WEIGHTED QUADRATIC NORMS AND ULTRA-
SPHERICAL POLYNOMIALS II(*)

BY
I. I. HIRSCHMAN, JR.

1. Introduction. The present paper continues the program announced in
the preceding paper. The notations introduced in §1 of that paper are as-
sumed in what follows. Numbers in square brackets refer to the bibliography
given there.

2. The basic identity. Let p(x) be any non-negative measurable function
such that

(1) qn) = f [1 = Waln, )] p(x)da

is defined for [n=0, 1, - - - ]. (Note that ¢(0) is necessarily equal to zero.)
We further set Q(x, y) = [1,Co(x, ¥, 2)p(2)dz.

THEOREM 2a. Let g(n) and Q(x, v) be defined as above. If

1. i F(n)%w,(n) < o,

2. F~(x) = 2 F(n)w,(n)W,(n, x) (My),
0
then
0 1 1 1
@ X POt = 5 [ ) f () = P00 )40 (0.

The symbol “M,” indicates that the series defining F~(x) converges in
the mean of order two with respect to d{,(x). Let us first suppose that
JLip(2)dz is finite. We will remove this restriction later. We expand

[F(x) — F~()]?
out so that the right hand side of (2) splits into three terms:

1 1 pl
I, = —Z-f_l f—xFA(x)ZQ(x’ y)dQ(x)dD(y);
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1 1 1
= f f F~(5)°0(z, 3)d2%(®)d%();
-1J

1 1
n= - [ [ @0 i weo.
—1J 1
We have, inserting the definition of Q(x, ¥),
1 1 1 1
n-- f f F~(x)2C,(=, 9, 2)p(2) dad0(2)dD(y).
—1J 1d

Since the integrand is non-negative we can invert the order of the integrations
to obtain

1 1 1 1
Li=—|) F (®)%d2(x) | p(2)dz | Ci(x,y, 2)d(y).
-1 -1 -1
Using the relation

1
3) Ci(x, ¥, 2)dD(y) = 1.

I = % f_zF’\(x)de,(x):I[ f_llp(z)dz],

We find that

and thus by Parseval’s equality

1r= ar pt -
I, = —| > F(n)%w,(n) p(2)dz |.
2 L n=0 e | -
Similarly
1 [~ ar 1 i
I = 2 F(n)%w,(n) p(2)dz |.
L n=0 dL Vv -

The inequality
| F@F0)| 5 F @+ 5 FO)
shows that the integral
n== [ [ [ wrocen e

is absolutely convergent if the integrals I, and I, are absolutely convergent.
But we have seen that this is the case. Thus we may invert the order of the
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integrations in I3 to obtain
t= = [y [ (@i [ Foce noim} .
Consider the function
o(x, 2) = _llF T Ci(x, 3, 2)d(y).

By Schwarz's inequality and (3) we have
1 1
o9 = | [ ey, 9a00) || [ty a0
—1 —1

< f F~(9)°C(x, 3, 9d2,0),

1

and thus
1 1 1
o(x, 2)%d0(x) < f f F~(5)%Co(x, 3, 2)d(3) 4% ().
-1 —1J

Since the integrand of the integral on the right is non-negative we can invert
the order of the integrations. Employing'(3) again we find that

o(x, 2)%d%(x) = | F7(y)*dU(y),

that is as a function of x ¢(x, 2) is square integrable with respect to d<,(x).
Consider

8, W, 9)d2,().

If we replace here ¢(x, z) by the integral which defines it then it is easily seen
that we can invert the order of the integrations in the resulting double inte-
gral. We obtain, using (1),

o(x, 2)W,(n, 2)d0(x) = f Fdam) [ C y, 9Wiln, 9d0@)

—1 -

f F(9) W, (n, ) W(n, 2)d2(y)

F(n)W,(n, z).

Thus, z being fixed,
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F~()C(x, 3, 4% () = 3 P (n)Wo(n, ) Woln,x) (M),

-1

Since by definition
F(x) = E F ) (m) W, 2) (M),
the general Parseval equality gives
f _1{FA<x>} { _lfA(y)cxx, %, Z)dm(y)} d,(x) = ‘Z F(n)*w,(n)W,(n, 3),
and thus
Iy= — ‘1,,(2) [Z F(n)%,(n) W,(n, z)]dz.

Because | W,(z)l =1 the series in square brackets converges uniformly. There-
fore integration and summation can be interchanged and we have

I, = — i F(n)*w,(n) lW,,(n, 2)p(2)dz.

