is ¢(4).

Proof. § being a homomorphism, S(¢) is obviously a semigroup. The strong
continuity at the origin is immediate from Theorem 3.2. The condition (F)
implies that ¢(\; «a(f)) is continuous and multiplicative in ¢ for every A,
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Re A=w*. Hence we have:
o(\; a(f)) = Exp to().

Let B, denote the infinitesimal generator of the semigroup «(f) considered
as operators over L(w). Then if fED(B,) it is easy to see that

(N5 Buf) = o(N)o(; f).
Conversely, suppose there is an f& L(w) and g& L(w) such that
o(\; ) = eNo(; f).

Since B,, is an infinitesimal generator, D(B,,) is dense. Let {hn} be a sequence
in D(B,) approximating the identity strongly. Now

¢(A; Bu(ln *f)) = ¢N)d(A; ka)d(N; f) = &(A; hn * g).
Hence
Bu(bn*f) = ho* g.
B,, being closed, this shows that f&€D(B,). Also D(B,) being dense, ¢(A\) EM,
and further, B, =¢(4.). Again, for f&€D(B,) entirely analogous to (2.4),
0(Buf)x = BO(f)x
where we have denoted the infinitesimal generator of S(¢) by B. Hence
e(A)0(ha)x = 0(Buhs)x = BO(hn)x
and for x&D(p(A4)) therefore, using (3.7),
o(A)x = limit ¢(A4)0(k.)x = Bx.
For x&€D(B), since S(t) commutes with 8(k,) for every n,
0(h.)Bx = BO(h,)x.
Hence
Bx = limit 0(k,) Bx = limit BO(k,)x = limit ¢(4)8(k.)x = o(4)x.
Or, B=¢(4).
Given a one-parameter family of elements in 8(w) it is of interest to

determine conditions under which it forms a semigroup satisfying (F). We
now state a simple sufficient criterion.

THEOREM 5.2. Let a(t), t>0, be a onc-parameter family of elements in $(w)
such that:
(1) N a(ti+2)) =d\; a(t))d(N; alt)), &, 8>0.
(if) o(\; a(t))—1, uniformly in each compact subset of Re A Swt, as t—0.
(i) ||a(®)||—-1, as t—0.
Then a(t) satisfies (F).
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Proof. Condition (i) suffices trivially to insure the semigroup property.
The strong continuity will follow from the following

LEMMA 5.1. Let {aa} be a sequence of elements in $(w) such that (\; o) —1
uniformly in each compact subset of Re A=w* and HanH—>1. Then o, approx-
imales the identity strongly over L(w).

Proof. Letting |a.| denote the variation of s, for any L>0, we have
lim sup fL exp w(®)de| @n| < lim | = 1.
0
Since exp w(£) 2exp ok for — o <o Swt, it follows that
LLdgla,.I < My(L) < .
Hence if Fa(§) =ax[0, £), for 0<(<L,
o s [ el an] = MD)

or, F,(£) is bounded in every closed bounded interval. Again from the well-
known Helly-Bray theorem it follows readily that for every £>0, F.(§)—1.
Let k(£) be the characteristic function of the interval [0, 2]. Then A(-) EL(w)
and by a direct computation:

h
llota * & — h| =f | Fu(®) — 1] exp w(t)dt
(5.2) ’

+ f I Fu®) = Fut — )| exp w(@)dt.

Since exp w(£) is bounded in [0, %], and the F.(£) are also bounded therein,
the first integral goes to zero. As for the second integral, we note first that

el = [ 170 | expui@de + f : | Fo®) = Fult — B)| exp w(®)de

s o] = lla] f  exp wi@rat

Hence

f | Ful®) — Fult — B)| exp w(®)dt
h

=< “a,,” j; exp w(¢)dt — fo l F,.(E)‘ exp w(£)dEt.



1959] INFINITESIMAL GENERATORS OF SEMIGROUPS 347

Since in the larger member of this inequality, ||a.||—1, and

f ‘I Fu(t)| expw(t)dt— fo exp w(§)dt

it follows that the second integral in (5.2) goes to zero also. The linear exten-
sion of the class of step functions %4(-) being dense in L(w), the Banach-
Steinhaus theorem applies and shows that the sequence {a,.} approximates
the identity strongly.

COROLLARY. Let a(t) be as in the theorem with S(¢) =0(a(t)). Then ”S(t)|[——>1
also as t—0.

Proof. Since || S(®)|| =||a(?)|], it follows from (iii) that lim sup,.o ||S(#)|| <1.
On the other hand, the strong continuity implies that lim inf;., “S(t)” =1, or
1S@)||—1.

We may note that condition (iii) is not necessary in order that a(t), be
strongly continuous, as may be seen by taking a(t) = E;, choosing ” T(E)H dis-
continuous at the origin.

