
WEIGHTED QUADRATIC NORMS AND ULTRA-
SPHERICAL POLYNOMIALS II(1)

BY

I. I. HIRSCHMAN, JR.

1. Introduction. The present paper continues the program announced in

the preceding paper. The notations introduced in §1 of that paper are as-

sumed in what follows. Numbers in square brackets refer to the bibliography

given there.

2. The basic identity. Let p(x) be any non-negative measurable function

such that

(1) q(n) =  C  [I - W.(n, x)]p(x)dx

is defined for [re = 0, 1,   • • • ]• (Note that g(0) is necessarily equal to zero.)

We further set Q(x, y) =/l_1C„(x, y, z)p(z)dz.

Theorem 2a. Let q(n) and Q(x, y) be defined as above. If

oo

1. zZ F(n)2a>y(n) <  oo ,
0

00

2. F~(x) = E F(n)o,,(n)Wy(n, x) (M2),
o

then

(2) E F(re)2co,(re)g(») = —(*("   [F~(x) - F~(y)]2Q(x,y)dnv(x)dnr(y).
o 2 J -i J -i

The symbol "M2" indicates that the series defining F""(x) converges in

the mean of order two with respect to dll,(x). Let us first suppose that

f\_lp(z)dz is finite. We will remove this restriction later. We expand

[F~(x) - F~(y)]2

out so that the right hand side of (2) splits into three terms:

/i = — f   f F~(x)2Q(x,y)dn,(x)dll,(y);
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h = — j   j F-(y)2Qix, y)d%ix)dV,iy);

h= - f   J F~ix)F~iy)Qix,y)dQrix)dQ,iy).

We have, inserting the definition of Qix, y),

i r1 r1 r1
Ii = — I      I      I    F^(x)2C(x, y, z)piz)dzdQ,ix)dQ,iy).

Since the integrand is non-negative we can invert the order of the integrations

to obtain

i r1 r1       r1
h = — I    Fix)2dQ,ix) I    piz)dz I    C„(x, y, z)d%iy).

Using the relation

(3) f C,ix, y, z)dQ„iy) = 1.

We find that

P = — [ f F~(x)2cfiUx)l    j P(z)dz\

and thus by Parseval's equality

h = j[ Z f (m)2co,(m)]    J  *(*)<&].

Similarly

P - y [ EfWVw]|    J   #(*)<**].

The inequality

| F~(*)F~(y) |   ^ y F~(*)2 + - F-(y)2

shows that the integral

It = -  f    f     f  P^(x)F^(y)C,(x,y,z)/>(z)rfzrff2,(^)^fi»(3')

is absolutely convergent if the integrals Ji and 72 are absolutely convergent.

But we have seen that this is the case. Thus we may invert the order of the
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integrations in /3 to obtain

h-J    p(z)dzf   \F~(x)} j  f  F~iy)C,ix,y,z)dO,iy)\dQ.ix).

Consider the function

tj>(x, z) =   I    F~(y)C(x, y, z)d£2,,(y).

By Schwarz's inequality and (3) we have

*(x, z)2 g T J F~(y)sC»<*, y, a)rfQ,(y)l    J  C,(x, y, z)dQ,(y)~\

g J  /-W2G(x, y, z)dQ,iy),

and thus

f <t>(x, z)2dQv(x) ^  j      \    F~(y)2C(x,y,z)dtt„(y)dQr(x).

Since the integrand of the integral on the right is non-negative we can invert

the order of the integrations. Employing'(3) again we find that

j <p(x, z)2dV„(x) g J  F~(y)2dV,(y),

that is as a function of x c6(x, z) is square integrable with respect to dQ,(x).

Consider

I    tp(x, z)Wv(n, x)dfi„(x).

If we replace here tp(x, z) by the integral which defines it then it is easily seen

that we can invert the order of the integrations in the resulting double inte-

gral. We obtain, using (1),

f  <p(x,z)W,(n,x)di~l,(x) =   I   F~(y)dQ,(y) I    C,(x, V, z)W,(n, x)dil,(x)

= f  F~(y)W,(n,y)Wv(n,z)d%l,(y)

= F(n)W,(n, z).