Combining these results we see that (2) holds subject to the restriction
JLi1p(2)dz < . If this restriction is not satisfied then we can find a sequence of
non-negative integrable functions px(z) with px(2) T p(s). With an obvious
notation

S Foemat) = [ [ 16 - 010 a0 @i,

Since gi(n) T q(n), Qi(%, ¥) T Q(x, ¥) as k— = a simple limiting procedure gives
us our desired result.

COROLLARY 2b. Let g(n) and Q(x, y) be defined as before. If

1. imn)zq(n)w,(n) <, > Gln)g(n)an(n) < o
2. F~(x) = Z P Win, 0),  G~(@) = 3 Glnya(m) Wi, ),
then

2 Fn)Gn)a(myor(n) = [ [ @ - role@ - )
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To see this apply Theorem 2a to F(n)4G(n) and F(n)—G(n) and sub-
tract the resulting formulas.

3. Approximations. Let us agree to write 4(x) =~ B(x) for x belonging to a
certain set S if there exist finite positive constants C; and C. such that
Cid (x) £B(x) £ CA(x) for x in S. Similarly 4 (x) < =B(x) for x in S means
that 4(x) < C;B(x) for xE.S, etc.

LEMMA 3a. If 0<a<1/2 and if

L pE) = (1 = 57,
2. o) = [ 11 = wtn, Dlpa)ds
then -
‘I(”) = (” + 1)20‘ (” =12 )-
Using the formulas
n!
W.(n, x) = Cn(x),
(n, x) . (%)
C(cosf) = Z”: Mn—_m— cos (n — 2m)6,

me0 m(n — m)!
see [2, vol. 2, p. 175], we find that

20), L V)m(¥) nem
@y = 35 Dl

n! me0 ml(n — m)!

f [1 — cos (n — 2m)8][1 — cos 8]~ sin 0d6.
0

It is easy to see that

L Lg ke
f [1 — cos k8][1 — cos 8]~'~=sin 6d0 ~ f sin? <?> 6—1=2dg,
0 0

T kg k 2a kr/2 . k 22
f sin? —> g~1-2%df = | — f sin® 0 0-172* df = ——-)
0 2 2 0 2

Using the approximation

while

()

k!

~ (k4 1)

we now obtain
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2a

i (m+ 1)~ n —m+ 1)""Y(n 4+ 1)

m=0
= 21+ 23 + 23,

where 2; is the sum corresponding to the range 0 <m <n/3, Z; to the range
n/3<m<2nr/3, and Z; to the range 2n/3 <m <n. We have

T, ~ ple E (m + l)v—l ~ (n + 1)2a’

0sm<n/3

2

)

n
——m
2

q(n)

n 2a
et D, | ——m| = (n+ 1),

n/3sm<2n/z | 2
Z3 = pla Z (n—m-+ 1)1 = (n+4 1),

2n/3smsn

Combining these estimates we obtain our desired result.
LemMA 3b. If 0<a<1/2 and if
1. p(z) = (1 —2)7'79
1
2. 069 = [ Gt 3, 920,
-1
then
Q(cos 8, cos ¢) =~ [1 — cos (8 — ¢)]=>"12[1 — cos (8 + ¢)]~.
Let us set
w=ay+ (1= 2yl (1=
v =2y — (1 — 2?12 (1 — y?)172,
Since 1 —x%—y*—2%2+2xyz= (4 —2)(z—v) we have
[(1 = a9 = 177200, 3) = 2 T@ITE)* | [ = 26 — 9]
(1 — g)~Uzr—e(l 4 Z) 712y,

If we put s=(2—v)/(#—v) then we find that

fu[u —2)(z — )1 — g)~Vrma(1 4 g) gy

1 1 — 9 —v—a—1/[2
— (u — .L,)l'-a—3/2f Sv—l(l —_ s)v—l [____ — S]
0 u —v

. [(u — 7))3 + 1 + v]—v+1/2ds
1 1 —_ —v—a—1/2
= (0 — v)"‘“‘mf s — s)"“I:———v - s:l ds.
0
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Thus our problem is reduced to that of estimating the integral
1
I(c) = f 11— s)r (e — s)™rmelgs
0

where ¢>1.
Suppose first that ¢=3/2, then

1
I(C) ~ c—v-—a—l/2f Sv—l(l — s)v—lds ~ c—v—a—l/2'
0
On the other hand if 1 <¢<3/2 we have I(c) =Ii(c)+Is(c) where

2—c
I.(c) = f (1 — s) e — s)rme s,
0

1
I:(c) =f s — s)Yc — s)7re Vs,
2—c¢

It is easily seen that

2—c
I(c) zf s — s)me32ds
0
~ (o — 1y

and that

1

Is(c) = (¢ — 1)—”‘““’2f 71 — s) s

2—c

= (¢ — 1)7712
Thus we have (in either case)
I(c) = (¢ — 1)7a"t 1 <ec< =)
Combining our results we have
[(1 = 91 = )10, 3) = (u = DXL = )~ (1 = W)=

