THE LAW OF THE ITERATED LOGARITHM FOR
LACUNARY TRIGONOMETRIC SERIES

BY
MARY WEISS()

1. The purpose of this paper is to prove the following theorem of “The
Law of the Iterated Logarithm” for lacunary trigonometric series.

THEOREM 1. Let
(1.1) S(x) = X (ar cos mx + by sin mx)
k=0

be a lacunary trigonometric series, that is to say, one such that niy1/ny>qg>1 for
all k. We write

1 X ., 2 \1/2 2 2.1/2
Bv=|= 2 (&+b)) , My= Max (a+b) ,
2 o 1<ksN
N
Sn(x) = D (ax cos mx + by sin mx).
k=1
If, for N>+ o,
By
(1.2) BN—')OO and Mn=0{ —}
(log log Bw)'/?
then we have, for almost all x,
. Sn(x)
(1.3) lim sup =1

N—+= (2B} loglog By)'/?

In this theorem the ax and b; are real and the n, are positive but not
necessarily integral. The latter point is important for applications.

The Law of the Iterated Logarithm for lacunary series has already been
treated in the literature. In the first place, Salem and Zygmund [1] (numbers
in square brackets refer to the bibliography at the end of the paper) have
shown that under the hypotheses (1.2) we have (1.3) with “<” instead of
“=_ They also presuppose that the #, are integers. A complete proof of
(1.3) was given later by Erdés and G4l [1] under the restriction however
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THE LAW OF THE ITERATED LOGARITHM 445

that S is of the form ) e and that the #; are integers. In the proof which
follows we use some ideas from these two papers and also from the classical
paper of Kolmogoroff [1] on the Law of the Iterated Logarithm for inde-
pendent random variables. More detailed acknowledgments will be given at
the proper places.

I am grateful to Professor Zygmund for calling my attention to the prob-
lem and for helping me with suggestions.

2. From now on, we shall assume for simplicity of writing that (1.1) is a
cosine series:

D ax cos mx.
1
The proof is the same in the general case as we can see by writing ax cos nxx
+ b sin nxx =pi cos (mex —r).
When no ambiguity can arise, we write B, M, and S instead of By, My,
and Sy.
We will prove Theorem 1 in the following form:

THEOREM 1'. If €>0, 6>0 are given (small) quantities, and N is a given
integer, then under the hypotheses (1.2), there exists a finite sequence of integers,
N0<N1 s <Nk such that

Sn.(x
ax v(%) =1—c
1255k (2B}; log log By;)'/?

for x in a set of measure greater than 2w —34.

3. We first prove a lemma about lacunary series satisfying certain special
conditions.

DEFINITION. We say that a lacunary series satisfies condition (r, R) if it
consists of blocks of terms of length between R/3 and R, separated by empty
blocks of length between r/3 and r.

LEMMA 1. Let
S(x) = Z a COS mpx

be a finite series satisfying condition (r, R) where

(3.1) (@or = 1)t = (1/4) (¢ — 1)
and
3.2) g UDE(R 4 1)2 < 1/2,

Let N\, 1 be positive numbers and (o, 8) a fixed finite interval. Let

1
M=max[akl, Bz=—2—Zd:.
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Then if
1
3.3) niAMR?*4, £ o B — a)
and
1
3.4) ANMR? £ Zn

where A is a certain absolute constant and A, a certain constant depending only
on q, we have

1 2np2 ﬂ 3 2p2
(3.5) (B = @)et-VE f OSdx S - (B = a)elrINE,

The proof of the above is similar to a proof in the Salem-Zygmund paper
of a lemma similar to this lemma but having as a conclusion,

2r
f Mdx < 27re(1+n))\232/2
0

instead of (3.5).

In what follows, 4 will be an absolute constant and 4, a constant depend-
ing only on ¢, not necessarily the same at each appearance.

The proof is based on the inequality.

(3.6) < Alz[?

1
log (1 + z+?z2> — 2

valid for, say, ]z[ <1/2. We define
Ah = Z ay COS nipx

for ax cos nix in the hth nonempty block of S, and
1 2
5}. = — Z ay
2
where the summation is taken over coefficients a; belonging to the ith non-

empty block of S.
Now if A\MR <1/2, then M\, £1/2 for all %, and (3.6) implies

1
Pdh — (1 A+ — A2A2> e

where
[0 s | A 5 AVRE |l 5 AR
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If, therefore, we set

1 22 1 1 2 %
3.7 'wh=1+)\Ah+?)\Ah=1+7>\5h+3Ah+"2—AAh
(so that Ay is the variable part of AZ), we obtain

exp (—ANRIM D 85) faﬂ (II w;.) )dx

B 8
< f e dx < exp ((AA3R2M > 5,,) f <H w;.) dx.

Hence, in order to estimate [$¢*Sdx from above and below, we need only
estimate [5(JJws)dx. Clearly,

(1= o+ on)

+f:[Hwh - H(1+-;—>\26h>:|dx.