Thus, z being fixed,
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f  F~(y)Cv(x, y, z)dUy(y) = Z F(»)<o,(»)W%(«, z)W.(n, x) (M,).
J -i o

Since by definition

00

F~ix) = Z F(m)co,(m)1F,(m, x) (M2),
o

the general Parseval equality gives

f   {^^(*)} { f F~(y)C,(*,y,*)rfa,(y)ldn,(*) = Z F(») *«,(») Wr(», z),

and thus

P = -   f  #(«) |" Z F(m)2co„(m)IF,(«, z)   <fe.

Because | W,(z) | ^ 1 the series in square brackets converges uniformly. There-

fore integration and summation can be interchanged and we have

00 p   1

h= -zZ F(m)2co,(m) I   W,in, z)piz)dz.
0 J —I

Combining these results we see that (2) holds subject to the restriction

f1_ipiz)dz < oo. If this restriction is not satisfied then we can find a sequence of

non-negative integrable functions £*(z) with pkiz) ] piz). With an obvious

notation

Z F(n) *«,(»)?*(») =  f    f   [F~(*) - F~(y)]*&(*, y)dQ,(x)dQ,(y).
o J -l J -l

Since qkin) f c/(m) , Qk{x, y) 1 Qix, y) as k—*oo a simple limiting procedure gives

us our desired result.

Corollary 2b. Let qin) and Qix, y) be defined as before. If

00 OO

1. Z F(«)2?(m)co„(») < oo, Z G(n)2qin)wvin) < <x>.
o o

00 00

2. F~ix) = Z Fin)to,in)W,in, x), G~(x) = Z G(m)co,(»)W,(m, x),
0 0

/ZteM

Z F(n)G(n)q(n)tor(n) =   C ( \f~(x) - F~(y)][G~(x) - G~(y)]
0 J-lJ-l

■Q(x, y)dQv(x)dQv(y).
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To see this apply Theorem 2a to F(n)+G(n) and F(n)—G(n) and sub-

tract the resulting formulas.

3. Approximations. Let us agree to write A(x) ~B(x) ior x belonging to a

certain set 5 if there exist finite positive constants G and C2 such that

Ci^4(x) g£(x) g CiA (x) for x in S. Similarly 4(x) < «5(x) for x in S means

that yl(x) gC37i(x) for xGS, etc.

Lemma 3a. // 0 <a < 1/2 and if

1. P(z) = (1 - z)-1-",

2. q(n) =   f   [1 - W,(re, z)]p(z)cfz,

<Aere

q(n) « (re + 1)2« (re = 1, 2, • • ■ ).

Using the formulas

Wy(n, x) = —— Cn(x),
(2v)n

« -A      (v)m(v)n-m
C„(cos 6) = Z-i -T cos in ~ ^m)B,

m_o m\(n — m)\

see [2, vol. 2, p. 175], we find that

(2v) n      (v)   (v) -      C T
-—q(n) = E Ai!lij^JL j     [i _ cos (n _ 2m)Q][l - cos 0]-1-" sin BdB.

n\ m„o m\(n — m)\ J o

It is easy to see that

f   [1 - cos £0][1 - cos fl]"1"" sin 6dd «   f    sin2 f — j B^'^dB,

while

/•"•     /*0\ /£\2" r4"'2 /£\2*
I     sin2( —Jr1"2"^ = (—j     I sin2 0 r1-2" c70 « ( — J

(*« 1,2, ••■)•

Using the approximation

«L ~ <* + l)-1
*i

we now obtain
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gin) ~ Z (m + l)"~x(n — m+ l)—l(n + l)1"2"-m    ,
m—0 2

~ 2i + 22 + 23,

where Si is the sum corresponding to the range 0^=m<M/3, S2 to the range

n/3^m<2n/3, and S3 to the range 2n/3^m^n. We have

2i « m2«-"       Z      (w + I)1"1 ~ in + l)2a,

0sm<n/3
_ „ la

22 « m-1 Z-W        «  (M + l)2" ,
n/3zm<in/3      2

23 ~ m2"-"       Z       (» - m + l)""1 ~  (M + l)2a.
2n/3^m£7i

Combining these estimates we obtain our desired result.