If we set x = cos 8, y = cos ¢ then u = cos (0 — ¢), v = cos (0+¢), u — v
=2 sin @ sin ¢, and we find that

O(cos 8, cos ¢) =~ [1 — cos (8 — ¢)]=>"2[1 — cos (6 + ¢) ]
Let us recall that §1 that

RoF(w)] = { S P+ 1=y " (—% <a< l),
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and also that 9, denotes the space of functions F(n) for which R,[F] is
finite. Using Theorem 2a and Lemmas 2a and 2b we have the following re-
sult.

THEOREM 3c. If 0<a<1/2 and if

1. F(n) € N,
2. F~&) = X Fln)a,(n)Wy(n, ),
0
then

No[F)” — w(0)°F(0)" =~ fo ) fo 1[F’\(cos 8) — F~(cos ¢)]2] 6 — ¢ | 2=

[1 — cos (8 + ¢) ] sin® 6 sin? ¢ d6de.

4. Multipliers. Let #(x) be a bounded measurable function on [—1, 1],
and consider the transformation ¢ defined by the formula

()  F-(n) = f 1[ S Fm)an(m)Wo(m, x)] W,(n, )6(2)d0(%).

In this section we shall obtain sufficient conditions to insure that ¢ be a
bounded linear transformation of N, into itself. Actually it will be convenient
to change variables. We replace x by cos 6 and we set

(2) F*() = :Z F(m)w,(m)W,(m, cos 6),

3) 7(0) = t(cos ),

and instead of (1) we write

4) TF-(n) = j; ,F*(0)1(0) W,(n, cos 6) sin? 6d6.
Let us rewrite the equation defining F*(6) in the form

sin’ 0F*() = i [F (m)w,(m) 2] [w,(m) V12 W ,(m, cos 6) sin” 6].

The functions w,(n)Y2W,(n, cos 0) sin’ 6 are orthonormal on the interval
[0, 7] and they are uniformly bounded there. See [12, p. 166]. A general
theorem [5] on uniformly bounded orthonormal systems yields, as a special
case, the following result

LeEmMA 4a. If
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1. Fn) EN. (0= a<1/2),
2. F*(9) is defined by (2),

then for any 6,E [0, 7]

IIA

f F*(6)" sin” 6] 6 — 6, ""d8 < A’(a, »)N.[F]".
1]

LemMmaA 4b. If

1. K,(0)is 1 for 0 =0 = pand 0 forp <0 = m,
2.FEN. 0= a<1/2

3. K,F is defined as in (4),

then
No[K,F] £ A, &) Nu(F).

Our lemma is evidently true if ® =0, so that we may assume 0 <a<1/2.
Since FEN, we have a fortiori FEN]; thus the series defining F*(#) con-
verges in the mean of order 2 (with respect to the measure sin? ) and the
formula (4) is meaningful. By Theorem 3c we see that if F,=K,F and if

=3 (B, o+ )
then
I szfr[F*(o)Kp(o) bl F*(¢)Kp(¢)]lK(0’ ¢) sin? 6 sin?” ¢d0d¢

where
K@® ¢) = [0~ [ 1 — cos (6 + ¢)] ™
Using the specific form of K, we find that
I'=1I+ 1.+ Iy

where

P p
I, = f f [F*(6) — I'*(¢)]2K (8, ¢) sin? 0 sin® ¢dfde,
o Jo
P T
I, = f F*(¢)? sin® ¢(ld>f K(8, ¢) sin>8d8,
0 p

P T
I; = f F*(0)? sin® 0d6 f K (8, ¢) sin® ¢d¢.
0 P
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By Theorem 3c we have I; < ~0N,[F]%. A simple estimation shows that
P
1< ~ [ "Pr@)] 6 = ol sin® pas
0

and thus by Lemma 4a I,< =N, [F]2 Similarly I;< ~%R.[F]2. Combining
these we have I < ~N,[F]%. We have