We consider the second, or “error” term. The constant term of the trigono-
metric polynomial wy is 14-27A%3,. The number of nonconstant terms of wj
is less than or equal to R+ R. Now we consider a term of ] Jws— [ (1 4+2-A25,)
whose highest non constant factor is from w,. The number of such terms is
less than or equal to (R?+R+1)? < (R+1)2?. In order to determine the inte-
gral over (a, B) of such a term we must first determine its order. If %, denotes
the smallest of the orders of the cosines in A, and 7, the largest, then the
smallest of the orders of the cosines in w, is greater than (¢ —1)7, assuming,
as we may, that 1 <g=2, otherwise the lowest order is ,; the largest of the
orders of the cosines of wj is 27,. If #;; denotes the order of the cosine factor
of our term taken from wj, then the order of our term is greater than or equal
to

(3.8)

(3.9)

Moy = My = = 2 g — 1= 2771 — 2qIY = - —2(grieye)

v

1
(g — 1 = 2(¢"* — 1)7) Z g = D).
The last inequality follows from (3.1).

Since the integral of cos nx over any interval is numerically less than or
equal to 2/, the integral of our term over (e, B) is less than or equal to

1
(3.10) At AAM ] (1 + > 7\25,.).

Now
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ﬁ’;—l é ni—l(q—RN)p—l'

Thus the contribution to f2([Jws— [](14)28,)/2)dx from those terms of
the integrand whose highest non constant factor comes from w, is less than
or equal to

(3.11) wn(l+%>\zah).

nl(qu3)p—l

Summing (3.11) over all p and using (3.2) and (3.3) we obtain
A 1 1
f (H wy — [ (1 + > x?a,.)) dx £ niAM AR ] (1 + > wh)
1 1
H(1+ > m;,) B—a

<
-2
and hence (see equation (3.9))

1 1

—2-(5—a) H(1+7 mh)
(3.13)

gfij,.dxg%w—a) II(1+%vah>.

We note that if % is small, e*~% <1 +u <Ze%, and hence

o (2 fom- 2 1) 2 T o)
(3.14) .
é exp(z *2— )\25}.).
Now
N 1 4 2 1 4_ .2 2 1 2_.2 2_2
(3.15) ZZ)\B;,§—8—)\MRZak§—4—)\MR>\B.

Since by (3.4) we have N\2M2R? <17, equation (3.15) gives us
1 4 2 1 2_2
— A6 = —9\ B.
2 A=
Hence, (3.14) becomes

1 1 1 1
(3.16) €xXp (7 A2B? (1 bt 7 17)) é H (1 + —2— )\25}.) _é exp (; )\232).

We can see from inspection of (3.8) that in order to obtain (3.5) we have only
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to estimate ANSR2M D6, =ANR2MB2. By (3.4), ANMR?=<7/4, and hence
1
3.17) ANR*MB? = T 7A2B2,

Equations (3.16), (3.17), and (3.8) give us
1 2p2 8 3 2p2
— (B — a)ell=mNVBY2 < f Mdx £ — (B — a)e(tIN'BY2
2 a 2

which is what we wished to prove.
4. We denote by W, s(y) the measure of the set of points x in (e, 8) for
which S(x) =y. That is

Was(y) = | {2:5(2) 2 y;2 € (o, B} |-

We will drop the subscripts «, 8 where they are understood.
We now use Lemma 1 to obtain estimates for W, s(y).

LEMMA 2. Let S be a finite series satisfying condition (r, R) and in addition
the hypotheses (3.1) and (3.2) of Lemma 1. Given €>0, let 8, € and n be defined
by the following equations:

1
4.1) QA -€)(1445) =1; I-H1 -8 =1—¢ n=8—62.
Then, if for

20
4.2) A= 3 (2 log log B)1/?

the hypotheses (3.3) and (3.4) of Lemma 1 are satisfied, and if B is larger than
some fixed B, depending only on 6, we have

6—a)

log B

4.3) W((1 — €¢)(2B%log log B)}/%) =

This argument follows closely that of a similar lemma in the paper of
Kolmogoroff [1]. Let

(1=

(4.4) a =

-] © )
f eSdx = —f evdW(y) = af VW (y)dy

00 —o0
0 aB?(1-5) aB%(1+435) 8aB? +o0
AU R IS B
—o 0 aB?(1-38) aB?(1+38) 8aB?

=a(i+J:+ s+ T+ Jo).

(2 log log B)'/2,

(4.5)
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Estimation of J;:

0 0
(4.6) aJ, = af e'W(y)dy = af V(B — a)dy = (8 — a).

Estimation of J;:
Letting A =8a and applying Lemma 1, we have

W(y)

lIA

3 1
2@ wes (7 (1 + B2 — xy)

IIA

3 1
7 (8 — a) exp <7 (1 + 5)64e>B% — Say> .

If y=8aB? then
1 1
> (1 + n)64a%B%* — 8ay = 5 8ay(1 + 9) — 8ay £ — 2ay.
Therefore,
3
W(y) = Py (B — a)e v
and hence

© 3 © 3
Timaf eWe)ys eB-a) [ emdys G- aeen

8aB? 8aB?