Lemma 3b. If 0 <a < 1/2 and if

1. piz) = (1 - z)-1-,

2. 0;(x, y) = J   C,ix, y, z)piz)dz,

then

Qicos 9, cos cj>) ~ [1 - cos (9 - </>)]-°'-1/2[l - cos (0 + tp)]-'.

Let us set

u = xy + (1 - x2)"2-(l - y2)1'2,

i) = xy - (1 - x2)"2-(l - y2)1'2.

Since 1 — x2 — y2 — z2 + 2xyz= (u — z)(z — v) we have

[(1 - x2)(l - y2)]-'i2Q(x, y) = 2^T(2v)T(v)-2   f\(u - z)(z - v)]-1

•(1 - z)-"2-"-"(l + z)-*+v2dz.

Ii we put s = (z — v)/(u — v) then we find that

f   [u - z)(z - v)]'-\l - z)-li2-*-"(l + z)~'+"2dz

/' 1                                   r\   _   j, -1 -v-a-1/2
S'-'il  - 5)-"1-5

o                              Lm — V

■ [(« - b)j + 1 + »]-"+''2rP

/-1                 ri — v      -]-,-«-i/2
^"'(l - i+-'-s ds.

o Lm — V
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Thus our problem is reduced to that of estimating the integral

1(c) =   f  s—lil - sY~l(c - s)-'-"-1'^
J 0

where c> 1.

Suppose first that c^3/2, then

i(c) « c-"-«-i/2 f 5^1(1 _ sy-^s « c--"-1'2.
J o

On the other hand if 1 <c<3/2 we have 1(c) =Ix(c)+It(c) where

/. 2—c s'~\l - s)-\c - *)-—-""if,
0

It(c) =  f   «--i(l - s)-i(c - s)-'-«-1/%.
•/ 2-c

It is easily seen that

/. 2—cJ'"1(l - j)-"-s'2cfj

0

« (c - I)"""1'2,

and that

72(c)   w (C -   l)---o.-i/2   f    r-i(! _ 5)F-lrf5

•7 2-c

« (c - l)-"-1'2.

Thus we have (in either case)

lie) « (c - l)-"-1'^-" (1 < c < oo).

Combining our results we have

[(1 - x2)(l - y2)]"-,/2<2(x, y) « (w - !»)2"_1(1 - »)~*(1 - m)-""1'2.

If we set x = cos 0, y = cos 0 then u = cos (0 — tp), v = cos (0+c/>), u — v

= 2 sin 8 sin 0, and we find that

<2(cos 8, cos tp) « [1 - cos (0 - 4>)]-<"-1/2[l - cos (0 + c>)h'.

Let us recall that §1 that

C[F(«)] =  I E F(n)'co,(re)(« + 1)2»| (-y < a < jj,
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and also that -ft* denotes the space of functions P(m) for which $Ila[F] is

finite. Using Theorem 2a and Lemmas 2a and 2b we have the following re-

sult.

Theorem 3c. If 0 <a < 1/2 and if

1. Fin) G 9l'«,
co

2. F~(x) = Z F(n)toy(n)W,(n, x),
o

then

C[F]2 - co„(0)V(0)2 «  f * f   [F~(cos0) - F~icoscb)]2\ 0 - ^|-2—i
•/ 0     •'0

[l - cos (0 + cb)]-' sin2" 0 sin2" <p dddcb.

4. Multipliers. Let t(x) be a bounded measurable function on [ — 1, l],

and consider the transformation t defined by the formula

(1) IF-in) =  f   j   Z F(m)tov(m)Wy(m, x) \w,(n, x)t(x)dQ,(x).

In this section we shall obtain sufficient conditions to insure that / be a

bounded linear transformation of Wa into itself. Actually it will be convenient

to change variables. We replace x by cos 9 and we set

CO

(2) F*(0) = Z F(m)to,(m)Wv(m, cos 0),
o

(3) t(0) = /(cos 0),

and instead of (1) we write

(4) rF-in) =  f  F*(0)t(0)IF,(m, cos0) sin2" 0ci0.
J o

Let us rewrite the equation defining P*(0) in the form

sin"0F*(0) = Z [F(m)tor(myi2][to,(m)ll2W,(m, cos 0) sin" 0].
o

The functions tov(n)ll2W,(n, cos 9) sin" 9 are orthonormal on the interval

[0, 7r] and they are uniformly bounded there. See [12, p. 166]. A general

theorem [5] on uniformly bounded orthonormal systems yields, as a special

case, the following result

Lemma 4a. If
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1. F(n) G C        (0 g a < 1/2),

2. F*(8) is defined by (2),

then for any 0OG [0, t]

f   F*(8)~ sin2" 8 \ 8 - 80 {''"dB g A'(a, vW'aft]*.
J o

Lemma 4b. //

1. K„(B) is IforO g 8 g p and 0 for p < 8 g tr,

2. FGW'a        0 g a < 1/2,

3. KPF is defined as in (4),

then

9ll[KpF] g 4(v, aW'aiF).