F,(0) = pr*(B) sin? 646,
0
|m@PgAf}wfm%w=AiF@h@gA%wﬁ
0 0

Finally

WF) = I+ | F,0)|" < AR[F]’,

as desired.
Let

¢“=§{1+(Sgn”)2—m+1} (w=d1,+2 )

and let S, be the interval [t,1, £,] if >0 and the interval [t, t,1] if u <O.
Let b, be the mid point of .S, and 7, the length of S,. Finally let o, be the inter-
val [by—7,, bu+7,] if |/.¢| >1 and the intersection of [b,—7,, b,+7.] with
[0, 7] if |u] =1. We set

1 — 7720 — b,)? Ouy
p,,(o)={[ i S

0 0 & o,.
LemMma 4c. If
1. Fn) EN. (0= a<1/2),
2. Fu(n) = pF-(n),
then

©0

> NF] < A(e, )RF].

—o0

Here the “” indicates that there is no term corresponding to u=0. By
Theorem 3c if

L= ¥ R0 + 1
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then
IL.=151+ 1+ I;

where

L= [ [ P00 = F*)n() 2K, 8) sin® 0 sin® gdods,
f= [ (P @n@) sin ods [ &G &) sint oas
M o’

I = f [F*(6)p.(6)]2 sin> 6 f K (8, ¢) sin® ¢d¢.
au ou’
Here ¢, is the complement of ¢, in [0, 7]. It is easily verified that
f K(6,¢)sin?6d0 < A{| ¢ — b, — ru|™22 + | ¢ — b, + 7|72},
T

(Throughout we shall use A for any constant depending only upon « and »
and not necessarily the same at each occurrence.)

A simple estimation shows that if ¢ &g, then
—2a

b

™
ou(@®)?] & — by — 1, |72 < A‘qb—;

T —2a

Pu(¢)2|¢"bu+’ll’—2a§ Ald’_?

Thus

—9,

I,< 4 f [F*(¢)]? sin? ¢dg,

T
¢ 2

and similarly

—2a

™
0 — — sin? 6d6.
2

Iy < 4 f [F+0)):

Since
F*(0)pu(6) — F*(@)pu(¢) = [F*(6) — F*(9)]0u(8) + F*()[0u(6) — pu(¢) ]
we have
[F*(6)pu(6) — F*(9)pu(0)]* < 2[F*(6) — F*()]°0(0)* + 2F*(¢)*[0u(6) — pu(9)]

Inserting this inequality in the integral defining I; we find that [, £27I{ 421y’
where
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1= [ [ (P - POF0K, 9) sin 0 sinv odode,
1 = [ [ P@)00) — n@IK, 9) sin 0sin® gdods.
Now 0=p,(0) = lﬂfor“OEo',, and thus

Il f f [F*(8) — F*(¢)]2K (8, ¢) sin? 6 sin? ¢dode.

Using | pu(6) —pu(¢)| <A4|0—0|7."! we find that

—2a

[ u® = @1K 0, ¢) sine 00 < 4 |¢ -z

and hence that

—2a

sin? ¢d¢.

I < Af [F*(#)]2|6 — %

We now have

I,< A f f [F*(6) — F*(¢)]2K (8, ¢) sin® 8 sin? ¢dfd¢
ouY ou

—2a

+ Af F*(0)2sin> 0|0 — —| do.
T 2
Also
Fu0) = [ o F*©) sine odo
and thus
T —2a
| Fu0) |2 = Af F*(©)sin® 0|6 — —|  do.
T
Finally

WAF] = L + [F.0)],

SRZ,[Fl2 <4 f f [F*(0) — F*(¢)]2K (0, ¢) sin® 0 sin* ¢dod¢
ou ou

—2a

dé.

+ Af F*(0)? sin® 6|0 — %

325
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Summing over u and noting that no point 6 in [0, 7] belongs to more than
three o,’s we see that

Z N[, f f [F*(6) — F*(¢)]2K (6, ¢) sin> 6 sin® $dfde

—}—Af fF*(0)251n-

and from this using Theorem 3c and Lemma 4a it follows that

—2a

0—— do

Srfr) < anlF] ged.
LemMma 4d. If
1. Fin) EN. (0L a<1/2),
2. F*(0) is defined by (2),
3. ¢n€5u (ﬂ=i1’i2"");

then
S| F*e) sin” 0| ¢, — 0] < A, NP
—c0 Sy

Since p,(0) =3/4 for € S, we have

f F*(0)*sin® 6| 0 — &, |~22do < 4 f (0. (B)F*(6)]2 sin> 6| 6 — &, |22d6,
S o

Su

< AN[F,],

the second inequality following from Lemma 4a. Summing over u and using
Lemma 4c we obtain our desired result.
DEFINITION. 7=7(f) (00 =) is said to belong to class M(C) if:

1. O <C 0=0=m

2. | dr(6) |

Sy

IIA
a

3
[

+1,+2--

THEOREM 5c. If

1. Fm) €N, —1/2<a<1/2.
2. r & M(C),

then
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No[rF] < A@, )N[F].