Estimation of J, and Jy4:
Let )\=y|B2; since in J; and J, y<8aB?=<8B(2 log log B)'/?, we have
A <8B~1(2 log log B)!/2 which allows us to apply Lemma 1. Thus

3 2p—2 3 2/8y,2
W) £ — B — a)e BT = — (8 — o) -¥ BT
) 2

and

aB%(1-5) 8aB? B 3
a2+ J) S a ( f + )(e—au—u—*/sw’s 2/2-7 8 - a)).
0

aB2(1+34)

The maximum of the function ay— (1 —62/8)y2B~2/2 is located at the point
y=aB?*(1—06%/8)"'. Hence in the interval

(eB2(1+ 5), 8aB?),  ay — (1 — 8/8)(3*B~)/2
is majorized by its value at y =aB?(14-8) which is
aB2(1 4+ 68) — (1 — 8%2/8)(1 4 6)%a%B%/2 = (1 — 6%/2)a’B?/2.
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Similarly, in the interval (0, aB%*(1—49)) we have ay—(1—462/8)y2B~2/2
<(1—62/2)a2B2/2. Hence
(4.8) a(Js 4 Jo) £ 12(8 — a)a’B'e(—8" 10’82,
If B is so large that 12 a2B2<3(e*"B*"/8)/16, the above equation gives us,
together with Lemma 1
3 2 22 1 B
(4.9) alJ:+ Jy) = I‘g (B — a)e1-9*/0e°B712 < -2—‘f e*Sdx.
For B so large that 15(8 —a) <e1=1%"B*/2 we have, by Lemma 1,
5 1 va 1 8
(4.10) aJi14+Js) £ — (B —a) S —emaB2 < ——f e*Sdx.
2 6 3 J.
Equations (4.10) and (4.9), together with (4.5) give us
1 b 1 -
(4.11) aJ; > —f eSdx > — (8 — a)e1=9aeB°/2
6 J, 12
We now investigate aJs:

aB?(1+5)

aJs = a f eV W (y)dy < 2a2B2%B"U+D W (aB2(1 — §)).
aB?%(1—8)

Hence, from (4.11) wehave 12-1(8 — a)e(-9e"B*12 < 22 B2e+"B* 0+ [/ (¢ B3(1 — §)).

This implies

W(aB2(1 — 8)) = (B — ) (24a2B2)~le(1+30)a’B%/2,
Since if B is so large that log 24a2B2? <a2B2%5/2,
W(aB2(1 — 8)) > (8 — a)e~(1+1)a’B*/2

(4.12) )
> (8 — @)U+ loglog B — (8 — o) /log B.

Since aB?(1—8)=(1—¢)(1—208)(2B? log log B)!/2=(1—¢)(2B? log log B)!/2,
equation (4.12) gives us the conclusion of Lemma 2.

5. We will now outline the proof of Theorem 1’:

We begin by cutting up our series S(x) = Y .2, a, cos 7,x into successive
disjoint blocks of terms in a manner which we will now explain. We let

~ 1 1/2
By; = (‘2‘ E af.)

where the sum is taken over all the coefficients in the jth block. Let ¢ be a
large number which will be chosen later. We define the first block of terms
to be the first terms of the series S(x) taken until By,=c. We note
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=2 ~2 2 2
< By, By, 1 an, an,
1= - = + = —=14—
c c? 2 c? c?

and since ax/By—0, a¥,/c? is very small if only ¢ is large. Thus 1< B}, /c?
<14+ where v can be taken as small as we like if only ¢ is large enough, and
hence

U
E

(5.1) 1S —=<1+9.

IS

The jth block of terms starts where the j—1st leaves off and is taken until

By,
1= .
Cj
Thus
By,
(5.2) 15— <147
4

The jth block of terms, which we denote by F;, and hence the number
Nj, is thus defined inductively.

Clearly, if ¢ is very large, then in some sense the jth block of terms is the
major portion of the partial sum Sy, and we would expect it to determine the
behavior of Sw;. We let

X; = (2Bx, log log Bx)'""

and consider Sv;/X;. We wish to show that there exists a number £ such that

Sw;(x)
sup

1555 X5

=1—c¢

for x in a set of measure greater than 27 —48. Clearly,

Sn;(x)  Fi(x) n Snj1(%)
X X X;

(5.3)

We will show that if ¢ (and hence By,) is taken large enough, then there
exists a number k such that

Fi(%)
sup

1555k i

=1—¢/2

in a set of measure nearly 2w, and that the term Swy,_,/X; is very small in a
set of measure nearly 2.
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6. Before we can proceed in the manner just outlined we must put our
series S(x) into a form such that Lemma’s 1 and 2 are applicable to it. We
will show that a partial sum Sy(x) of S(x) can be cut into two series, Sk
and S¥, each satisfying condition (r, R) and that this can be done in such a
way that the series Sy is “small” in comparison with Sy. This result is con-
tained in the following lemma.