The more general problem of characterizing multipliers ¢(\) which are
infinitesimal generators of semigroups in 8§(w) satisfying (F) is a natural one
to consider in this context. If we restrict ourselves to semigroups of measures,
the Kolmogoroff-Levy representation theorem for infinitely divisible dis-
tributions (see [1, p. 435, for example]) is readily seen to be a special result
of this kind, and has been generalized to semigroups of measures in $(w) by
Phillips [3].

6. An application. We conclude with an application of the extended cal-
culus to the problem of defining nonintegral powers of the infinitesimal gen-
erator of a semigroup. Hille [1, p. 276] has given a method of doing this for
a bounded operator with a suitably restricted spectrum. The method to be
presented here is different, and it is doubtful that Hille’s construction can be
carried over to unbounded operators.

For the purposes of this section we shall specialize T'(¢) and suppose in
addition to (H) that

Q (iv) fleT(é)”E"o“dE < w, for some o9, 0 < 09 < 1

) wt = 0.

Condition (Q) is satisfied for example if we take || T(£)|| =Log (e+§) or,
7@ = (148" for 0=0 <as.

While the definitions below will be given specifically for the semigroup
T(%), it will be apparent that they will also apply to any strongly continuous
semigroup majorized by T'(§). In particular if w* <0, the considerations are
simplified greatly. (See [5].)



348 A. V. BALAKRISHNAN [May

THEOREM 6.1. For N such that Re N0, let
(6.1) ¢(A; &) = Exp (¢ Log (—1))
where the principal value of the logarithm is taken (i.e., Log z is real for z posi-
tive), and {=o+iB, noo=oc=n, for positive integral n. Then o(\; {)EM
(actually M,). Further, for ¢ satisfying in addition
o2+ 82 < 2¢
we have:
(6.2) R(p; ¢(4w; $)) € L(w), k= o\ 6.
Proof. Let 09 <0 <1. Letting C,~¢(\; ¢), we shall show first that D(C,)
DD(A,). For this we note first that R(1; 4,) €L(w) and that
o(\; R(1; 4.)) = (1 — N7, Re\ £ 0.

Hence to show that D(C,) DD(4,) it is obviously enough to show that there
is an element 2 & L(w) such that

(6.3) oA ) = (1 = N7'e(A; §).

Now, by a direct computation (details may be found in [5]) it can be shown
that there is a function in L, [0, ) whose Laplace transform is given by the
right side of (6.3) and further this function is O(§=*"') as £— =, so that it
actually belongs to L(w).

For { =141, a direct evaluation similarly shows that there is an element

gE L(w) such that
o(N; 8) = (1 — N7%(\; §)
so that D(C») DD(A42), or, o(\; {) €M, again. For other values of ¢, since {
can by hypothesis always be expressed:
¢ =ny+ 1B, onsy=s1
it follows readily from Theorem 3.4 that ¢(\; {) €I, also.
To prove (6.2) next, it is enough to show that
o) = [u — o(; O], ReA £ 0

is the Laplace transform of an element in L(w). A direct estimation again
verifies this to be the case. (Details may be found in [5].) This proves the

theorem.
We next define:

(6.4) (=A4) = o(4;%).

This we may term the “principal value” of (—A4)! corresponding to the prin-
cipal determination of (—M\)f taken in (6.1). It is clear that this definition
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interpolates the integral powers of (—A4), and so of course will
¢(4;¢) exp 2miks
for integral values of k. Other properties of these powers follow.

THEOREM 6.2. The operators (—A)t defined by (6.4) [with ¢ values limited
as in Theorem 6.1] have the following properties:

(6.5) (—A)F+ = (= A)i(~A)",
(6.6) o[(—=4)] D [o(= )]
For 0242 <20, and any positive integer n,

(6.7) o[(= )] = [o(=)]".

Further for oo =¢ <1, —(—A4)* is the infinitesimal generator of a strongly con-
tinuous semigroup S(¢; ), 0<t, over X such that

St 6) = 0(f(¢4; £))

where the f(¢; ) for each § is a semigroup in t of Lévy stable densities € L(w).
Moreover the semigroup S(¢; §) is such that for ¢ > o

(6.8) f “S(t; g')”t“"“ldt < o, for v = ao/t.
1

Proof. Properties (6.5) and (6.6) follow directly from Theorem 4.2. For
n=1, (6.7) follows from (6.2) and Theorem 4.2. For other values of # it
follows thence from the known similar result for the spectrum of integral
powers of a closed operator with nonempty resolvent set. Proceeding next to
the semigroup generating properties, let

¢(\; &) = Exp — o(A;9), oS¢ < 1.

It is known (see [6] for instance) that for each such ¢,
s0v0 = [ oo
0

where f;(£) is a Lévy stable density function. Further, an estimation (such
as in [5]) readily shows that

(6.9) fr(§) = O(F"") as § >
so that f;(:) EL(w). If we define:
f 85 8) = (1), 0<4,0<E

it follows readily that f(¢; {; -) is a semigroup in ¢ of elements in L(w) as
well. Let
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S0 = 0(f(4; &5 ).