Our lemma is evidently true if a = 0, so that we may assume 0<a<l/2.

Since FGWi, we have a fortiori FG%; thus the series defining F*(0) con-

verges in the mean of order 2 (with respect to the measure sin2' 6) and the

formula (4) is meaningful. By Theorem 3c we see that if F„ = KPF and if

00

I = E [Fp(»)]*«,(n)(n + l)2"
i

then

I    [F*(0)A'p(0) - F*(tp)Kp(<t>)]2K(8, tp) sin2" 0 sin2" cpdBdtp
o   J o

where

£(0, 0) =  \8 - tp l"2"-1^ - cos (0 + tp)]-'.

Using the specific form of Kp we find that

/«/! + /»+   /3,

where

/!=[    [   [f*(0) - 7^*(c»]L,A'(0, c6) sin2" 0 sin2" c&c70d>,
J 0    «/  0

/I p /» IF*(tj>)2 sin2" tpdtp I    A"(0, 0) sin2"06?0,
o «7 p

I3 =   I    F*(8)2 sin2" 8dd f  K(8, tp) sin2" tpdtp.
Jo J P
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By Theorem 3c we have p< ~9^[F]2. A simple estimation shows that

P < «  I   F*(<b)2 \tb - p \~2a sin2" tbdcp

and thus by Lemma 4a 72< ^^[F]2. Similarly 73< «^[P]2. Combining

these we have 7< ^^[P]2. We have

Fp(0) =   f  F*(0) sin2" 9d9,
J o

| F„(0) |2 g A f F*(0)2 sin2" ddd = A zZ F(») V(n) ^ 49£[F]\
•/ o o

Finally

C[Fpf = 7+ |Fp(0)|2^43i:[F]2,

as desired.

Let

t„ = y j 1 + (sgn m)2-I"I+1}       0* - ± 1, ± 2, • • •)

and let 5P be the interval [t^+i, t„] if u>0 and the interval [/„, i„_i] if /x<0.

Let 6P be the mid point of 5P and rp the length of S„. Finally let crM be the inter-

val [&„ — rp, &p+rp] if |ju| >1 and the intersection of [&P — r„, &„+rM] with

[0, tt] if \p\ =1. We set

,fl,       / [1 - r,T2(0 - 6P)2J        0 G <rM>

\0 0 G OO-

LEMMA 4c. 7/

1. F(w) G C        (0 ^ a < 1/2),

2. F„(m) = fc,F-(»),

Z'^:[Fj2g^(«,,)C[F]2.

Here the "'" indicates that there is no term corresponding to u = 0. By

Theorem 3c if

CO

P = Z F,(n)2to,(n)(n + l)2"
n=l
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then

/„ = lx + h + h

where

lx =   f    f [F*(8)pM - F*(tp)Pp.(tp)]2K(B,<p) sin2' B sin2' 4>d8d<p,
J trpJ <rp

h =   f [F*(tp)Pp.(tp)]2 sin2" <^cf^ f   £(0, tp) sin2" 0d0,

is =   f [/'*(0)p(,(0)]2sin2"0 f   X(0, tp) sin2" <pd<p.
J Op *) op'

Here of is the complement of cr„ in [0, tt]. It is easily verified that

f #(0, tp) sin2' 0<f0 g A { | 0 - o„ - r„ |-2« +  | tp - b„ + r„ |-2"}.
»^ op

(Throughout we shall use A for any constant depending only upon a and v

and not necessarily the same at each occurrence.)

A simple estimation shows that if tpG^n then

tr -2«
Pp(tp)21 4> - J„ - r„ |-2* £A4>~—      ,

tr  ~2a

Pp(<p)2 \tj>- b,+ r, j"2" g ,4  tp - —      .