LEMMA 3. Let S(x)= D ax cos mx be a finite lacunary series and let B?
=2-1Y a2 Let r=r(q) be defined by the following inequalities

(6.1) (@Pr—-D1t=(@—-1/4 g¢BR+1)2=1/2
Let R have the property that \
r €
6.2 — < —
(6.2) R 96

and also the property that 1t is divisible by 3.

Then there exist series S’ and S such that S'+S" =S and the series S’
consists of blocks of length contained between R/3 and R, separated by empty
blocks of length r. Furthermore, if we write B*=B'?+B"'2, then

B/Iz 62
(6.3) — ==
B? 32

We begin by subdividing S into successive blocks of terms each of length
R/3. (If the length of S is not divisible by R/3 we complete S by zeros.) In
blocks with odd indices we select subblocks of length 7 in such a way that,
if B2 is the sum of the a} taken over the kth odd block, and 8 is the sum of
the a} taken over its subblock of length 7, then

(6.4) B /8 < 7/(R/3).

(This is possible since R/3 is divisible by ». We take for our subblock that
successive group of terms which minimizes 8;%.)

We denote the blocks of length 7 successively by A, AJ’, - - .. If we
remove them from S, the remainder consists of blocks of length between
R/3 and R, which we denote by A/, A{, - ... Clearly, S'= > A! and

" =3 A!" satisfy the requirements of the lemma.

7. Before turning the proof of Theorem 1 as outlined in §5, we will collect
the terminology we need, restating old definitions or introducing new ones as
necessary.

We assume that the series S(x) of Theorem 1’;

o

(7.1) S(x) = Y a, cos nx

v=1

has been divided into blocks of terms in the manner demonstrated in §5. Then
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(i) Fj(x) is the sum of the terms of the jth block

(i1) Blvj is equal to (271D _a%)'/2, where the sum is taken over the indices
of the jth block.

(iii) Sy;(x) is the sum of the terms in the first j blocks of the series (7.1).
We note that it is a partial sum of (7.1).

(iv) Sy;(x) is the subseries of Sy;(x) determined by Lemma 3, consisting
of groups of terms of length between R/3 and R.

(v) Sy;(x) is the subseries of Sy,(x) determined by Lemma 3, consisting
of groups of terms of length 7.

(vi) By, is equal to (27! >_a®)12, where the sum is taken over the indices
of Sy,.

(vii) By, is equal to (271 > a?)!2, where the sum is taken over the indices
of Sy;.

(viii) F/ is the sum of those terms of the series (7.1) which belong to both
Fj and S;V,

(ix) By, is equal to (271 a2)!/?, where the sum is taken over the indices
of F/.

(x) Xjis equal to (ZB?vj log log By;)!/2

(xi) X/ is equal to (2Bj, log log Bj,)'/2.

8. Using the definitions of the preceding section we obtain the following
modified form of (5.3):

' X; X'X; 21X, X; X,

By inspection of (8.1) we can see that Theorem 1’ will be proved if we
show that for ¢ large enough (we recall that the splitting of S(x) into blocks
depends upon the choice of ¢) there exists a number % such that the following
inequalities hold:

Fi(x)
P X !
7

@ sup z (1 —¢/4)

for all x in a set of measure greater than 2r—4&/4.

’

(i) Y-

11 XJ. = € .
S"_ x

(iii) ISv. @] <1
212X,

for all j and all x in a set of measure greater than 27 —§/4.
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2X,.
(iv) T < o4,
j
| Sv;(®) |
LT < /4
(v) x, = ¢/

for all j and all x in a set of measure greater than 27 —§/4.
9. The demonstration of points (iii) and (v) of the preceding section will
be contained in the following two lemmas.

LemMmA 4. If

9.1) Buy(2 log log By,)"My,R°4 < 05

where My ; is the maximum of the absolute value of the coefficients from Sw;, and
A is the constant of Lemma 1, then

(9.2) > || = (log o)™t X (1/i)*,
j=2 j=2
where T/ = {x: Sg,(x) /212X ;2 1}.
We take A= Bj/(2 log log By;)!/?, n=.2 and apply Lemma 1. We obtain

27

(9.3) vW(y) < fo exp (\Sk,)dx < exp (1.2\"B,)/2 < exp ((1.2)\"By,)/2.

If y=212(2B%, log log By,)'/?, equation (9.3) yields
W(y) = exp ((1.2) log log Bn; — 2!/2 log log By;)
< exp ((1.4) log log By;) £ (log Bx;)~'* £ (log ¢)~1(1/5)'4.

Since W(y) = II‘,-' | for the value of ¥y we have chosen, the conclusion of our
lemma follows.

LemMmaA 3. If
4 (2loglog Bn,)?
9.4) _ S—g_g_ﬂ)_ My,R*4 £ .05
€ BN].
then
2| 17| = (logo)t 20 (1/4)1
=1 i=1
where

124

Iy = {x: Sn,(2)/X; = ¢/4}.
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We take

4 (2loglog Bw,)!?

= —— ; n = .2

€ BNj

and apply Lemma 1. We have
2x

(9.6) MW (y) < f exp (\Sy,)dx < exp (LN By /2.