Here 7F is defined by (4). Our theorem is evidently true if «=0. Suppose
0<a<1/2. If G=7F then

G(0) = f tF*(O)r(O) sin? 6d8,
0

[GO)]* = ac? fo pr6) sin® 0d0 = AC™S F(n)(n) < AC'R[F]".
0
Thus it is sufficient to show that
i G ) (n + 1™ = AC'R[F]".
Let §3(0) be 7(0) F*(9) if .S, and zero otherwise. We define
bu(n) = fo 56 W.(n, cos 0) sin® 0ds,
Since G(n) = ».'%, 8,.(n) it is enough to show that if
Gu(n) = 41%{: Su(n),  G-m = __E; du(n)
then
6 3 Gauw)wn)(n + 1™ 5 ACRFT,

n=1

where A depends only upon » and a and not upon M. Let p(2), q(n), and
Q(x, ) be defined as in §2 and §3. Then

[ © M
22 Gu(m)o(n)(n + 1) = 37 Gu(n)%w,(n)g(n) = 22 22 8,(n)%w,(n)g(n)

u=1 n=1
M 0

+ 2 2 amame(n)gn).

Mu=1Asp n=1

By Corollary 2b

3 8,05 (W) (m)g(n)

n=1

I;t.x

1 T T
= —z—f f [5.4(0) — 8,%(9)][6:(6) — 85(¢)]Q(cos 8, cos ¢) sin? 6 sin>¢dfde

=— f f 3.5 (0)8x (#)Q(cos 8, cos @) sin? 8 sin? ¢pdfde,
PO
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and from this it follows that

[ I,.,x| < Af 8,%(0)? sin® 6d9 K8, ¢) sin® ¢do
(6) S“ Sy

Sy

+ 4 [ 520 sint gds [ K06, 6) sin® o,
S“
If S/ is the complement of S, in [0, ] then

> 8.*(0)2sin> 6d6 | K(6, ¢) sin® ¢do

A=linp V8, N

:f

I

= Af 8,X(0)? sin® 0f | 0 — 4,2 + | 6 — fuy1 |22} d0
sn

5.%(6)? sin? 640 f K(8, ¢) sin® ¢de,
S“;

< ACZf F*©)2sin® 0{ | 0 — £,|™2 + | 8 — Lu41| 2} 8.
SI‘
Theilast inequality coming from the fact that |3f(0)| §C[ F*(0)|. Applying
Lemma 4d we have

DD 5%9) sin” 6d0 | K(6, ¢) sin” ¢dp < AC'RL[F]".

p=l A=l V8, N
Since the second term in (6) differs from the first only in that u and X\ are
interchanged we have proved that

00

> | L] = ACR[F]

Nop=1pux\

2
Next let

I, = ni:l Bu(n)zwy(n)q(n).
Let F, be defined as in Lemma 4c, and set
Fy(n, n) = f "F,.*(O) W,(n, cos ) sin? 8df.
0
By Lemma 4b

) NelFuln, m)] = AN[F.].
If u(n) =7(n)/pu(n) then since F;(0) =p.(0) F() we have
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mw=£mmea

m

Integrating by parts we obtain
) = = [ Fo, maua) + (sFaln, m)]i
SI‘

Using (7) we find that
2
L < Awr{ [ lautn] + )] + | |} .
S,

"

It is easily verified that
f | dutn)| + |w(t)| + |wlti) | = 4AC?
SI‘
and hence

I, < ACR.[F].

It follows using Lemma 4d that

M 2 v 2
S I, < ACW.[F].
p=1
We have thus proved the first of the inequalities (5). The second is estab-
lished in exactly the same way, and our theorem is proved for 0 <a<1/2.
If —1/2<a<0 then F*(8) is not necessarily defined and the formula (4)
may be without meaning. However it is meaningful if F(n)ENgNNL. A
familiar duality argument shows that for such an FR.[rF]| <A@, o) N.L[F].
Since NN, is dense in N, ¢ has a unique extension (as a bounded linear
transformation) to all of N.
An application of Theorem Se to the theory of “fractional differences” is
stated without proof in (6). The missing demonstration can however easily
be supplied using (4) as a model.
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