Thus

/■K     ~2a[F*(<p)}2 <p-sin2" <pdtp,
on                              2

and similarly

7, g yl  I    [F*(0)]2 0-sin2" 0(70.
J Of, 2 1

Since

F*(0)p„(0) - F*(<p)Pp(tp) = [F*(0) - /*(<*>)WW + F*(^)k(0) - ft.(*)J

we have

[F*(B)Pp(8) - F*itp)PM)}2 5S 2[F*i8) - F*itp)]2pp(8)2 + 2F*(<«2kW - pM(»]2.

Inserting this inequality in the integral defining lx we find that /i g 21 { +2//'

where
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I{ =  f    ]   [F*(cb) - F*(9)]2Pll(9)2K(9, <p) sin2" 0 sin2" cpdedcp,

It  =  f    f F*(c6)2[Pp(0) - p»(<p)]2K(9, tb) sin2" 0 sin2" tbdddcp.
J    0JJ.J   CfJi

Now 0 gp„(0) g 1 for 0Gcr„ and thus

H -. f   f [F*(0) - F*(<£)]2P(0, <*>) sin2" 0 sin2" 0rf0cty.
•^  Cfl J  tTfi

Using |pp(0)-p„W>) | ^^l^-cplr;1 we find that

r ir ~2a

I   kW - Pm(*)]2A'(0, <£) sin2" 9d9 ̂  A cb-
J »> 2

and hence that

C TT    ~2a

U = A  I   [F*i<p)]2 cb-sin2" tpdtb.
J o-p 2

We now have

1*^ A f   f [F*(0) - F*O)]2P(0, 0) sin2" 0 sin2" cpdedcp

r tt -2a
+ A J   F*(0)2sin2"0 0-de.

Also

F„(0) =   f p„(0)F*(0) sin2" 0</0

and thus

/rr  ~2«F*(0)2sin2"0 0-dd.
°-p                                 2

Finally

C[FP]2 - /„ + [Fp(0)]2,

C[Fl2 g A  f   j   [F*(9) - F*(cb)]2K(e, cb) sin2'6 sin2'tpdedcp

/TT    -2aF*(0)2sin2"0 0-de.
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Summing over p and noting that no point 6 in [0, tt] belongs to more than

three cr/s we see that

zZ"^a[FP]   g A  I      j    [F*(0) - F*itp)]2KiB,tp) sin2" 0 sin2" tbdddd,
-to J 0     J 0

r* r* t r2a
+ A I      I    F*(0)2sin2"0 0-t70

•7 o   J o 2 |

and from this using Theorem 3c and Lemma 4a it follows that

E' C[F„]2 g Atfa[F]\ q.e.d.
— CO

Lemma 4d. //

1. Fin) GS. (0 g a < 1/2),

2. F*(0) m rfe/med oy (2),

3. *Mes„       (m = ±1, ±2, • • •),

then

00     r*

E' I    F*(0)2 sin'" 0 | <6„ - 0 f2" g i4(p, a)C[F] .
-oo   J Sp

Since p„(0) ̂ 3/4 for BGS^, we have

f F*(0)2 sin2" 0 | 0 - <£„ |"W0 g A   f  [pM(0)F*(0)]2 sin2" 0 | 0 - 0„ \~2ad8,
J Sn J op

g -4C[F,]2,

the second inequality following from Lemma 4a. Summing over pi and using

Lemma 4c we obtain our desired result.

Definition. r=ri8) (Ogflgx) is said to belong to class M(C) if:

1. t(0) g C       0 g 0 g t;

2. f   | rt>(0) |   g C       u = ± 1, + 2, • • • .

Theorem 5c. //

1. F(«)G9lI        -1/2 < a < 1/2.

2. r G M(C),

£/zere
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nl[rF] ^ A(v, a)ma[F].