0
Hence
©.7) W(y) < exp (1.2)(4/€)*(log log Bw,)(Bv,/Bw,)?

— (4/9)(2 log log Bx,)!y/Bw,.
If y=(e/4)(2B12Vi log log Bw,)'/?, equations (9.7) and (6.3) yield
W(y) < exp (.6loglog By; — 2log log By,) < exp (—(1.4) log log Bw,)
< (log By;)7** = (log o) (1/7)1,

and since W(y) = |I‘,"] , our lemma has been proved.
10. In this section we will consider points (ii) and (iv) of §8. Clearly,

2
21X = 2112 (BN:‘—l log log BNH)”z < e By;1

X; By, log log By; By,

N;

—1

21/2 CZ(i—l) — 1 1/2
<21+ 9) |5 =7<1+v>(——~—2-)

2D —1/¢

Thus, we have

2 2
(10.1) §(1+v)—:-
We now investigate
-2 ~
By; log log By; 172

i, i, \!?
E By, loglog < E BN,.>

=1 i=1

“ o

> >

We have
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<2

By, M2 ((1—=¢/32)Bu M2 (1= €/32)" |

] ] 7
3 By, > By, (RO
=1

=1 =1

1 — @/32\12 /¢t — 1\ 12
2 () () -eama.

We note that g(e, v, ¢) tends to 1 as ¢, v, 1/¢ tend to zero. Clearly,

7 2 1/2 1/2
log log < 2 BN.~> g

=1

g 21— /4

i
! log log ( > B:r‘.)

=1

v
v

(10.2)

(10.3)

(%

alfel

provided g(e, 7, ¢) is close enough to 1.
11. This section, which deals with (i) of §8, is a somewhat modified form
of a portion of the paper of Erdés and G4l [1]. We define

(11.1) Ei= {x;2 € (0, 27), Fi(x) = (1 — ¢/49) X7},
Ej={x;2€(0,21) — (Ex+ E2+ - - - + Ep);

(11.2) Fia) 2 (1 — /) X}}.

From now on we will denote (0, 27) by I.

Since F} isa polynomial of degree N;, theset {x;xEI; F;(x) < (1 —¢/4) X/ }
consists of at most 2V; intervals. In particular 7 — E; consists of at most p
intervals where p; £2N,. It is easily seen that the set I —(E,+E;+ - - - +E;)
consists of p; intervals where p; £ 2(NVy+No+ - - - +N;) £ AN, where
A=2>2,1/9" If we let ejp1 (j=1) be the union of those intervals of
I—(Ei+Ey;+ - - - +E;) the length of which is less than /4 N; where

(11.3) 0= <%) (1 — log ;;)_1

we see that if A\MR?4 <6/2, the estimate of Lemma 2 can be applied to each
of the intervals of I —(E;+ - - - +E;) —e;p1and henceto I — (E,+ - - - +E;)
—ejy1. By Lemma 2,
| 1= (Ex+ Est - - - + E) — e

log B,

(11.4) [ Ej+l|

v

i+l
27

11.5 Bl —"
(11.5) |l|_logB{vl

From the above inequalities we obtain by induction on &
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i 1
(11.6) |1 — (4 -+ E)| s 2] (1—____> Zl_e,_+1_l_
=1 log By, i1 log By,

Since log By, 2 (1/2) log By; the inequality (11.6) gives us

k

| €511
I—(Eit -+ E)| =2 (-———)
| (£, + E) | 1rJI=I1 o + 2 EleOgBN,

k 1 k 2|8j+1|
2 11— 2
i ,I=Il( log (1 + 'y)c"> +m ]; log ¢?
k
= 21rH<1 —

j=1

(11.7)

I\

L Yag el

2jlogc =1 jloge
Now we choose a positive number p such that

(11.8) 2re < 6/4.

Then we choose k in such a way that

E1
(11.9) p+H1z 2 —
=1 2jlogc

v

p.

Thus

k 1 o1
(11.10) 2« ][ <1 - — —) < 2r (exp( > )) < 27e? < §/4.
=1 2jlogc =1 2jlogec

Since |ej+1| <AN#/AN;=0, from (11.3) we have

k

2| e
2#2 ‘|61+1‘< WOZ

-1 jlogec =1 jloge

= 8nb(p + 1)

(11.11)

I\

6
8o <1 — log —) < §/4.
8

From (11.7), (11.10), and (11.11) we obtain
(11.12) |7 — (E:+ -+ E)| s9/2.

12. Now we will put all the preceding results together to obtain a proof of
Theorem 1’ according to the plan of §8. We recall that

Sy,  F; X;  Swy. 2V2X;n | Skl

(12.1) = S
X; X; X; 21I2Xj_1 X; X;

We first choose ¢ and hence By;, so large that
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(4/€)B,(2 log log Bx)My,R' A < .05;

12.2

- (2/log ©) 22 (1™ £ 8/4; (L4 m)2'%/c < ¢/4,
log log gc > 1o,
log log ¢

where g has the meaning of §10, and

(12.3) 20B7,(2 log log By,)"My,R'A < 0/4.
Now (12.2) ensures the applicability of Lemma’s 4 and 5, from which we obvi-
ously obtain
!
I Snjy I <1

12.4 <
(12.4) o

on a set of measure =27 —48/4, and

(12.5) | Sv;| X7 < e/4

on a set of measure =27 —4/4.
From (10.1) and (10.3) we see that (12.4) and (12.5) above insure us that

212X

5!
X; -1
(12.6) — = (1 — ¢/4); =< ¢/4.
X; i
Equations (12.4), (12.5), and (12.6) are simply points (ii), (iii), (iv) and
(v) of §8.