Then S(¢; ¢) is also a semigroup for each {. Moreover it is strongly continuous
at the origin. For

155 )x — o] < fo 1T« — 2lft; ¢; Bde.

Since ”T(E)x—-x“ is bounded continuous in [0, 1], the weak convergence
property of the densities f(¢; {; -) shows that the integral

S Iz @s=slis £ 0
goes to zero with £ Further
J 7@ = sl g 00 = 0w f @ — of s
where we have used (6.9). Hence S(¢; {) is strongly continuous at the origin.

That the infinitesimal generator of the semigroup S(¢; {) is —(—4)¢ {cliows
from Theorem 5.1. Finally, a direct computation yields (6.8). Thus

°°S; g = [ [T ~r-1did
fl (t; $)erdt f f | T 5)]| £ (8) e dtds

= o+ [ [ Il

o + [ T hea fE 7@l

A

o(1) + f " i@ L T eea

< o,

The connection between the operators (—A4)% as defined by (6.4) using
the extended calculus, and the Riemann-Liouville fractional integrals (which
may be expected owing to the similarity between infinitesimal generators and
differential operators) is made precise in the following theorem.

THEOREM 6.3. The operators (—A): defined by (6.4) have the following

alternate representation:
n— k Ek
Sx — —5—14,
(6.10) (=4 I‘( ) [ (®)x 0 k! ]E :

for x € D(A"), n—14+d = Re¢f<mn
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where the integral on the right is a Bochner integral.

Proof. Let S(£) be any (strongly continuous) semigroup majorized by
T(£), with infinitesimal generator B. For x&D(B"), we have [1, p. 236]:

n—1 tk Bky
S =T — +(n_1),f (t = &15() Brad

so that the integral

© n—1 thlc
f I:S(l)x - x]rf—ldt
0 0 k!

exists in the Bochner sense. Specializing to S(§) =E;, X = L(w) and f&D(4}),

let

1 n—1 tA f

g = ]t‘f_ldt.
r(=¢)

Since 0 is a homomorphism,

=1k AR(f)
(6.11) 0(g) = T(t)0 ) — :It‘f“dt.
TSN -2 =
Again,
1 o n—1 lk)\k
o(\; 8) = I:e“ - —-] 5 1dig (N
(g r(=9Joe ? k! N

which, by a straightforward evaluation of the integral,

= o(A; ;).
Hence for x&€X,
6(g)x = (—A4)0(f)x.
Further for x&D(4"),

(6.12) 0(g)x = (—4)%6(f)=.
On the other hand using (6.11), for x&€D(A4"),

( ) 0 n—1 tkAkx ey
(6.13) 0(g)x = <pJ, [T(t)x - Zo: y ]t =14y,
Hence

r(l—;) fo W[T(t)x— gf tk:!kx] -y,
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The domain of A} being dense, we can use a sequence in it approximating
the identity strongly in place of f, and since (—A)} is closed, (6.10) follows.

One might inquire at this point whether other determinations of non-
integral powers of (—4) are possible which are not of the form (—A4)¢ exp 2mwik¢,
(—A)t being the principal value defined by (6.4). The answer to this is in
the affirmative (settling a question raised by Hille [1, p. 276] in a similar
context). For this, one has only to take T'(¢) to be a continuous group such
that “T (£)]| < M. Specifically, we may take the group of translations over
Li(— =, »). Then since (—4) is the infinitesimal generator of T(—£), we
can define (4)f as well as (—A4)% using (6.4), and it is easily seen that

(A)* exp wig #= (— A)S exp 2wik¢

for any integer k, although (A4)% exp 7i{ certainly interpolates integral powers
of (—A).

On the other hand, the principal value as defined by (6.4) has an extremal
property similar to the one given by Hille [1, p. 276]. To avoid lengthy
details, we may assume now that the semigroup T'(£) is such that it satisfies
a stronger version of (Q), viz:

f |lT($)||£“'“d£ < o, for every o, 0<eo<1.
1

Then obviously, (—A4)¢ may be defined by (6.4) for every ¢ such that Re { >0,
and will further have the representation (6.10) where now the g, is taken to
be zero. Moreover, for any x €D (A®) it can be shown that (—A4)%x is analytic
in ¢ for Re {>0. (Details may be found in [S].) Moreover, a simple computa-
tion using (6.10) shows that

Log || (— A)"+""x|| <

(6.14) lim sup = /2, 0<o.

[n]—w | ‘nl

We now assert that it is not possible to find a determination preserving
analyticity for x&€D(4*) and interpolating integral powers, and having the
property (6.14), other than that given by (6.4). For, if there were one, an
application of a classical result of F. Carlson (as in Hille [1, p. 277]) shows
that it must coincide with (6.4).
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