Here tF is defined by (4). Our theorem is evidently true if a = 0. Suppose

0<a<l/2. If G=tF then

G(0) =  I    F*(0)r(0) sin2" 9d9,

/»  TT 00

F*(0)2 sin2" 6de = AC Z F(n)\(n) ^ AC W'a[F]*.
0 0

Thus it is sufficient to show that

co

Z G(m)2co,(m)(m + l)2" ^ AcVa[F]\
i

Let 5*(0) be r(0)F*(0) if 0G^ and zero otherwise. We define

«m(«) =  I    «*(0)WV(», cos0) sin2"0rf0.
J o

Since G(m) = Z'-™» ^(w) it is enough to show that if

M -1

GM(n) = Z Kin), G-m = Z 3*(w)
1 —Af

then

(5) Z G±jf(») «,(»)(« + l)2" :g ^C^F]2,
n-l

where v4 depends only upon i> and a and not upon Af. Let piz), qin), and

(?(x, y) be defined as in §2 and §3. Then

CO CO M       co

Z Gm(m)2co»(m)(m + l)2" ~ Z GMin)2tOyin)qin) ~ Z Z 5„(m)2co„(m).j(m)
1 1 (i-l n=l

Af oo

+      Z       Z &?in)8xin)w,in)qin).
\,fi=l',\^(X        11=1

By Corollary 2b

00

P.x = Z 8v(n)8>,in)torin)qin)
n—i

=    - \      f   [««*(») - «»*(*)] [«x*W - 5x*(0)]Q(cos 0, cos tb) sin2" 0 sin2'cbded4>
2 J o  do

= -   |      |    5/(0)5x*(«)(2(cos 0, cos 0) sin2" 0 sin2" cpdedcp,
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and from this it follows that

| /„,x|   g A  f cV(0)2 sin2" 0c70 f  K(8, d>) sin2" tpdtp

(6) S" S"

+ A \   8x*(tp)2 sin2" c6a> f  A7(0, 0) sin2" 0d0.

If S„' is the complement of 5^ in [0, w] then

E      I   5/(0)2 sin2" 0(70 f  K(8, tp) sin2" c6a>
X-l;X^/i J Sp J Sx

g  I   S*(B)2 sin2" 0cf0 I     if(0, tp) sin2' c6d>,

g -4 f 5„*(0)2 sin2' 0{ | 0 - /„ |-2a + | 0 - /„+i |-2a}d0

g AC2 f  F*(0)2 sin2" 0{ | 0 - tp \~2a +   | 0 - t„+x \-2a}d8.
sn

The last inequality coming from the fact that | 8*(0) | g C\ F*(9) \. Applying

Lemma 4d we have

E     E       I   S*(0)   sin ' BdB I    AT(0, tp) sin ' c>a> g AC 5j£[F] .
«=l   X-i;X^p    J s„ •'Sx

Since the second term in (6) differs from the first only in that p and X are

interchanged we have proved that

oo

E      |/,.x|   g ^4C2^1[F]2.

Next let

In = E cv(re)2co,,(re)a(re).
n=l

Let F„ be defined as in Lemma 4c, and set

Fniv, n) =  f  F*(8)Wf(n, cos 0) sin2' BdB.
J 0

By Lemma 4b

(7) C[F„(,, «)] g Atfa[FA.

If m(t;) =t(V)/Pp(v) then since F*(0) = pM(0)F(0) we have
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Kin) =   I    uin)dFpiv, n).

Integrating by parts we obtain

Kin) =  -  f Fir,, n)duiri) + [u(n)FJj,,n)]%„.

Using (7) we find that

7P g Ayia[Ffif   | dui-n) |   +  | «(0 |   +  | uiUi) 11   .

It is easily verified that

f   | duiv) |  + | uiQ |  + | m(Wi) I   ^ ^4C2
sp

and hence

7„ ^ Ac\"a[FA\

It follows using Lemma 4d that

Z h = Ac\'a[F]\

We have thus proved the first of the inequalities (5). The second is estab-

lished in exactly the same way, and our theorem is proved for 0<a<l/2.

If — l/2<a<0 then F*(0) is not necessarily defined and the formula (4)

may be without meaning. However it is meaningful if F(M)G9fCo^5fia- A

familiar duality argument shows that for such an F91^[tF] ^A(v, a)9t^[F].

Since 9Jo^^a is dense in SH„ t has a unique extension (as a bounded linear

transformation) to all of Wa.

An application of Theorem 5e to the theory of "fractional differences" is

stated without proof in (6). The missing demonstration can however easily

be supplied using (4) as a model.
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