After we have fixed ¢ large enough to satisfy all the above inequalities
and also to ensure that N, is as large as we desire, we then pick £ to satisfy the
inequality

k

P+1) =z —
=1 Z]IOgC

=

and hence, by §11, we have

1gj<k X{

on a set of measure =2 —6/4. Since this latter inequality is (i) of §8, we
have demonstrated all points of §8, and thus we have proved Theorem 1.
13. We now pass to the proof of the inequality
Sw ()

13.1) lim su < laee.
( P (2B% log log By)/2
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As was stated in §1, the result (13.1) has already been established by Salem
and Zygmund in the case of n; integral. If the n; are not all integral their
proof requires modification since the system {e"”"’} is then no longer orthog-
onal over the interval (—m, ).

Our modification is based on the well known fact that if |7z —n;| 22h>0
for all 251, then the functions

- sin hx
einkT

x

are orthogonal over the interval (— «, + «) or what is the same thing, the
system {e‘"""} is orthogonal over (— «, + «) with respect to the weight
function x~2 sin? hx.

If we use this fact some of the arguments of Salem and Zygmund become
immediately evident. Others such as those used in Lemma 6 below need no
modification at all. However, to make this presentation self-contained we
give all the proofs.

14. LEMMA 6. Let 0 be any fixed number greater than 1. Let N; be the first
number such that

(14.1) 6 <2By, <6 i=1,2--.

The number exists for j large enough and we have a.e. in x,

. SNj(x)
(14.2) lim sup =
jm= (2B loglog By;)'/?

If N; does not exist for j large enough then there exist arbitrarily large
values of j such that the interval (87, §7+!) contains no number 2B2 but such
that the interval (87!, §7+2) contains one such number. Thus

i i+ j+1

2B <0; 67 >2B,20
which imply
a6 =606-1)

and hence

2

j
w HO-1 _6-1
2B, g 62

This last inequality contradicts the hypotheses My =o0(By). This proves the
first part of Lemma 6.
Next we fix an €>0 and split Sy; into two series, Sy; and Sy, with the
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properties mentioned in the statement of Lemma 3. We let
\ (2loglog Bw;)'?
By, ’

E)

n=¢€

and consider only j so large that the hypotheses of Lemma 1 are satisfied by
Sy;. Then, according to Lemma 1,

23 3 2 _42
[ e Sk = - 68 = a)exp (1 + N Br/2)

3
< (8= a)(exp (1 + IN'By,)/2.
Now if T';= {x: S, (x) = (1+¢€)(2B¥, log log By,)!/?}, then
2 1/2 3 2_2

| T;| exp {(1 + €)(2By, log log By,) A} < > (8 — a)(exp ((1 + € By,))/2.
Substituting for A, its value given above, we see that

3

| Tj| £ — (8 — a)e=(+e log log By;
2

from which, and the inequality 2By, 267 it follows that Zﬁ., |I‘,~l < o, This
last inequality implies, a.e. in x,

lim sup ; s Sl+4e
(ZBNi log log Bw;)

Now by an argument which follows very closely that of Lemma 5, we
can show, a.e. in x,

Sl,‘
lim sup — () e
(ZBN,- log log By;)!/?
Hence
Sny(x
lim sup »(®) <1+ 2.

(Ziji log log Bw,)!/?

Since e is arbitrary, we have the conclusion of the lemma.

15. LEMMA 7. Let

N

S(x) = Y a cos mex;

k=1 N

Nk+1

>qg>1
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be a lacunary trigonometric polynomial satisfying ]nk—m] =2 k#l and let

S*(x) = max |SK(x) | .
K

=N

Then if (e, B) is any interval of length less than 1

B sin x ® /sin a\ 2
(15.1) f exp (S*(x) —Ddx = 32f <—) eAdlS@Idy
a X —w X

where A4 1s a constant depending only on q.

Now if
sinx X
f®) = —— D ai cos mx,
X k=1

e x€Em — 1, me+ 1) or (—me — 1, —my + 1),
glx) = {

0: otherwise;

then clearly

f@) = % ] _:e-i“g(x)dx

and
sin x 1 v sin x
fu(x) = > arcosmpx = —f e Prg(\)dx = —— Su(x),
X ngsw 4 —w X
where
Sw(x) = X a cos mx.
ngsw
Furthermore
sin % 1 v 1 w
_ 2 f So(x)ds = — f g (L — | A Jw)dr
x wJ_yp 2J_w
(15.2)

i sin? w\/2
=cf o —n) 22V E
o wA?

where C is a constant.
Applying to the last term of the above equality an argument which follows
very closely that on page 248 of Zygmund [1] we see that

fwf(x-— S /2) dA‘ < AM(f; %)

max ¢
w wWA?
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where M(x; f) if the well known Hardy-Littlewood maximal function defined

by
1 £
M(f;x) = max f | 1) | at.
E—2xd.,
Thus
sin x 1 w
max ——f S;(x)d&[ < AM(f; ).
X w w —w
Since
nk—
f Ss(x)ds = f Sy(x)ds + 2 f Ss(x)do
—ng —ng—1 nE—1
nkg—1
= f S‘;(x)dé + Z(nk — nk—l)Snk_l(x)y
—ng—1
we have
Sei®) = J s f Si(x)ds
(15.3) i Ng—1) Nk —ny,

Myt nk—
(an —_ nk—1) Mg—1 —npy

Now since Ink/(nk-—nk_l)’ £4/, equation (15.3) becomes

1 nk
——f Sa(x)da l 5
Nk J —ny,

max | S, (*)| = A4/ max

g ny
and hence
sin ,
max | S (x) | S AR AM(f; 0) = AM(f; %),
or
sin %
(15.4) S*(x) < AM(F; x).

We recall the well known fact that if fEL?, p>1, so is M(f; x) and fur-
thermore [, M>(f; x)dx 22(p/(p—1))?[2,|f| »dx. Using this fact and (15.4)

we obtain
P ? N\ »
| $*() [rda P w“

I.

sin x sin 1 X

| S(x) |7dax.
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Thus for p=2,

®|sin x |P ”psinxp
(15.5) f | $*(x) |pdx < sf A | S(x) |rde.
I o x
From this last basic inequality it follows that
B sin x B sin x
f exp S*)dx = Zf cosh S*(x)) dx
a a X
«|sin x |2
<32 f Ao
ol X
which is the conclusion of our lemma.
16. LEMMA 8. Let
N
S(x) = Y ax cos mx
k=1

be a trigonometric polynomial satisfying condition (r, R) (see §3 for a definition)
where r satisfies (3.1). Suppose, in addition that n, is greater than a certain num-
ber no which depends on q. Let
M = max | a].
k=N
Then

® /sin x\ 2 3, 5202, 2,952
CAMISIdy < AAMEB B AN B2
—00

X

Let A; and 8, have the same meaning as in Lemma 1 of §3 and let

N A4
Wy = 1 + XAQA}, + ).

Following cxactly the proof of Lemma 1 we obtain

© /sin 2\ 2 © /sin a2
f ( )eAqxs(z)dx < exp (AAz)\stMZBh)f < > 1T widx.

X x

Let us consider a term in the expansion of [ [w, whose highest noncon-
stant factor comes from w,. Then just as in the proof of Lemma 1, we see
that the order of such a term is greater than a constant times #,. Thus if n,
is sufficiently large our term has order greater than 2. But, for u>2,

© f/sin x\? .
cos uxdx = 0.
o\ x

Thus
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® /sin x\ 2 1
f (—> 11 wwdx = 1 (1 + Aﬁx”&f) < ANBY2,
o\ %
and our lemma is demonstrated.
17. LEMMA 9. Let
Pi(x) = Sn;(x) — Snia()

where Sn,(x) has the meaning of Lemma 6, and let P} (x) be the maximum of the
absolute value of the partial sums of the polynomial P;(x). Then, if

2 2 2
:BJ' = BN,' - BN,‘...z

and (a, B) is any interval whose closure does not contain a zero of sin x, there
extsts a constant ¢ =c(q, e, B) such that for almost all x in (, B),

. P ()
17.1) lim sup —————— =
j—w  (28%loglog B;)!/?

We take an r which satisfies (3.1) and fix an integer R>r. We divide
P;(x) into successive blocks of length R and take Pj(x) to be the polynomial
composed of the odd numbered blocks and P/’ (x) to be the polynomial com-
posed of the even numbered blocks.

By Lemma 6 and 7,

8 *
f exp ()\P]- (x)

If we take
(17.2) = 67 (log log 8;)

we see that

2 22

sin x 3.3 22
—-—l)dx < 32exp (AANMRB; + AgNB; /2).
%

1/2

0 < ZB:;,. < 0i+1; g < 2312\’,-_, < Bi—l; i < ZB: <d gt

and hence A =0(By; (log log By;)'/?). But this implies A\M =0(1), and so if j
is large enough we have AAAXMR?*=<1/2, and hence

(17.3) f ’ exp ()\P,'~*(x)

sin x 2.2 2
——Ddx < 32 exp A\ Bj.
x

Let v be a number such that for x in (a, B)

sin x

kd

>y > 0.

Inequality (17.3) becomes
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8 ’
(17.4) f eNPi@dy < 3264,
Let T'/ = {x: P} *(x) >c(26% log log 8,)!/?}. Then

2 ]2 2.2 2
(17.5) | 5| exp (vAc(26] log log 8,)") < 32 exp (A'B)).

Upon substitution for N of its value given in (17.2), (17.5) becomes ]I‘j’,
<32 exp ((42—2'2y¢) log log B;), from which we see that if

cz (27U + 2
then
(17.6) | Tj| = 32 exp (=2 log log B) =< 32(log 8.
Since 28} 207-1(@—1), (17.6) implies  ,2, |T'/| < » and hence

1%
P; (%)
limsup L= S Cla ).
e (26;log log B;)/2 (¢, @, B)
Since
Pi(x) £ P + P ()

our lemma is established.

18. The proof of (13.1) is now almost immediate. We first note that it is
sufficient to prove (13.1) for any interval («, 8) such that sin x is not zero in
the closure of that interval. If N;_,<m <Nj, then clearly

*
Sm() . |Sn.@] P; (x)
(2B%,log log B,,)'* ~ (2B loglog B,)'% = (2B? log log B.)!/2
*
| Sw; o) | P; (x)

= (2B, log log By;_)'/* = (2B%,; log log Bw;_,)!'*
By Lemma 6

| Sy |
(ZB;,j log log By;_,)!/? -

lim sup

a.e. in x. Since

26? log log Bw;_,
; —1
63 — 1 log log B;

2By, , 260 >

we have, by Lemma 9,
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* *
P;(x P;(x
lim sup ——; i@ < (6® — 1) lim sup ———————— (=)
(2B, _, log log By,_,)'/? (28;log log 8;) '/

< 20(6% — 1)12.

Since 6 can be chosen as close to 1 as we desire, we have

Sn(x)
(2B, log log Bn)'/2 —

lim sup

a.e. in x.
19. The following is an analogue of Theorem 1 for Abel means.

THEOREM. Let

0

(19.1) S(r, %) = D (ar cos mx + by sin mx)r™

1

be the Abel means of a lacunary trigonometric series. Let B2 =213 . (az+b})r*m,
Then if the coefficients ax, bi satisfy the conditions of Theorem 1, we have

. S(r, x)
(19.2) lim sup =
-1 (2B:loglog B,)!/?

almost everywhere.

This theorem is almost an immediate consequence of Theorem 1. As in
Theorem 1 it is sufficient to consider cosine series. We define N=N, to be
that integer such that

(19.3) = 1/2; N < 1/2,
We first show that BZ/B?V—A as r—1, We write
1 X n 1
B2 7 Z a: — Z ai(rQ - ? Z AN 4P N+m
r 1 m=1
= + + =14+ P+ Q.
By By By By

Since for k<n, al/By¥—0, it follows that

N N 1 N—k
ev 2 | (P —1)| S eC (—) -0,
1 1 q

hed AN+m 2 < BI\’+m>2
2-1 "N m.
Z(G) (Gm) e

Now B} ,1=ax41/2+ By <2B% and hence (By.n/By)?<2m Furthermore

| P|

IIA

I\

|0l

nN.
PN +m — p2nN+1

< 1/

NN+1
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Thus

Clearly,

(19.4)

Since

and

MARY WEISS

0] < ev 2 2n(1/4)" " 0.

m=1

S(r, %) Sn(x) (2Bi log log By)'"*

(2B log log B,)'/? - (2B}, log log Bx)'/* (2B!log log B,)!/*

Sv(x) — S(r, x)
(2B?log log B,)'/?

(23? log log BN)”2
TRy 5
2B’ log log B,

Sn (%) _
(2B3, log log Bw)*'/?

lim sup

[June

a.e., the first term on the right of (19.4) has lim sup equal to 1 a.e. and there-
fore it is sufficient to show

(19.5)

for all x.

Sn(x) — S(r, x)
_
(2B} log log By)'/?

We will show

Sn(x) — S(r, x)
By

Sy(x) — S(r, x) o

By
N ag hd AN+4+m BN+m
{830l B
;BAV rrg Bnim Bx

IIA

N 1 N—k
enC Y. (—) + ev 2 27(1/2)4" — 0.
1 q m=1

20. It should be remarked that the Law of the Iterated Logarithm holds
for lacunary power series.

THEOREM 3. If

Nkt1

S(x) = D creinke; >qg>1
k=1

M

has coefficients ¢, satisfying
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B
max | | = {_——”-— |

1StV (log log BN)l—”f

where

N 1/2

su= (X lal)

k=1
then

Swn(x
(20.1) lim sup (=) =

(B} loglog Bw)'/?

almost everywhere. Furthermore, if

) 1
B = (2 lafrm)
k=1

/2

then
ls r(%) |

20.2 limsup —————— =
(20.2) p(Bf log log B,)!/?

almost everywhere.

It should be observed that there is no longer the factor 21/2 in the de-
nominator of (20.1).

As it has been remarked by Salem and Zygmund [1], the equation (20.1)
for “<” instead of “=7” is an easy consequence of the theorem for trigo-
nometric series. The opposite inequality is an even easier consequence of the
trigonometric case as we can see by noting that

N
I Sn(x) I =< [ ®RSn(x) | = | D (ax cos 1 — by sin )
1

where ¢, =a,+1by.
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